
Êîíòðîëüíàÿ ðàáîòà (ìàé 2011 ã.) ÂÀÐÈÀÍÒ A.

1a). Âû÷èñëèòü êðèâèçíó ïëîñêîé êðèâîé (çàäàííîé â ïîëÿðíûõ êîîðäèíàòàõ):

r2 = a2 cos 2φ (ëåìíèñêàòà);

Ðåøåíèå

Â äåêàðòîâûõ êîîðäèíàòàõ èìååì

r = r(φ) =

{
x = a

√
cos 2φ cosφ,

y = a
√
cos 2φ sinφ.

Âåêòîð ñêîðîñòè

r′ =

{
x′ = a− sin 2φ√

cos 2φ
cosφ− a

√
cos 2φ sinφ,

y′ = a− sin 2φ√
cos 2φ

sinφ+ a
√
cos 2φ cosφ,

=

=

{
x′ = a− sin 2φ cosφ−cos 2φ sinφ√

cos 2φ
,

y′ = a− sin 2φ sinφ+cos 2φ cosφ√
cos 2φ

,
=

=

{
x′ = a− sin 3φ√

cos 2φ
,

y′ = a cos 3φ√
cos 2φ

.

Ìîäóëü âåêòîðà ñêîðîñòè
s′ = ds

dφ = |r′| =
√
x′2 + y′2 = a√

cos 2φ
.

Êàñàòåëüíûé âåêòîð

~τ = r′

|r′| =

{
− sin 3φ,
cos 3φ.

Êðèâèçíà

k =
∣∣d~τ
ds

∣∣ = |~τ ′|
s′ =

√
9 cos2(3φ)+9 sin2(3φ)

√
cos 2φ

a = 3
a

√
cos 2φ.

Îòâåò:

k = 3
a

√
cos 2φ.

Ðåøåíèå - 2-é âàðèàíò

Ïóñòü ρ = ρ(φ) êðèâàÿ â ïîëÿðíûõ êîîðäèíàòàõ. Òîãäà

k = |ρ2+2ρ′2−ρρ′′|√
(ρ′2+ρ2)3

;

Ñ÷èòàåì ïðîèçâîäíûå ρ:
ρ = a

√
cos 2φ;

ρ′ = −a sin 2φ√
cos 2φ

;

ρ′′ = −2a cos 2φ√
cos 2φ

− a sin2 2φ√
cos3 2φ

= −a 1+cos2 2φ√
cos3 2φ

.

ρ2 + 2ρ′2 − ρρ′′ = a2 cos 2φ+ 2a2 sin2 2φ
cos 2φ + a2 1+cos2 2φ

cos 2φ =

= a2 cos2 2φ+2 sin2 2φ+1+cos2 2φ
cos 2φ = a2 3

cos 2φ .

ρ′2 + ρ2 = a2 sin2 2φ
cos 2φ + a2 cos 2φ = a2

cos 2φ

k =

∣∣∣∣ 3√cos3 2φ

a cos 2φ

∣∣∣∣ = 3
a

√
cos 2φ.
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2à). Íàéòè êðèâèçíó è êðó÷åíèå ïðîñòðàíñòâåííîé êðèâîé:

~r = (et, e−t, t
√
2);

Ðåøåíèå

Ñ÷èòàåì ïðîèçâîäíûå:
~r ′ = (et,−e−t,

√
2);

~r ′′ = (et, e−t, 0);
~r ′′′ = (et,−e−t, 0).

[r′ × r′′] = det

 i j k

et −e−t
√
2

et e−t 0

 = (−e−t
√
2, et
√
2, 2)

(r′, r′′, r′′′) = det

 et −e−t
√
2

et e−t 0
et −e−t 0

 = −2
√
2.

|r′| =
√
e2t + e−2t + 2 = et + e−t;

|[r′ × r′′]| =
√
2
√
e2t + e−2t + 2 =

√
2(et + e−t);

k = |[r′×r′′]|
|r′|3 =

√
2

e2t+e−2t+2 =
√
2

(et+e−t)2 ;

κ = (r′,r′′,r′′′)
|[r′×r′′]|2 = −

√
2

(et+e−t)2 .

Îòâåò:

k =
√
2

(et+e−t)2 ;

κ = −
√
2

(et+e−t)2 .

