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Introduction

From the Milnor lectures:

Form the book

[{ Lectures by John Milnor Differential Topology, Princeton
University, Fall term (1958) Notes by James Munkres:

Differential topology may be defined as the study of those
properties of differentiable manifolds which are invariant under
diffeomorphism (differentiable homeomorphism) that is which
do not depend of the choice of a sample from the class of
diffeomorphic manifolds.
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Introduction

From the Milnor lectures:

Typical problem falling under this heading are the following:
e Given two differentiable manifolds, under what conditions
are they diffeomorphic?

o Given a differentiable manifold, is it the boundary of some
differentiable manifold-with-boundary?

o Given a differentiable manifold, is it parallelisable?
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Introduction

From the Milnor lectures:

All these problems concern more than the topology of the
manifold, yet they do not belong to differential geometry, which
usually assumes additional structure (e.g., a connection or a
metric). The most powerful tools in this subject have been
derived from the methods of algebraic topology. In particular,
the theory of characteristic classes is crucial, where-by one
passes from the manifold M to its tangent bundle, and thence
to a cohomology class in M which depends on this bundle.
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Introduction
Outline:

@ Smooth manifolds.

o Tangent bundles.

o Bundles. Vector bundles.

e Calculus on smooth manifolds. Differential Forms.
@ Homology and Cohomology. De Rham Cohomology.
@ Connections and Curvatures.

o Characteristic classes. Chern-Weil Theory.

o Immersions and embeddings. Bordisms

@ Surgery. Smooth structures on homotopy type.
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Smooth manifolds

Non linear coordinate systems

Let us consider an n -dimensional Euclidean space which is
usually denoted by R . We assume that this space is provided
with an n — tuple of Cartesian coordinates (z!,z2,...,2")
which permits a unique determination of the position of any
point & € R™ by associating with it a set of real numbers, the
coordinates relative to a fixed orthogonal basis formed by

mutually orthogonal unit vectors (e, es,...e,) :

n
Tr= E zzei.
1=1
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Smooth manifolds

Non linear coordinate systems

The idea of describing a point in an Euclidean space by a set of
real numbers (which may also be considered as the coordinates
of the radius vector coupling the origin with the point) underlies
analytic geometry which solves various geometric problems by
purely algebraic methods. This important approach was first,
introduced (explicitly) into mathematics by des Cartes in whose
honor we now say ” Cartesian coordinates”. Algebraization of
geometry played a key role in the development not only of
geometry as such but also of mathematics as a whole.
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Smooth mamfolds

Non linear coordinate s;

We shall not concentrate on the problems which are easily and
elegantly solved by algebraic-analytic methods (for example,
classification of second-order surfaces in a three-dimensional
space) and refer the readers to numerous courses of algebra and
analytic geometry. Let us only recall that Cartesian coordinates
in R™ are closely related to the concept of the Euclidean scalar
product, a bilinear form which associates with each pair of
vectors Z,y € R™ a real number usually denoted by (Z,7) .
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Smooth manifolds

Non linear coordinate systems

This operation is symmetric and linear in each argument, and
the form itself is positive definite. In a Cartesian coordinate
system we have

n
(Z,9) =2yt + 222 + ... + 2"yn = inyi,
i=1

where

8y
I
—
5
o —
8
8
3
N—
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Smooth manifolds

Non linear coordinate systems

Simple examples however show that Cartesian coordinates are
not always the most convenient ones to solve analytically many
particular problems. We shall demonstrate this by writing the
equations of curves on a plane in Cartesian coordinates (z,y) .

Of course, for rather simple curves, for example, a circle or an
ellipse, the analytic expressions in Cartesian coordinates are
simple.
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Smooth mamfolds

Non linear coordinate s;

Indeed, the equation of a circle of radius R with the center at
the point A is

(- AN + (y— 4%)° = R?,
where A = (Al, AQ) . The equation of an ellipse is also simple:

(- A, (y- 4’

_p2
a? b2 =&

where a and b are the principal semi-axes.
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Smooth manifolds

Non linear coordinate systems

However, in various applications and concrete mechanical and
physical problems we often deal with smooth curves (say,
trajectories of the motion of a particle in a force field) whose
equations in Cartesian coordinates are rather cumbersome. For
example, the equation

Vit g2 — Mt ) — g

defines a spiral in Cartesian coordinates.
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Smooth manifolds

Non linear coordinate systems

Although this equation is rather simple, it could be written in a
simpler form in so called polar coordinates (r, ¢) related to the
Cartesian coordinates (z,y) by the formulas

T = TCosp
y = rsine.

(1)
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Smooth manifolds

Non linear coordinate systems

In polar coordinates the equa-

tion of a spiral becomes r = x
e | thereby clearly demon- '
strating the character of the |
motion along this trajectory.

Y
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Smooth mamfolds

Non linear coordinat

Let us consider an arbitrary domain in a Euclidean space R™ .
We recall that, just as in mathematical analysis, by a domain
we mean an arbitrary set U in an Euclidean space whose every
point P is contained in U together with a ball of sufficiently
small radius with center at P .

The system of coordinates of the point P € U is a set of
numbers, called coordinates, that are associated with the point
P, say,

such that they satisfy the conditions:
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Smooth manifolds

Non linear coordinate systems

e All coordinates are continuous functions of the variable P ,

@ The common map
#(P) = (2! = 2Y(P),2%? = 2%(P),...,2" = 2"(P)) ,

Z:U—R"

is the homeomorphism from U on the open set V C R™ .
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Smooth mamfolds

Non linear coordinate s;

We say that the set of continuous functions

forms a local system of coordinates if it satisfy the previous
conditions locally that is for any point P € U there is a
neighbourhood P € U’ C U , such that the common map

f’U/—>Rn

is a homeomorphism onto the open subset V' = Z(U) C R" .

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

Example: polar coordinates

The polar coordinates are relations

T = pcos p,
y = psiny,

that we can consider as a map

p: RY(p) x R(p)—R*(z,y).
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Smooth manifolds

Example: polar coordinates
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Smooth manifolds

Example: polar coordinates

The map p is not homeomorphism but it is locally

homeomorphism:

3/47

-3/4n

a
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Smooth manifolds

Jacobi matrix

Among all continuous coordinate mappings of special interest
are those that define a smooth mapping of a domain U onto V',
i.e. when all functions {931 (yl, cee y”) N i (yl, . 7y")} are
continuously smooth functions of their arguments (yl, e ,y") .
But the smoothness of the coordinate mapping f without the
assumption of the smoothness of the inverse mapping f~! does
not lead to a meaningful coordinate system.
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Smooth manifolds

Jacobi matrix

Let turn to defining coordinate systems in which f and f~! are
both smooth.

Definition (Diffeomorphism)

We say that the homeomorphism f : U—V is diffeomorphism
if both f and f~! are smooth maps.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

Jacobi matrix

To this end, we shall need a new concept, the Jacobi matrix of
a smooth mapping.
Let f: U — V be a smooth mapping defined by a family of

functions

x :xl (ylay27"'7yn)7
2 2 1

" =x (y ay25"'7yn)v

=" (', % y").
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Smooth manifolds

Jacobi matrix

Definitio

The Jacobi matrix of a mapping f is a functional matrix

ozt Ozt

Oy’ oyn

ox Y Y
Df=o-=1 1+ "~ i |

Yy oz oz™

oyt T oy

composed of partial derivatives of the coordinates
(zM(P),...,a"(P)) .
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Smooth manifolds

Jacobi matrix

The determinant of this matrix is denoted by J(f) = det D f
and called the Jacobian of the mapping f . Sometimes the
Jacobian is denoted by
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Smooth manifolds

Jacobi matrix

The Jacobi matrix can be extended to maps which have
different dimensions in the image and the inverse image:

R"(y',42,...,y") DUV c R™(2!,22,...,2™),

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

Jacobi matrix

Then the Jacobi matrix also is composed of all derivatives:

oyl oym
ox v Y
ay Hx™ orm

oyt e Ay

The Jacobi matrix in this case is not quadratic and has m rows

and n columns
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Smooth manifolds

Jacobi matrix

The fundamental property of the construction of the Jacobi
matrices is known as so called chain rule. Notice that the
Jacobi matrix D f is the matrix function that depends on the
variables y = (y',%2,...,y") and in each point y the matrix
D f|, induces a natural linear map

Df|, : R"—R™
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Smooth manifolds

Jacobi matrix

Consider two maps

h=gof
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Smooth manifolds

Jacobi matrix

Theorem (The chain rule)

There is the chain rule for the Jacobi matrices of the
composition:

D(gof)]m = D9|yon|:Jc>
where y = f(x) .

/ Yy
gOf
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Smooth manifolds

Jacobi matrix

The second fundamental property is the following. Let
Id = f : U—U be the identical map,

f(2?) = 22,
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Smooth manifolds

Jacobi matrix

Theorem (Identity map)

The Jacobi matrix of the identity map is the identity matrix (in
each point):
1 - 0
D(d)|, =
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Smooth manifolds

Jacobi matrix

These two fundamental properties (chain rule and identity of
the Jacobi matrix of the identical map) constitute so called
functorial properties of the differential of a smooth maps. The
simplest consequence from the functorial properties is

Theorem

Let U,V C R" be open domains and f : U—V be a
diffeomorphism. Then for each point x € U one has

det(Dfl,) # 0.
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Smooth manifolds

Jacobi matrix

PROOF. The map f is smooth. Let g = f~!: V—U be the
inverse map (also smooth). We have the diagram

v-l.v_ 2.1

NS

1d
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Smooth manifolds

Jacobi matrix

Using chain rule and identity of the differential of the identity
one has the diagram that is formed by the Jacobi matrices

R” Dfla R” Dgly R”

~_ 7

1d.

where y = f(x) .
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Smooth manifolds

Jacobi matrix

Hence

1 = det1Id,, = det(Dgl, o Df|;) = det(Dgl,) det(Df|,)
4
det(Dfl.) # 0.

There is an inverse theorem which states that nonvanishing of
the Jacobian implies that the smooth map f: U—V is a local
coordinate system (or local diffeomorphism):

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

Jacobi matrix

Theorem (Local diffeomorphism criterion)

Let U,V C R” be open domains and f : U—V be a smooth
map. Consider a point x € U , and put y = f(z) € V . Assume
that

det Df|, # 0.

Then there are neighborhoods x € U’ c U , y € V' C V such
that the restriction
f’U/ U —V!

is a diffeomorphism.
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Smooth manifolds

Jacobi matrix

As an excellent example of using the categorical properties of
the Jacobi matrices is the following theorem

Theorem (Invariance of dimension)

Let f: U—V be a diffeomorphism from an open domain
U C R" to an open domain V C R™ . Then n =m
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Smooth manifolds

Jacobi matrix

We can say that the dimension of the Euclidean space is an
invariant with respect to smooth homeomorphisms.

As a matter of fact one can prove that the dimension of the
Euclidean space is an invariant with respect to all (non smooth)
homeomorphisms.
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Smooth manifolds

Jacobi matrix

PROOF. The map f is smooth. Let g = f~ : V—U be the
inverse map (also smooth). We have the diagram

1d
U&va
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Smooth manifolds

Jacobi matrix

The Jacobi matrices form the diagram

Id..

R" R™ R R™

1d.,

Mishchenko Moscow S e Lo y Introduction to Differential Topolo pecial Course



Smooth manifolds

Jacobi matrix

Hence

rank (Id,) < min{rank (Df|,),rank (Df],)},
rank (Id,,) < min{rank (Df|,),rank (Df|,)},

or
n <min{n,m}, m < min{n,m}.

Thus
max{n,m} < min{n, m},
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Smooth manifolds

Definition of manifolds

A metric space M is called an
n -dimensional manifold (or
simply manifold) if any point
P of the space M is contained
in a neighbourhood U C M
that is homeomorphic to a do-
main V' of an Euclidean space
R™.
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Smooth manifolds

Definition of manifolds

This condition can be formulated in brief as follows: an n
-dimensional manifold M is locally homeomorphic to a domain
in an Euclidean space R . The dimension of M is said to be
equal ton ,dimM =n .

Thus, if M is an n -dimensional manifold, we can find in M a
system of open sets {U,} numbered by finitely (or infinitely)
many indices « and a system of homeomorphisms

Yo Uy = Vo CR™.
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Smooth manifolds

Definition of manifolds

The system {U,} must cover the space M , i.e.
M = U,
«

and the domains V,, may in general, intersects one another.
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Smooth manifolds

Definition of manifolds

Fix a Cartesian coordinate system (z',z%,...,2") in an

Euclidean space R"™ .
The system of functions
k k k
To = To(P) = 2" (palP))
given on an open set U, is called a local coordinate system, and

the open set U, together with a local coordinate system defined
on it is called a chart of a manifold M .

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

Definition of manifolds

The homeomorphism ¢, : U, — V, C R™ is called the
coordinate homeomorphism and defined by the formula

¢a(P) = (24(P),z5(P),...,a(P)) € Vo C R™,
The inverse homeomorphism

ot Vo—UsC M, P=¢.! (xa,xgé, )

is called a parametrization of the region U, C M .
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Smooth manifolds

Definition of manifolds

Thus, a chart is a pair (Uy, {z%}) , where the set U, is called
the chart domain and we shall denote the chart, for brevity,
only by the first symbol, the chart domain, U, . A set of charts
{Uy} covering the entire manifold M is called an atlas. It is
convenient to number local coordinates of a point P € M by an
additional index o characterizing the chart U, : 2% = 25 (P) .
Since the point P can belong simultaneously to several charts,
it has several sets of local coordinates.
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Smooth manifolds

Definition of manifolds

The same manifold M can admit distinct atlases. Even though
the chart domains, as open sets, remain unchanged, we can
alter the local coordinate system in a chart by choosing another
coordinate homeomorphism. The set of all chart domains of the
atlas is covering of the manifold.

To compare different atlases of charts we consider following
definitions
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Smooth manifolds

Definition of manifolds

Definition (refinement of atlases)

Consider two atlases of charts U = {U,, {z*}} and
U = {V3, {y’ﬁ“}} . We say that the atlas U refines the atlas  ,
U = 4L, if for any S there is o = «() that

) Vﬁ cU, .
If additionally

° yg:xg\vﬂ, 1<k<n
we say that atlas U strictly refines the atlas £l and write
U > U,
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Smooth manifolds

Definition of manifolds

In particular if U C 4 then U > L

Theorem (Common refinement of atlases)

For any to atlases of charts ' , {” there is an atlas 20 such that

U=, u=u
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Smooth manifolds

Functions on manifolds

Consider a continuous function f : M — R! defined on an n
-dimensional manifold M . The restriction of f|i, to the chart
domain U, can be represent as the composition

f’Ua(P) = fa(fﬁi(P),.Ii(P), . ,SEZ(P))
for a proper usual function
fo: Va—R!

of n independent variables (z.,22,... 27) .
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Smooth manifolds

Functions on manifolds

The functions f, : V,—R! is uniquely defined by the formula

falzg, a5, xa) = flog (@a, 25, 23))

for (zl,22,...,2"%) € V, where ¢, : Uy,—>V, is the coordinate

homeomorphism:
Rl
f fa
fva
M <—U, 2>V, R (zl,22,... 27
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Smooth manifolds

Functions on manifolds

Therefore any function f: M — R! is uniquely defined by the
system of functions {f, : Vo,—R!} , that satisfy the condition
of compatibility: for any indices o and 8 and

P e Ua[g =U,NU 8

fa(xé(P),iL‘i(P),...,:EZ(P)) = fﬁ(xé(P)"r%(P%?xg(P))
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Smooth manifolds

coordinate transition functions

The condition of compatibility

falza(P),a2(P),....x0(P)) = fa(xp(P),z5(P), .., zj(P))

means that on the intersection U,g = U, N Ug of two charts U,
and Up there is a dependence of local coordinates of the point
P € U,p , namely (z}(P),2%(P),...,2"(P)) and

(x5(P),23(P), ..., 23(P)) .

