HeranpHoe conepxkanue 23-11-2017

23 HoAbGpA 2017 r. 3:46

1) Paznuunble mpuMepbl TOMEOMOP(HBIX IIOCTPAHCTB:
a. T'omeomopdHOCTH AByMepHOro Topa T? i IeKapTOBOrO MPOU3BEACHHUS
oKpyxkHOCTeit SA1XSA 11,
b. T'omeomopdHOCTH IrpyNIIBI TPEXMEPHBIX CHEIMATBHBIX OPTOrOHAIBHBIX MATPHUIL
SO(3) 1 TpeXMEPHOTo BEMIECTBEHHOTO MPOCKTUBHOTO MPOCTpaHcTBa RP3,
2) KoHcTpyKuMM TONOJOTMYECKUX IPOCTPAHCTB.
DaKTOp TOMOJIOTHUS
BemecTBeHHOE IPOEKTUBHOE MTPOCTPAHCTBO.
Jlenta Mebuyca.
Top.
byrbuika Kneiina.
KoHychl 1 IMIHMHIPHI OTOOpaKEHUH.
Hancrpotika.
SO(3)
RP3 BelecTBHHOE IPOEKTUBHOE ITPOCTPAHCTBO
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3) Bsruncienne GyHIaMEHTAIBHOM TPYIIIBI OKpY)HOCTH: T1(S!,80)=Z.
4) dynnameHTangbHas rpymma Oykera nmpoctpancTs. Teopema Ban Kamnena.
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1. Barycentric Subdivision of Simplices. The points of a simplex [vg,---,v, ] are the
linear combinations }; t;v; with 3> ;f; =1 and t; = 0 for each i. The barycenter or
‘center of gravity’ of the simplex [vg, -+, v,] is the point b = > ; {,v; whose barycen-
tric coordinates t; are all equal, namely t; = 1/(n + 1) for each i. The barycentric
subdivision of [vy, -+ -, v, ] is the decomposition of [vy, - -+, v,,] into the n-simplices
[b,wy, -, w,_;] where, inductively, [wy,---,w,_;] is an (n — 1)-simplex in the

barycentric subdivision of a face [vg,---, ﬁ!-, -++,v,]. The induction starts with n = 0
when the barycentric subdivision of [v;] is defined to be just v,

[vg] itself. The figure shows the i
2

next two cases n = 1,2 and
part of the case n = 3. 4b
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It follows from the inductive definition that the vertices of simplices in the barycen-
tric subdivision of [vg,---,v,] are the barycenters of all the k-dimensional faces
[Vigs =" u‘-k] of [vy,---,v,] for 0 < k < n. When k = 0 this gives the original ver-
tices v; since the barycenter of a 0-simplex is itself. The barycenter of [v;,---,v J-k]
has barycentric coordinates t; = 1/(k + 1) for i = iy, --,i, and t; = 0 otherwise.

The n-simplices of the barycentric subdivision of A", together with all their faces,
do in fact form a A-complex structure on A", indeed a simplicial complex structure,
though we shall not need to know this in what follows.
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A fact we will need is that the diameter of each simplex of the barycentric subdivi-
sion of [vy, -+, v, ] isat most n/(n+1) times the diameter of [v,,---, v, ]. Here the
diameter of a simplex is by definition the maximum distance between any two of its
points, and we are using the metric from the ambient Euclidean space R™ containing
[vg,---,v,]. The diameter of a simplex equals the maximum distance between any
of its vertices because the distance between two points v and > ; t;v; of [vy, ---,v,]
satisfies the inequality

(%) |v-2;tiv;| = | Zitilv —vp) | = Xit;lv —v;] = 3;t;max |v — v;| = max |v — v

To obtain the bound #n/(n + 1) on the ratio of diameters, we therefore need to verify
that the distance between any two vertices w; and w; of a simplex [wy, ---,w,] of
the barycentric subdivision of [v,,---,v,] is at most n/(n + 1) times the diameter
of [vy,---,v,]. If neither w; nor w; is the barycenter b of [vy, ---,v,], then these
two points lie in a proper face of [v,, -+, v, ] and we are done by induction on n. So
we may suppose w;, say, is the barycenter b, and then by (%) we may take w; to
be a vertex v;. Let b; be the barycenter of [vy,---,¥;, -, v,], with all barycentric
coordinates equal to 1/n except for t; = 0. Then we have

b= nlﬁ v; + =25 b;. The sum of the two coefficients is A:‘
1, so b lies on the line segment [v;, b;] from v; to b;, V;

