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1 Initial notions of smooth manifolds.

1.1 Non linear coordinate systems.

Let us consider an n-dimensional Euclidean space which is usually denoted
by R". We assume that this space is provided with Cartesian coordinates
x', ..., 2™ which permit a unique determination of the position of any point in
R™ by associating with it a set of real numbers, the coordinates relative to a
fixed orthogonal basis formed by mutually orthogonal unit vectors ey, es,...e,.

The idea of describing a point in an Euclidean space by a set of real numbers
(which may also be considered as the coordinates of the radius vector emerging
from the origin to the point) underlies analytic geometry which solves various
geometric problems by purely algebraic methods. This important approach was
first, introduced (explicitly) into mathematics by des Cartes in whose honor we
now say ”Cartesian coordinates”. Algebraization of geometry has played a key
role in the development not only of geometry as such but also of mathematics
as a whole.

We shall not concentrate on the problems which are easily and elegantly
solved by algebraic-analytic methods (viz. classification of second-order surfaces
in a three-dimensional space) and refer the reader to numerous courses of algebra
and analytic geometry. Let us only recall that Cartesian coordinates in R™ are
closely related to the concept of the Euclidean scalar product, a bilinear form
which associates with each pair of vectors £,7 € R™ a real number usually
denoted by (£,n). This operation is symmetric and linear in each argument,
and the form itself is positive definite. In a Cartesian coordinate system we
have

En)y=&n'+.. .+,

where

5:(513"'7571)7
n=(n"....n").

Simple examples however show that Cartesian coordinates are not always the
most convenient ones to solve analytically many particular problems. We shall
demonstrate this by writing the equations of curves on a plane in Cartesian
coordinates x,y. Of course, for rather simple curves, viz. a circle or ellipse, the
analytic expressions in Cartesian coordinates are simple. Indeed, the equation
of a circle of radius R with centre at point A is

(¢~ A’ + (y — A%)" = R,
where A = (Al, A2). The equation of an ellipse is also simple:

(o= A, =4’

2
a? b2 =&,

where a and b are the principal semi-axes.



However, in various applications and concrete mechanical and physical prob-
lems we often deal with smooth curves (say, trajectories of the motion of a
particle in a force field) whose equations in Cartesian coordinates are rather
cumbersome. For example, the equation

A/ 12 + y2 _ 6/\(tam_1 %) -0

defines a spiral in Cartesian coordinates. Although this equation is rather sim-
ple, it could be written in a simpler form in so called polar coordinates (r, )
related to the Cartesian coordinates (z,y) by

T 7 COS
y = rsing. (1)

In polar coordinates the equation of a spiral becomes r = e*#, thereby clearly
demonstrating the character of the motion along this trajectory.

Below we shall return to a polar coordinate system, and here we just note
that the introduction of such coordinates (called curvilinear coordinates) is not a
caprice of mathematicians trying to devise new entities but a practical necessity,
sometimes quite useful in particular calculations. In this connection, we shall
briefly discuss a problem where polar coordinates appear to be quite useful.

1.1.1 A practical example

Let us consider the motion of a particle on a plane in a central force field.
Suppose the centre is at the point O and (r,¢) are polar coordinates on the
plane. Let r be the radius vector of the moving particle (this vector originates
from O), r = |r| be its length, and ¢ be the time (the motion parameter); then
the coordinates r and ¢ are functions of time. Consider at a point r(t) with
polar coordinates 7 = |r|, ¢ two orthogonal unit vectors: a vector e,,. along
the radius vector of the particle (note that the relation r = r - e, holds in this
case) and a vector e, orthogonal to e, and so directed that the polar angle ¢
increases. Differentiation of a radius vector r(t) with respect to time will be
denoted by a dot. As is known from mechanics the motion of a particle (its
mass is taken equal to 1 for simplicity) in a central force field on a plane is
described by the following differential equation:

r= fre,,

where f is a smooth function of a single argument r. Incidentally, here is a useful
exercise for the reader: write this differential equation in Cartesian coordinates
on a plane.

The motion of a particle can be described by two functions: r = r(t) and
© = ¢(t), that is, in a polar coordinate system. It is a simple matter to verify
that when a material particle moves in a central force field the quantity 72y is
conserved. This is one of Kepler’s laws which he discovered while studying the
motion of the planets of the Solar system (at that time Kepler already employed



the tables of the coordinates of the planets on the celestial sphere as a function
of time). This conserving quantity can be given clear geometrical meaning.

Kepler introduced a convenient notion of areal velocity u as the time rate of
change of the area s(t) swept out by the radius vector r(t), i.e. v = d‘;—(tt). In
terms of the areal velocity Kepler’s law can be formulated as follows: the radius
vector sweeps out equal areas in equal times; in other words, the areal velocity
is constant, d‘;(tt) = const. We can also prove (the proof is omitted here) that
this law is one of the formulations of the principle of conservation of angular
momentum. The reader can easily see that this law is much simpler to derive
in polar coordinates rather than in Cartesian coordinates (though calculations
may, of course, be performed in the latter as well).

Solution of particular problems in mechanics and physics has called for the
invention of other curvilinear coordinate systems: cylindrical, spherical, and so
on. Close examination of all the ways above of associating a point in space with
a set of real numbers (the coordinates of this point) shows that this association
is based on a general idea admitting a reasonable formalization which comprises
all the ”curvilinear” coordinates mentioned (inverted commas are used for the
word curvilinear, since we have not yet defined the concept strictly, but consider
only graphic examples).

1.1.2 Cartesian and curvilinear coordinates

Let us consider an arbitrary domain in a Euclidean space R™. We recall that,
just as in mathematical analysis, by a domain we mean an arbitrary set U in
a Euclidean space whose every point P is contained in U together with a ball
of sufficiently small radius with centre at P. Consider also a second copy of
the Euclidean space, which is denoted by RY. To define the coordinates of the
point P in the domain U is to associate with this point a set of numbers, called
coordinates. Obviously, an arbitrary association (i.e. the one without additional
requirements) will not lead to a good result in that such a correspondence may
be devoid of sense (it is desirable that mathematical concepts should be of some
use, for instance in computations, just as was the case with Cartesian coordi-
nates). Here is an example of senseless association: the same set of numbers,
say (0,0,0,...,0), is associated with each point P in U. Thus, we arrive at the
first requirement to the association: it is desirable that distinct sets of numbers
(coordinates) should correspond to different points of the domain. The example
just mentioned does not satisfy this requirement (all the points of the domain
C have the same ”coordinates”, zeros).

Thus, our aim is to associate with each point P of a domain U a set of
n real numbers. Apparently, this operation gives rise to a set of n functions
(z*(P),...,2"(P)) defined in the domain U; here (z',...,2™) are coordinates
in the Euclidean space RY.

These functions are usually required to be continuous and even smooth (at
least for almost all points of the domain U), that is, a small change in the
position of P should lead to a small change in its coordinates, and a smooth
deformation of P should generate a smooth variation of its coordinates.



So, let us consider two copies of Euclidean space: R™ with Cartesian coor-
dinates (yl, el y”) and R} with Cartesian coordinates (:cl, . 79&”); let U be
a domain in R".

Remark. The Euclidean space R} could be considered as an ”arithmetic
space” by identifying its points with real sequences of length n.

Definition 1 A continuous coordinate system in a domain U of Fuclidean space
R” is said to be a system of functions

{xlle (yl,...,y”),...,x":x”(yl,...,y”)}

which maps the domain U continuously and bijectively onto a certain domain
V of RY. In other words, the system of functions (xl(P), . ,:c"(P)) defines a
mapping, sometimes called a homeomorphism of U onto V.

Definition 1 is a formal expression of our desire that as a point P moves
continuously in U its coordinates should also change continuously. The functions
(z'(P),...,a"(P)) are called the coordinates of point P with respect to the
coordinate mapping f: U — V.

For instance, the coordinate mapping f : U — V may be chosen in the form
of an identity mapping defined by the linear functions, {xl =yl .. 2" = y”}

Sometimes we shall write a point P with coordinates (z'(P),...,z"(P)) in
the form P (wl, . ,x”) assuming that the coordinate mapping f : U — V has
already been defined and fixed.

1.2 Coordinate homeomorphisms, the Jacobi matrix, ja-
cobian.

Among all continuous coordinate mappings of special interest are those that
define a smooth mapping of a domain U onto V, i.e. when all functions
{331 (yl7 ... ,y”) N (yl, e y") } are continuously smooth functions of their
arguments (yl7 e ,y”). But the smoothness of the coordinate mapping f with-
out the assumption of the smoothness of the inverse mapping f~! does not lead
to a meaningful coordinate system. Therefore, we now turn to defining coordi-
nate systems in which f and f~! are both smooth. To this end, we shall need
a new concept, the Jacobi matrix of a smooth mapping.
Let f: U — V be a smooth mapping defined by a family of functions

{xl (yl,...,y"),...,x" (yl,...,y”)}.

Definition 2 The Jacobi matriz of a mapping f is a functional matriz

ozt .. OzL
Oz Iyt oy
df = 87 = . e . e . e s
Y dz™  da"
(’)yl (’)yn

composed of partial derivatives of the coordinates (z*(P),...,z"(P)). The de-
terminant of this matriz is denoted by J(f) and called the Jacobian of the map-

ping f.



Remark. We hope that the notation df for the Jacobi matrix will not be
confused with the differential of a smooth function f, since this differential (when
interpreted appropriately) coincides with the Jacobi matrix in this particular
case. Let us note once more that a Jacobi matrix is a variable matrix, i.e. it
depends on a point P in a domain U. Similarly the Jacobian J(f) is a smooth
function on U.

Definition 3 A regular coordinate system in a domain U of Fuclidean space R™
is a system of smooth functions {z' (y',...,y")),...,2" (y',...,y")} which
map bijectively the domain U onto a domain V in R™ and are such that the
Jacobian J(f) is not zero at all points of U.