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

coordinate transition functions

M
U, Vs U
Pa y % ¥
i~ -~ > o > Vﬂa% Vﬁ
PaB=PB Pa ’l
R" (2. .., 74) R"(z,...,7p)
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Smooth manifolds

coordinate transition functions

Changing of the coordinate system from
a chart U, to another chart Ug : p.5 =

8 o
(x};,x%,...,xg) = Qap(T, 12, ..., ), M/
“ / Uuk"'{_--
or ({___7_ _UE /
() ‘“dj\/
aly =ap(xl, 2k, ... 2l), 1<i<n ‘@%“@E
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Smooth manifolds

Smooth structure on the manifold

Definition (Smooth structure)

The atlas of charts 4 = {U,, po} represents a smooth structure
on the manifold M if for any «, 3 the transition functions ¢,z
are smooth. In this case the atlas il is called smooth atlas of
charts.

Two smooth atlases U and U are called compatible (U ~ U ) if
the union 20 = Y U Y represents smooth structure.
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Smooth manifolds

Smooth structure on the manifold

If 1 is a smooth atlas of charts and U < U then atlas 2 also is
smooth atlas compatible with i .
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Smooth manifolds

Smooth structure on the manifold

Theorem (Compatibility relation)

The compatibility relation forms the equivalence relation.
PRrROOF.

o i~ $lsince U =4I
e U Y Yr~Usince UUUY =Y UL .

o Let i~ U and Y~ 2 . Then U UY and T U 2T represent
smooth structure. It is clear that 3 U0 U 2T also represent
smooth structure.
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Smooth manifolds

Smooth structure on the manifold

The smooth structure on the manifold M by definition is a
collection of smooth atlases of charts which are pairwise
compatible. Given smooth atlas i there is maximal smooth
atlas of carts 4y which is compatible with { . The maximal
smooth atlas of charts y can be constructed as the union of all
smooth atlases of charts compatible with il .
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Smooth manifolds

Smooth structure on the manifold

Example (Nonsmooth atlas)

There is an atlas of charts which is not smooth. As an example
consider a real line R! with parameter ¢ . Consider two chart
domains on R!' , U, = R! and Ug = R' . Define coordinate
systems z, =t on U, and x5 = t3 on Ups . Both maps

zo : RI—R! and xg R'—R! are homeomorphisms. The
transition function z3 = z5(z,) = 22, clearly is smooth but the
inverse transition function z, = z4(75) = &Z5 is not smooth.
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Smooth manifolds

Topological vs smooth manifolds

The definition of n -dimensional manifolds does not assume
existence of smooth structure on manifold. So we say that the n
-dimensional manifold is topological manifold. In the case of the
presence of smooth atlas of charts we say that the topological
manifold admits a smooth structure.
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Smooth manifolds

Topological vs smooth manifolds

Form this point of view a natural question arises: given a
topological manifold M if there exists an atlas of charts which
represent a smooth structure? There exist topological manifolds
which admit no smooth structure, a result proved by Kervaire
(1960) [1].

The proof is based on the key invariant called the Kervaire
invariant.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Smooth manifolds

Topological vs smooth manifolds

In dimensions smaller than 4, there is only one differential
structure for each topological manifold. That was proved by
Johann Radon for dimension 1 and 2, and by Edwin E. Moise
in dimension 3 ([2]. By using obstruction theory, Robion Kirby
and Laurent Siebenmann ([3]) were able to show that the
number of PL structures for compact topological manifolds of
dimension greater than 4 is finite.
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Smooth manifolds

Topological vs smooth manifolds

John Milnor, Michel Kervaire, and Morris Hirsch proved that
the number of smooth structures on a compact PL manifold is
finite and agrees with the number of differential structures on
the sphere for the same dimension (see the book
Asselmeyer-Maluga, Brans, [1], chapter 7). By combining these
results, the number of smooth structures on a compact
topological manifold of dimension not equal to 4 is finite.
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Smooth manifolds

Topological vs smooth manifolds

Dimension 4 is more complicated. For compact manifolds,
results depend on the complexity of the manifold as measured
by the second Betti number bs . For large Betti numbers

b > 18 in a simply connected 4-manifold, one can use a surgery
along a knot or link to produce a new differential structure.
With the help of this procedure one can produce countably
infinite many differential structures.
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Smooth manifolds

Topological vs smooth manifolds

But even for simple spaces like S* , CP?, ... one doesn’t know
the construction of other differential structures. For
non-compact 4-manifolds there are many examples like

R*, 5% x R, M*\ {x},... having uncountably many differential
structures.
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Smooth manifolds

Examples




Smooth manifolds

Smooth function

Let M be a smooth manifold. The continuous function
f: M—R! is called smooth function if for any chart (Us, ¢4 )
the function

fa(l'i;xi; R vxg) = f(ngl(‘Trlwxi? R vxg))

is smooth.
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Smooth manifolds

Smooth function

The smoothness of the function f, is compatible with smooth
structure of the manifold since

fa(xa, LTy =

= fﬁ(zc}j(:zrclx, ce ) :Eﬁ(xé, s, x)

that is a composition of smooth functions.
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Smooth manifolds
Smooth maps

Similar if
f : M1 —>M2
is a continuous map of smooth manifolds then one can define

what does mean that map f is smooth. Let {Ul, ¢,} and
{Ug, 1g} be smooth atlases of charts on manifolds M; and M> .

Introduction to Differential Topology Special Course
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Smooth manifolds
Smooth maps

The restriction
fUyN Y (UZ)—U3

can be expressed in the term of local coordinate systems:

UL ~——(ULn 1 (UZ) —L

i@a \L wﬁ i
fa,/j

Vo =—2pa(Uy N fH(U3))
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Smooth manifolds
Smooth maps

Where the function f,z satisfies the condition

faﬁ(xé(P)ﬂxi(P)v“'71'2(]))) :wﬁ(f(P))

or ) - )
) y%’ = y%(xavmaun . 7563) -
- yé (wﬁ Ofosogl(x}wx?w“'vxg» ’

l<j<m.
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Smooth manifolds
Smooth maps

Definition (Smooth map of smooth manifolds)

We say that the map
f : M1—>M2

is smooth if for any point P € M; and any chart U, > P with
local coordinates (x},22,...,27) and any chart V3 > f(P) = Q

«
with local coordinates (y}37 yé, e ,ygl) the functions

vh=yh@hal, a), 1<j<m

are smooth.
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Smooth manifolds

Smooth maps

We say that the map
f : Ml—)MQ

is a diffeomorphism if f is a homeomorphism and both f and
f~! are smooth maps.
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Smooth manifolds
Smooth maps

Another equivalent definition says that two smooth manifolds
M and M5 are diffeomorphic if there are two smooth maps

f : M1*>M2, qg: M2—>M1

for which two possible compositions f o g and go f are
identities: Id
Moy
f T
M, Mo M, M
\IdMl/
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Smooth manifolds

Smooth maps

Proposition (Dimension of diffeomorphic manifolds)

If two manifolds are diffeomorphic,
M= M,

then
dim M1 = dim Mg.
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Smooth manifolds

Smoothness class

The function f has the smoothness of the class C" , r > 0 , if
the function f and all its derivatives

are continuous.
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Smooth manifolds

Partition of unit

Definition (Support of the function)

For continuous function f: M—R the closed set
supp (f) C M is called support of the function f if

supp (f) ={P € M : f(P) # 0}.
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Smooth manifolds

Partition of unit

Theorem (partition of unit)

Let M be a smooth compact manifold, & = {U,} be an atlas of
charts. There is a system of smooth functions f, : M —[0, 1]
such that
o supp fo C Ua,
o S /u(P)=1, PeM.
(03

The system of functions {f,} is called a partition of unit which
is subordinated to the atlas of charts 4 .
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Smooth manifolds

Urysohn Lemma

Theorem (U

Let Fy, F5 C M be two closed subsets of a smooth manifold M |,
Fy N Fy, =0 . There is a smooth function f : M—0, 1] such

that
Of‘FlEO,
Of‘FQEl.
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Smooth manifolds
Orientation

Definition (Orientable manifold)

A smooth manifold M is called orientable if there is an atlas of
charts U = {U,} such that for any indices «,

ol ozl
8m}3 to Bmg

det : : > 0.
dan oar
81% to azg

Under the condition the atlas U/ is called orientable atlas. The
orientable atlas defines an orientation of the manifold M . Two
orientable atlases ¢ and V define the same orientation of the
manifold M iff the union &/ UV is orientable atlas.
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Tangent bundle

Smooth curves

Consider a smooth curve on a manifold M :
v:(—e,e)—M

Let Py = v(0) € M be the point through which the curve
passes. Let {z'} be a local coordinate system. Then

~y(t) = (xl(t), x2(t), .. ,m"(t))
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Tangent bundle

Tangent vector of smooth curve

Definition (Tangent vector)

d;y 0 dx! dx? dx™

dt (0) = (ﬁ\t:m ﬁ‘tZOa ) WH:O)

is called the tangent vector to the curve v in the point F .
{2%(0)} is called components of the tangent vector %Z(O) with
respect to a local coordinate system (xl, 2, ..., :1:”)
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Tangent bundle

Tangent vector of smooth curve

For a pair of coordinate systems {z% } and {xé} one has a
tensor law of changing of components of the tangent vector

da? oxt dﬂf%
a = 7(1 P_ - —
o lo ax]ﬁ( =0) pr li=0
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Tangent bundle

Tangent vector

Definition (abstract tangent vector to manifold)

Let M be a smooth manifold of the dimension n , P € M be a
point. A tangent vector £ to the manifold M in the point

P € M is system of components & = {¢!} associated with the
coordinate system {z!} that satisfies the tensor law of changing
components for two coordinate systems {z’ } and {xjﬁ}

i 59@'1& j

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Tangent bundle

Tangent vector

For two abstract tangent vectors & = {¢%} and n = {1’} in the
same point P € M one can define the linear combination

X+ pm = {AEL + pnl )

It is clear that the components {\¢!, + unl,} satisfy the tensor
law.
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Tangent bundle

Tangent space

The family of all tangent vector in the point P € M to the
manifold M forms the vector space Tp(M) with respect to the
linear combination.

Definition (Tangent space)

The space Tp(M) is called the tangent space to the manifold
Tp(M) in the point P € M .

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Tangent bundle

Tangent space

Three definitions of tangent vectors
o Tangent vector as a sheaf of osculating curves.
e Tangent vector as a tensor.

o Tangent vector as a differentiation operator.
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Tangent bundle

Tangent space

Definition (osculating curves)

Two curves 7' : (—e,e)—M and 4" : (—e,e)— M are
osculating in the point Py = +/(0) = ~”(0) if for any coordinate
system one has {z’ }

3 (@ (1) — 2L (7"(1) = 0(t?)  (t—0).

The condition does not depend of the choice of the coordinate
system.
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Tangent bundle

Tangent space

Theorem (Criteria of osculating curve)

Two curves 7' : (—e,e)—M and v : (—e,e)— M are
osculating in the point Py = +/(0) = ~”(0) if and only if
d,y/ d,y//

a0 = g e
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Tangent bundle

Tangent space

PROOF.




Tangent bundle

Tangent space

Definition (Differentiation operator)

Let C*°(M) be the linear space of all smooth functions on a
smooth manifold M . A linear operator

D : C®(M)—C>® (M)

is called a differentiation operator if it satisfies so called Leibnitz
law with respect to the operation of pointwise multiplication:

D(fg) = D(f)g+ fD(9)
or more detailed pointwise
D(f - 9)(P) = D(f)(P)-g(P)+ f(P)- D(g)(P),

figeC>(M), PeM.
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Tangent bundle

Tangent space

Theorem (Constant function)

Theorem (Preserving of support)

Let D be a differentiation operator. Then

supp (D(f)) = supp (f).
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Tangent bundle

Tangent space

Let i : U < M be an open subset, i* : C*°(M)—C>(U) be the
restriction map. Let D : C*°(M)—C> (M) be a differentiation
operator.

Theorem (Restriction of differentiation)

There is a unique differentiation operator

Dy : C®(U)—C®(U)

such that the following diagram is commutative

C>(M) —2= (M)

‘| "

Co(U) 2 e (U)
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Tangent bundle

Tangent space

Theorem (3d definition of the tangent vector)

Each tangent vector £ € Tp(M) can be uniquely described as a
differentiation operator

0 %

which satisfies the Leibnitz law

Dp(fg) = Dp(f)g(P)+ f(P)Dp(g) € C.
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Tangent bundle

Tangent space

2

: 1
In local coordinate system (x,, x5, ...,

described by

x') the operator % is

Zgw L(P).Z2(P), ...a3(P)

where ‘ A
§o = Dp(ay,).

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Tangent bundle

Definition of the tangent bundle

Consider the space TM = [[ TpM with a proper topology
PeM
locally generated by the Cartesian product:

TM
Do - U, —= C" x U,
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Tangent bundle

Definition of the tangent bundle

The tangent bundle has a natural smooth structure of a
manifold of dimension dim 7'M = 2n :

a:jﬁ = xjﬁ(x(ll, x2, .2,
. ) )
& =&, amz (xl, 22, 2n).
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Tangent bundle

Differential of a smooth map

Let f: M;— M5 be a smooth map. Then
Df : TM1 —>TM2

is called the differential of the map f and is defined using one of
3 definitions of the tangent vector:

o Tangent vector as a tensor:

§={&}.n=Df) = {n}},
| dyﬁ
77/8 - adxz
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Tangent bundle

Differential of a smooth map

e Tangent vector as the velocity vector of a curve:

vy=7(t), ~0)=PeM, Q=f(P);
f: %ﬂt:o’
n=Df(§) = U

o Tangent vector as a differentiation operator:
&=D:C>®(M;)—C,
n=Df() =D":C>®(My)—C,
D'(g)=D(go f) = D(f"(g)), g€ C™(My).
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Tangent bundle

Differential of a smooth map

o Comparison with derivative:
EGTPMla 77:Df<5) ETQ(MQ)v
0 ([ f*
07,(9) = a(Df(g))( 9) = a*(f (9));

f(9)(P) =g(f(P)), Pe M.
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Tangent bundle

Immersion




Tangent bundle
Embedding




Tangent bundle
Submersion

Definition (Regular point)

Let f: M;—M>s be a smooth map, Qg € My and
N = f~%Qo) € M; . The point Qo € My is called regular value
of the map f if for any P € N = f~1(Qp) the differential

Df : Tle —>TQOM2

is surjective (or epimorphism). A point P € N = f~1(Qo) is
called regular point. So regular value Qo € M> is regular point
if each inverse image P € N = f~1(Qp) is regular point. If the
point P € N = f~1(Qy) is not regular then it is called critical
point. Consequently Qg is called critical value.
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Tangent bundle

Regular points

If 75(Qo) # 0 then
dili Z dimMQ.

So if dim M; < dim Ms and Qo € Ms is regular point then

F71(Qo) = 0.
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Tangent bundle
Submersion

Theorem (Implicit function theorem)

Let f: M;—M> be a smooth map, Qg € M5 be a regular
point of the map f and N = f~%(Qo) C My . Then N C M; is
smooth manifold. More of that each local coordinate system on
the manifold N C M; can be choose as a part of coordinate

system on the manifold M; .
If N # () then

dim N = dim f~1(Qo) = dim M; — dim M.
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Tangent bundle

Submersion

Theorem (Open set of regular points)

Let f: M;—M> be a smooth map of compact manifolds. The
set R € Ms of all regular points of the map f is open. If the
manifold M is not compact then the set R € My of regular
points may be non open.