3a). Âû÷èñëèòü ïåðâóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè:

~r = ~ρ(s) + λ~e(s) (|~e(s)| = 1)(ëèíåé÷àòàÿ ïîâåðõíîñòü);

Ðåøåíèå

Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà â ëîêàëüíûõ êîîðäèíàòàõ (λ, s) çàäàåòñÿ ìàòðèöåé

G =

(
E F
F G

)
=

(
(~rλ,~rλ) (~rλ,~rs)
(~rs,~rλ) (~rs,~rs)

)
Ñ÷èòàåì ÷àñòíûå ïðîèçâîäíûå:

~rλ = ~e(s);
~rs = ~ρs + λ~es.

Ïðè ýòîì
(~e(s),~e(s)s) ≡ 0.

Îòâåò:

G =

(
1 (~ρs,~e)

(~ρs,~e) (~ρs, ~ρs) + 2λ(~ρs,~es) + λ2(~es,~es)

)
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4a). Âû÷èñëèòü âòîðóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè:

~r = (a cosu cos v, a cosu sin v, c sinu) (ýëëèïñîèä âðàùåíèÿ).

Ðåøåíèå

Âû÷èñëèì ïîñëåäîâàòåëüíî âåêòîðà ~ru,~rv, [~ru,~rv], ~m,~ruu,~ruv,~rvv.
Âòîðàÿ êâàäðàòè÷íàÿ ôîðìà ïèøåòñÿ ïî ôîðìóëå

Q =

(
L M
M N

)
=

(
(~ruu, ~m) (~ruv, ~m)
(~rvu, ~m) (~rvv, ~m)

)
.

Òàêèì îáðàçîì, èìååì:
~ru = (−a sinu cos v,−a sinu sin v, c cosu);
~rv = (−a cosu sin v, a cosu cos v, 0);

[~ru,~rv] =

∣∣∣∣∣∣
i j k

−a sinu cos v −a sinu sin v c cosu
−a cosu sin v a cosu cos v 0

∣∣∣∣∣∣ =
= (−ac cos2 u cos v,−ac cos2 u sin v,−a2 sinu cosu);
|[~ru,~rv]| =

√
a2c2 cos4 u+ a4 sin2 u cos2 u = a cosu

√
c2 cos2 u+ a2 sin2 u;

~ruu = (−a cosu cos v,−a cosu sin v,−c sinu);
~ruv = (a sinu sin v,−a sinu cos v, 0);
~rvv = (−a cosu cos v,−a cosu sin v, 0);
L = a2c cos3 u+a2c sin2 u cosu

a cosu
√
c2 cos2 u+a2 sin2 u

= ac√
c2 cos2 u+a2 sin2 u

;

M = 0;

N = a2c cos3 u

a cosu
√
c2 cos2 u+a2 sin2 u

= ac cos2 u√
c2 cos2 u+a2 sin2 u

Îòâåò:

Q =

 ac√
c2 cos2 u+a2 sin2 u

0

0 ac cos2 u√
c2 cos2 u+a2 sin2 u

 .
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5a). Íàéòè ãàóññîâó è ñðåäíþþ êðèâèçíû ïîâåðõíîñòè:

~r = λ~ρ(s) (|~ρ| = 1, λ > 0) (êîíè÷åñêàÿ ïîâåðõíîñòü);

Ðåøåíèå

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî s åñòü íàòóðàëüíûé ïàðàìåòð êðèâîé ~ρ(s).
Òîãäà |~ρs| ≡ 1, (~ρ, ~ρs) = 0, (~ρs, ~ρss) = 0, êðèâèçíà êðèâîé ~ρ(s) ðàâíà k = |~ρss|:
Âû÷èñëèì ïîñëåäîâàòåëüíî âåêòîðà ~rλ,~rs, [~rλ,~rs], ~m,~rλλ,~rλs,~rss.
~rλ = ~ρ;
~rs = λ~ρs;
[~rλ,~rs] = λ[~ρ, ~ρs]
|[~rλ,~rs]| = λ · |[~ρ, ~ρs]| = λ;

~m = [~ρ,~ρs]
|[~ρ,~ρs]| = [~ρ, ~ρs];

~rλλ = 0;
~rλs = ~ρs;
~rss = λ~ρss;

Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà G:
E = |~ρ|2 = 1;
F = 0;
G = λ2;

Âòîðàÿ êâàäðàòè÷íàÿ ôîðìà Q:
L = 0;
M = 0;
N = λ(~ρ, ~ρs, ~ρss).