and the distance from b to v; is n/(n + 1) times the length of [v,, b;]. Hence the
distance from b to v; is bounded by n/(n + 1) times the diameter of [vg, -+, v,].
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The significance of the factor n/(n+1) is that by repeated barycentric subdivision
we can produce simplices of arbitrarily small diameter since (n/(n+1) }r approaches
0 as r goes to infinity. It is important that the bound n/(n + 1) does not depend on

the shape of the simplex since repeated barycentric subdivision produces simplices

of many different shapes.
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[Tycte K - mpou3BonbHOE (KOHEYHOE) CUMILTAIIMAITBHOE TPOCTPAHCTBO, L - Mpou3BOIIEHOE
CUTUTHITHAIEHOE TIpocTpancTBo, f:K-->L HenpepriBHOE oToOpakeHue. Torma otodpakenue f
FOMOTOITHO CUMILTHIIHAILHOMY 0ToOpaxkenuto g:K9-->L, rie K9 - HekoTopoe OapuIieHTPUUECKOE
noipaszesieHue mpoctpancTia K.

Bce cumriekchl MOHMAKOTCS Kak 3aMKHYThIC. BHYyTpEHHOCTh CHUMITIEKCa G, G°, 3TO Pa3HOCTh
6°=0\0o. 3Be3na St 6 - 3T0 00BETUHEHNE BCEX CUMITIIEKCOB, KOTOPHIE COACPKAT CUMILICKC C.
OTxkpsblTas 3Be3/1a st 6= St 6 3T0 00bETHEHHE BHYTPEHHOCTEH BCEX CUMILICKCOB, KOTOPBIE CO/IPIKAT
cumiuiekc o. CresioBarenbHo, [st 6]=St 6.

Jlemma. Ilycts ay, ay,...,an - Ha0Op BepmuH. [lepecedenne OTKPHITHIX 3Be3 st aiN...Nst a,
PaBHO OTKPBITOM 3Be3fe st 6, 6=[ai, a,...,an].

JHoxkazarenbcto TeopemMbl. PaccMOTpUM MOKPBITHE NPOCTpaHCTBa L OTKpTHIMU 3BE37aMU
BepiuH {st w: we L}. TIpoo6pa3ssr atux 38e3n {f!(st w): we L} mokpsiBatoT mpoctpanctso K.
CylIecTByeT JOCTaTOYHO MEJIKOe OapuieTpuyeckoe nojapasaeneuue K9, st kotoporo kaxmas
3aMKHYTas 3B€3/1a BEPIIMHEL, St a, IE)KUT B HEKOTOpOoM mpoodpasze f1(st w), w=g(a), T.e.
St ac fI(st g(a)), T.e. f(St a)= st g(a) aus kaxaoi Bepumuel a€ K. CoOTBETCTBUE g MOXKHO
MMOHUMATh KaK 0TOOpakeHHe HyJIbMEPHBIX OCTOBOB

g:KO0—>LO,
KoTtopoe cnenyer cuMIuIMIMaIbHO IPOJIOJKUTE Ha Bee npocTpaHcTo K. PaccMoTpumM cumiuieke
c=[ai, az,...,an]. IlycTh X - BHYTpEeHHSSI TOUKA CUMILIeca 6=[a1, ay,...,an]. 3HAUUT, TOUKA X
MIPUHAJUICIKUT KAXKJI0M 3Be3/ie st aj, X est aj. D10 3HAUmT, f(X)€st g(a;). DT0 3HAUUT, YTO NIEpeceUCHUE
3Be3 st g(aj) He MyCTOo, T.6 UMEEeTCs CUMILIEKe [g(ar), g(az),...,g(an)]=L. OTo o3Hauaer, 4To
0TOOKEHHUE g MPOJIOIKACTCS 10 CUMILIMHAIBLHOTO 0ToOpakenus g:K—L.
Kpome Toro, Touka f(x) mpuHAIISKHUT IMepeceueHuto 38e3 st g(a;), T.e.
f(x)eSt [g(ar), g(az),...,g(an)], a g(x)[g(ai), g(az),...,2(an)]. 3HAUUT, UMEETCS TOMOTOTIHSI
F(x,t)=tf(x)+(1-t)g(x), 0<t<1, xeK, mocTpoeHne KOTOPOH HE 3aBHCHT OT KOHKPETHOTO CHUMITIIEKCA,
COJIEPIKaIIero TOUKY X.
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