Example (Non open set of regular points)

y=f(z)=e “sinz, z€ (—o0,+00)
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Tangent bundle

Submersion

iple (Non open set of regular points)

Lige o Alm)esg™

o
=
b
/
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Tangent bundle

Submersion

mple (Non open set of regular points)

Singular points:
y=f(xr) =e *sinx,
f(x) =0« e *(cosz —sinx) =0 < (cosx —sinz) = 0,
x = + km;

yp = flag) = e~ (G +km) sin(% + km)—0.
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Tangent bundle
Submersion

Theorem (Implicit function theorem)

Let f : M;—M> be a smooth map of compact manifolds,
R € M> be the open set of all regular points of the map f .
Then for each Q9 € R C Mj there is a neighborhood U C R
such that f~1(U) C M is diffeomorphic to the cartesian
product

FHUY = U N =U x Q).
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Tangent bundle

Submersion

Definition (Zero measure subsets )

A subset A C R" has measure zero if it may be covered by a
countable collection of balls B™(z,r) having arbitrarily small
total volume. In such a case, R™ \ A is everywhere dense (i.e., it
intersects every non-empty open set).
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Tangent bundle

Submersion

Theorem (Image of Zero measure subsets )

Let U C R™be an open subset; let f: U—R" be differentiable.
If A C U has measure zero, so does f(A) .
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Tangent bundle

Submersion

Theorem (The Sard lemma)

The set of critical values of any differentiable map has measure
Z€ro.
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Tangent bundle
Degree of map

Degree of map. Definition

Consider two orientable compact manifolds M and N |,
dim M = dim N , and a smooth map

f:M—N.

Let yo € N be a regular point of the map f . By definition the
degree of the map f is the integer

deg f = Z sign det df|,.
z€f~1(yo)
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Tangent bundle
Degree of map

Theorem (Homotopy invariance of the degree)

The degree of the map f: M— N does not depend of regular
point yg € N and of smooth homotopy of the map f .
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Tangent bundle

Fundamental theorem of algebra

Theorem (Fundamental theorem of algebra)

The fundamental theorem of algebra states that every
non-constant single-variable polynomial with complex
coefficients has at least one complex root.
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Locally trivial bundles

Examples

Coinder

The surface of the cylinder
can be seen as a disjoint union
of a family of line segments
continuously parametrized by
points of a circle.

{Cylinder)
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Locally trivial bundles

Examples

obius hand

The Mo6bius band can be pre-
sented in similar way.
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Locally trivial bundles

Examples

Torus

The two dimensional torus
embedded in the three dimen-
sional space can presented as
a union of a family of circles
(meridians) parametrized by
points of another circle (a par-
allel).
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Locally trivial bundles

Definition

The examples considered above share two important properties:

e any two fibers are homeomorphic,

o despite the fact that the whole space cannot be presented
as a Cartesian product of a fiber with the base (the
parameter space), if we restrict our consideration to some
small region of the base the part of the fiber space over this
region is such a Cartesian product.

The two properties above are the basis of the following
definition.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Definition

Definition (Locally trivial bundle)

Let E and B be two topological spaces with a continuous map

B.

The map p is said to define a locally trivial bundle if there is a
topological space F' such that for any point x € B there is a
neighborhood U > z for which the inverse image p~!(U) is
homeomorphic to the Cartesian product F x U .
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Locally trivial bundles

Definition

Definition (Locally trivial bundle)

Moreover, it is required that the homeomorphism
0: F xU—p 1(U)

preserves fibers, it is a ‘fiberwise’ map, that is, the following
equality holds:

o(Fxz)=p z)cp '(U)CE, zecl.
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Locally trivial bundles

Definition

Definition (Locally trivial bundle)

In other words the following diagram is commutative

FxU—">p  (U)——=E

p
U—=——==U——B.
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Locally trivial bundles

Definition

Definition (Locally trivial bundle)

The space E is called total space of the bundle or the fiberspace,
the space B is called the base of the bundle, the space F is
called the fiber of the bundle and the mapping p is called the
projection.
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Locally trivial bundles

Definition

A problem in the theory of fiber spaces is to classify the family
of all locally trivial bundles with fixed base B and fiber F' .

Definition (Isomorphic bundles)

Two locally trivial bundles p : E—B and p' : E'— B are
considered to be isomorphic if there is a homeomorphism
Y : E—F’ such that the diagram

oy
p '
B:B

is commutative.
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Locally trivial bundles

Description

Isomorphic fibers

It is clear that the homeomorphism ¢ gives a homeomorphism
of fibers F—F" .

Mg ]

To specify a locally trivial bundle it is not necessary to be given
the total space F explicitly. It is sufficient to have a base B , a
fiber F' and a family of mappings such that the total space F is
determined ‘uniquely’ (up to isomorphisms of bundles).
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Locally trivial bundles

Description

Atlas of charts

According to the definition of a locally trivial bundle, the base
B can be covered by a family of open sets {U,} such that each
inverse image p~!(U,) is fiberwise homeomorphic to the
Cartesian product F' x U, . This gives a system of fiberwise
homeomorphisms

X E

U, B

(e}

U, Lo

F

-
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Locally trivial bundles

Description

Intersection

Since the homeomorphisms ¢, preserve fibers it is clear that for
any open subset V' C U, the restriction of ¢, to F' x V
establishes the fiberwise homeomorphism of F' x V onto p~1(V).
Hence on the intersection of two charts U,s = U, N Ug there are
two fiberwise homeomorphisms

— &=
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Locally trivial bundles

Description

. _— —— —
== s
UgXF
UBxF
e 7 e

o Sy
0y P —
—— Total space
Fiber
R e
D=—"Base
~B —

ecial Course



Locally trivial bundles

Description

Let ¢g, denote the homeomorphism @Elgpa which maps
(Us NUg) x F onto itself.

e (Total space ]

= (Base)
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Locally trivial bundles

Description

The locally trivial bundle is uniquely determined by the
following collection: the base B , the fiber F', the covering
{U,} and the homeomorphisms

Vgt F x (Ua N Uﬁ)—>F X (Uq NUg).

The total space E should be thought of as a union of the
Cartesian products F' x U, with some identifications induced by
the homeomorphisms ¢g,.
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Locally trivial bundles

Description

By analogy with the terminology for smooth manifolds, the
open sets U, are called charts, the family {U,} is called the
atlas of charts, the homeomorphisms ¢, are called the
coordinate homeomorphisms, or trivializations and the g, are
called the transition functions or the sewing functions.
Sometimes the collection {Uy, ¢} is called the atlas. Thus any
atlas determines a locally trivial bundle. Different atlases may
define isomorphic bundles but, beware, not any collection of
homeomorphisms ¢, forms an atlas.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Description

For the classification of locally trivial bundles, families of
homeomorphisms ¢g, ,

Pha - F x (Ua N Ug)—)F X (Ua N Ug).

that actually determine bundles should be selected and then
separated into classes which determine isomorphic bundles. In
particular the homeomorphisms ¢g, should be selected to be
transition functions for some locally trivial bundle:

PBa = P5 ' Pa-
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Locally trivial bundles

Description

In the case for any three indices «, 3, on the intersection
F x (Uapy) = F x (UsNUg N U,) the following relation holds:

PayPypPBa = Id,

where Id is the identity homeomorphism and for each «

Yaa = 1d.
In particular
PapPBa = Id7
thus
Pap = 90501('
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Locally trivial bundles

Description

Hence for an atlas the homeomorphisms ¢z, should satisfy the
condition of cocyclicity

Laa = Id7 PayPypPBa = Id.

These conditions are sufficient for a locally trivial bundle to be
reconstructed from the base B , fiber F' , atlas {U,} and
homeomorphisms {¢g,} -
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Locally trivial bundles

Description

To see this, let

E =]](F xUd)

«

be the disjoint union of the spaces F' x U, . Introduce the
following relation: the point (f,z) € F' x U, is related to the
point (g,y) € F' x Ug ,

(f,x) ~ (9,9),
iff
r=yeU,NUg

and
(g,y) = ‘Pﬁa(fa 97)
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Locally trivial bundles

Description




Locally trivial bundles

Description

The conditions of cocyclicity

Yoo = 1d, PayPrBPBa = 1d.

guarantee that this is an equivalence relation, that is, the space
E'’ is partitioned into disjoint classes of equivalent points. Let
E = E’/ ~ be the quotient space determined by this equivalence
relation, that is, the set whose points are equivalence classes.
Give F the quotient topology with respect to the projection

m:E—E=FE/~

which associates to a (f,x) its the equivalence class. In other
words, the subset G C F is called open iff 7~!(G) is open set.
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Locally trivial bundles

Description

There is the natural mapping p’ from E’ to B,
E = [[(FxU) > FxU,
(0%
I [pr>
B B D) U,

Namely,
P(f.z) =z
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Locally trivial bundles

Description

Clearly the mapping p’ is continuous and equivalent points
maps to the same image. Hence the mapping p’ induces a map

p: E—B
which associates to an equivalence class the point assigned to it

by p':
E s E=F/~

b P

B

The mapping p is continuous.
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Locally trivial bundles

Description

It remains to construct the coordinate homeomorphisms. Put

Po = TFxU,
E' =T1I(F x Uy) u E
N
FxUa Pa

Each class z € p~!(U,) has a unique representative

(f,x) € F x U, . Hence ¢, is a one to one mapping onto
p~Y(Uy,) . By virtue of the quotient topology on E the mapping
o is homeomorphisms. It is easy to check that

05 Vo = Ppa-
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Locally trivial bundles

Description

Theorem (Cocycle of transition functions)

So we have shown that locally trivial bundles may be defined by
atlas of charts {U,} and a family of homeomorphisms {¢gq} ,

©Ba  F' X (Ua N Ug)—)F X (Uy, NUg).

satisfying the conditions of cocyclicity.

Yoo = 1d, PayPyBPpa = Id.
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Locally trivial bundles

Description

Let us now determine when two atlases define isomorphic
bundles. First of all notice that if two bundles p : E—B and
p' : E'— B with the same fiber F' have the same transition
functions {¢g,} then these two bundles are isomorphic. Indeed,
let

o 1 F x Uy—p 1 (Uy).

Vo 1 F x Uy—p' "1 (U,).

be the corresponding coordinate homeomorphisms and assume
that

Ppa = ‘Pg1¢a = wﬁ_lwa = wﬂw
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Locally trivial bundles

Description

Then
%ﬂﬁ;l = 90,61%1
We construct a homeomorphism

h:E—E.

Let u € E' . The atlas {U,} covers the base B and hence there
is an index o such that u € p'~1(U,) . Set

h(u) = pathg (u).
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Locally trivial bundles

Description

It is necessary to establish that the value of h(u) is independent
of the choice of index a . If u € p'~1(Up) also and since

Pata’ = @piy " then

ppvs (u) = oty (2).

Hence the definition of h(z) is independent of the choice of
chart. Continuity and other necessary properties are evident.
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Locally trivial bundles

Refinement of the atlas

Further, given an atlas {Us} and coordinate homeomorphisms

{at, FxUs—>p YUy)———=F ,if {V} is a finer atlas
(that is, Vg C U, for some a = a(f3) ) then for the atlas {Vs} ,
the coordinate homeomorphisms are defined in a natural way

O = Pap)|Fxvy : F x Vg—p (V).
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Locally trivial bundles

Refinement of the atlas

The transition functions ¢/ for the new atlas {V3} are
B1.B2
defined using restrictions

o = Palbr)alBa)Fx(vsnvs,) :

B x (V,Bl M V52)—>F X (Vﬁ1 N V52).
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Locally trivial bundles

Refinement of the atlas

Theorem (Common refinement)

For two atlases {U,} and {Vj3} there is a common refinement

{W’Y} ’
Wy CUa(y) N V()

PROOF. J

Wy =UsNVg, ~v=(a,p).
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Locally trivial bundles

Refinement of the atlas

Thus if there are two atlases and transition functions for two
bundles, with a common refinement, that is, a finer atlas with
transition functions given by restrictions, it can be assumed
that the two bundles have the same atlas. If @3, , gofg ., are two
systems of the transition functions (for the same atlas), giving
isomorphic bundles then the transition functions g, , np’ﬂa
must be related.
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Locally trivial bundles

Homology of transition function cocycle

Theorem (Homolog nsition function coc

Two systems of the transition functions ¢z, , and go’ﬁ ., define
isomorphic locally trivial bundles iff there exist fiber preserving
homeomorphisms

hg : F xU,—F x U,

such that
(P,BOL = hglgplﬁaha-
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Locally trivial bundles

Homology of transition function cocycle

PROOF. )

Suppose that two bundles p : E— B and p’' : E'— B with the
coordinate homeomorphisms ¢, and ¢!, are isomorphic. Then
there is a homeomorphism v : E'—FE . Let

ha = 90/04_1@0_18004'

Then 1 1 1 1
hg ™ Psala = (05 VP5) P (Pa ¥ Pa) =

= (p5'vol) (95 o) (P 'Y pa) =

= (95" V) (¥ Pa) = Ppa-
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Locally trivial bundles

Homology of transition function cocycle

Conversely, if the relation

Ppa = hglcp/ﬁahow

holds, put

¢:<Pa 04190/041

The definition 1) is valid for the subspaces p'~!(U,) covering E’.
To prove that the right hand sides of the definition v coincide
on the intersection p'~ (U, N Ug) the relations ¢g, = h?@’ﬁaha
are used:

pshz'ost = (vapa'es)hs (05 ehpat) =

= aPaphy Vhe ¥ul =

= gpahal(’p/o{ 1‘ I
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Locally trivial bundles

Example: Trivial bundle

1. Let £ = B x F and p: E—B be projections onto the first
factors. Then the atlas consists of one chart U, = B and only
one the transition function ¢,, = Id and the bundle is said to

be trivial.

Introduction to Differential Topology Special Course

Alexander S. Mishchenko Moscow State Lomonosov [



Locally trivial bundles

Example: Mdébius band

2. Let F be the Mobius band. One can think of this bundle as
a square in the plane, {(z,y) : 0 <z < 1,0 <y < 1} with the
points (0,y) and (1,1 — y) identified for each y € [0,1] . The
projection p maps the space E onto the segment

I, = {0 <z <1} with the endpoints x = 0 and = = 1 identified,
that is, onto the circle S' . Let us show that the map p defines
a locally trivial bundle. The atlas consists of two intervals
(recall 0 and 1 are identified)

1 1
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Locally trivial bundles

Example: Mdébius band

The coordinate homeomorphisms may be defined as following:

Yo :Ug X Iy—E,

@a(%y) = (x,y),

o I Uﬁ X Iy—>E,

pp(x,y) = (z,y) for 0<z<3,
ep(z,y) = (z,1—y) for F<z<1.
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Locally trivial bundles

Example: Mdébius band

The intersection of two charts U, N Ug consists of union of two
intervals U, N Ug = (0,3) U (3,1) . The transition function ¢g,
have the following form

Ppa = (7,y) for 0<z <3,
Yga = (x,1 —y) for %<l’<1.
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Locally trivial bundles

Example: Mdébius band

The Mo6bius band is not isomorphic to a trivial bundle. Indeed,
for a trivial bundle all transition functions can be chosen equal
to the identity. Then there exist fiber preserving
homeomorphisms

ha : Uy x Iy—Uqy X Iy,
hﬁ : U/@ X [yHUﬂ X [y,

such that
PBa = hglha
in its domain of definition (U, NUg) x I, .
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Locally trivial bundles

Example: Mdébius band

Then h, hg are fiberwise homeomorphisms for fixed value of
the first argument x giving homeomorphisms of interval I, to
itself. Each homeomorphism of the interval to itself maps end
points to end points. So the functions

ho(z,0), ho(z,1), hg(z,0), hg(x,1)

are constant functions, with values equal to zero or one (since
the each chart is connected!).
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Locally trivial bundles

Example: Mdébius band

The same is true for the functions hglha(a:, 0) , that is

hglha(a:, 0) also are constant functions. On the other hand the
function ygq(x,0) is not constant because it equals zero for
each 0 <z < % and equals one for each % < x < 1. Since
Ygal(z,0) = hglha we have the contradiction. This
contradiction shows that the Mébius band is not isomorphic to
a trivial bundle.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Example: Mdébius band
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Locally trivial bundles

Example: Tangent bundle to sphere

3. Let E be the space of tangent vectors to two dimensional
sphere S? embedded in three dimensional Euclidean space R? .
Let

p: E—8?

be the map associating each vector to its initial point. Let us
show that p is a locally trivial bundle with fiber R? . Fix a
point sq € S? . Choose a Cartesian system of coordinates in R?
such that the point sy is the North Pole on the sphere (that is,
the coordinates of sy equal (0,0,1) ). Let U be the open subset
of the sphere S? defined by inequality z > 0 . If

seU, §=(x,y,z) , then

ZL‘2+Z/2+22:1, z>0.
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Locally trivial bundles

Example: Tangent bundle to sphere

Let €= (&,7,() be a tangent vector to the sphere at the point
. Then (5,€) =0, or

€ +yn + 2¢ =0,

that is,
¢ =—(x&+yn)/z.