Èìååì äâå êâàäðàòè÷íûå ôîðìû: G =

(
1 0
0 λ2

)
; Q =

(
0 0
0 λ(~ρ, ~ρs, ~ρss)

)
;

Îòâåò:

Ñðåäíÿÿ êðèâèçíà:

H = (~ρ,~ρs,~ρss)
λ ;

Ãàóññîâà êðèâèçíà:
K = 0.
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Êîíòðîëüíàÿ ðàáîòà (ìàé 2011 ã.) ÂÀÐÈÀÍÒ B.

1b). Âû÷èñëèòü êðèâèçíó ïëîñêîé êðèâîé (çàäàííîé â ïîëÿðíûõ êîîðäèíàòàõ):

r = a(1 + cosφ) (êàðäèîèäà);

Ðåøåíèå

Â äåêàðòîâûõ êîîðäèíàòàõ èìååì

r = r(φ) =

{
x = a(1 + cosφ) cosφ,
y = a(1 + cosφ) sinφ.

Âåêòîð ñêîðîñòè

r′ =

{
x′ = −a(2 sinφ cosφ+ sinφ) = −a(sinφ+ sin 2φ),
y′ = a(cosφ(1 + cosφ)− sin2 φ) = a(cosφ+ cos 2φ).

Ìîäóëü âåêòîðà ñêîðîñòè

s′ = ds
dφ = |r′| =

√
x′2 + y′2 =

= a
√

(sinφ+ sin 2φ)2 + (cosφ+ cos 2φ)2 =

= a
√
1 + 1 + 2 cosφ = a

√
2(1 + cosφ).

Âòîðàÿ ïðîèçâîäíàÿ

~r ′′ =

{
−a(cosφ+ 2 cos 2φ),
−a(sinφ+ 2 sin 2φ).

Âåêòîðíîå ïðîèçâåäåíèå
|[~r′,~r′′]| = a2((sinφ+ sin 2φ)(sinφ+ 2 sin 2φ) + (cosφ+ cos 2φ)(cosφ+ 2 cos 2φ) =
= a2(1 + 2 + 3 sinφ sin 2φ+ 3 cosφ cos 2φ) = 3a2(1 + cosφ).

Êðèâèçíà:

k = |[~r′,~r′′]|
|r′|3 = 3a2(1+cosφ)

(a
√

2(1+cosφ))3
= 3

2a
√

2(1+cosφ)
= 3

4a|cos φ2 |
.

Îòâåò:

k = 3

4a|cos φ2 |
.

Ðåøåíèå - 2-é âàðèàíò

Ïóñòü ρ = ρ(φ) êðèâàÿ â ïîëÿðíûõ êîîðäèíàòàõ. Òîãäà

k = |ρ2+2ρ′2−ρρ′′|√
(ρ′2+ρ2)3

;

Ñ÷èòàåì ïðîèçâîäíûå ρ:
ρ = a(1 + cosφ);
ρ′ = −a sinφ;
ρ′′ = −a cosφ.
ρ2 + 2ρ′2 − ρρ′′ = a2(1 + cosφ)2 + 2a2 sin2 φ+ a2(1 + cosφ) cosφ =

= a2(1 + 2 cosφ+ cos2 φ+ 2 sin2 φ+ cosφ+ cos2 φ) =

= 3a2(1 + cosφ).

ρ′2 + ρ2 = a2((1 + cosφ)2 + sin2 φ) = 2a2(1 + cosφ).

k = 3a2(1+cosφ)√
(2a2(1+cosφ))3

= 3

4a|cos φ2 |
.
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2b). Íàéòè êðèâèçíó è êðó÷åíèå ïðîñòðàíñòâåííîé êðèâîé:

~r = (et sin t, et cos t, et);

Ðåøåíèå

Ñ÷èòàåì ïðîèçâîäíûå:
~r ′ = (et sin t+ et cos t, et cos t− et sin t, et);
~r ′′ = (2et cos t,−2et sin t, et);
~r ′′′ = (2et cos t− 2et sin t,−2et sin t− 2et cos t, et).