Let us note that the condition that the Jacobian does not vanish at all
points of U means that the inverse mapping f~! is not only continuous, but
also smooth. This follows from the implicit function theorem. Thus, a reg-
ular coordinate system is defined by two smooth mutually inverse mappings
establishing a homeomorphism between the domains U and V. Definition 3
makes formal our desire that when a point P changes smoothly in U its coordi-
nates should also change smoothly; moreover, smooth variation of a ” coordinate
point” @ in V should also result in smooth variation of the point P induced
by the mapping . The definitions presented above clearly show that the very
concept of a ”smooth and regular coordinate system” automatically implies that
at least two copies of a standard Euclidean space should be considered. Certain
domains of these copies are identified by a continuous and bijective mapping
with an additional requirement of smoothness (in both directions).

These definitions can be interpreted from another point of view. We could
assume that a Cartesian coordinate system is initially introduced in a domain
U of Euclidean space R™ (via an identity mapping of U onto V under natural
identification of both copies, R™ and RY). Then, the introduction in U of
another coordinate system defined by a regular mapping f (i.e. a smooth, one-
to-one mapping with a non-zero Jacobian) may be considered as a coordinate
transformation: we simply pass from the initial Cartesian coordinate system to
a new one in the same domain U.

Definition 4 A regular coordinate system in a domain U is sometimes called
a curvilinear coordinate system in U.

Consider two arbitrary curvilinear coordinate systems in a domain U:
(z'(P),...,2"(P)) and (z'(P),...,2z"(P)).
This means that two regular mappings
f:U—=VCRY? (m17...,x") andg:UHWCRg(zl,...,z")

are defined which map smoothly and bijectively the domains U to V and U
to W, respectively. In other words, each point P in U is associated with two



sets of curvilinear coordinates {z(P)} and {z*(P)}, 1 < i < n. Since these
correspondences are bijective, we may consider a correspondence which relates
the coordinates {z?(P)} of point P to the coordinates {z!(P)} , this operation
defining the mapping ¢, , : V. — W, ie. 9, , : 2'(p) — 2*(p), 1 <i < n. The
mapping v . is called coordinate transformation in the domain U. Under this
transformation the initial curvilinear coordinates {z*(P)} of point P change to
new curvilinear coordinates {z*(P)}.

Lemma 1 The transformation 15 . is a bijective and smooth mapping of the
domain V onto W with a non-zero Jacobian.

Proof. That 1, . is one-to-one directly follows from Definition 3. The
smoothness of 1, , follows from the fact that the composition of two smooth
mappings is also a smooth mapping. It remains to verify that the Jacobian
J(y,) of 1, is non-zero at each point of the domain W.

Indeed, the mapping 1), . splits into the composition of two mappings:

zbz’z:gof*l;V—)W,

The Jacobi matrix of 1, . splits into the product of Jacobi matrices of the

mappings f~! and g. One has dy, , = g—;. Consider the derivative gTZj-. Since
=2zt (yl,...,y") =z (yl (ml,...,x") ey (xl,...,x”))
where the functions {y®(z!,...,2"), 1 < i < n} define the smooth mapping

f~':V — U, we obtain from the formula for differentiation of a composite
function

07 B - aziﬁiyk
oxi — Oyk OxI

which means that the Jacobi matrix di, . splits into the product of two matrices
dg and df ~'. We have used here the formula which expresses the elements of
the product of two matrices in terms of the elements of each matrix.

It remains to establish a relation between the Jacobi matrices df and d(f~1).
Since the composition f~1o f is an identity mapping of the domain U into itself
(see the definition of a regular coordinate system), we find from the formula just
proved that d(f~'o f) = d(f™!) odf = E, where E is an identity matrix of
order n, i.e. finally (d(ffl)) = (df)~'. Thus, we have proved that the identity
dip; . = (df) - (df)~! holds for the matrix dip, ., i.e. J(¥s.) = J(g)/J(f), and
since the Jacobians J(g) and J(f) are both non-zero, J(1; ) is also non-zero.
The lemma is proved.

If the mapping f : U — V defines curvilinear coordinates in U, the mapping
f : U — V defines curvilinear coordinates in U (through Cartesian coordinates
in U). We shall often use this simple remark, when passing from the mapping
fto f~L

Let a set of smooth functions {z¢(P)},1 < i < n, be given on a domain U.
A question arises: does this set define a regular coordinate system in U7



Lemma 2 Let the family of smooth functions {z*(P)},1 < i < n be such that
the Jacobian of this system of functions,

J(f ={a"(P),1 <i <n}),

18 mon-zero in the domain U. Then, for each point P in U there exists an open
neighbourhood such that system of functions {z*(P)} defines in this neighbour-
hood a regular coordinate system (such a coordinate system may be called a local
coordinate system,).

Proof. The lemma does not presuppose that the set of functions {z*(P)}
defines (at least locally) a one-to-one mapping of the domain U onto a domain V'
of Euclidean space R}. Using the implicit function theorem (and the existence
theorem for inverse mapping), we see that a non-zero Jacobian implies the
existence (at least in an open neighbourhood) of an inverse mapping which is
also smooth. Thus, the proof of the lemma follows from the definition of a
regular coordinate system.

Let us note that the set of functions satisfying Lemma 2 may not define a
regular coordinate system in the whole domain U, i.e. the smooth mapping f~!
of the domain V' onto U may not exist. Here is a simple example.

1.2.1 Example

Let a two-dimensional Cartesian plane with punctured origin O be chosen as
the domain U and let the mapping f (defined by two functions z'(P) and
22 (P)) represent the smooth mapping f(y*,y?) = (avl(yl7 y?), 22 (y?, yz)), where
'y y?) = (") — (¥7)? and 22(y',y%) = 2y'y?, ie. if we put z = y' +iy?,
w = o' +ix? (i is the imaginary unit), then w = 22. This mapping transforms a
complex number z into this number squared (for convenience, one may assume
that the two copies of the Euclidean plane, R?(y) and R?(x), are identified with
each other).

The same mapping can easily be written in the polar coordinates (r, ) to
give f(r,p) = (r% 2¢). Calculate the Jacobian J(f) (we shall calculate it, for
example, in the initial Cartesian coordinate system y*, y? on R%(y)). The Jacobi

matrix df is of the form
df = 2yt 2y? r
- _2y2 2y1 ’

e J(f) = 4((y)? + (1)) > 0.

We see that the Jacobian is positive at all points of U (since the origin is
punctured). Hence, according to Lemma 2, our mapping establishes a local
(regular) coordinate system in an open neighbourhood of each point in U. At
the same time, the mapping f does not have the inverse mapping f~! because
f is not bijective. Indeed, every point w = x! + ix?> € R?(x), other than the
origin, always has exactly two inverse images under the mapping f: namely, the
points (r, ) and (r, ¢ + m) which are, of course, distinct points of the domain
U.

10



Thus, if a set of functions is chosen as a regular coordinate system in an
Euclidean domain U, we should not only verify that the Jacobian of this system
is non-zero (at every point of U), but also that the mapping defined by this set
is bijective. Note also that in the above example the Jacobian of the system of
functions vanishes as the point P tends to zero.

1.3 Definition of manifold

A metric space M is called an n-dimensional manifold (or simply manifold) if
any point P of the space is contained in a neighbourhood U C M homeomorphic
to a domain V of an Euclidean space R™. This condition can be formulated
in brief as follows: an n-dimensional manifold M is locally homeomorphic to a
domain in an Euclidean space R"™, in which case the dimension of M is said to
be equal to n or dim M = n. Thus, if M is an n-dimensional manifold, we can
find in M a system of open sets {U, } numbered by finitely (or infinitely) many
indices a and a system of homeomorphisms ¢, : U, — V, C R”™ of sets U, on
the domains V,,. The system {U,} must cover the space M, i.e. M = JU,,
(6%

and the domains V,, may in general, intersect one another.

Fix a Cartesian coordinate system (z!, ..., ") in a Euclidean space R™. Then
for any point P € U, the Cartesian coordinates of the point ¢, (P) € V, can
be considered as a numerical k = 1,...,n. The system of functions

2 = 2o (P) = 25 (9a(P))

given on an open set U, is called a local coordinate system, and the open set
U, together with a local coordinate system defined on it is called a chart of a
manifold M. Thus, a chart is a pair (Uy, ¢ ), and we shall denote it, for brevity,
only by the first symbol, U,. A set of charts {U,} covering the entire manifold
M is called an atlas. It is convenient to number local coordinates of a point
P € M by an additional index « characterizing the chart U, : 2% = 2 (P).
Since the point P can belong simultaneously to several charts, it has several
sets of local coordinates.

The same manifold M can admit distinct atlases. Even though the charts, as
open sets, remain unchanged, we can alter the local coordinate system in a chart
by choosing another coordinate homeomorphism. In particular, the following,
lemma holds.

Lemma 3 Let M be an n-dimensional manifold and let U be its chart with
a coordinate homeomorphism ¢ and a local coordinate system (x',....z™) . If
U’ C U is an open subset of U, a coordinate homeomorphism ¢ and a local
coordinate system (y',...,y™) can also be defined on U'. More over one can put
¢'(P) = ¢(P), y*(P) = a*(P) for P U".

Proof of the lemma 3 follows from the fact that the homeomorphism ¢ : U —
V maps homeomorphically any open subset U’ C U . It is sufficient therefore to
take the restriction of ¢ to U’ as ¢’ and the restriction of coordinate functions
z" to the same subset U’ as y*.

11



Lemma 3 shows that using a given atlas {U,} we can construct a new atlas
consisting of finer charts. On the other hand, the union of two atlases {U,} and
{Uj} is again an atlas of the manifold.

Thus, there exists a maximal atlas consisting of all the charts of a given
manifold. A maximal atlas may be considered as a union of all atlases on a
manifold.

Now we shall prove another useful lemma.

Lemma 4 Let {Uy} and {Ug} be two atlases on a manifold M. Then there
exists a third atlas which refines these two atlases.

To prove the lemma, we put Wog = U, NU, [’, According to the lemma 3, a
local coordinate system can be introduced on each open set W,3. On the other
hand, Waz C Uy and Wy C Ué, so the system of sets {W,3} covers M. Hence,
{Wag} is an atlas refining both {U,} and {Uj}.