Define the map
©:U x R*—p HU)

by the formula

QO(IL’,:I/, 2757 7]) = ('1:73/7 Z7€7 7, —($€ + ?ﬂ])/z)

giving the coordinate homomorphism for the chart U containing
the point so € S? . Thus the map p gives a locally trivial
bundle. This bundle is called the tangent bundle of the sphere
S?.
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Locally trivial bundles

Example: Tangent bundle to sphere

Another way to prove that the map p : E—S? is a locally
trivial bundle consists in calculation of the differential of the
map

Dp : TE—TS?.
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Locally trivial bundles

Structural group

The relations of cocyclicity

Paa = 1d, PayPyBPBa = Id

and homology relations
-1 7
PBa = hﬂ ‘Pﬁahoz

for the transition functions of a locally trivial bundle are similar
to those involved in the calculation of one dimensional
cohomology with coefficients in some algebraic sheaf. This
analogy can be explain after a slight change of terminology and
notation and the change will be useful for us for investigating
the classification problem of locally trivial bundles.
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Locally trivial bundles

Structural group

Notice that a fiberwise homeomorphism of the Cartesian
product of the base U and the fiber F' onto itself

¢:Ux F—U x F,

can be represented as a family of homeomorphisms of the fiber
F onto itself, parametrized by points of the base B .
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Locally trivial bundles

Structural group

In other words, each fiberwise homeomorphism ¢ defines a map
¢ : U—Homeo (F),

where Homeo (F) is the group of all homeomorphisms of the
fiber F' . Furthermore, if we choose the right topology on the
group Homeo (F') the map ¢ becomes continuous.
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Locally trivial bundles

Structural group

Sometimes the opposite is true: the map
¢ : U—Homeo (F),

generates the fiberwise homeomorphism
p:UXx F—U X F,

with respect to the formula

p(a, f) = (z, 2(x)(f))-
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Locally trivial bundles

Structural group

1-dimensional non commutative cohomology

So instead of ¢, a family of functions
Pop5: Uo NUg—Homeo (F),

can be defined on the intersection U, N U and having values in
the group Homeo (F') . In homological algebra the family of
functions ¢,z is called a one dimensional cochain with values in
the sheaf of germs of functions with values in the group
Homeo (F) .
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Locally trivial bundles

Structural group

1-dimensional non commutative cohomology

The conditions

Paa = Id’ PayPyBPpa = Id7
means that

Do) =1d, € U.,
Doy (2)Py5(2)Ppa(z) =1d, x€ U, NUgNU,.

and we say that the cochain {®,z} is a cocycle.
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Locally trivial bundles

Structural group

1-dimensional non commutative cohomolo

The condition
@504 - hglgolﬁahow

means that there is a zero dimensional cochain
H, : U,—Homeo (F)
such that

Pgo(z) = Hﬁ_l(:p) () Ho(x), © € Uy NUs.
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Locally trivial bundles

Structural group

1-dimensional non commutative cohomology

Using the language of homological algebra the last condition
means that cocycles {®5,} and {®},} are cohomologous. Thus
the family of locally trivial bundles with fiber F' and base B is
in one to one correspondence with the one dimensional
cohomology of the space B with coefficients in the sheaf of the
germs of continuous Homeo (F') —valued functions for given
open covering {Uy,} :

Bundlesp(B) < H'(B;Homeo (F)).

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Structural group

1-dimensional non commutative cohomology

Despite obtaining a simple description of the family of locally
trivial bundles in terms of homological algebra, it is ineffective
since there is no simple method of calculating cohomologies of
this kind. Nevertheless, this representation of the transition
functions as a cocycle turns out very useful because of the
situation described below.
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Locally trivial bundles

Structural group

First of all notice that using the new interpretation a locally
trivial bundle is determined by the base B , the atlas {U,} and
the functions {®,z} taking the value in the group

G = Homeo (F) :

{Bv G, {Ua}7 {(I)aﬁ}}'

The fiber F' itself does not directly take part in the description
of the bundle.
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Locally trivial bundles

Structural group

Action of structural group on the fiber

Hence, one can at first describe a locally trivial bundle as a
family of functions {®,5} with values in some topological group
G , and after that construct the total space of the bundle with
fiber F' by additionally defining an action of the group G on the
space F' ,

G x F—F,

that is, defining a continuous homomorphism of the group G
into the group Homeo (F') :

G—Homeo (F).
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Locally trivial bundles

Structural group

Structural subgroup

Secondly, the notion of locally trivial bundle can be generalized
and structural of bundle made richer by requiring that both the
transition functions ®,3 and the functions H, are not arbitrary
but take values in some subgroup of the homeomorphism group
Homeo (F) .
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Locally trivial bundles

Structural group

Changing of fiber

Thirdly, sometimes information about locally trivial bundle
may be obtained by substituting some other fiber F” for the
fiber F' but using the ‘same’ transition functions. Thus we come
to a new definition of a locally trivial bundle with additional
structure — the group where the transition functions take their
values.
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Locally trivial bundles

Structural group

Definition (Bundle with a structural group)

Let £, B, F be topological spaces and G be a topological
group which acts continuously on the space F' :

G x F—F.

A continuous map
p: E—B

is said to be a locally trivial bundle with fiber F and structural
group G
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Locally trivial bundles

Structural group

Definition (Bundle with a structural group)

if there is an atlas {U,} and the coordinate homeomorphisms
Yo : D HUs)—Uy X F
such that the transition functions
Pa = PpPa-1 : (Ua NUg) x F—(Ua NUp) X F

have the form:
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Locally trivial bundles

Structural group

Definition (Bundle with a structural group)

have the form:
(Pﬁa(xv f) = (I’, (I),Ba(x)f)a

where ®3,, : (U, N Ug)—G are continuous functions satisfying
the conditions

Doo(z) =1, z€U,,
C03(2)Pay () Pra(z) =1, €U, NUzNU,.

The functions ®,3 are also called the transition functions.
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Locally trivial bundles

Structural group

compatible with structural group isomorphisms

Let
v B —F

be an isomorphism of locally trivial bundles with structural
group G . Let ¢, and ap/a be the coordinate homeomorphisms of
the bundles p : E—B and p’ : E'— B , respectively.
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Locally trivial bundles

Structural group

compatible with structural group isomorphisms

One says that the isomorphism 1 is compatible with structural
group G if the homomorphisms

ol Uy x F—Uy X F
are determined by continuous functions
H, :U,—G,
defined by relation

o Vg (z, f) = (z, Ho(z)f).

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Structural group

Isomorphic bundles

Thus two bundles with structural group G and transition
functions @3, and @% ., are isomorphic, the isomorphism being
compatible with structural group G , if

Ppo(w) = Ha(2) P, (2) Ha(x)

for some continuous functions H, : U,—G .
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Locally trivial bundles

Structural group

Equivalent bundles

So two bundles whose the transition functions satisfy the
conditions

Dpa(x) = Hp(x) Py () Ha()

are called equivalent bundles.
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Locally trivial bundles

Structural group

Reducing of structural group

It is sometimes useful to increase or decrease structural group
G. Two bundles which are not equivalent with respect of
structural group G may become equivalent with respect to a
larger structural group G, G C G’ . When a bundle with
structural group G admits transition functions with values in a
subgroup H , it is said that structural group G is reduced to the
subgroup H .
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Locally trivial bundles

Structural group

aflbede )

It is clear that if structural group of the bundle p : E—B
consists of only one element then the bundle is trivial. So to
prove that the bundle is trivial, it is sufficient to show that its
structural group G may be reduced to the trivial subgroup.
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Locally trivial bundles

Structural group

Change of structural group

More generally, if
p: G—G'

is a continuous homomorphism of topological groups and we are
given a locally trivial bundle with structural group G and the
transition functions

(I)aﬁ U N Uﬁ—)G,

then
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Locally trivial bundles

Structural group

Change of structural group

then a new locally trivial bundle may be constructed with
structural group G’ for which the transition functions are
defined by

Ci5(x) = p(Pap(@))-

This operation is called a change of structural group (with
respect to the homomorphism p ).
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Locally trivial bundles

Structural group

(Rgmede )

Note that the fiberwise homeomorphism

p:Ux F—UXF
in general is not induced by continuous map

¢ : U—Homeo (F).
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Locally trivial bundles

Structural group

e

We will not analyze the problem and note only that later on in
all our applications the fiberwise homeomorphisms will be
induced by continuous maps

¢ : U—Homeo (F).

that is splitted into a composition of continuous maps into
structural group G and a (continuous) homomorphism

G—Homeo (F).
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Locally trivial bundles

Principal bundle

Special fiber

Now we can return to the third situation, that is, to the
possibility to choosing a space as a special fiber of a locally
trivial bundle with structural group GG . Let us consider the
fiber

F=G

with the action of G on F' being that of left translation, that is,
the element g € G acts on the I’ by the homeomorphism

g(f)=g9f, fEF=G.
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Locally trivial bundles

Principal bundle

Definition (Principal bundle)

A locally trivial bundle with structural group G is called
principal G —bundle if F' = G and action of the group G on F',

G x F—F,
is defined by the left translations:

(9, f)—gf, g€G, feF=G.
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Locally trivial bundles

Principal bundle

Important property

An important property of principal G —bundles is the
consistency of the homeomorphisms with structural group G
and it can be described not only in terms of the transition
functions (the choice of which is not unique) but also in terms
of equivariant properties of bundles.
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Locally trivial bundles

Principal bundle

Theorem (Right action)

Let
p: E—B

be a principal G —bundle,
Yo 1 Uy x G—p~ 1 (Uy)

be the trivializations.
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Locally trivial bundles

Principal bundle

Right action

Then there is a right action of the group G on the total space
E,

ExG——=EF, E ;)9 : gedqd
such that:
@ the right action of the group G is fiberwise, that is,
p(z) =plzg), z € E, g€ G.

or equivalently, the projection p is equivariant with respect
to trivial action of the group G on the base B :

*g. *g.
"y, ()
E-".B, b-g=b, be B, geG
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Locally trivial bundles

Principal bundle

Right action

@ the homeomorphism ¢, transforms the right action of the
group GG on the total space into right translations on the
second factor, that is,

ol [)g=a(z, fg), © €Uy fLg€G.
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Locally trivial bundles

Principal bundle

Right action

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Principal bundle

EEEEeeeee--

According to the definitions, the transition functions
0 = Ppps’ have the following form

@50(567 f) = (:I:) (I)Ba(x)f)v

where
(I),Ba U, N Uﬁ—>G

are continuous functions satisfying the conditions

<I>aa($) = 17 T € Ua,
Pop(x)Ppy(2)Prya(z) =1, €U, NUgNU,.
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Locally trivial bundles

Principal bundle

e

Since an arbitrary point z € F can be represented in the form

Z = (Poz(xmf)
for some index « , the formula
goa(a?,f)'gzsoa(l’,f‘g), reUy, figel.

determines the continuous right action of the group G provided
that this definition is independent of the choice of index « .
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Locally trivial bundles

Principal bundle

W Lilb)S

So suppose that

Z = Qﬁa(l',f) = @B(‘Taf,)'

We need to show that the element z - g does not depend on the
choice of index, that is,

Sooc(wafg) = 905($7f/g)'
or
(@, - 9) = 05 al®, - 9) = ¢palz, f - 9)

or

f’-gz@ga(m)-(f-g):(@ga(a:)-f)-g.
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Locally trivial bundles

Principal bundle

e

However,

(xvf/) = g%cpgl(x,f) = (P,Ha($7f> = (xaq)ﬁaf)7

Hence

f''=2pa()(f)-
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Locally trivial bundles

Principal bundle

.- it/

Thus multiplying

f/ = (I)Ba(x) f
by g on the right gives

f/'g:q)ﬂa(x)'(f'g)‘
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Locally trivial bundles

Principal bundle

The theorem allows us to consider principal G —bundles as
having a right action on the total space.

Theorem (Equivariant map)

Let
V: B —FE

be a fiberwise map of principal G —bundles. This map is the
isomorphism of locally trivial bundles with structural group G,
that is, compatible with structural group G if and only if this
map is equivariant (with respect to right actions of the group G
on the total spaces).
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Locally trivial bundles

Principal bundle

e ...aS—_S_—]

Let

p: E—B,

p: E'—B
be locally trivial principal bundles both with structural group G
and let ¢, , ¢!, be coordinate homeomorphisms.
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Locally trivial bundles

Principal bundle

EEle- it

Then by the definition the map 1 is an isomorphism of locally
trivial bundles with structural group G when

o oL (2, 9) = (2, Ha()g).
for some continuous functions

H,:U,—G.
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Locally trivial bundles

Principal bundle

e

It is clear that the maps o, ¢l (z,g) = (v, Ho(7)g) are
equivariant since

(ool (2, 9)g1 = (z, Ho(z)g)g1 =

= (z, Ha(2)g991) = @5 0@ (2, gg1).

Hence the map 1 is equivariant with respect to the right actions
of the group G on the total spaces F and E’ .
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Locally trivial bundles

Principal bundle

El..._"—m_ iimio

Conversely, let the map 1 be equivariant with respect to the
right actions of the group G on the total spaces E and E’ .
Then the map ¢, 1!, is equivariant with respect to right
translations of the second coordinate of the space U, x G .
Since the map o, ! is fiberwise, it has the following form

Patbgly ' (x,9) = (z, Aa(z, 9)).
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Locally trivial bundles

Principal bundle

(o

The equivariance of the map implies that

Au(z,991) = Aa(z,9)01

for any z € Uy, ¢,91 € G . In particular, putting g = e that

Aa(z,91) = Aalz,€)91
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Locally trivial bundles

Principal bundle

S,

So putting

it follows that
Aa(z,9) = Ho(z)g
and
Yo V(T 9) = (2, Ha(2)g).
The last identity means that ¢ is compatible with structural
group G . |
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Locally trivial bundles

Principal bundle

(@t )

Thus using the theorem, to show that two locally trivial
bundles with structural group G (and the same base B ) are
isomorphic it necessary and sufficient to show that there exists
an equivariant map of corresponding principal G —bundles
(inducing the identity map on the base B ).
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Locally trivial bundles

Principal bundle

(Medlboadle )

In particular, if one of the bundles is trivial, for instance,

E' = B x G, then to construct an equivariant map 1 : E/'—F
it is sufficient to define a continuous map v on the subspace
{(z,e) :2 € B,} C ' = B x G into E . Then using
equivariance, the map 1 is extended by formula

Y(z,9) = P(x,e)g.
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Locally trivial bundles

Principal bundle

plbmde )

The map {(x,e) : z € B}&E’ can be considered as a map

s: B—F
satisfying the property

ps(z) ==z, v € B.
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Locally trivial bundles

Principal bundle

@empaion ]

The map

s: B—F

with the property
ps(x) =z, x € B.

is called a cross—section of the bundle. Each cross-section
generates the commutative diagram
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Locally trivial bundles

Principal bundle

Cross—section

So each trivial principal bundle has cross—sections. For
instance, the map B— B x G defined by z—(z,e) is a
cross—section. Conversely, if a principal bundle has a
cross—section s then this bundle is isomorphic to the trivial
principal bundle. The corresponding isomorphism

¥ : B x G—F is defined by the formula

Y(z,g) = s(x)g, z € B, g € G.
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Locally trivial bundles

Principal bundle

Bawvariantmap

Let us relax our restrictions on equivariant mappings of
principal bundles with structural group G . Consider arbitrary
equivariant mappings of total spaces of principal G —bundles
with arbitrary bases.
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Locally trivial bundles

Principal bundle

Bauvariantmap

Each fiber of a principal G —bundle is an orbit of the right
action of the group G on the total space and hence for each
equivariant mapping

) : B'—FE
of total spaces, each fiber of the bundle

p:E—DB
maps to a fiber of the bundle

p: EF—DB.
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Locally trivial bundles

Principal bundle

[Bawariantmap

In other words, the mapping ¢ induces a mapping of bases

x:B'—B
and the following diagram is commutative

-V F

b ]

B -X.B
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Locally trivial bundles

Principal bundle

Bawvariantmap

Let U, C B be a chart in the base B and let Ué be a chart such
that

X(Ué) C U,.