[r′ × r′′] = det

 i j k
et sin t+ et cos t −et sin t+ et cos t et

2et cos t −2et sin t et

 =

= (e2t(cos t+ sin t), e2t(cos t− sin t),−2e2t)

(r′, r′′, r′′′) = det

 et(sin t+ cos t) et(cos t− sin t) et

2et cos t −2et sin t et

2et(cos t− sin t) −2et(sin t+ cos t) et

 =

= e3t det

 (sin t+ cos t) (cos t− sin t) 1
2 cos t −2 sin t 1

2(cos t− sin t) −2(sin t+ cos t) 1

 =

= e3t(4(− cos t sin t− cos2 t+ sin t cos t− sin2 t)+

+2((sin t+ cos t)2 + (cos t− sin t)2)−

−2(sin t(sin t+ cos t) + cos t(cos t− sin t))) =

= e3t(−4 + 4− 2) = −2e3t

|r′| = et
√

(sin t+ cos t)2 + (cos t− sin t)2 + 1) =
√
3et;

|[r′ × r′′]| = e2t
√

(cos t+ sin t)2 + (cos t− sin t)2 + 4 = e2t
√
6;

k = |[r′×r′′]|
|r′|3 = e2t

√
6

(
√
3et)3

=
√
2

3et ;

κ = (r′,r′′,r′′′)
|[r′×r′′]|2 = − 1

3et .

Îòâåò:

k =
√
2

3et ;
κ = − 1

3et .
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3b). Âû÷èñëèòü ïåðâóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè:

~r = ~ρ(s) + ~n(s) cosφ+ ~b(s) sinφ (~n � íîðìàëü, ~b � áèíîðìàëü) (êàíàëîâàÿ ïîâåðõíîñòü);

Ðåøåíèå

Ñ÷èòàåì ÷àñòíûå ïðîèçâîäíûå:
~rφ = −~n sinφ+ ~b cosφ;

~rs = ~τ + ~n′ cosφ+ ~b′ sinφ = (1− k cosφ)~τ − κ~n sinφ+ κ~b cosφ.

Îòâåò:

G =

(
1 κ
κ (1− k cosφ)2 + κ2

)
.
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4b). Âû÷èñëèòü âòîðóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè:

~r = ((a+ b cosu) cos v, (a+ b cosu) sin v, b sinu) (òîð);

Ðåøåíèå

Âû÷èñëèì ïîñëåäîâàòåëüíî âåêòîðà ~ru,~rv, [~ru,~rv], ~m,~ruu,~ruv,~rvv.
Òàêèì îáðàçîì, èìååì:

~ru = (−b sinu cos v,−b sinu sin v, b cosu);
~rv = (−(a+ b cosu) sin v, (a+ b cosu) cos v, 0);

[~ru,~rv] =

∣∣∣∣∣∣
i j k

−b sinu cos v −b sinu sin v b cosu
−(a+ b cosu) sin v (a+ b cosu) cos v 0

∣∣∣∣∣∣ =
= (−b cos v cosu(a+ b cosu),−b sin v cosu(a+ b cosu),−b sinu(a+ b cosu)) =

= (− cos v cosu,− sin v cosu,− sinu)b(a+ b cosu);
|[~ru,~rv]| = b(a+ b cosu);
~m = (− cos v cosu,− sin v cosu,− sinu);
~ruu = (−b cosu cos v,−b cosu sin v,−b sinu)
~ruv = (b sinu sin v,−b sinu cos v, 0);
~rvv = (−(a+ b cosu) cos v,−(a+ b cosu) sin v, 0);
L = b
M = 0;
N = (a+ b cosu) cosu

Îòâåò:

Q =

(
b 0
0 (a+ b cosu) cosu

)
.

8



5b). Íàéòè ãàóññîâó è ñðåäíþþ êðèâèçíû ïîâåðõíîñòè:

~r = ~ρ(s) + λ~b(s) (ïîâåðõíîñòü áèíîðìàëåé).