1.4 Functions on manifolds, transition functions.

Any continuous function f : M — R' defined on an n-dimensional manifold
M in the neighbourhood of each point P € M can be identified with an ordi-
nary continuous real-valued function h(z!,...,2™) of n independent real variables
(x',...,2™), the function h being defined in a domain of a Euclidean space R".
Indeed, let U be a chart containing a point , let ¢ : U — V € R"™ be a coordinate
homeomorphism of this chart, and let (z'(P),...,z"(P)) be a local coordinate
system in U. If x = (z!,...2") is a vector with coordinates (z!,...2™), we put
h(z',..z") = f (¢7'(x)). Conversely, if h is a continuous function of n real vari-
ables defined in a domain V' C R"™, we can associate with h a continuous function
f defined in the domain U of the manifold M : f(P) = h (z'(P)....,z™(p)).

More generally, let f : M; — My be a continuous mapping of an n-dimensional
manifold M; into an m-dimensional manifold My . Suppose Qo = f(P),
Py € My and Q¢ € Ms. Then in a small neighbourhood U > P, the map-
ping f can be identified with a continuous vector function h of n independent
variables.

Indeed, let U’ > Qo be a chart of the manifold M, and let (y!,...,4™) be
a local coordinate system. Since the mapping f is continuous, there exists,
according to Lemma 3, a chart U of point Py such that f(U) C U'.

Suppose (z!,...,2™) is a local coordinate system in U. Since points of the
chart U are in a one-to-one correspondence with their coordinates (z!(P), ..., z"(P)),
and points @ of the chart U’ are also in a one-to-one correspondence with their
coordinates (yl(Q), ,y”(Q)) the equality @ = f(P) means

v (Q) =y (F(P)) = y* (h (z"(P),....a"(P))) = h* (&' (P), ...a" (P)) .

The functions A¥(x!,...,2™) are continuous, and the mapping f is uniquely
reconstructed in U by these functions.

In particular any continuous function f on a manifold M in a local coordinate
system can be represented by a real-valued function ki of n independent variables.

12



If we alter the local coordinate system, the function h will also be modified.
What is the law of modification of h under coordinate transformation? Let
(x,...,2™) and (y',...,y™) be two local coordinate systems. Without loss of
generality, we may assume that these coordinate systems are defined in the
same chart U. Suppose h and h’ are functions of coordinates (xl, ,x”) and
(yl, e y"), respectively, which represent the function f. Then

f(P) =h(2"(P),....a"(P)) = ' (y(P),....y"(P)). (2)

Since the coordinates (yl, e y”) are also continuous functions in U, they can
in turn be represented as functions of n independent variables (z!,...,2"), i.e.

yH(P)=y! (ml(P), e ,x”(P)) ,
: (3)

y"(P) =y" (z'(P),...,a"(P)).
In these equations we deliberately use the same symbol y to denote both the
coordinate of point P and its representation as a function of (z!,...,2") : y* =
y*(x!,...,2"). Then from equation 2 we obtain the identity

h(z',....2") =h (y' (2", ..., 2"), ...,y (2", ..., 2")) (4)

The functions y* = y*(z!,...,2™) on the right-hand side of relations (3) are
called the functions of the coordiaate transformation or the transition functions,
provided the set U is a domain in an Euclidean space.

Definition 5 Let M be an n-dimensional manifold, {Uy} be its atlas, po be the
coordinate homeomorphisms, and {zX} be a set of local coordinate systems. In
each intersection of two charts Uyg = U, NUg two local coordinate systems {zX}
and {:UZ} have the relation z¥(P) = zk (xé(P), e ,xZ(P)), P e Uys. The
k

functions

=z (xé, e ,a:g) are called functions of coordinate transformation
or functions of transition from the coordinates {z%} to the coordinates {zg}

Transition functions are not defined in the entire domain Vg, but only in
its part Vgo = ¢3(Uap) where it is meaningful to speak about two coordinate
systems.

The transition functions =% = 2% (:c}g, . ,:z:g) map the domain V3, onto
Vag in R™:
Ty = {w%(x}g, TR} =
= A{za(zp)} = zalzp) = (5)

-1

= ¥a¥g (z8) = Pap(zs).
The mappings ¢ag : Vga — Vap given by equation (5) are, in fact, another
writing of transition functions, and represent a homeomorphism of the domain
Vsa onto Vog. Note that if o = 8, then Ung = Us = Ug, Vap = Vo = Vo = V3

and
k

zk = ok (x};,,xg) :xlg.
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1.5 Examples

Here are simple examples of manifolds.
Example 1. Consider a circle S' € R? defined by the equation z?+1y? = 1.
Let us cover S with an atlas consisting of four charts

Uy = {(z,y)eSt:y>0},
Uy = {(z,y)eS':y<0}, (6)
Us = {(z,y)eS':z>0},
U = {(z,y)eSt:z<0}.

The corresponding domains Vi, Va, Va3, and V4 on the real axis R! coincide and
are equal to the open interval (-1, 1).

Homeomorphisms ¢, and @9 are constructed as projections of the circle onto
the z-axis:

@1(x,y) = 902(1’7y) =,
and homeomorphisms ¢3 and ¢4 as projections onto the y-axis:
e3(z,y) = palz,y) =y

In order to prove that the mappings @i, k = 1,...,4, are homeomorphisms, it
is sufficient to write explicitly the inverse mappings

z,v/1—22) € S,

1

p1 (@) = (

oy (x) = (z,—V1-—22%) €St )
p3l(@) = ( 1—y2,y)651

p3'(x) = (—/1—yy) esh

and demonstrate that they are continuous. Then we obtain on the circle four
local coordinate systems, each consisting only of one coordinate:

T = @i(z,y) ==,
T2 = @2(1'73/) =, (8)
r3 = @3(937:9) =Y,
Ty = @a(r,y) =Y.

Certain points are supplied with two local coordinate systems. For instance,
for points P of the intersection Uy N Us the coordinates x1(P) and x3(P) are
defined.

There are other ways of introducing an atlas on a circle. For example we
can consider polar coordinates (r,p) on a plane. The equation of a circle in
these coordinates is very simple: r = 1. Strictly speaking, polar coordinates on
a plane are not a coordinate system. We introduce therefore two charts on a
circle S, namely

Ur = {(z,y) €8x # -1},
1 (9)
Uy = {(z,y)eS':xz#1}.
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Let ¢1(P) = p1(x,y) be the value of ¢ in the interval (—m,7) and ¢o(P) =
2 (z,y) be the value of ¢ in the interval (0,27), i.e. V = (—m, ), Vo = (0,27).

Obviously, the local coordinates 1 = 1(P) and s = @o(P) coincide for
points of the upper semicircle and do not coincide for points of the lower semi-
circle, that is, p1(x,y) = wa2(x,y) for y > 0 and p1(z,y) = p2(x,y) — 27 for
y <0.

Example 2. The circle S! considered in Example 1 is a rather complicated
manifold. The simplest example is represented by Euclidean space R". We may
take an atlas consisting of only one chart U = R”, the coordinate homeomor-
phism ¢ is the identity mapping ¢ : U — V = R", the local coordinate system
is Cartesian coordinates of points in R™. Similarly, any domain U C R" is an
n-dimensional manifold whose atlas also consists of one chart with a Cartesian
coordinate system.

Example 3. Let f : R"” — R! be a continuous function and I'y € R"™! be
its graph, i.e. the set of points

(z1, .z, ™) 2™ = (2t 2.

The space 'y is an n-dimensional manifold with an atlas consisting of one chart
U = T'y. The coordinate homeomorphism ¢ : U — V = R" is defined as a
projection along the last coordinate:

(!, ..., 2™ 2" ) = (21, ..., 2") € R".

Then the inverse mapping ¢!

e Nt ) = (2t 2" f (2t 2™)

and is, apparently, a continuous mapping.
Example 4. Let us consider an n-dimensional sphere S™ of unit radius
defined as a set of points in R"*! satisfying the equation

(:Ul)2 + ...+ (x”)2 =1.

is given by

We shall demonstrate that an n-dimensional sphere is an n-dimensional mani-
fold. The open sets

Uutr = {(@,..,2") e s 2t >0},

U~ = {(a'.,a") € S 2i <0} (10)

can be taken as an atlas. We obtain 2n 4 2 open sets covering the entire sphere
S™. Indeed, if the point P = (z!,...,2""1) belongs neither to charts Uf nor
to charts U, for all i, then the inequalities ' < 0 and z* > 0 are satisfied,
ie. 2t =0,i=1,2,...,n+ 1. Then (2})% + ...+ (2™)? = 0, that is the point
P does not lie on the sphere S™. The coordinate homeomorphisms cp;-" and
¢; are defined as projections of the Euclidean space R"*! onto R" along the
coordinate z°. In this case the domains V;" and V;~ coincide and are equal to
a unit ball, and the coordinate homeomorphisms are given by

of (@', . 2" = ¢ (2f, 2™ = (2f, e L) e R
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The inverse homeomorphisms are defined by the formulas
(‘P?_)il(yl, 7yn) = (yl? "'7yi71? \/1 - (y1)2 e T (yn)vai7 7yn) € Rn+17

) W ey = @ ey VI = ()2 — = ()2 Y e y™) € R

and are apparently continuous.

Example 5. Let us consider a projective plane RP? . By this we mean a
space the points of which are straight lines through the origin in R?. Define
the distance between two straight lines as the least angle between them. Then
RP? becomes a metric space. We now prove that RP? is a two-dimensional
manifold. It is convenient to describe any straight line P € RP? by three
homogeneous coordinates [z : y : z] which admit multiplication by a number A #
0. Homogeneous coordinates do not vanish simultaneously, i.e. 2 +y?+22 > 0.
Cover RP? with three charts:

Up = {[z:y:2]:x#0}
Uy = {lw:y:d y£0), (11)
Us = {[zr:y:2]:2#0}

Let Vi = V5 = V3 = R?. The mappings o Uy = Vi = R? are taken as
coordinate homeomorphisms, namely

@1(x7yaz) = (y/m,z/m),
p2(z,y,2) = (x/y,2/y), (12)
903(1'7yaz) = (x/z,y/z)

Thus, we have constructed three local coordinate systems
i =y/z, x?=z/x;
zy =y, x5 =2z/y;
ri=2a/z, zi=vy/z

To verify that the mappings ¢y, are homeomorphisms, it is sufficient to construct

the inverse mappings
—1/,1 .2 12
1 (2y,27) = [Lray ],

0y (xh,a3) =[x : 1: 23],
o3 (23, 23) = [z4 : 23 1 1]

and prove that they are continuous.