The mapping <pa¢<plﬁ_1 makes the following diagram

commutative Yatbp' Tt
Ué x G J Uoz X G
lp’%—l lps&g !
f = Us
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Locally trivial bundles

Pullback bundle

Consider a commutative diagram for two locally trivial bundles
which are equipped with the family of the coordinate
homeomorphisms whose transition functions belong to the
structural group G .

E'——=F
B'——=B

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Pullback bundle

We say that the diagram is compatible with structural group G
if there is atlases of charts {U,, pq : F X Uy—>E} and
{Uf, ¢+ F' x Uy—E'} such that

°

X(Ué) C Uy,

@ The map hop = gpampgl in the diagram

hag
/ /
FEUﬁ% 17 J T %Fxan
UL¢ B'——~B U,

satisfies the condition

hap(f,V) = (Hap(V') f,x(V)),  Hap 1 Up—G.
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Locally trivial bundles
Pullback bundle

Definition (pullback bundle)

Consider a commutative diagram for two locally trivial bundles
which are equipped with the family of the coordinate
homeomorphisms whose transition functions belong to the
structural group G .

oy
vl
B'—~~B
Assume that the diagram is compatible with structural group

G. Then the bundle p’ : E'— B’ is called pullback bundle or
inverse image of the bundle p: E—B :

E = '(E).
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Locally trivial bundles
Pullback bundle

Construction of pullback bundle

Given a map

Ex B

N

“(E) —=F
l »
B X .pB
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Locally trivial bundles
Pullback bundle

Transition functions of pullback bundle

Given the pullback bundle
X'(B) X~ E

)

B —X B

The transition functions are defined as followings

Utlx = X_l(Ua)a

ap(t) = Pap(x (b)) € G, V' € UL,
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Locally trivial bundles

Categorical properties of pullback
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Locally trivial bundles

Homotopy property of pullback

Theorem (Homotopy invariance of pullback)

Let f,g: B'— B be two continuous maps of compact spaces
that are homotopic, f ~ g, p: E—>B be a locally trivial
bundle with structural group G . Then bundles f*E and g*(F)
are isomorphic

f[(E) = g"(E).
We follow the book by A.Hatcher

[d A. Hatcher Vector bundles and K-theory
http://www.math.cornell.edu/ hatcher/#VBKT,(2009)
(Theorem 1.6.)
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Locally trivial bundles

Homotopy property of pullback

PROOF. J

Without loss of generality it is sufficient to prove

Proposition (cartesian product with unit segment)

Let p: E—DB x [0,1] . Then restrictions E|gy o} and E|p, 1}
are isomorphic.

PROOF. )

Let {Uq, pa} be an atlas of charts on the space B x [0, 1] .
Passing to refinement we can assume that each chart has the

form U, j = Vo X (%, %) . So we can assume that
Uy =V, x [0,1] .

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Locally trivial bundles

Homotopy property of pullback

PROOF. J

Let f, be a partition of unit which is subordinate to the atlas of
chart V,, that is supp fo C V, . We should compare two
bundles E|gy oy and E| Graph (f.) » where Graph (f,) is the
graph of the function f, ,

Graph (fa) = {(b, fa(b)) : b€ B} € B x [0,1].
there is natural homeomorphism

q: B x {0}— Graph (f,),

q(b,0) = (b, fa(b)) € Graph (fa), (b,0) € B x {0}.
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Locally trivial bundles

Homotopy property of pullback

PROOF. )

Consider a refined atlas of charts:

Wa:Vom WBZVB\Supp fou 5#05

So Wz N W, Nsupp fo =0 . Then on the intersections

W3 N W, the transition functions of the bundle E| Graph .
coincide with transition functions of the bundle F|p, o} -
Hence

E| Graph 1. = Elpx{o}-

The statement can be proved by the induction on the number of
charts.
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Locally trivial bundles

>ation theorems

Theorem (The classification theorem)

Let us consider a principal G —bundle,

Eq

such that all homotopy groups of the total space Eg are trivial:

mi(Eg) =0, 0< i< oo.
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Locally trivial bundles

ation theorems

Let B be a CW complex. Then any principal G —bundle
p: E—B is isomorphic to the inverse image of the bundle
v : Fg— Bg, with respect to a continuous mapping

f : B—Bg.

e B,

| [
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Locally trivial bundles

The classification theorems

The classification theorem

Two inverse images of the bundle

pc : Ec—Bag,
with respect to the mappings

f,9: B—Bg

are isomorphic if and only if the mappings f and g are
homotopic.
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Locally trivial bundles

ation theorems

Corollary (Description of all bundles)

The family of all isomorphism classes of principal G —bundles
over the base B is in one to one correspondence with the family
of homotopy classes of continuous mappings from B to B¢ :

Bundleg(B) =~ B, Bg].
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ial bundles

on theorems

Corollary (homotopy invariance)

If two cellular spaces B and B’ are homotopy equivalent then
the families of all isomorphism classes of principal G —bundles
over the bases B and B’ are in one to one correspondence. This
correspondence is defined by inverse image with respect to a
homotopy equivalence

B—DB'.
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Vector bundles
Definition

Definition (Vector bundle)

A locally trivial bundle

is called wvector bundle if the fiber F' is homeomorphic to a
vector space F' ~ R" and the structural group is the group of
all linear automorphisms of the space R" , G ~ GL(n,R) .

By definition the dimension of the vector bundle is equal to n ,

dim¢& = n.
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Vector bundles
Definition

First of all notice that each fiber p~!(z), 2 € B has the
structure of vector space which does not depend on the choice
of coordinate homeomorphism. In other words, the operations
of addition and multiplication by scalars is independent of the
choice of coordinate homeomorphism.

Indeed, since structural group G is GL(n,R) the transition
functions

s : (Ua N Us) x R"—(Uy N Us) x R”

are linear mappings with respect to the second factor. Hence a
linear combination of vectors goes to the linear combination of
images with the same coefficients.
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Vector bundles

Sections of vector bundle

Denote by I'(B, ) the set of all sections of the vector bundle & .
Then the set I'(B, ) becomes an (infinite dimensional) vector
space. To define a structure of vector space on the I'(B,¢)
consider two sections s , S9 :

Put

p

/ FE
/@2/ |

B=——=2~B

(s1+ s2)(2) = s1(x) + s2(x), @ € B,

(As1)(x) = A(s1(x)), A€ R, v € B.
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Vector bundles

Sections of vector bundle

These formulas define on the set I'(B, ) the structure of vector
space. Notice that an arbitrary section s : B—F can be
described in local terms. Let {U,} be an atlas,

0o : R" x Uy—p~1(U,) be coordinate homeomorphisms,

PBa = @Elgpa . Then the compositions

ol s Up—EEU, x R®

are sections of trivial bundles over U, and determine vector
valued functions s, : U,—R' by the formula

(z,50(2)) = (¢a - 5)(2), @ € Ua.
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Vector bundles

Sections of vector bundle

On the intersection of two charts U, N Ug the functions s, (z)
satisfy the following compatibility condition

55(1) = ®pa(@)(sa(2))-

Conversely, if one has a family of vector valued functions
Sa : Us—>R™ which satisfy the compatibility condition
sg(x) = Pga(x)(sa(x)), then the formula

5(x) = Ya(z, 50(x))

determines the mapping s : B—FE uniquely (that is,
independent of the choice of chart U, ).
The map s is a section of the bundle £ .
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Vector bundles

Operations of direct sum and tensor product

Ofegam )

There are natural operations induced by the direct sum and
tensor product of vector spaces on the family of vector bundles
over a common base B . Firstly, consider the operation of direct
sum of vector bundles. Let & and & be two vector bundles
with fibers V; and V5 , respectively.

Denote the transition functions of these bundles in a common
atlas of charts by @aﬁ(x) and @iﬁ(az) .
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Vector bundles

Operations of direct sum and tensor product

Ofesmm

Notice that values of the transition function ®. s(z) lie in the
group GL(V}) whereas the values of the transition function
@iﬁ(a:) lie in the group GL(V3). Hence the transition functions

ol () and @36(:10) can be considered as matrix—values
functions of orders n; = dim V; and ne = dim V5 , respectively.
Both of them should satisfy the conditions

(I)aa(x) =1, z € Uy,
D,5(2)Psy () Pya(x) =1, x € U NUz N U,.
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Vector bundles

Operations of direct sum and tensor product

e —_—-—.—|—y

We form a new space V = V; & V5 . The linear transformation
group GL(V) is the group of matrices of order n = n; + no
which can be decomposed into blocks with respect to
decomposition of the space V into the direct sum Vi & V5 .
Then the group GL(V') has the subgroup GL(V;) & GL(V3) of
matrices which have the following form:

A:H A 0

= A1 @ Ay, Ay = GL(W}), A = GL(14).
0 A,
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Vector bundles

Operations of direct sum and tensor product

eges )

Then we can construct new the transition functions

oste) = whs(o 0 w2 = | "5 |

These transition functions satisfy the same conditions

Dpa(x) =1, x € Uy,
C0p(2)Pay(2)Pya(z) =1, 2 € Uy NUz N Uy,

that is, they define a vector bundle with fiber V=V, &V, .
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Vector bundles

Operations of direct sum and tensor product

Definition of direct sum

The bundle constructed above is called the direct sum of vector
bundles & and & and is denoted by £ = & @ &2 .
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Vector bundles

Operations of direct sum and tensor product

Geometric construction of direct sum

The direct sum operation can be constructed in a geometric
way. Namely, let p; : F1— B be a vector bundle & and let
po : EFs— B be a vector bundle & . Consider the Cartesian
product of total spaces F1 x Fo and the projection

p=p1 Xpo: FE1 x Eo—B X B.

It is clear that p is vector bundle with the fiber V =1, @ V5 .
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Vector bundles

Operations of direct sum and tensor product

Geometric construction of direct sum

Consider the diagonal A C B x B , that is, the subset
A ={(x,z): x € B} . The diagonal A is canonically
homeomorphic to the space B . The restriction of the bundle p
to A =~ B is a vector bundle over B . The total space E of this
bundle is the subspace £ C E; X Ey that consists of the vectors
(y1,y2) such that

p1(y1) = p2(y2)-

It is easy to check that {U,, X Uy, } gives an atlas of charts for
the bundle p .
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Vector bundles

Operations of direct sum and tensor product

Geometric construction of direct sum

The transition functions ¢ (g, ,)(asa0) (%, ¥) on the intersection of
two charts (Un, X Uq,) N (Ug, x Ug,) have the following form:

1
— S‘9,[311341(m) 0 H
ar1o)\ L) - '
P(B1B2) (a1 2)( y) H 0 w%’zaz(y)

Hence on the diagonal A ~ B the atlas consists of sets
Us = AN (U, x Uy) .
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Vector bundles

Operations of direct sum and tensor product

Geometric construction of direct sum

Then the transition functions for the restriction of the bundle p
on the diagonal have the following form:

@ (x,x) = H #3a () 0 H .
(BB)(aa) s 0 ‘P%’a(x)

So these transition functions coincide with the transition
functions defined for the direct sum of the bundles & and & .
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Vector bundles

Operations of direct sum and tensor product

e

Now let us proceed to the definition of tensor product of vector
bundles. As before, let & and & be two vector bundles with
fibers V; and V5 and let @éﬁ(az) and @36(:10) be the transition
functions of the vector bundles & and &5

@) 5(x) € GL(V1), ®Z4(x) € GL(Va), 2 € Vo N Vp.

Let V = V; ® V5 be the tensor product of the vector spaces V
and V5 .
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Vector bundles

Operations of direct sum and tensor product

Tensor product

Then form the tensor product (Kronecker product)
A1 ® As € GL(V) ® Va) of the two matrices A; € GL(V1) ,
Ay € GL(VQ) . Put

Dop(r) = ‘I’iﬁ(l’) ® ‘I)iﬁ(f)-
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Vector bundles

Operations of direct sum and tensor product

Definition of tensor product

Now we have obtained a family of the matrix value functions
®,5(x) which satisfy the conditions of cocylicity. The
corresponding vector bundle £ with fiber V = V] ® V5 and
transition functions ®,5(x) will be called the tensor product of
bundles & and & and denoted by

§=8§®&.
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Vector bundles

Operations of direct sum and tensor product

EEEEEEEE

What is common in the construction of the operations of direct
sum and operation of tensor product? Both operations can be
described as the result of applying the following sequence of
operations to the pair of vector bundles & and &5 :

e Pass to the principal GL(V}) — and GL(V2) — bundles;

e Construct the principal (GL(V;) x GL(V2)) — bundle over
the Cartesian square B X B ;

@ Restrict to the diagonal A , homeomorphic to the space B .
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Vector bundles

Operations of direct sum and tensor product

A

o Finally, form a new principal bundle by means of the
relevant representations of structural group
GL(V}) x GL(V3) in the groups GL(V; @ V3) and
GL(V; ® Va) , respectively.

The difference between the operations of direct sum and tensor
product lies in choice of the representation of the group
GL(V1) x GL(V3) . By using different representations of
structural groups, further operations of vector bundles can be
constructed, and algebraic relations holding for representations
induce corresponding algebraic relations vector bundles.
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Vector bundles

Operations of direct sum and tensor product

y of the direct sum

In particular, for the operations of direct sum and tensor
product the following well known relations hold:

(£126)D8E =D (L&)
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Vector bundles

Operations of direct sum and tensor product

Associativity of the direct sum

This relation is a consequence of the commutative diagram

GL (Vl@VQ XGLV3

o \

GL(V}) x GL(V,2) x GL(V3) LVieVad Vs)

GL(V}) x GL(V;, & V3)
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Vector bundles

Operations of direct sum and tensor product

of the direct sum

p1(A1, Ag, As) = (A] @ Ag, A3),
p2(B,A3) = B® As,

pg(Al, AQ, Ag) = (Al, AQ & Ag),
p4(A1,C> = Al@C’
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Vector bundles

Operations of direct sum and tensor product

y of the direct sum

Then
p2p1(A1, Az, A3) (A1 @ Az) ® As,

pap3(A1, Az, A3) = A1 @© (A2 A3).
It is clear that

P2P1 = P4pP3

since the relation
(Al D AQ) O A3 =A1 D (Az D Ag)

is true for matrices.
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Vector bundles

Operations of direct sum and tensor product

Associativity for tensor products

(1 ®&) @& =60 (L2 ®E8).