Ðåøåíèå

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî s åñòü íàòóðàëüíûé ïàðàìåòð êðèâîé ~ρ(s).
Òîãäà |~ρs| ≡ 1, (~ρ, ~ρs) = 0, (~ρs, ~ρss) = 0, êðèâèçíà êðèâîé ~ρ(s) ðàâíà k = |~ρss|.
Âû÷èñëèì ïîñëåäîâàòåëüíî âåêòîðà ~rλ,~rs, [~rλ,~rs], ~m,~rλλ,~rλs,~rss:

~rλ = ~b;
~rs = ~τ − λκ~n;
[~rλ,~rs] = [~b, ~τ − λκ~n] = ~n+ λκ~τ
|[~rλ,~rs]| =

√
1 + λ2κ2;

~m = ~n+λκ~τ√
1+λ2κ2

;

~rλλ = 0;
~rλs = −κ~n;
~rss = λkκ~τ + (k − λκ′)~n− λκ2~b;

Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà G:
E = |~b|2 = 1;
F = 0;
G = 1 + λ2κ2;

Âòîðàÿ êâàäðàòè÷íàÿ ôîðìà Q:
L = 0;
M = − κ√

1+λ2κ2
;

N = λ2kκ2+(k−λκ′)√
1+λ2κ2

.

Èìååì äâå êâàäðàòè÷íûå ôîðìû:

G =

(
1 0
0 1 + λ2κ2

)
; Q =

(
0 − κ√

1+λ2κ2

− κ√
1+λ2κ2

λ2kκ2+(k−λκ′)√
1+λ2κ2

)
;

Îòâåò:

Ñðåäíÿÿ êðèâèçíà:

H = λ2kκ2+(k−λκ′)
(1+λ2κ2)3/2

Ãàóññîâà êðèâèçíà:

K = − κ2

(1+λ2κ2)2 .
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Êîíòðîëüíàÿ ðàáîòà (ìàé 2011 ã.) ÂÀÐÈÀÍÒ c.

1c). Âû÷èñëèòü êðèâèçíó ïëîñêîé êðèâîé:

~r(t) = (a cos3 t, a sin3 t) (àñòðîèäà);

Ðåøåíèå

~r′ = (−3a cos2 t sin t, 3a sin2 t cos t);
|~r′| = 3a

√
cos4 t sin2 t+ sin4 t cos2 t = 3a| sin t cos t|;

~r′′ = (6a cos t sin2 t− 3a cos3 t, 6a sin t cos2 t− 3a sin3 t);
|[~r′,~r′′]| =
= 9a2| − cos2 t sin t(2 sin t cos2 t− sin3 t)− sin2 t cos t(2 cos t sin2 t− cos3 t)| =
= 9a2| − 2 sin2 t cos4 t+ sin4 t cos2 t− 2 sin4 t cos2 t+ sin2 t cos4 t| =
= 9a2| sin2 t cos4 t+ sin4 t cos2 t| = 9a2 sin2 t cos2 t.

k = 9a2 sin2 t cos2 t
(3a| sin t cos t|)3 = 1

3a| sin t cos t|

Îòâåò:

k = 1
3a| sin t cos t| .
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2c). Íàéòè êðèâèçíó è êðó÷åíèå ïðîñòðàíñòâåííîé êðèâîé:

~r = (cos3 t, sin3 t, cos 2t);

Ðåøåíèå

Ñ÷èòàåì ïðîèçâîäíûå:

~r ′ =

 −3 cos2 t sin t3 sin2 t cos t
−4 sin t cos t

 ;

~r ′′ =

 6 cos t sin2 t− 3 cos3 t
6 sin t cos2 t− 3 sin3 t
−4 cos2 t+ 4 sin2 t

 ;

~r ′′′ =

 −6 sin3 t+ 21 sin t cos2 t
6 cos3 t− 21 sin2 t cos t
16 sin t cos t

 .

[r′ × r′′] = det

 i j k
−3 cos2 t sin t 3 sin2 t cos t −4 sin t cos t
6 cos t sin2 t− 3 cos3 t 6 sin t cos2 t− 3 sin3 t −4 cos2 t+ 4 sin2 t

 =

= (3 sin2 t cos t(−4 cos2 t+ 4 sin2 t) + 4 sin t cos t(6 sin t cos2 t− 3 sin3 t),
3 cos2 t sin t(−4 cos2 t+ 4 sin2 t)− 4 sin t cos t(6 cos t sin2 t− 3 cos3 t),
−3 cos2 t sin t(6 sin t cos2 t− 3 sin3 t)− 3 sin2 t cos t(6 cos t sin2 t− 3 cos3 t)) =

= (12 sin2 t cos3 t,−12 sin3 t cos2 t,−9 sin2 t cos2 t).