16



1.6 Smooth structure of the class C*. Class C*, real and
complex analytic manifolds.

Let us now return to the representation of a continuous function f defined on
an n-dimensional manifold M as a function h of n independent variables, lo-
cal coordinates of a point of the manifold. It is known that a narrower class
of function - differentiable functions - is of great significance in mathematical
analysis. We now transfer this important concept to functions defined on a

manifold. If a function A (xl, . ,x") is continuously differentiable, we cannot
say the same about the function A’ (yl, e ,y") representing f in another lo-
cal coordinate system (yl, e ,y”). Indeed, the functions h and h’ are related

by equation (4). Thus, the condition that A’ is also continuously differentiable
is that the functions of coordinate transformation z*¥ = z*(y!,...,4™) should
be continuously differentiable. If these functions are not continuously differen-
tiable, there exists a function f such that its representation A in the coordinates
(xl, e ,x") is a continuously differentiable function, while the representation h’
in the coordinates (yl, e ,y”) is not. As an example, we consider the function
f(P)=2*(P), P€U C M. Then h (xl,...,x") = z*, apparently, a contin-
uously differentiable function, while h’ (yl, e ,y") = zF (yl7 e ,y") does not
possess this property.
We thus arrive at the following definition.

Definition 6 A smooth n-dimensional manifold is an n-dimensional manifold
M with an atlas {U,} having local coordinate systems {x%} satisfying the con-

k _ .k 1 n ; ;
n=xy (acﬁ, o ,xﬁ) are continuously differen-

dition: the transition functions x
tiable for any pair of charts U, and Ug in the entire domain of definition. One
says that the atlas {U,} with fized local coordinate systems {x*} represents a

smooth structure on the manifold M.

This definition enables a class of continuously differentiable functions to be
distinguished among all functions valid on a manifold M.

Definition 7 A function f : M — R! defined on a smooth manifold M is called
continuously differentiable at a point Py € M (with respect to a smooth structure
on the manifold M) if in any local coordinate system (xl,... ,xp3) (the charts
U 2 Py belong to a fized atlas which represents the smooth structure) the func-
tion f can be represented as a continuously differentiable function h(zl,... 27)

of n independent variables in a neighbourhood of the point (x(Py), ...,z (F)).

Note that the condition of continuously differentiability of the transition
function in Definition 6 is essential for Definition 7. As we have already pointed
out, if the transition functions were not (continuously) differentiable, the con-
dition of continuously differentiability of f at the point Py € M would depend
on the choice of the chart U; containing F.

Example 6. We now consider the following atlas on a manifold M. Let
M = R! be a real axis and let the atlas consist of two identical charts U, =
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Us = M = R', but with distinct coordinate systems. On U, we define the
coordinate z, = z, * € R', and on Ug the coordinate x5 = 23 . Then the
transition functions are

75 = 2p(%a) = (2a)’, (13)

To = Ta(z8) = T (14)
While the transitions function (13) is continuously differentiable (a polynomial),
the function (14) has a discontinuous derivative. Thus, according to the defini-
tion 3, the manifold M with the atlas {U,,Ugs} is not a smooth manifold.
Remark. If an atlas on a manifold M consists of only one chart (i.e. M is
homeomorphic to a domain in Euclidean space), M is a smooth manifold (with
respect to this atlas).

Definition 8 Let on a manifold M there be given two atlases {Ua} and {Uj}
such that M is smooth with respect to each atlas. Two atlases {Un} and {Uj} are
called equivalent (or represent the same smooth structure on the manifold M)
if every function of coordinate transformation from any local coordinate system
in {Ua} to any local coordinate system in {Uj} is continuously differentiable.

A substantiation of this definition lies in the fact that any function f on
the manifold M is continuously differentiable in the atlas {U,} if and only
if it is continuously differentiable in {Uj}. Thus, from the point of view of
continuously differentiable functions on a manifold M equivalent atlases ”have
equal rights”, so that any of the equivalent atlases can he used to represent
a function as a continuously differentiable real-valued function of independent
variables (coordinates of a point). Definition 8 admits another formulation: two
atlases {U,} and {Uj} are equivalent if M is a smooth manifold with respect
to a new atlas equal to the union of two initial atlases, {U,} U {Uj}.

We often have to deal with narrower classes of functions. Recall that a
real-valued function h(x!,..z™) is smooth of classes C"(r = 1,2,...,00) in a
neighbourhood of a point (z}, ..., z3) if in this neighbourhood all partial deriva-
tives of h up to order r exist and are continuous. For r = oo this means that
the function h has continuous partial derivatives of any order. Consequently,
we shall impose on atlases of a manifold M the conditions formulated in the
following definition.

Definition 9 (6a) A manifold M with a fized atlas {Uy} is called a smooth
manifold of the class C"(r = 1,2,...,00) (or C"-manifold) if all the transition
functions are smooth of class C" at all points of the domain of their definition.

Definition 10 (7a) Let M be a C"-manifold and let f be a continuous function
on this manifold. The function f is called smooth of class C*, s < r (or C*-
function) in a neighbourhood of a point Py € M if any representation of f as a
function h of local coordinates (x1,...,2™) (from a fized atlas) is a C*-function
in neighbourhood of the point (x'(Py),...,a"™(Py)). The function f is smooth of
class C?® if it is of class C* in a neighbourhood of each point Py in the domain
of definition.
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Example 7. Let us modify Example 6 by choosing the coordinate x5 = x ||
in the second chart Ug. Then M is a C'-manifold, but it is not C?-manifold.

Remark. Below, if not stated otherwise, we shall consider only C*°-manifolds
and C'*°-functions on these manifolds.

In examples 1-4 we have considered manifolds with such atlases that these
manifolds are always of class C*°.

Geometry may also deal with more strict conditions on atlases and their
transition functions. For example, if all transition functions are real-analytic,
i.e. in a neighbourhood of each point in their domain these functions can be
expanded into convergent Taylor series, the manifold is called a real-analytic
manifold. A real-analytic manifold is C'*°-manifold.

A more important class of manifolds is represented by complex-analytic
manifolds. Let M be a 2n-dimensional manifold, {U,} its atlas, and ¢, :
U, — Vo C R?" its coordinate homeomorphisms. Identify a 2n-dimensional
Euclidean space R?” with an n-dimensional complex linear space C”, assuming
that complex coordinates of a point (z!,...,2") give rise to 2n real coordi-
nates (z!,...,2"% yt, ... y"), 2¥ = zF 4 iyF . Then, 2n coordinate functions
(zL(P),...,a%(P), y&(P),...,y2(P)) in the chart U, are transformed into n

(e

complex-valued functions (z%(P) = z%(P) + iy%(P)). The functions z£(P) are
called complex coordinates of a point in the chart U,. In the intersection of two

charts U, N Ug the transition functions are given by

xh = xh(Thy TR Yhs YR,
xZ—xZ(x%,,xg,yé,ayg)a (15)
1 _ .1 n ,1 n
ya—ya($67...,$5;y57--'ﬂyﬁ)a
.n_ n(,.l n .1 n
Yo = Ya(@ps- - T5Yps - YB)-

These functions can be represented as complex-valued functions of n inde-
pendent variables

_ 171 n
Zo = 225, -+, 25),

(16)
25 = 20(25 -, 28)-

Functions (16) are called transition functions or functions of transformation
of complex coordinates.

A manifold M with a fixed atlas {U, } and local complex coordinate systems
(2L,...,2") is called a complex-analytic manifold, provided all transition func-
tions (16) are complex-analytic, i.e. they can be expanded in convergent Taylor
series of complex variables in a neighbourhood of each point in the corresponding
domain of definition.

As an example of a manifold admitting a complex-analytic structure, we shall
consider a two-dimensional sphere S? with a specially defined atlas. We can
construct the stereographic projection of the sphere 82 = 22 + 92 + 22 = 1 from
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the north pole Py = (0,0, 1) onto the coordinate plane (z,y). This projection,
denoted by ¢, maps all the points of S? except for the pole P, (i.e. the open set
U, = S?\(P,)) homeomorphically onto the entire plane V,, = R?. In Cartesian

1—z

T+iy

coordinates the homeomorphism ¢, is of the form ¢4 (x,y,2) = (&, Y )

We introduce therefore in the chart U, one complex coordinate w, = T—:
expressed in terms of the Cartesian coordinates on a sphere. Furthermore, we
shall consider the south pole Pg = (0,0, —1) and the stereographic projection ¢g
from the south pole onto the same coordinate plane (z,y). The projection ¢g
maps homeomorphically the set Uz = S2\(P3) onto the entire plane V3 = R?.

In Cartesian coordinates ¢ takes the form pg(z,y,2) = < Y ) Introduce

1427 1+=z
in the chart Uy a complex coordinate wg = ilizzy
2 2
Then, in the intersection U, N U we obtain w,wg = mlfzyz = 1. Hence,
Wo = wa(wﬁ) = va
v (17)
wp = wg(wa) = wa

Functions (17) are complex-analytic, so the sphere S? is a complex-analytic
manifold. Each chart U, and Ug covers the entire sphere S? | except for one
point, and is identified by virtue of the coordinate homeomorphisms ¢, and ¢g
with the complex plane C' = R2. Thus, the sphere S? is usually identified with
the so-called completed complex plane obtained from C! by addition an extra
”infinitely distant” point.

An arbitrary smooth manifold need not necessarily be a complex-analytic
one. For example, if its dimension is odd, the manifold is not complex-analytic
by trivial arguments. Yet, there exist manifolds of even dimension which do not
admit a complex-analytic structure either.

1.7 Invariance of the dimension of the smooth manifolds.

Let M; and M, be smooth manifolds and let f : My — Ms be a continuous
mapping. As was already noted, in a neighbourhood of any point Py € M; the
mapping f can be represented as a vector function , y* = h¥(z!,...,2"), where
(x!,...,2™) is a local coordinate system in the neighbourhood of Py € M; and
(y!,...,y™) is a local coordinate system in the neighbourhood of point Qo =
f(Po) € Ms.