This relation is a consequence of the following commutative
diagram

GL (V1®V2 XGLVg

P1 \
/

GL(V1) x GL(V2) x GL(V3) L(Vi® Vo ® V3)

3

GL(V1) x GL(V2 ® V3)
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Vector bundles

Operations of direct sum and tensor product

Associativity for tensor products

The commutativity of the diagram is implied from the relation
(A1 ® Ay) ® A3 = A1 ®@ (A3 ® A3)

for matrices.
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Vector bundles

Operations of direct sum and tensor product

G .

(61886)R@E6G=(L1®8) D (L18).
This property is implied by the corresponding relation

(A1 © Ag) ® Az = (A1 ® A3) © (A2 ® A3).

for matrices.
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Vector bundles

Operations of direct sum and tensor product

Trivial vector bundle

Denote the trivial vector bundle with the fiber R by nn . The
total space of trivial bundle is homeomorphic to the Cartesian
product B x R, and it follows that

n=1®1@- - @ 1(n times).

and
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Vector bundles

Other operations with vector bundles

Hom )

Let V = Hom (V7,V3) be the vector space of all linear
mappings from the space V; to the space V5 . For infinite
dimensional Banach spaces we will assume that all linear
mappings considered are bounded. Then there is a natural
representation of the group GL(V}) x GL(V2) into the group
GL(V) which to any pair A; € GL(V1), A2 € GL(V3)
associates the mapping

p(A1, A2) : Hom (Vi,Vo)—Hom (17, V3)
by the formula

p(Ar, Ag)(f) = Ago fo ATL
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Vector bundles
Dual vector bundles

Hom )

Then following the general method of constructing operations
for vector bundles one obtains for each pair of vector bundles &;
and & with fibers V; and V5 and transition functions goa B(x)
and 2 5(:1:) a new vector bundle with fiber V' and transition
functions

ap(@) = p(pap(@), Pas(z))
This bundle is denoted by HOM (&1, &2) .
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Vector bundles

Other operations with vector bundles

Dual vector bundles

When V5 = R! | the space Hom (V;, R!) is denoted by V;* .
Correspondingly, when & = 1 the bundle HOM (&, 1) will be
denoted by £* and called the dual bundle. It is easy to check
that the bundle £* can be constructed from £ by means of the
representation of the group GL(V) to itself by the formula

A—(AHTL A e GL(V).
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Vector bundles

Other operations with vector bundles

Bilinear mapping

There is a bilinear mapping
vV x VLR

which to each pair (z, h) associates the value h(z) .
Consider the representation of the group GL(V') on the space
V x V* defined by matrix

0

A
A—>H 0 (A*)—l

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Vector bundles

Other operations with vector bundles

Bilinear mapping

Then structural group GL(V x V*) of the bundle £ & £* is

reduced to the subgroup GL(V) . The action of the group

GL(V) on the V x V* has the property that the mapping
v x v -LRY

is equivariant with respect to trivial action of the group GL(V)
on R! .
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Vector bundles

Other operations with vector bundles

Bilinear mapping

This fact means that the value of the form A on the vector x
does not depend on the choice of the coordinate system in the
space V' . Hence there exists a continuous mapping

B:éd —1,

which coincides with 5 on each fiber.
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Vector bundles

Other operations with vector bundles

Exterior powers

Let A(V) be the k-th exterior power of the vector space V' .
Then to each transformation A : V—V is associated the
corresponding exterior power of the transformation

that is, there is the natural representation

Ay : GL(V)—GL(A(V)).
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Vector bundles

Other operations with vector bundles

Exterior powers

The corresponding operation for vector bundles is called the
operation of the k-th exterior power and the result denoted by
Ar (&) . Similar to vector spaces, for vector bundles one has

° Ai(§) =¢,

@ Ax(&) =0 for k > dim¢,

o Ap(&1® &) = BE_oMa(61) © Ar_a(&2),
where by definition Ag(¢) = 1.
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Vector bundles

Other operations with vector bundles

Generating function

It is convenient to write these relations using the generating
function. Let us introduce the formal polynomial

Ay(€) = Ao(€) + Ar()t + Ao (O + -+ - + A (™.

Then
Ae(&1 @ &2) = Mu(&1) @ Ae(&2)-

and this formula should be interpreted as follows: the degrees of
the formal variable are added and the coefficients are vector
bundles formed using the operations of tensor product and
direct sum.
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

Consider two vector bundles &; and &; where
& =A{pi: E;— B, Vj is fiber}.
Consider a fiberwise continuous mapping
f:E1—Es.

The map f will be called a linear map of vector bundles or
homomorphism of bundles if f is linear on each fiber.
The family of all such linear mappings will be denoted by

Hom (&1, 62).
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

Then the following relation holds:
Hom (fl,fg) = F(B, HOM (51,52)).

By intuition, this relation is evident since elements from both
the left-hand and right-hand sides are families of linear
transformations from the fiber V; to the fiber V5 |, parametrized
by points of the base B .
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

To prove the relation
Hom (517 62) = F(B7 HOM (§17 52))7

let us express elements from both the left-hand and right-hand
sides of the relation in terms of local coordinates. Consider an
atlas {U,} and coordinate homeomorphisms ¢}, ¢2 for bundles

517 62 .
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

By means of the mapping f : F1— F> we construct a family of
mappings:

(9a) " [+ Pa : Ua x Vi——Ua X Vs,
defined by the formula:

((e2) ™" f - @a) (@, h) = (@, fa(z)(h),
for the continuous family of linear mappings

falz) : Vi—Va,  x € U,.
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

On the intersection of two charts U, N U two functions fq(z)
and fg(x) satisfy the following condition

Pha(2)fa(@) = f5(2)pha (),

fa(x)
1 2
Uy x Vs By Lo By <20, x Vs
Pha (@) J{ ©30(2) l
U b f 5
Ié; X V1 E1 E2 Ug X Vg
fs(2)
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

This means that

f3(x) = 030 (@) fa(z)pns(2),

fa(z) = vpa(x)(falz)),

where @gq(x) is the transition function of the bundle
HOM (&1, &2) which is defined by the formula

08a(2)(f) = Pha(2) foas(2).
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

In other words, the family of functions
fa(z) € V. =Hom (V1,V32), z € U,
satisfies the condition
fo(2) = ppal@)(fa(2)),
that is, determines a section of the bundle HOM (&1,&5) .

feT(B,HOM (£1,82)).
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

Conversely, given a section of the bundle HOM (&3, &2)
f el (B,HOM (&1,&2)),

that is, a family of functions f,(z) satisfying condition

f5(2) = @pa()(fa(2)),

defines a linear mapping from the bundle £; to the bundle & ,

f&—&.
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Vector bundles

Mappings of vector bundles

Linear maps of vector bundles

In particular, if

=1, =R!
then
Hom (V1,V3) = V4.
Hence
HOM <1a£2) = 52-
Hence

['(&2) = Hom (1, &),

that is, the space of all sections of vector bundle &5 is identified
with the space of all linear mappings from the one dimensional
trivial bundle 1 to the bundle & .
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Vector bundles

Mappings of vector bundles

The second example of mappings of vector bundles gives an
analogue of bilinear form for vector bundles. Bilinear form an a
linear space is a mapping

V x V—R!,

which is linear with respect to each argument. Consider a
continuous family of bilinear forms parametrized by points of
base.
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Vector bundles

Mappings of vector bundles

Bilinear form

This gives us a definition of bilinear form on vector bundle,
namely, a fiberwise continuous mapping

f:é@e—1

which is bilinear in each fiber and is called a bilinear form on
the bundle & .
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Vector bundles

Mappings of vector bundles

Bilinear form

Just as on a linear space, a bilinear form on the vector bundle

f:épE—1

induces a linear mapping from the vector bundle ¢ to its dual
bundle &*

fe—¢,

such that f decomposes into the composition

ca e g )
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Vector bundles

Mappings of vector bundles

Bilinear form

where

Id: £—¢

is the identity mapping and

£DE

A

ol

is the direct sum of mappings f and Id on each fiber.
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Vector bundles

Mappings of vector bundles

Definition

Definition of scalar product

When the bilinear form f is symmetric, positive and
nondegenerate we say that f is a scalar product on the bundle £ .

Theorem (Existence of scalar product)

Let £ be a finite dimensional vector bundle over a compact base
space B . Then there exists a scalar product on the bundle £ ,
that is, a nondegenerate, positive, symmetric bilinear form on

the £ .
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Vector bundles

Mappings of vector bundles

.- it/

We must construct a fiberwise mapping

f:épé—1

which is bilinear, symmetric, positive, nondegenerate form in
each fiber. This means that if # € B , vy, vy € p~!(x) then the
value f(v1,v2) can be identified with a real number such that

f(v1,v2) = f(v2,v1)

and f(v,v) > 0 for any v € p~!(z), v # 0.
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Vector bundles

Mappings of vector bundles

R

Consider the weaker condition

f(v,0) > 0.

Then we obtain a nonnegative bilinear form on the bundle & . If
f1, fo are two nonnegative bilinear forms on the bundle £ then
the sum f; + f5 and a linear combination ¢ f1 + @2 fo for any
two nonnegative continuous functions ¢ and @5 on the base B
gives a nonnegative bilinear form as well.
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Vector bundles

Mappings of vector bundles

e

Let {U,} be an atlas for the bundle £ . The restriction £y, is a
trivial bundle and is therefore isomorphic to a Cartesian
product U, x V where V is fiber of £ . Therefore the bundle
|y, has a nondegenerate positive definite bilinear form

Ja: €|Ua ®§|Ua—>i~

In particular, if v € p~(2), € U, and v # 0 then

fa(v,v) > 0.
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Vector bundles

Mappings of vector bundles

Bt

Consider a partition of unity {g,} subordinate to the atlas
{Us} . Then

0< ga(w) <1,

Zga(:v) =1,

supp go C U,.
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Vector bundles

Mappings of vector bundles

e

We extend the form f, by formula

f (v v ) _ ga(x)fa(vlﬂm) V1, V2 prl(x) x € Uy,
« 1, V2 0 Ul,vz Ep_l(x) €T g Ua.
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Vector bundles

Mappings of vector bundles

(Emmme

It is clear that the form defines a continuous nonnegative form
on the bundle ¢ . Put

f(v1,v2) § fa(vi,v2).

The form f(v1,v2) is then positive definite. Actually, let
0# v € p~(z) . Then there is an index a such that

golz) > 0.
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Vector bundles

Mappings of vector bundles

e H—€ L

This means that

x € Uy and fo(v,v) > 0.

Hence

fa(v,v) >0

and
f(v,v) > 0.

Mishchenko Moscow S e Lo y Introduction to Differential Topolo pecial Course



Vector bundles

Mappings of vector bundles

Reduction
to O(n)

Theorem (Reduction to

For any vector bundle £ over a compact base space B with
dim ¢ = n , structural group GL(n, R) reduces to subgroup
O(n). PROOF. Let us give another geometric interpretation of
the property that the bundle € is locally trivial. Let U, be a
chart and let

Yo : Uy X V—p 1 (U,)

be a trivializing coordinate homeomorphism.
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Vector bundles

Mappings of vector bundles

e

Then any vector v € V' defines a section of the bundle £ over
the chart U,

0 Uy—p Y Uy),

o(x) = pa(z,v) € p~H(Uy).
If v1,...,v, is a basis for the space V then corresponding
sections

ok (x) = @alz, vr)

form a system of sections such that for each point x € U, the
family of vectors o{(z),...,0%(x) € p~1(x) is a basis in the
fiber p~1(z) .
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Vector bundles

Mappings of vector bundles

(o

Conversely, if the system of sections

of, ..., 0% Uy—p H(Uy)

forms basis in each fiber then we can recover a trivializing
coordinate homeomorphism

0a(z, Z \ivi) = Z Ao (x) € pH(Uy).
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Vector bundles

Mappings of vector bundles

"'V hii

From this point of view, the transition function % = gp/glgpa
has an interpretation as a change of basis matrix from the basis
{o%(2),...,0%(x)} to {0} (z),...,00(x)} in the fiber

pi(z), x€UsN Ug . Thus the theorem will be proved if we
construct in each chart U, a system of sections {of,...,00}
which form an orthonormal basis in each fiber with respect to a
inner product in the bundle £ .

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Vector bundles

Mappings of vector bundles

. AA

Then the transition matrices from one basis {o{(z),...,0%(z)}
to another basis {015(37), ...,00(z)} will be orthonormal, that

is, ga(x) € O(n) . The proof of the theorem will be completed
by the following lemma.

Lemma (Orthonormal basis)

Let £ be a vector bundle, f a scalar product in the bundle £ and
{Uy,} an atlas for the bundle £ . Then for any chart U, there is
a system of sections {of',...,0%} orthonormal in each fiber
pHz), x €U, .
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Vector bundles

Mappings of vector bundles

(ot

The proof of the lemma simply repeats the Gramm-Schmidt
method of construction of orthonormal basis. Let

TlyeeoyTn: Ua—>p_1(Ua)

be an arbitrary system of sections forming a basis in each fiber
pHz), z €U, .
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Vector bundles

Mappings of vector bundles

Eee

Since for any z € U, ,

T1(x) #0
one has

f(r(z),m(xz)) > 0.

Put
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Vector bundles

Mappings of vector bundles

s

The new system of sections 7, 72, ..., 7, forms a basis in each

fiber. Put

75 (x) = mo(x) — f(r2(x), 71 ()7 ().
The new system of sections 71, 74, 73(x), ..., 7, forms a basis in
each fiber.

Introduction to Differential Topolo pecial Course



Vector bundles

Mappings of vector bundles

e

The vectors 71 (x) have unit length and are orthogonal to the
vectors 74 (x) at each point = € U, . Put

Té (Jj) = ! 1/

(7 (@), 73 (z))
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Vector bundles

Mappings of vector bundles

TSI

Again, the system of sections 71, 74, 73(2), ..., 7, forms a basis
in each fiber and, moreover, the vectors 71, 75 are orthonormal.
Then we rebuild the system of sections by induction. Let the
sections

/ /
Tly e o Thos Tht 1(X), ooy Th,

form a basis in each fiber and suppose that the sections
T{,...,T}, be are orthonormal in each fiber.
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Vector bundles

Mappings of vector bundles

A", ik

Put
k
T/’Jﬂ(x) = T41(2) — Z flrepa(2), 7i(2))7i (),
i=1
Tlg+1(33)

T (z) = .
@), )
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Vector bundles

Mappings of vector bundles

EEE—,—,

It is easy to check that the system 71,..., 7, |, Thi2(2), ..., Tn
forms a basis in each fiber and the sections 7{,..., 7} 4 are
orthonormal. The lemma is proved by induction. Thus the
proof of the theorem is finished. [
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Vector bundles

Mappings of vector bundles

om0

In the lemma we proved a stronger statement: if {7y,...,7,} is
a system of sections of the bundle ¢ in the chart U, which is a
basis in each fiber p~!(x) and if in addition vectors {ry,..., 74}
are orthonormal then there are sections {7 ,...,7,} such that
the system

{Tl,...,Tk,T];+1,...7TTIL}

is orthonormal in each fiber. In other words, if a system of
orthonormal sections can be extended to basis then it can be
extended to orthonormal basis.
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Vector bundles

Mappings of vector bundles

e

In theorems the condition of compactness of the base B can be
replaced by the condition of paracompactness. In the latter case
we should first choose a locally finite atlas of charts.
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Calculus on smooth manifolds.

Module of sections of vector bundle

Definition (Space of sections of vector bundle)

Let & : E-5M be a vector bundle with fixed smooth structure.
Let T'°°(M, ) be the space of all smooth sections of the vector
bundle ¢ . The space I'™°(M, £) has a natural structure of a
module over the algebra C>*(M) .

Consider a section s :
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Calculus on smooth manifolds.

Module of sections of vector bundle

Algebraic properties

e l-dimensional trivial vector bundle, £ ~ 1, gives the
module of section

I°°(M, 1) ~ C™(M).

o If the vector bundle splits into a direct sum, { ~n @ (
then
(M, &) =~ T°(M,n) & T (M, ().
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Calculus on smooth manifolds.