(r′, r′′, r′′′) = det

 −3 cos2 t sin t 3 sin2 t cos t −4 sin t cos t
6 cos t sin2 t− 3 cos3 t 6 sin t cos2 t− 3 sin3 t −4 cos2 t+ 4 sin2 t
−6 sin3 t+ 21 sin t cos2 t 6 cos3 t− 21 sin2 t cos t 16 sin t cos t

 =

= −3 cos2 t sin t(6 sin t cos2 t− 3 sin3 t)(16 sin t cos t)+
+3 sin2 t cos t(−4 cos2 t+ 4 sin2 t)(−6 sin3 t+ 21 sin t cos2 t)−
−4 sin t cos t(6 cos t sin2 t− 3 cos3 t)(6 cos3 t− 21 sin2 t cos t)+
+4 sin t cos t(6 sin t cos2 t− 3 sin3 t)(−6 sin3 t+ 21 sin t cos2 t)−
−3 sin2 t cos t(6 cos t sin2 t− 3 cos3 t)16 sin t cos t+
+3 cos2 t sin t(−4 cos2 t+ 4 sin2 t)(6 cos3 t− 21 sin2 t cos t) =
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(r′, r′′, r′′′) = −48 sin3 t cos3 t(6 cos2 t− 3 sin2 t)+
+3 sin3 t cos t(−4 cos2 t+ 4 sin2 t)(−6 sin2 t+ 21 cos2 t)−
−4 sin t cos3 t(6 sin2 t− 3 cos2 t)(6 cos2 t− 21 sin2 t)+
+4 sin3 t cos t(6 cos2 t− 3 sin3 t)(−6 sin2 t+ 21 cos2 t)−
−48 sin3 t cos3 t(6 sin2 t− 3 cos2 t)+
+3 sin t cos3 t(−4 cos2 t+ 4 sin2 t)(6 cos2 t− 21 sin2 t) =

= −(48)(3) sin3 t cos3 t+
+3 sin3 t cos t(−4 cos2 t+ 4 sin2 t)(−6 sin2 t+ 21 cos2 t)−
−4 sin t cos3 t(6 sin2 t− 3 cos2 t)(6 cos2 t− 21 sin2 t)+
+4 sin3 t cos t(6 cos2 t− 3 sin3 t)(−6 sin2 t+ 21 cos2 t)−
+3 sin t cos3 t(−4 cos2 t+ 4 sin2 t)(6 cos2 t− 21 sin2 t) =

= −(48)(3) sin3 t cos3 t+
+3 sin3 t cos t(−4 cos2 t+ 4 sin2 t)(−6 sin2 t+ 21 cos2 t)
+4 sin3 t cos t(6 cos2 t− 3 sin3 t)(−6 sin2 t+ 21 cos2 t)−
+3 sin t cos3 t(−4 cos2 t+ 4 sin2 t)(6 cos2 t− 21 sin2 t)
−4 sin t cos3 t(6 sin2 t− 3 cos2 t)(6 cos2 t− 21 sin2 t) =

= −(48)(3) sin3 t cos3 t+
+sin3 t cos t(12 cos2 t)(−6 sin2 t+ 21 cos2 t)
+ sin t cos3 t(−12 sin2 t)(6 cos2 t− 21 sin2 t) =

= −(48)(3) sin3 t cos3 t+
+12 sin3 t cos3 t(−6 sin2 t+ 21 cos2 t)
−12 sin3 t cos3 t(6 cos2 t− 21 sin2 t) =

= sin3 t cos3 t(−(48)(3) + 12(−6 sin2 t+ 21 cos2 t)− 12(6 cos2 t− 21 sin2 t)) =

= sin3 t cos3 t(−(48)(3) + 12(15 sin2 t+ 15 cos2 t)) =

= sin3 t cos3 t(−(48)(3) + 12(15)) =

= 36 sin3 t cos3 t.

|r′| =
√
(−3 cos2 t sin t)2 + (3 sin2 t cos t)2 + (−4 sin t cos t)2 =

=
√
9 cos4 t sin2 t+ 9 sin4 t cos2 t+ 16 sin2 t cos2 t =

=
√
9 cos2 t sin2 t+ 16 sin2 t cos2 t =

= 5| sin t cos t|;
|[r′ × r′′]|2 =

= (12 sin2 t cos3 t)2 + (12 sin3 t cos2 t)2+
+ (9 sin2 t cos2 t)2 =
= 144 sin4 t cos6 t+
+ 144 sin6 t cos4 +
+ 81 sin4 t cos4 t =
= sin4 t cos4 t(144 cos2 t+ 144 sin4 t+ 81) =
= 225 sin4 t cos4 t;

|[r′ × r′′]| = 15 sin2 t cos2 t;

k = 15 sin2 t cos2 t
53| sin t cos t|3 = 3

25| sin t cos t| ;

κ = 36 sin3 t cos3 t
225 sin4 t cos4 t

= 4
25 sin t cos t .