Definition 11 The mapping f : M1 — My smooth manifolds is called a smooth
mapping of class C"(r = 1,2,...,00) (or C"-(x!,...,x™) in the neighbourhood of
any point Py € My and (y',...,y™) in the neighbourhood of point Qo = f(P) €
My the representation of f as a vector function y = (y*) = (hF(2!,...,z")) =
h(x) is a vector function of class C".

Note that the definition of a C"-manifold has a meaning if only the manifolds
M, and My are smooth of class not less than C”.
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Let f : M; — M> be a homeomorphism of manifolds. If fis a C"- map-
ping, the inverse mapping f~! need not be a smooth mapping. Therefore, if
the inverse mapping f~! : My — M; is also a C" -mapping the homemorphism
f is called a smooth homeomorphism of class C" or C"-diffeomorphism. Dif-
feomorphisms of smooth manifolds play the same role as homeomorphisms of
topological spaces.

If f: My — Mo is a diffeomorphism, the manifolds M; and M, are called dif-
feomorphic. The set of all manifolds is subdivided into non-intersecting classes
of pairwise diffeomorphic manifolds. Any general property of smooth manifolds,
smooth functions or mappings on a manifold can be transferred to any other dif-
feomorphic manifold. We shall not therefore distinguish between diffeomorphic
manifolds.

There are however such properties of manifolds that their ”identity” for a
pair of diffeomorphisms is not quite obvious. In particular, we have assigned
to each manifold a numerical characteristic, the dimension. Do diffeomorphic
manifolds have the same dimension?

Theorem 1 Let f : My — My be a C"~homeomorphism (r > 1) of smooth
manifolds. Then dim My = dim M.

Proof.

Suppose Py € M; is an arbitrary point, Qo = f(Pp), and g = f~! is the inverse
mapping. Choose local coordinates (x!, ..., 2™) in the neighbourhood Uy of point
Py and local coordinates (y!,...,y™) in the neighbourhood Vj of point Qo. Then
the mappings f and g can be represented as vector functions z = h™!(y) and
y = h(z), with h(h~1(x)) = 2 and h=!(h(y)) = y. The mapping h consists of m
functions y* = A (xl, e J:") of n independent variables (ml, R x") Consider
the Jacobi matrix of all partial derivatives of h:

ah! ah!
ozl c ox™
dh = : :
ah?” ahvn
ozl 't 9z

The matrix dh is a rectangular one of order (m X n), i.e. it has m rows and n
columns.

Lemma 5 Let Uy C R™, Vy C R™, and Wy C R* be open Fuclidean domains,
let f:Uy— Vo and g : Vo — Wy be continuously differentiable mappings, and
let h : Uy — Wy be the composition of f and g, i.e. h(P) = g(f(P)). Then

dh(P) = dg(f(P)) - df (P), P € Uj.

In other words, the Jacobi matriz of the composition h = go f is the product of
the Jacobi matrices of the mappings g and f.

We now apply Lemma 5 to a pair of mappings h and A~ . Let ey be the
composition of the mappings h and h~! and let e; be the composition of h~!
and h, i.e. eg(Q) = h(h™HQ)) Q € Vo, and e;(P) = h=Y(h(P) P € U,.
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The mappings ey : V) — Vp and ey : Uy — Uy are both identity mappings, so
that their Jacobi matrices are identity matrices of order m and n, respectively.
In particular, rankdey = m and rankde; = n. On the other hand, by Lemma 5
we have

deo(Q) = dh(h"1(@Q)) - dh (@), Q € Va.

de1(P) = dh='(h(P)) - dh(P), P € U,.

It is known from linear algebra that the rank of the product of two matrices does
not exceed the rank of each matrix. Since rank dh < min(m,n) and rank dh~t <
min(m,n) (the matrices dh and dh~! are rectangular!), rank deg < min(m,n)
and rank de; < min(m,n). Hence, m < min(m,n) and n < min(m,n) or
max(m,n) < min(m,n) that is, m = n. The theorem 1 is proved.

The concept of dimension has a sense not only for smooth manifolds, but
for arbitrary manifolds as well. A question naturally arises: do the dimensions
of homeomorphic manifolds coincide? The answer is yes, i.e. if My and My are
two homeomorphic manifolds,then dim M7 = dim M.

1.8 Implicit function theorem. Regular points, regular
values. Inverse image of regular value.

There is a conventional way, used most frequently in practice, to describe and
construct manifolds.

Many examples of manifolds appear as a set of solutions of a non-linear
equation given in a Euclidean space. For instance, an n-dimensional sphere S™
in a Euclidean space R"*! is defined by the equation (2!)% + ... + (z"*1)? = 1;
a pseudosphere S? is given by 22 + 3% — 22 = —1. In general, if f(x!,...,2")
is a continuously differentiable function, the set of solutions of the equation
f(xt,...,2") — ¢ = 0 is called a manifold of level ¢ of the function f. Thus,
the Euclidean space R” is decomposed into a union of level manifolds for the
function f. In the case of a function of two variables, the solutions of the
equation are called level lines for f and in the case of a function of three variables
level surface.

To justify the term the level manifold for a function f, one should prove that
the level manifold for f is really a manifold. However, this is not always the
case.

Nevertheless, a level manifold for a continuously differentiable function f is
almost always a manifold.

Theorem 2 Let f = f(x!,...,2") be a function of class C°° defined in the
entire Euclidean space R™ and let

M, = {(z',...,z") : f(z',...,2") = c}.
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If the gradient of f is non-zero at each point of the set M., this set is a smooth
(n — 1)-dimensional manifold of class C*°, and we can choose (n — 1) Carte-
sian coordinates of the ambient Fuclidean space R™ as local coordinates in a
neighbourhood of a point Py € M,.

Proof.
The theorem is, in fact, the implicit function theorem formulated in convenient
terms. Fix a point Py € M., Py = (x},...,2%). Since

0 0
gradpof #Oa gradf = ((Aaxflr'vaflifql)a

there exists a non-zero partial derivative at point Py. Without loss of generality,
Wwe may assume
of

T (xk, .. 20) #0.

Let Qo = (z2, ..., xg_l) be a point in R"~! which is the image of Py under pro-
jection along the coordinate axis . According to the implicit function theorem,
there exists a neighbourhood Vj 3 Py of point Qg an interval (x — d,x + §), and
a continuous function y = y(z?, ..., 2" 1) of class C* defined in V; such that:

L of(at oz hy (el 2" ) = ¢ in W,
2. x5 =y (x}], ...,x{}) ,
3. &g —y(a!,...,a" )| < 4 in the domain Vp,

4. any solution (z!,...,2™) € Vo x (2§ —0d, x§+6) of the equation f (z!,...,2")
= c is of the form 2" = y(a!,...,2"1).

Let
Uy :MCQ(VO X (acg—& a:g—i—é))

is a neighbourhood of the point Py € M,. This neighbourhood is the chart in
question which contains Py. Take the restriction of the projection R* — R™~!
to Uy as a coordinate homeomorphism

50(71(‘7:17 ceey xnil)
It follows from condition (3) that
oot (at ™) € Vo x (xf — 6, xf +6)
and from condition (1) that

o L <.V
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Thus,
©o H(xt, ...,z € Uy,

i.e. the mappings ¢ and ¢, ! are continuous and mutually inverse.

We have proved that M, is an (n—1)-dimensional manifold and found in the
neighbourhood of each point Py € M, a local coordinate system formed by some
Cartesian coordinates in the Euclidean space R"™. We now prove that the transi-
tion functions are smooth. Let Py be also contained in another chart U; and let
Cartesian coordinates (x!,...,2°~!, 2i*1 .. 2™) be chosen as local coordinates
in U;. Then in the intersection UyNU; the coordinates (xt, ...,z 2+ .. an)
are expressed in terms of (z!,...,2""1) as

it = i+l (18)

Infl — In717

" =y(zt, ... 2

nfl).

Since the function y = y(z!, ..., 2"~ 1) is smooth of class C*°, all the functions
(18) are also of class C*°. This completes the proof of Theorem 2.

1.8.1 Examples
1. Consider an n-dimensional sphere S™ given by the equation

n+1

f(at ..., 2" = Z(a:k)2 =1.

k=1
The gradient of f is
gradf = (2z',22°, ..., 22" ).

If the point P = (x!,...,2"*!) lies on S™ then not all of its coordinates vanish,
that is, one of the gradient coordinates is non-zero. Conditions of Theorem 2
are satisfied, hence S™ is a C'°°-manifold.

2. Consider an Euclidean space R"™’ of dimension n2 and represent the points
of R as square matrices of order n with the coordinates A = (ai;). Consider
also the set SL(n,R) of all matrices A € R" with the determinant equal to
unity, det A = 1.The set SL(n,R) is a group with respect to multiplication
of matrices and is called a special linear group. We shall demonstrate that
SL(n,R) is a C*°-manifold of dimension n? — 1. Consider a function f of n?
variables, f(a;;) = det(a;;). This function is a polynomial and is therefore of
class C*°. In order to apply Theorem 2, we have to calculate gradf at all
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points of the group SL(n,R). Let E be an identity matrix. Since det E = 1,
E € SL(n,R). Calculate gradf at the point E. One has

det A = a1 det A11 — ai12 det A12 + ...+ (_1)n+1 det Aln cAln- (19)

This expression contains the determinants of the matrices Ay, which are

polynomials of all variables (a;;) except those in the first row. Then the partial

derivative of f with respect to aq; is of the form of _ 0 (a11 det A1) =

. . dai da1
det Aq1. At point E we obtain

of
Ga (E)=1. (20)

Thus, the gradient of f at the point E is non-zero. We now demonstrate that
at arbitrary point Ag € SL(n, R) the gradient grad f is also non-zero. Introduce
new variables b;; defined by (b;;) = B = Ag'A = Aj' - (a;;). If A= Ay, then
B =F and

f(A) = f(AoB) = det Ay - det B = det Ay - f(B).