Module of sections of vector bundle

Theorem (Free module of sections of trivial bundle)

If the vector bundle £ : E L2y M is trivial,

E=1®1@®---®1, then the module of sections I'>°(M, &) is
isomorphic to free C*° (M) —module,

I*(M,¢&) = (C®(M))" =C®(M)® C>®(M) @ --- & C>®(M).
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Calculus on smooth manifolds.

Whitney theorem

Theorem (Whitney theorem)

Assume that M is compact manifold, and £ is a vector bundle.
Then there is a vector bundle 7 such that

Ean~N~MxRN.

Consequence (Projective module)

The module I'*°(M, ) is a projective finitely generated module.
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Differential Forms

Definition

Definition (Differenti
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Covariant gradient.

Definition




Homology and Cohomology.

Definition
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De Rham Cohomology.

Definition




Connections and Curvatures on vector bundles
Definition
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Characteristic classes.

Characteristic classes
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Characteristic class

Motivation

i h

We showed that, generally speaking, any bundle can be
obtained as an inverse image or pull back of a universal bundle
by a continuous mapping of the base spaces. In particular,
isomorphisms of vector bundles over X are characterized by
homotopy classes of continuous mappings of the space X to the
classifying space BO(n) (or BU(n) for complex bundles).
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Characteristic classes

Motivation

- _ . .

But it is usually difficult to describe homotopy classes of maps
from X into BO(n) .

Instead, it is usual to study certain invariants of vector bundles
defined in terms of the homology or cohomology groups of the

space X .
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Characteristic class

Motivation

(Db )

Following this idea, we use the term characteristic class for a
correspondence « which associates to each n -dimensional
vector bundle £ over X a cohomology class «(§) € H*(X) with
some fixed coefficient group for the cohomology groups.
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Characteristic class

Motivation

In addition, we require functoriality : if

f: X—Y

is a continuous mapping, n an n —dimensional vector bundle
over Y , and & = f*(n) the pull-back vector bundle over X |
then

a(§) = f*(a(n),

where f* denotes the induced natural homomorphism of
cohomology groups

£ YY) — H*(X).
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Characteristic class

Motivation

Comop

If we know the cohomology groups of the space X and the
values of all characteristic classes for given vector bundle & ,
then might hope to identify the bundle £ , that is, to distinguish
it from other vector bundles over X . In general, this hope is
not justified. Nevertheless, the use of characteristic classes is a
standard technique in topology and in many cases gives
definitive results.
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Characteristic classes

Property of characteristic classes

Let us pass on to study properties of characteristic classes.

Theorem (Description of characteristic classes)

The family of all characteristic classes of n —dimensional real
(complex) vector bundles is in one-to—one correspondence with
the cohomology ring H* (BO(n)) (respectively, with
H*(BU(n)) ).
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Characteristic classes

Property of characteristic classes

e _— D

Let &, be the universal bundle over the classifying space BO(n)
and « a characteristic class. Then a(,) € H* (BO(n)) is the
associated cohomology class. Conversely, if x € H* (BO(n)) is
arbitrary cohomology class then a characteristic class « is
defined by the following rule: if f : X—BO(n) is continuous

map and § = f*(&n) put

a(§) = f*(z) € H(X).

Let us check that this correspondence gives a characteristic
class.
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Characteristic classes

Property of characteristic classes

oot

If

g: X—Y

is continuous map and
h:Y—BO(n)
is a map such that

n="h"&), §=9"(n),
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Characteristic classes

Property of characteristic classes

If
f:BO(n)—BO(n)

is the identity mapping then
a(én) = fH(z) ==

Hence the class « corresponds to the cohomology class x . |
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Characteristic classes

Property of characteristic cla;

Sequence of ch

We now understand how characteristic classes are defined on the
family of vector bundles of a fixed dimension. The characteristic
classes on the family of all vector bundles of any dimension
should be as follows: a characteristic class is a sequence

a={aj,q9,...,ap,...}

where each term «,, is a characteristic class defined on vector
bundles of dimension n .
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Characteristic classes

Property of characteristic classes

Definition (Stable characteri

A class « of the form
a={aj,q9,...,0p,...}
is said to be stable if the following condition holds:

an+1(£ 52 1) = an(g)a

for any n —dimensional vector bundle ¢ .
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Characteristic class

Property of characteristic classes

Stable characteristic classes

In accordance with the theorem one can think of «,, as a
cohomology class
a, € H*(BO(n)) .

Let
¢ :BO(n)—BO(n+1)

be the natural mapping for which

‘P*(fnJrl) =6, @1,
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Characteristic classes

Property of characteristic classes

Stable characteristic cl

This mapping ¢ is induced by the natural inclusion of groups
O(n) C O(n+1).
Then the condition

an1(§ D 1) = ay(§)

is equivalent to:
P (ant1) = .
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Characteristic classes

Property of characteristic classes

Stable characteristic classes

Consider the sequence
BO(1)—BO(2)—...—BO(n)—BO(n+1)— ...
and the direct limit
BO = 1limBO(n).
—

Let
H*(BO) = h£1H* (BO(n)).
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Characteristic classes

Property of characteristic cla;

Stable characteristic classes

Condition
O (ng1) = an

means that the family of stable characteristic classes is in
one-to-one correspondence with the cohomology ring H*(BO) .
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Characteristic classes

Calculation of characteristic classes

Now we consider the case of cohomology with integer
coefficients.

Theorem (Integer-valued characteristic classes)

The ring H*(BU(n); Z) of integer cohomology classes is
isomorphic to the polynomial ring Z[ci, ca, . .., ¢,] , where

e, € H**(BU(n); Z).
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Characteristic classes

Calculation of characteristic classes

Theorem

The generators {ci1, ca, ..., ¢y} can be chosen such that

o the natural mapping
¢ :BU(n)—BU(n +1)
satisfies the conditions

(p*(ck) - Ck? k:: 1727"'7n’
(P*(Cn+1) = 0
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Characteristic classes

Calculation of characteristic classes

Theorem sequential

e for a direct sum of vector bundles we have the relations

cr(§Dn) ck(§) + cx-1(&er(n)+
cr—2(&)ca(n) + -+ c1(§ex—1(n) +cr(n) =
Za+5:k ca(§)cp(n),

where ¢o(§) =1 .

=+
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Characteristic classes

Calculation of characteristic classes

The condition ¢*(cx) = ¢, means that the sequence
{0,...,0 ,CkyChy-vsChy--}
——
(k—1) times

is a stable characteristic class which will also be denoted by ¢ .
This notation was used in next relations. If dim & < k then

ck(§) =0.
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Characteristic cl

Calculation of charac

Generating function

Formula
c(§dn) = Za+5:k ca(§)es(n)

can be written in a simpler way. Define the generating function
as a formal series

c=14ci+co+---4cp+...

The formal series has a well defined value on any vector bundle
& since in the infinite sum in the formal series only a finite
number of the summands will be nonzero:

c(§) =1+ c1(§) +ca(§) + -+ cp(§), if dim¢ = k.
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Characteristic class

Calculation of characteristic ¢

Generating function

Hence from

cal@n) = ) cal®)csln)

a+pB=k
we see that

(€@ n) = c(€)e(n)-

Conversely, the relations cx(§®n) = >_,, 5-1 ca(§)cp(n) may be
obtained from ¢(§ @ n) = ¢(£)c(n) by considering the
homogeneous components.
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Characteristic classes

Spectral sequences for locally trivial bundles

EEEEEEaae-

The spectral sequence for locally trivial bundles is constructed
using a filtration of a space X . The construction of the
spectral sequence described below can be applied not only to
cohomology theory but to any generalized cohomology theory.
Thus let

X[)CXlC"'CXNZX

be a increasing filtration of the space X .
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Characteristic classes

Spectral sequences for locally ial bundles

Homology exact s

Consider the cohomology exact sequence for a pair (X, X,_1)
induced by the sequence

Xy -5 X, (X, X 1) -

s HPrN (X)) S el (x, ) -2

i>Hp+q (Xpa Xp_l)LHp+q(Xp)i_*>Hp+q (Xp—l)g

gt (X, X, 1)L

Put
D = DM =QH"(X,)
P,q D,q
E = @B =@ H™I(X,), X, ).
P,q P,q
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Characteristic classes

Spectral sequences for locally trivial bundles

xact sequence

After summation by all p and ¢ , the sequences
@D @ prta
i> D Ep,qL*) D anL D Dp—l,qH;d)
O, @,

can be written briefly as

DD N D D s
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Characteristic classes

Spectral sequences for locally trivial bundles

Homology exact sequence

where the bigradings of the homomorphisms 9 , j* , i* are as
follows:

degi* = (—1,1)

degj* = (0,0)

degd = (1,0).
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Characteristic classes

Spectral sequences for locally trivial bundles
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Characteristic class

Spectral sequences for locally al bundles

cact triangle

Put
d=0j": E—E.

Then the bigrading of d is degd = (1,0) and it is clear that
d?> = 0 . Rename all objects as

Dy = D,
El = Ea
i = 1,
o= J5y
o = 0,
di = d.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Characteristic classes

Spectral sequences for locally trivial bundles

d1=01-j7

Introduction to Differential Topolo pecial Course



Characteristic classes

Spectral sequences for locally trivial bundles

The second exact triangle

Now put
D2 = il(Dl) (- Dl,
Esy H(Ey,dy).
The grading of Dy is inherited from the grading as an image,

that is, Do = @ DY?, DY = il(DfH’q_l). The grading of Es
is inherited from E7 . Then we put

iy = i1|p, : Da— Do,
2

82 6121 s

J2 = 7
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Characteristic class

Spectral sequences for locally trivial bundles

The second

All maps i9 , jo and 0o are well defined and form a new second
exact triangle. This triangle is said to be derived from the first

triangle.
i3
Dy Dy
:’5\ A
Es
da=02-j3
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Characteristic classes

Spectral sequences for locally trivial bundles

Well defined maps

We can check that is , jo and 0o are well defined. In fact, if
x € Do then iy(x) € Dy . If 2 € Dy then = = i1(y) and

O2(x) = [01(y)] € H(E1, dy).
The latter inclusion follows from the identity
d101(y) = 01101 (y) = 0.

If i1(y) = 0, the exactness of the first triangle gives y = ji(x)
and then

Oa(x) = [O1j1(2)] = [d1(2)] = 0.
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Characteristic classes

Spectral sequences for locally trivial bundles

WEell defined maps

Hence 05 is well defined. Finally, if x € Fy, d;(z) = 0 then
Oj1(z) =0 . Hence ji(z) =i1(2) € Dy . If

x=di(y), v = 0171(2) then ji(z) = j10171(2) = 0 . Hence j3 is
well defined.
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Characteristic classes

Spectral sequences for locally trivial bundles

Repeating the process one can construct a series of exact

triangles
Dy, - Dy,
E,
dn :a’n .7;;
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Characteristic classes

Spectral sequences for locally trivial bundles

Series of exact triangles

The bigradings of homomorphisms i,, , j, , On and d,, = OpJn
are as follows:

degi, = (-1,1),)
degjn = (07 ) )
degd, = (n,—n+1),
degd, = (n,—n+1).
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Spectral sequences for locally trivial bundles

The sequence
(En, dn)

is called the spectral sequence in the cohomology theory
associated with a filtration

XoCcXjC---CXny=X.
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Spectral sequences for locally al bundles

Theorem (Convergence of spectral sequence)

The spectral sequence (FE,, d,,) converges to the graded groups
associated to the group H*(X) by the filtration
XoCXjC---CXy=X":

Conventional sign

ERT = B2

Ker (HPT9(X)—HP (X, 1))
Ker (HP+(X)—HPt4(X,))

P4 ~
B
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Spectral sequences for locally trivial bundles

e --———_—_—_)

According to the definition

D = @Dri=@ Hr9(X,)
X X
E = @B = @ H(X,, X,o).

p.q p.q

Hence F"" =0 for p > N . Hence for n > N , d,, = 0, that is,
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Spectral sequences for locally trivial bundles

(oot

By definition, we have D7 = Im (HPT9(X,y,)—HPT(X))).
Hence for n > N , Db = Im (HP"9(X)— HP"9(X,)). Hence
the homomorphism ) is an epimorphism:

HPta(x ﬂ)lm HPHI(X)—s HPTI( X, )\ —~ HPTI(X
p p

: :

HPHI(X) — P Tm (HPH9(X)— HPVI(X,, 1)) HPYI(X, )
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Spectral sequences for locally trivial bundles

i

Hence the exact triangle turns into the exact sequence

6’n ‘n "n, — an
. \ EP4_In, ppa ' pp-latl /). ..
0 \ 0

Hence

Ker (HP(X)—sHP*(X,_1))

P9 — s 1
B = Kerin = g o (Hr (X)) — HPH(X,)
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Spectral sequences for locally trivial bundles

Locally trivial bundle

Let p: Y—X be a locally trivial bundle with fibre /' . Then
the fundamental group 71(X, xo) acts on the fiber F' in the
sense that there is natural homomorphism

p: (X, z9)—IF, F],

where [F, F] is the family of homotopy equivalences of F' . Then
the homomorphism p induces an action of the group 71 (X, zg)
on the groups H*(F) .
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Spectral sequences for locally trivial bundles

Theorem (The second term of the spectral sequence)

Let p: Y—X be a locally trivial bundle with fiber ' and the
trivial action of 71 (X, zo) on the cohomology groups of the
fiber. Then the spectral sequence generated by filtration

Yy = p~Y([X]¥) , where [X]¥ is k —~dimensional skeleton of X ,
converges to the groups associated to H*(Y) and the second
term has the following form:

EDY = HP (X, HY(F)).
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Spectral sequences for locally trivial bundles

Locally trivial bundle. Proof.

The first term of the spectral sequence E1 is defined to be
EV? = HPY(Y,,Y,_1). Since the locally trivial bundle is trivial
over each cell, the pair (Y}, Y,_1) has the same cohomology as
the union U(Ug-) x F,00% x F), that is,

J

EP? ~ @ HP (0¥ x F,00% x F) = @ HI(F).
j j

Hence, we can identify the term F; with the cochain group
B} = €7 (X; HY(F))

with coefficients in the group H(F) .
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Spectral sequences for locally trivial bundles

Locally trivial bundle. Proof.

What we need to establish is that the differential d; coincides
with the coboundary homomorphism in the chain groups of the
space X. This coincidence follows from the exact sequence

-k

s HPF(X, )L (X, X, )L

S HPH(X,) - HPTU(X ) —
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Spectral sequences for locally trivial bundles

Locally trivial bundle. Proof.

Notice that the coincidence
B = O (X; HY(F))

only holds if the fundamental group of the base X acts trivially
in the K —groups of the fiber F' . In general, the term F; is
isomorphic to the chain group with a local system of coefficients
defined by the action of the fundamental group (X, zo) in the
group HY(F) .
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Spectral sequences for locally al bundles

Multiplicative spectral sequence

We say that the spectral sequence is multiplicative if all groups

Es = @ EL? are bigraded rings, the differentials d; are
P.q
derivations, that is,

ds(wy) = (ds)y + (—1)" 2(dsy), € BT,

and the homology of ds is isomorphic to Fs,1 as a ring.
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Spectral sequences for locally trivial bundles

Theorem (Multiplicative spectral sequence)

The spectral sequence locally trivial bundles is multiplicative.
The ring structure of F, is isomorphic to the ring structure of
groups associated with the filtration generated by the skeletons
of the base X .
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Characteristic cla

Calculation of character

Proof of the theorem

Let us pass now to the proof of the theorem. The method we
use for the calculation of cohomology groups of the space
BU(n) involves spectral sequences for bundles. Firstly, using
spectral sequences, we calculate the cohomology groups of
unitary group U(n) .
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Characteristic classes

Calculation of characteristic classes

Since
HO(S™) =
HF(S™) =

Z,
Z,
0, when k # 0 and k # n,

the cohomology ring
H*(S") = @ HY(S") = HO(S") @ H™(S")

is a free exterior algebra over the ring of integers Z with a
generator a, € H™(S™) . The choice of the generator a,, is not
unique: one can change a,, for (—a,) . We write

H*(S™) = A(ay).
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Calculation of charac c cla

Now consider the bundle U(2)—S? with fibre S! .
The second term of spectral sequence for this bundle is

By =3, Fh = H*(S%, H*(S")) =

= H* (S%) @ H*(S') = Aas) ® Ala1) = A(a1, a3).
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Calculation of characteristic classes

The differential ds vanishes except possibly on the generator
Lo e B0 — 1O (8%, H1(S")).
But then

dy(1®ar) € By’ = H? (8%, H(SY)) = 0.