Îòâåò:

k = 3
25| sin t cos t| ;

κ = 4
25 sin t cos t .
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3c). Âû÷èñëèòü ïåðâóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè:

~r = ~ρ(s) + λ~n(s) (ïîâåðõíîñòü ãëàâíûõ íîðìàëåé);

Ðåøåíèå

Ñ÷èòàåì ÷àñòíûå ïðîèçâîäíûå:
~rλ = ~n;
~rs = (1− λk)~τ + λκ~b.

Îòâåò:

G =

(
1 0
0 (1− λk)2 + λ2κ2

)
.

4c). Âû÷èñëèòü âòîðóþ êâàäðàòè÷íóþ ôîðìó ïîâåðõíîñòè:

xyz = a3;

Ðåøåíèå

Ïóñòü

r = (u, v, a
3

uv );
Âû÷èñëèì ïîñëåäîâàòåëüíî âåêòîðà ~ru,~rv, [~ru,~rv], ~m,~ruu,~ruv,~rvv.
Òàêèì îáðàçîì, èìååì:

~ru = (1, 0,− a3

u2v );

~rv = (0, 1,− a3

uv2 );

[~ru,~rv] =

∣∣∣∣∣∣
i j k

1 0 − a3

u2v

0 1 − a3

uv2

∣∣∣∣∣∣ =
= ( a

3

u2v ,
a3

uv2 , 1);

|[~ru,~rv]| =
√
1 + ( a

3

u2v )
2 + ( a

3

uv2 )
2 =

√
1 + a6

u4v4 (u
2 + v2) =

= 1
u2v2

√
u4v4 + a6(u2 + v2).

~ruu = (0, 0, 2 a3

u3v );

~ruv = (0, 0, a3

u2v2 );

~rvv = (0, 0, 2 a3

uv3 );

L = 2a3u

v
√
u4v4+a6(u2+v2)

;

M = a3√
u4v4+a6(u2+v2)

;

N = 2a3v

u
√
u4v4+a6(u2+v2)

;

Îòâåò:

Q = a3

uv
√
u4v4+a6(u2+v2)

(
2u2 uv
uv 2v2

)
.
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5ñ). Íàéòè ãàóññîâó è ñðåäíþþ êðèâèçíû ïîâåðõíîñòè:

~r = ~ρ(s) + λ~τ(s), (ïîâåðõíîñòü, îáðàçîâàííàÿ êàñàòåëüíûìè ëèíèÿìè).

Ðåøåíèå

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî s åñòü íàòóðàëüíûé ïàðàìåòð êðèâîé ~ρ(s).
Òîãäà |~ρs| ≡ 1, (~ρ, ~ρs) = 0, (~ρs, ~ρss) = 0, êðèâèçíà êðèâîé ~ρ(s) ðàâíà k = |~ρss|.
Âû÷èñëèì ïîñëåäîâàòåëüíî âåêòîðà ~rλ,~rs, [~rλ,~rs], ~m,~rλλ,~rλs,~rss:

~rλ = ~τ ;
~rs = ~τ + λk~n;
[~rλ,~rs] = [~τ , ~τ + λk~n] = λk~b;
|[~rλ,~rs]| = λk;

~m = ~b;
~rλλ = 0;
~rλs = k~n;
~rss = −λk2~τ + (k + λk′)~n+ λkκ~b;

Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà G:
E = |~τ |2 = 1;
F = (~τ , ~τ + λk~n) = 1;
G = 1 + λ2k2;

Âòîðàÿ êâàäðàòè÷íàÿ ôîðìà Q:
L = 0;
M = 0;
N = λkκ.

Èìååì äâå êâàäðàòè÷íûå ôîðìû:

G =

(
1 1
1 1 + λ2k2

)
; Q =

(
0 0
0 λkκ

)
;

Îòâåò:

Ñðåäíÿÿ êðèâèçíà:
H = tr(QG−1) = κ

λk ;
Ãàóññîâà êðèâèçíà:

K = 0.
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