Differentiating the superposition of functions, we obtain

of . = Of day;
aTU(E) = ZZJ: das; (Ao) - 8611 (21)

The left-hand side of Eq. (21) is equal to unity according to formula (20);
hence, at least one of the terms on the right-hand side of Eq. (21) is non-zero
and therefore one of the partial derivatives ai{j (Ap), as well as gradf, is also
non-zero. Thus, the conditions of Theorem 2 are satisfied, so that the group
SL(n,R) is a smooth manifold of dimension (n? — 1).

Theorem 2 can easily be extended to a system of non-linear equations. Note
that Theorem 2 admits another formulation. The gradient of a function f can
be represented as a column of partial derivatives of f and is therefore the Jacobi
matrix of f. Then the condition of nontriviality of gradf at a point Py € R” is
equivalent to the condition that the rank of the Jacobi matrix df of the function
f is equal to unity, i.e. is maximal.

Consider a system of equations

fiat, .. an) =

x &
fQ(xlv"'vxn) =,

If Bzl ... a") = cF.

which can be written in compact form as f(z) = ¢, where
x=(z',...,2") € R",
c=(c,...,c*) € R,

and f is a mapping defined by functions (f!,..., f¥). The set M, of solutions
of system (22) is called a level manifold for the system of functions (f!,..., f*).
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Theorem 3 Let f : R™ — R* be a C-mapping and let M, be a set of solutions
of the system of equations f(x) = c. If the rank of the Jacobi matriz of f is
mazximal at every point Py € M, (i.e. rankdf(Py) = k), M. is an (n — k)-
dimensional smooth manifold of class C*°, and (n — k) Cartesian coordinates
of the surrounding Fuclidean space R™ can be taken as local coordinates in the
neighbourhood of each point Py € M,.

The proof of Theorem 23is exactly analogous to that of Theorem 2 with the
only difference that instead of one variable x™ we choose k variables (x'1, ..., 2).
Denoting this group of variables by one symbol, say y = (21, ..., 2%*), we obtain
the same formulas as in Theorem 2.

4. Let us consider in Euclidean space R* with the coordinates (z!, 22, 2, %)
the system of equations

a2 4 (22)2 = 1,
R T (23)
The corresponding functions f' and f? are of the form
et 2, 2%, 2h) = (21)? + (a?)?, (24
Plta?at et = @)+ ()2

In order to apply Theorem 3, we shall calculate the Jacobi matrix of the mapping

f=UNE?

aof' af' af' af! 1 2

df = | 9e% 9r3 9ry 9wt | = 207 227 0 0 (25)

of* 9f% 9f? of? 0 0 2z 22* )
Ozl Ox2 Ox3 oz2

Clearly, rankdf < 1 if only one of the rows of the Jacobi matrix is zero, which
is impossible at the points representing solutions of system (24). Thus, the
solutions of this system form a two-dimensional manifold of class C°°. Since
system (23) splits into two equations, each for its own group of variables, the set
of the solutions of this system can also be expressed as the Cartesian product of
the solutions of each equation, i.e. the solutions of system (23) are represented as
the product of two copies of a circle. This manifold is called a (two-dimensional)
torus.

1.8.2 Regular points

Definition 12 Let f : My — Ms be a smooth mapping. The point Py € My is
called a regular point of f if the differential of the mapping dfp, : Tp,(M1) —
To, (M), Qo = f (Po), is an epimorphism, i.e. a mapping onto the entire space
Tg,(Ms). The point Qo € My is called a regular point of the mapping f if any
point Py of the inverse image f ~1(Qo) is a regular point of f.
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This definition is, in fact, the condition of the implicit function theorem
formulated in terms of the differential of a mapping. Indeed, in the local coordi-
nate systems (z!,...,2") and (y',...,y™) in the neighbourhoods of points Py and
Qo, respectively, the mapping f is written as the following system of functions
yk = fk(xla .“71.77,):

: (26)
fm(xt, . zm) =y

Since f(Py) = Qo , Po = (x},...,28), Qo = (y8,---,y5"), the point Py is a
solution of system (26). The implicit function theorem (Theorem 3) gives the
condition for the existence of a solution in the form: rankdf = m. Hence, the
rank of the Jacobi matrix dfp, of f is equal to the dimension of the tangent
space T, (M2). This means that the linear mapping dfp, is an epimorphism.
We come therefore to a generalization of Theorem 3.

Theorem 4 Let f : My — Ms be a smooth mapping of smooth manifolds,
Qo € My a regular point of f. Then the inverse image Ms = f~*(Qo) is a
smooth manifold, dim M3 = dim M7 —dim Ms, and, moreover, some of the local
coordinates in My can be chosen as local coordinates in Ms

1.9 Partition of the unit.

Theorem 5 (Urysohn’s lemma) Let X be a normal topological space, F be
a closed subset, and f : F—R a continuous function on F. Then the function
f is extendable to the continuous function g : X—R . If the function f is
bounded, a < f(x) < b, the function g can also be chosen bounded by the same
constant, a < g(z) <b.

The support of a continuous function f on a topological space X is the closure
of the set of those points x € X for which f(x) # 0. The support of a function f
is denoted by supp f. Thus, a function f is identically zero outside the support.

Theorem 6 Let X be a normal space and {U,} a finite open covering. Then
there exist functions v, : X —R such that

0<palz) <1, ze€X,

supp o C Ua, (27)

YoaPalz) =1

The system of functions {¢,} is called a partition of unity subordinate to
the covering {U,}. Here we do not assume that the covering is finite, but only
require that any point € X should have a neighbourhood O(z) intersecting
finitely many supports supp ¢q-
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If a topological space X is actually a smooth manifolds we would like to
formulate stronger result assuming that the partition of unity consists of smooth
functions.

By definition, an atlas on a manifold M consists of open sets U; homeomor-
phic to domains V; C R™. If M is a smooth manifold, the coordinate homeo-
morphisms ¢; : U; — V; are also smooth. It is convenient sometimes to simplify
the form of domains V; in R™, though by the expense of an increased number
of charts in the atlas.

Lemma 6 In a smooth manifold M there exists an atlas {U;} such that any
chart U; is diffeomorphic to R™

Proof.
First, we notice that there exists an atlas such that any chart is diffeomorphic
to an open ball of radius € in R™. The last we demonstrate that an e-ball is
diffeomorphic to R™. It is sufficient to consider the case e = 1. Let (x!,...,2")
be a point in a unit ball, i.e. (z')? + ...+ (2")? < 1. Put

k
- < , 28
Yy pey PR— P (28)
k yk (29>

R
Functions (28) and (29) are smooth and map a ball of radius 1 into R™ and
vice versa.

Lemma 7 Let M be a smooth compact manifold equipped with an atlas {Uy,}.
Then there exists a smooth partition of unity 1, subordinate to the covering

{Ua}-

Proof.
According to Lemma 6, it suffices to assume that all charts are homeomorphic to
R"™. Then for any point z € M here is an index o = a(x) and a homeomorphism

¢zt Ua(my—R", ¢u(x) =0€R"
Let f: R"—R! be a smooth function such that
0< f(z) <1, f(0)=1, supp f iscompact.
Put

- _ f(‘pw(P))7 Pe Ua(z)’
WP){ 0, P ¢ Us.
The open subsets V, = {P : 9z (P) > 0} C Up(y) cover the manifold M. So
due to compactness there is a finite family of points, xg, such that

Uve, =M.
B
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Hence the sum 9 (P) = 3" ¢, (P) is strictly positive at each point. We take
B

then L

P(P)
The functions 13(P) form a smooth partition of unity subordinate to the cov-
ering {V,,} which is a refinement of the atlas {U,}. Hence the partition of
unity subordinate to {U,} can be obtain from functions ¢g(P) by grouping of
functions g (P).

To finish the proof one can take a function f by the formula

f(@{ e (@) af| < 1,
0,

Ys(P)

]l > 1.

1.10 The Whitney theorem.

Definition 13 Let f : My — My be a smooth mapping. The mapping f is
called an immersion if at each point P € M, the differential dfp : T,,(M1) —
Ty py(M2) is a monomorphism, i.e. a one-to-one mapping onto its image. If
moreover f maps bijectively My onto its image f(M) and this image is a closed
subset, the mapping f is called an embedding. The image f(My) (as well as
(My)) is called in this case a submanifold in M.

Example. The inverse image of a regular point of f : M} — Ms is, according
to Theorem 4, a submanifold. Indeed, since some of the local coordinates of the
enveloping manifold M; can be taken as a local coordinate system in Ms, the
identity mapping ¢ : M3 — Mj in the local coordinates takes the form

n—m n—m

T =T

3
n—m-+1 _ ,.n—m-+1 1 n—m
T =z (z, ..,z ),

= g™ (xt, .. 2™,
Therefore, the Jacobi matrix dy contains an identity square matrix. Hence,
rank dp =mn —m, i.e. dy is a monomorphism.

Example. Let us consider a mapping f : S' — R? given by f(¢) =
{cos ¢, sin 2¢p}. The velocity vectors j—f = {—sing, 2cos 2p} does not vanish at
any point, that is, the rank of the Jacobi matrix is equal to unity. Thus, f is
an immersion (so called a Lissajous’ figure).

Theorem 7 Let M be a smooth compact manifold. Then for a proper dimen-
sion N there exists an embedding o : M — RN .

29



Proof.
Let {Ua}i/[:1 be a finite atlas and (2L, ...,27) a local coordinate system in the
chart U,. We may assume without loss of generality that the U, are homeo-
morphic to a ball D™ C R" of radius 1 and the coordinates (z?, ..., 2") perform
a homeomorphism ¢, of U, onto the ball D". We may also assume that D"
lies in R™ and does not contain the origin (this can be achieved by a translation
in R™). Further, let D} C D™ be a ball of smaller radius with the same centre
as D™, let the manifold M be covered with open sets U/, = ¢ (D7) C U,, and
let f be a smooth function in R™ such that it is identically unity on D} and

supp f € DV.. We put then

yk(P) — { f (@a(P))xﬁ(P) Zf Pe Uom
o 0 if P¢&U,.
Obviously, y* (P) = x (P) if P € U/,. We have obtained a system of N = n - M
smooth functions, {y(’z(P)} This system defines the mapping g of M into a
Euclidean space RY , g(P) = {y%(P)} € RN. We now demonstrate that the
differential of ¢ is of rank n at each point. Let P € M be an arbitrary point,

U, 2 P, and (x},...,2") a local coordinate system. The Jacobi matrix of g at
point P in the local coordinate system (z2, ..., 27) consists of partial derivatives

&
{ 874[? (P)} . In particular for g = a,

oz,
Ay oxk
25 (py = S2a(py = gt
oz, ox?,
i.e. the Jacobi matrix of g contains an identity matrix of order n. Hence,

rank dg = n.