Hence
dg(l ® al) = 0,
d2(a3 & 1) = 07
da(az ®a1) = dz(az® 1)a; —azdz(l ®ap) = 0.
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Calculation of characteristic classes

Hence ds is trivial and therefore
Eg = Eg .
Similarly ds = 0 and
Eif?q — E§7q — Equ‘

Continuing, d,, = 0 and

EZL’_EI = Erf=...= E;’* — A(al’ag)’
EY = A(ai,as).
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Characteristic classes

Calculation of charac c cla

The cohomology ring H*(U(2)) is associated to the ring
A(ay,as) , that is, the ring H*(U(2)) has a filtration for which
the resulting factors are isomorphic to the homogeneous
summands of the ring A(aj,a3) . In each dimension, n =p+q ,
the groups EZ7 vanish except for a single value of p, q .
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Calculation of characteristic classes

V
Hence
H(U(2)) EX =1,
HY(U®) = EXY =1,
H3*(U@2) = E% =12,
H*(U(2)) = EM =1
Let

up € HY (U(2)), uz € H? (U(2))

be generators which correspond to a1 and ag , respectively. As
ajag is a generator of the group E 3 , the element ujusz is a
generator of the group H*(U(2)) .
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Calculation of characteristic clas

It is useful to illustrate our calculation as in the figure, where
the nonempty cells show the positions of the generators the
groups EL? for each fixed s —level of the spectral sequence.
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Characteristic classes

qh

ar aias

Figure: Spectral sequence for U(2)

v U Introduction to Differential Topolo, ecial Course



Characteristic cla,_s

Calculation of character

For brevity the tensor product sign & is omitted. The arrow
denotes the action of the differential ds for s = 2,3 . Empty
cells denote trivial groups.

Thus we have shown

H*(U(2)) = Aua, uz).
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Characteristic cla,_s

Calculation of character

Proceeding inductively, assume that

H*(U(n—1)) = A(uy,us,...,um—3), Ugk—1 € H2-1 (U(n—-1)),
1<k<n-—1,

and consider the bundle
U(n)—S?1

with fiber U(n — 1) .
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Calculation of characteristic classes

V.

The E> member of the spectral sequence has the following form:
E;’* - H* (S2n71,H* (U(n _ 1))) —
= A(azn—1) ® Aua, ..., uzn—3) = A(ug,us, ..., u2,-3,02,-1)-

(see the figure).
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Calculation of characteristic clas

2n—3;

Ul uiag

1 A2n—1

Spectral sequence for U(n)
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Characteristic classes

Calculation of charac ccl

The first possible nontrivial differential is do,,_1 . But
dop—1(ug) =0, k=1,3,...,2n — 3,

and each element 2 € E%¢ decomposes into a product of the
elements ug . Thus da,—1(z) = 0 . Similarly, all subsequent
differentials d are trivial.
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Calculation of characteristic clas

v
Thus
E&q: _,:E?q:__,:EzQLq:
= HP(S* ', H?(U(n-1))),
E;)* = A(u17u37 .

<., U2n—3, u2n—1)-

Mishchenko Moscov
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Characteristic classes

Calculation of characteristic classes

Let now show that the ring H* (U(n)) is isomorphic to exterior
algebra A(ui,us, ..., u2,—3,u2,—1). Since the group EX has no
torsion, there are elements vy, vs,...,vo,—3 € H* (U(n)) which
go to uy,us,. .., us,—g under the inclusion U(n — 1) C U(n) .
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Calculation of charac ccl

All the v are odd dimensional. Hence elements of the form
vitg? - u52" ) where ), = 0, 1 generate a subgroup in the
group H* (U(n)) mapping isomorphically onto the group
H*(U(n —1)) . The element ag,_1 € E2' " has filtration
2n—1.
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Calculation of characteristic classes

V,
Hence the elements of the form v v3 . v% 3 391 form a
basis of the group B4~ " . Thus the group H* (U(n)) has a
basis consisting of the elements v]'v5* - - - vgfl’f:f agi"__f, e, =0, 1.
Thus

H*(U(n)) = A= (v1,v3,...,020-3, V2n—1)-

S. Mishchenko Moscow State Lomo y U Introduction to Differential Topology Special Course



Characteristic class

Calculation of characteristic ¢

Cohomology of BU(1)

Now consider the bundle

EU(1)—BU(1)
with the fibre U(1) = S! . From the exact homotopy sequence
m (EU(1)) —m (BU(1)) —m (S

it follows that
1 (BU(l)) =0.
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Characteristic classes

Calculation of characteristic classes

At this stage we do not know the cohomology of the base, but
we know the cohomology of the fibre

H* (S') = A(w),
and cohomology of the total space
H*(EU(1)) =0.

This means that
EPI =nNgEP = 0.
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Calculation of characteristic classes

We know that
EYY = H? (BU(1)), HY(S"),

and hence
EP? =0 when q > 2.
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Calculation of characteristic classes

qh

Uy g U1 | uyc? u1c” 1"

1 c c? L 1

Figure: Spectral sequence for BU(1)

In the figure nontrivial groups can only occur in the two rows
withg=0and ¢g=1.
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Calculation of characteristic classes

Moreover,
p71 p70 p,O
Ey" ~FEy" @up ~ Ey.

But
EP?T =0 for g > 2,

and it follows that

EP? =0 for ¢ > 2.

S. Mishchenko Moscow State Lomo y U Introduction to Differential Topology Special Course



Characteristic cla,_s

Calculation of character

Hence all differentials from ds on are trivial and so
Eg’q:---:Egg)q:().

Also
Eg’q = H(Eg’q, da)

and thus the differential
dy : E§ — P20
is an isomorphism. Putting
¢ = dy(ur),

we have
dg(ulck) = dg(ul)ck =kt

Hence the cohomology ring of the space BU(1) is isomorphic to
the polynomial ring with a generator ¢ of the dimension 2:
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Calculation of characteristic classes

Now assume that
H*(BU(n—1)) =Z[c1,...,cn1]
and consider the bundle
BU(n —1)—BU(n)

with the fiber U(n)/U(n — 1) = S?*~! . The exact homotopy
sequence gives us that

71 (BU(n)) = 0.

Alexander S. Mishchenko Moscow State Lomonosov U Introduction to Differential Topology Special Course



Characteristic classes

Calculation of characteristic classes

We know the cohomology of the fiber S?*~! and the
cohomology of the total space BU(n — 1) . The cohomology of
the latter is not trivial but equals the ring Z[ci, ..., ¢p—1] .
Therefore, in the spectral sequence only the terms EY  and
EP?"! may be nontrivial and

(see the next figure ).
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Calculation of characteristic clas

Hence the only possible nontrivial differential is ds,, and
therefore

DA _ .. _ [P
Byt == By,

(B4, do) = B,y = - = B2

2n
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Calculation of charac ccl

It is clear that if n = p + ¢ is odd then E&? = 0 . Hence the
differential

dyy, : ES? 1 E2Y
is a monomorphism. If p+ ¢ =k < 2n — 1 then EY? = ELT .
Hence for odd k& < 2n — 1 , the groups ES;LO are trivial.
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Calculation of characteristic classes

Hence the differential

. k,2n—1 k+2n,0
dop @ By —k,,

is a monomorphism for £ < 2n . This differential makes some

changes in the term Eg;f’fo only for even k < 2n . Hence, for

odd k < 2n , we have

k+2n,0
E2n+1 = 0.
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Calculation of characteristic classes

Thus the differential

. k2n—1 k+2n,0
dop @ By —k,,

is a monomorphism for k£ < 4n . By induction one can show
that
ENY =0

for arbitrary odd k , and the differential

. pk2n—1 k+2n,0
doy, : By — B,

is a monomorphism.
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Calculation of characteristic classes

Hence
k2n—1
E2n+1 =0
k+2n,0 __ k2n ,0 k,2n—1 k+2n,0
Ey, = /ES =B .

The ring H* (BU(n — 1)) has no torsion and in the term E&
only one row is nontrivial (¢ = 0). Hence the groups gm0
have no torsion. This means that image of the differential do,, is

a direct summand.

Alexander Mishchenko Mosc te Lomonosov U Introduction to Differential Topology Special Course



Characteristic classes

Calculation of charac c cla

Let
Cp = d2n (a2n71 ) .

and then
don(zagn—1) = zcCap.

It follows that the mapping
H* (BU(n)) —H" (BU(n))
defined by the formula
T—Cpx

is a monomorphism onto a direct summand and the quotient
ring is isomorphic to the ring H* (BU(n — 1)) = Z|cy, ..., cp—1]
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Calculation of characteristic clas

Thus
H* (BU(n)) = Z[c1,...,cn-1,Cn).
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Characteristic class

Calculation of characteristic ¢

Consider now the subgroup
T" =U(1) x --- x U(1) (n times ) C U(n)

of diagonal matrices. The natural inclusion T" C U(n) induces

a mapping
Jn : BT"—BU(n).
But
BT" =BU(1) x --- x BU(1),
and hence

H*(BT™) = Z[t1, ... t].
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Calculation of characteristic classes

- i rtk—
(Lemma |

Lemma

The homomorphism
g i Aley, ... cn|—A[t1, . .. ty]

induced by the mapping (406) is a monomorphism onto the
direct summand of all symmetric polynomials in the variables

(... tn) -

A
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Calculation of character

PROOF. Let
a:U(n)—U(n)

be the inner automorphism of the group induced by
permutation of the basis of the vector space on which the group
U(n) acts. The automorphism « acts on diagonal matrices by
permutation of the diagonal elements. In other words, «
permutes the factors in the group T .
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Calculation of characteristic classes

The same is true for the classifying spaces and the following
diagram )
BT" % BU(n)

| [

BT" 5 BU(n)

is commutative.
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Calculation of charac

The inner automorphism « is homotopic to the identity since
the group U(n) is connected. Hence, on the level of
cohomology, the following diagram

H* (BT") <™ H*(BU(®n))
H*(BT") ¢ H* (BTU(n))

or

is commutative.
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Calculation of characteristic clas

o

The left homomorphism «o* is the identity, whereas the right
permutes the variables (¢1,...,t,) . Hence, the image of j;'
consists of symmetric polynomials.
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Calculation of charac

Now let us prove that the image of j is a direct summand. For
this it is sufficient to show that the inclusion

U(k) x U(1) € Uk + 1)

induces a monomorphism in cohomology onto a direct
summand.
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Calculation of characteristic classes

Moy )

Consider the corresponding bundle

B (U(k) x U(1)) —BU(k + 1)

with fiber
U(k+1)/(U(k) x U(1)) = CP*,

The F> term of the spectral sequence is

Bt = H (BU(k: +1); H*(CPk)) .
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Calculation of characteristic clas

. I

For us it is important here that the only terms of (413) which
are nontrivial occur when p and ¢ are even. Hence all
differentials dg are trivial and

Pq _ P,q
EDT = EPA.
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Calculation of character

None of these groups have any torsion. Hence the group
H? (BU(k +1);Z) = E?° ¢ H* (BU(k) x BU(1))

is a direct summand.
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Calculation of character

It is very easy to check that the rank of the group H* (BU(n))
and the subgroup of symmetric polynomials of the degree k of
variables (t1,...,t,) are the same. [
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Calculation of characteristic classes

Using Lemma, choose generators
Cly...,cn € H*(BU(n))

as inverse images of the elementary symmetric polynomials in
the variables

t,eoo ity € H (BU(1) x --- x BU(1)).
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Calculation of characteristic classes

V.

Then the condition (418) follows from the fact that the element
Cny1 is mapped by j .| to the product 1 - --- - tn+1 , which in
turn is mapped by the inclusion (418) to zero.

the natural mapping

¢ :BU(n)—BU(n+1)
satisfies the conditions

©*(ek) = ¢, k=1,2,...,n,
©*(cns1) = 0
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Calculation of charac ccl

V.
Condition 345 follows from the properties of the elementary
symmetric polynomials:
O'k(tl, oo ,tn,tn+17 NN ,tn+m) =
— Z(X+B:k Oa(tl, e 7tn)06(tn+17 e ,thrm).
The proof of the theorem is finished. |
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Calculation of charac ccl

The generators cy, ..., c, are not unique but only defined up to
a choice of signs for the generators t1,...,t, . Usually the sign
of the t;, is chosen in such way that for the Hopf bundle over
CP! the value of ¢; on the fundamental circle is equal to 1 .
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Calculation of characteristic classes

The characteristic classes ¢ are called Chern classes. If X is
complex analytic manifold then characteristic classes of the
tangent bundle T'X are simply called characteristic classes of
manifold and one writes

Ck(X) = Ck(TX).
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Chern-Weil Theory.

Definition




Immersions and embeddings.
Definition
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Bordisms

Definition




Surgery. Morse theory

Definition




Surgery. Morse theory

Whitney’s trick




Smooth structures on homotopy t

Definition
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Section: Introduction

Section: Smooth manifolds.

(See [1], p.2-3)(See [2], p. 14-)

Subsection: Jacobian matrix Df, D(gf) = Dg- Df
A(fL,....f™)

A(z1,...,z™)
Subsection: Topological manifold

Subsection: Differential structure D on a manifold.[1], p.2.
Subsection: Class of differentiable functions.[1], p.2.
Subsection: Coordinate system/[1], p.2.

Coordinates on the sphere. Pictures.

Coordinates on the torus.

Notation:
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Subsection:
Subsection:
Subsection:
Subsection:
2], p. 20)

Subsection:
Subsection:

Differentiable map[1], p.2, [2], p.26-29.
Diffeomorphism

Differentiable submanifold[2]p.45.

Inverse Function Theorem Proof using series. (See

Implicit function theorem|[1]p.71-79.
Rank, immersion, embedding, regular value, critical

value[2], p.29-30.[1],p.5.

Subsection:
Subsection:

coordinates

Subsection:
Subsection:

Whitney theorem|[2], p. 43.
measure zero, independence of the choice of

The Sard lemmal4], p.10.
Manifold with boundary [2],p.30-32, p.43—44.
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Section: Tangent bundles. [2] p.46.

Subsection: Tangent line[2] p.46.

Subsection: Tangent space[4]p.2.

Subsection: Differential of smooth map.[4]p.4-7.
Subsection: Regular values, degree of maps[4]p.7-8.
Subsection: Morse functions
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Section: Bundles. Vector bundles.[1],p.13-22.
Section: Calculus on smooth manifolds. Differential Forms.

Subsection:
Subsection:
Subsection:
Subsection:
Subsection:

Smooth functions. Smooth maps

Three definitions of tangent vector
Tensor calculus. Algebraic properties
Differential forms. Differential of forms.
Covariant gradient.

Section: Homology and Cohomology. De Rham Cohomology.
Section: Connections and Curvatures on vector bundles
Section: Characteristic classes. Chern-Weil Theory.
Section: Immersions and embeddings. Bordisms

Section: Surgery. Smooth structures on homotopy type.

Subsection:

Whitney’s trick
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