The mapping g is thus an immersion. In order that g be an embedding, it is
necessary that distinct points P and @ be mapped into distinct points g(P) and
9(Q). Construct a new mapping g(P) = {y%(P), f (¢a(P))} € RNTM. Owing
to the same arguments as for , this mapping is an immersion. Let P # @ be
two points on a manifold. Consider a number « such that f (¢, (P)) = 1. If
f (2a(Q)) < 1, then g(P) # §(Q); if f (¢a(Q)) = 1, then yk(P) = zh(P),
y*(Q) = 2¥(Q), and for a certain number k we have z(P) # z8(Q) , i.e.
g(P) # g(Q). Thus, the mapping g : M — RN*M is a one-to-one immersion,
i.e. an embedding. Theorem 3 is proved.

Hence, any smooth compact manifold M may be considered as embedded (in
the form of a submanifold) in an Euclidean space RY of a rather large dimension
N. In practice, however, the dimension of R" can be reduced significantly. For
example, a sphere S can be embedded in R™*! and a torus T™ in R?".

The projective plane RP? cannot be embedded in R3 | but it can be em-
bedded in R® . Indeed, let [z : @5 : 23] be homogeneous coordinates of a point
P in RP2. Putting

2 2 2
yl = 7&21 y2 = 79:2 yS = 7:”3
z2t+a+x2)’ x2t+al+xl? o2+ai+al’

y4 — L1T2 Yo = T2x3 yﬁ — T3Lq
= Tz .2a.2 = 2. .2..2 = 2..2..2>
zitTytas zitTytas ritaytas
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we obtain the mapping g : RP? — RS, g(P) = glz1 : 22 : 23] = (v', v%, v%, %, 4%, 1°).
It appears however that the image of g lies in the linear subspace R® C RS de-
fined by the equation y* + y? + > = 1. Verify that g is an immersion, i.e. the
differential dg is a monomorphism at each point P € RP? . In other words, we
have to prove that in any local coordinate system the rank of the Jacobi matrix

of g is equal to 2. All the coordinate functions of g are symmetric with respect

to the permutation of homogeneous coordinates [z1 : xo : 23]. Without loss of
generality we can therefore assume that x; # 0 in a neighbourhood of point

Py € RP?, so that the remaining coordinates 2, x3 (for ; = 1) can be chosen

as a local coordinate system. The Jacobi matrix of g is

72562 721‘3
229(1 + 23) —22273
dg = —22379 223(1 + 23)
(1 — 2% +22) —2x9%3
wy(1— a3 +a3) wo(1+ a3 —23)
—2x913 (1+ 23 — 23)

to within a proportionality factor. If zoxs # 0, the minor of the first two rows
does not vanish. If zo = 0, x3 = 0, the minor of the fourth and sixth rows
is not zero, and if zo = 0, z3 # 0, the minor of the first and fourth rows is
also non-zero. Thus, rankdg = 2, i.e. ¢ is an immersion. Let demonstrate
that g is a one-to-one mapping. Without loss of generality we may assume
that the homogeneous coordinates are so chosen that z? + 23 + 22 = 1. Let
P=zy:20: 23], Q =[x] :xh: x4]. Then

g(P) = (a3, 23, 23, w122, Tox3, T321),

g(Q) = ( /127 3;‘/22, x{f, w/lx/% .%‘él’é, xfimll)
If g(P) = g(Q), then 22 = 22, If 21 # 0, then z; = 42} and we can take
x1 = x}, since homogeneous coordinates can be multiplied by +1. Since the
fourth and sixth coordinates are equal, we obtain ©o = x4, x3 = 25, i.e.P = Q.
Since all coordinates 1, o and x3 are equivalent, we always have P = (). Thus,
g is an embedding of a projective plane RP? in a five-dimensional Euclidean
space R°.

1.11 Transversal mappings. The Sard lemma, the Abra-
ham theorem.

We have shown how the local properties of a smooth manifold can be deduced
from the properties of the differential. Conversely, in certain cases we can find
the properties of a differential from the properties of the manifold itself. For
example, if f : M; — My is a smooth homeomorphism, then the differential df :
T,(My) — Ty (py(Ms) is, by Lemma 5, an isomorphism. Consider now a problem
which is inverse, to a certain extent. Let f : M; — Mj be a smooth mapping
of M; onto the entire manifold My i.e. f(M;) = My . Such a mapping can be
considered as an analogue of an epimorphism for a linear mapping. A question
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then arises: is the differential df : T,(M;) — Tjpy(Mz) an epimorphism?
Unfortunately, the answer is no. Consider the following example. Let M; =
M, =RY f: R} - R', f(x) = 2%, x € R' . In this case f is a smooth
mapping and f(R') = R! . But at point 2 = 0 the differential df equals zero
and is not therefore an epimorphism. At other points the differential df = 32%dx
is an epimorphism. This example suggests the general answer to the question.
We shall formulate it as the following statement.

Theorem 8 (Sard’s theorem) Let f : My — My be a smooth mapping of
compact manifolds. Then the set G of regular points Q € My of f is open and
everywhere dense.

Before proceeding with them proof of Theorem 8 we shall consider several
examples.

Example. Let f: R! — R! | f(2) = a = const. In this case the differential
df is not an epimorphism at any point, but the image f(R') consists of a single
point a, i.e. by definition, any point y # a is regular (since f~!(y) = (). Hence,
the set of regular points is open and everywhere dense.

Example. Let f : R! — R! be a finite smooth function and F = {x :
f/(x) = 0}. The set F is closed. The image f(F') is a compact set and consists
of all non-regular points. We shall demonstrate that f(F') is nowhere dense. If
this is not so, we can find an interior point y € f(F), i.e. y is contained in f(F)
together with a neighbourhood y € U C f(F'). Since f is finite, the image f(F’)
lies in the image of the interval f([a,b]). In other words, it is sufficient to prove
that the image f(F’), F' = F[)[a,b] is nowhere dense.

Let U D F’ be a neighbourhood of the set F/, V C (—2a,2a). Then f (V)
contains U and hence there exists a point x € V such that f'(x) exceeds, by
modulus, the number ¢ = diamU/4a. Diminishing the neighbourhood V', we
obtain a sequence of points z,, € F’. We may assume, without loss of generality,
that @, — a9 € F'. Then f'(x,) — f'(x0), i.e. |f'(z9)| > €, which contradicts
the condition f'(xg) = 0 at point 2o € F' C F.

It is more convenient to formulate Theorem 8 in more general terms:if F' C
My is a compact set consisting of non-regular points, then f(F) is nowhere
dense.

Let demonstrate that it is sufficient to prove Theorem 8 for the case where
M is a neighbourhood of a closed disk in an Euclidean space. Indeed, cover
M, with a finite atlas U, and choose a covering V,, C V, C U, such that V, is
homeomorphic to a disk in an Euclidean space. Let G, C M5 be a set of regular
points of the mapping f on V,. Then the intersection G = (|G, consists of
regular points of the entire mapping f. If G, are open sets which are everywhere
dense then G is also open and everywhere dense. Choose a sufficiently fine atlas
U, such that the image f(U,) lies in a single chart Wg of Ms .

Then Theorem 8 can be proved for regular points of the mapping f|u, :
Uy — Wg on V. Indeed, if G € W is the set of regular points of f|y,, then
GN (M \ f(Vy)) is the set of regular points of the mapping f : U, — M, on
v

o
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Thus, let U be a neighbourhood of a disk D™ in R™ and let f : U — R™
be a smooth mapping. We shall demonstrate that the set of points y € R™, for
which D™ (| F~1(y) consists of regular points, is open and everywhere dense.

Lemma 8 Theorem 8 holds for m = 1.

Proof.

Let ' C D™ be a set of non-regular points of a function f. Then f(F') is com-
pact and contains all non-regular points of f. Demonstrate that R' \ f(F) is
everywhere dense. If this is not the case there exists an interval V C f(F). Fix
k > n and consider the set F} of those points for which all partial derivatives of
f of order up to k inclusive are zero. Expanding f in a Taylor series in a neigh-
bourhood of an arbitrary point y € Fj, we obtain |f(y) — f(z)| < C |z —y|*
where C' does not depend on the choice of y € Fj, and = € D".

This means that if F, is covered with cubes of side 1/N (the number of these
cubes does not exceed N™), the image f (Fy) will be covered with intervals, the
length of each interval not exceeding 2V/nkC /N*. Hence, the sum of the lengths
of all the intervals does not exceed 2v/nkC /N*=" and vanishes for N — oo, that
is, f(F}) is nowhere dense.

The remaining part of the set F, i.e. F'\F}, can be represented as a union
of a finite family of subsets, each lying on a submanifold defined by one of the
equations

81
Oxy - - Oxy
Indeed, let Fj, i, be the set of those points in F' at which

o'f

ozl ...ozln - O’
1 alf n (30)
gradm 7é 0.
Obviously, F\ Fy = U Fy, 1, On the other hand, the set Fj, ; lies on

Ihi+.. .+, <k
the submanifold M, ,;, of those points where conditions (30) are satisfied. The

dimension of M;, ; 1is less than n, and we may conclude, by induction, that
Lemma 8 is true for M, 1, .

Thus, f(F})) does not cover the interval V. Hence, there exists a neighbour-
hood Uy D Fj such that f(Uy) does not cover V. Let Iy + ...+ 1, = k — 1.
Then Fy, 4, \ Uy is a compact set on M, ;. , so that f(Fy,..;, \ Ux) does not
cover V\f (Uy) i.e. f(Fi()Fi,..1,) does not cover V. Hence, there exists a

neighbourhood
Us = Fp U < U le...ln>

s<lit...+ln<k
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such that f (Us) does not cover the interval V. Thus, for I; + ... + 1, = s the
sets Fy,. 1, \ Us do not cover the remainder

VA f (FkU < U Fll...lﬂ))
s<li+.. 4+l <k

under the mapping f, and therefore f (Fj |J U Fy, .1, ) does not cover
s<li+...+ln<k
V. After a finite number of steps we find that f (F') does not cover V.

We now apply Lemma 8 to prove by induction on m the theorem 8 for a
system of functions f : U — R™, D™ C U, f(P) = (fY(P),..., f™(P)). Since
f' is a smooth function, we find by Lemma 8 that the set G of regular values
of f!is open and everywhere dense in R!'. Let y{ € G1,N = (f1)~*(y). The
set N is a smooth submanifold mapped by f into a hyperplane R™~!. Then
the point (y2,...,y5") is regular for the mapping f|y if and only if the point
(Y, -, ym) is regular for f. By induction, the set of points (y3,...,y5") which
are regular for the mapping f |x is everywhere dense in R™~!; hence, the set
of regular points for f is also everywhere dense in R™.

In order to demonstrate that the set of regular points is open we note that

the inverse image of a regular point D™ () f~(yg, ..., y5") is a compact and the
minor of the matrix of the differential df is non-zero at each point of the com-
pact. Therefore, for any sufficiently close point (yi,...,y) the inverse image

DN fY(yi,...,y™) lies in a quite small neighbourhood of D™ " f = (yd, - .., y5),
that is, the same minors are non-zero. This means that the set of regular points
of f is open. Theorem 8 is proved.

As an application of Sard’s theorem we shall consider a smooth mapping
f: My — M, for dim M; < dim M. Then, none of the points P € M; can
be regular, and this means that the image f (M;) is nowhere dense in M,. In
particular, the image of f does not cover Ms.

Remark. Sard’s theorem can be generalized to non-compact separable man-
ifolds. In this case the set of regular points need not necessarily be an open set,
but it should only be the intersection of a countable number of open sets which
are everywhere dense. Such sets are called Gg-sets. It is known from general
topology that the intersection of a countable number of sets, which are open and
everywhere dense in R", is always non-empty and everywhere dense. Hence, in
the case of non-compact manifolds the set of regular points is non-empty and
everywhere dense.

2 Tangent vectors and vector fields. 3 defini-
tions of tangent vectors.

2.1 Linear approximation of a submanifold. Tangent sub-
space.
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We have seen that the so-called infinitesimal properties of space are of great
help in the study of metric properties of curves and surfaces and, generally, of
metric properties of domains in a Euclidean space. These are the properties
defined in a very small neighbourhood of a fixed point P by neglecting small
quantities of an order higher than the distance from P. In mathematical analysis
we use a similar procedure of neglecting infinitesimal quantities while studying
the behaviour of a function in a neighbourhood of a point. In the case of smooth
manifolds there is also a natural desire to neglect infinitesimal quantities. One
of such methods is to introduce special concepts analogous to tangent vector to
a curve and tangent plane to a surface.

2.1.1 Simple examples

Let us consider a smooth curve z = z(t) = (z(t),2%(t),23(t)) in a three-
dimensional space R? , where t is a parameter. Fix a value to and expand the
vector function z = x(¢) in a Taylor series about the point tg

dx

7 (to) At + O(AE?). (31)

x(to + At) = ZL’(to) +
The first two terms on the right-hand side of Eq.(??) may be considered, on the
one hand, as an approximation of z(t) in a neighbourhood of the point ¢, by a
linear vector function. On the other hand, this linear function

_ dzx (to)

o WAN;

y(At) = z(to)

defines in R a straight line through the point Py = x(ty). Furthermore, among
all straight lines through P, the straight line y(¢) ”approaches most closely”
the initial curve z(t). Let us first explain the term: a straight line ”approaches
closely” a curve z(t).

We say that the straight line y(t) = a+bt (|b| = 1) is tangent to a curve x(t)
at the point z(tp) if the distance from the point z(t) to the straight line is an
infinitesimal quantity in comparison with the distance from Py = z(t,) to =(t).
The point Py lies then on the straight line y(¢). We may assume z(to) = y(to),
so that y(to + At) = x(to) + bAt . The distance from the point z(tg + At) to
the line y(t) is

|[x(to + At) — z(to) — b(x(to + At) — x(to), b)| = O (|lx(to + At) — x(to)]) -
(32)
Suppose %(to) # 0 . Expanding z(t) by formula (31), we obtain instead of
Eq.(32)
dx

E(to)At - b(%(to)At,b) = 0(At?)
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for At — 0 or, dividing by At ,

%(to) - b(%(ﬁo),b) = O(A1). (33)

(3)
since the left-hand side of Eq.(33) does not depend on At, we obtain by a
limiting process for At — 0

dx dx

S (to) = (5 (1) ), (34

(4)
which means that the vectors b and % (to) are collinear. Thus, the linear part
of the Taylor formula (31) for the vector function x(¢) defines a parametric
representation of a tangent straight line at point Py.

Consider now a surface M in a three-dimensional space R? given in para-
metric form as a vector function & = x(u,v) of two independent parameters u
and v. The surface x(u,v) is called non-degenerate if at each point the partial
derivatives %(u, v) and g—i(u, v) are linearly independent as vectors in R3. Fix
parameters (ug,vg) and a plane IT |, * = z(ug,vg) + au + bv, through point
Py = x(ugp, vp) on the surface. The plane II is called tangent to the surface M at
point Py if the distance from II to the point x(u,v) is an infinitesimal quantity
in comparison with the distance from z(u,v) to Py. Expanding the function
x(u,v) in a Taylor series about the point (ug, vp)

x(uo + Au,vg + Avg) = x(ug, vo)+
(35)
+g—fb(u0, vo)Au + %(Uo, v0) A + O(Au? + Av?),

()
we find that the linear part in (35) defines a two-parameter representation of
the tangent plane II to the surface M at point Py = x(ug,vp). It is natural
to call any vector emerging from Py and lying in the plane II a tangent vector
to the surface M at point Py. It can be seen from Eq.(35) that parametric
representation of a plane II tangent to a surface M at a point P is of the form

3} 10}
(D, Av) = z(ug, vo) + 372(”0’ vo)Au + afi(uo,vo)Av. (36)

(6)
Hence, any tangent vector & can be decomposed into a linear combination of
the vectors 92 (ug, vg) and 2Z (ug,vo)
ou ov

0 0
£E= a—z(uo, vo)Au + %(uo,vo)Av (37)
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(7)
for an appropriate choice of the parameters Au and Awv. Thus, the vectors
g—z(uo, vp) and %(uo, vg) form a basis in the tangent plane I, and Au and Awv
are linear coordinates of the tangent vector £ in this basis.

Let us draw a smooth curve = z(t) through point Py on a surface M. Since
the curve z = z(t) lies on the surface M, it can be represented parametrically

as the composition
z(t) = z(u(t),v(t)) (38)

of functions u(t) and v(t). In other words, the functions wu(t) and v(t) define
parametrically a curve in a local coordinate system (u,v) on the surface M.
Then, the condition that the curve passes through point Py can be expressed
as the condition for the coordinates: ug = u(tp) , vo = (v(tp) . Calculation of a
tangent vector to a curve (or, as it is frequently called, the velocity vector of a
curve) yields

& (to) = & (x(u(t), v(t))]i=t, =
= 22 (u(to), v(to)) % (to) + F= (ulto), v(to)) % (to) =

= §a (uo,v0) G (to) + G2 (w0, v0) G (to).

Hence, a tangent vector to a curve on a surface M lies in the tangent plane.

Definition. Let £ = 9% (ug,v9)&! + 9% (ug,v0)&? be a tangent vector to a
surface M at a point Py. Then the numbers (£1,&2) are called coordinates of
the tangent vector € to M at point Py in a local coordinate system (u,v) on the
surface M.

This definition works not only for the coordinates (u, v) describing paramet-
rically the surface M, but also for any coordinate system (u’,v’) in a neigh-
bourhood of point Py. Indeed, if (u’,v’) is some other coordinate system, the
coordinates u and are expressed as smooth functions of v’ and v’ :

u=u(u,v), v=uv,v)

uo = u(up, vy), wvo = v(ug,vy). (39)

Considering then compositions of the functions, we obtain a new parametric
definition of a surface M

= z(u(u,v"),v(u,v")). (40)

9)
The parametric equation of a tangent plane II at point Py for the new pa-
rameters (u’,v’) is
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GIAU—

o = w(ulup, ), v(up, ) + 2 Dl 4 22

= x(up, vo) + 8u (uo,vo)a S’ + 3 Oz = (ug,v0) :j, Au'+

+92 (ug, vo) 22 AV’ + 22 (g, v9) 2L AV =

= z(up,v9) + g—i(uo,vo) (%(uf), vp)Au' + %(ug,v(’))Av’) +

+%(uo,vo) (Bu’ (uh, vp) (uO,UO)Av ).
Assuming
Lu = 35/ (ug,vp) (U‘Oa v) AV,
(41)
Av = g;’, (ug, vh) Au’ + 68:/ (ug, vy) A’
(10)

we come to the parametric definition of a tangent plane for the initial parameters

(u, )

T Ox
%(UO,UO)AU—&— o

Thus, formula (40) is another parametric definition of the surface M with the
same tangent plane II. The curve (38) can therefore be written in terms of the
functions «'(¢) and u/(t) in such a way that

(t) = (' (t),v'(t)), v(u'(t), v'(¢)))-

Then, according to the definition of the coordinates of a tangent vector to a

x = x(ug,vo) + (ug,vo)Av.

curve in a local coordinate system (u',v’), the numbers (dd—’z/(to), S (to)) are
the coordinates of a tangent vector to a curve. Differentiating the composite
functions u and v, we obtain a relation between the coordinates of a tangent
vector to a curve in different local coordinate systems

Gi (to) = i (upy, v) %G (to) + Fir (uh, v) G (o),
(42)

& (to) = 5 (u, vh) B (to) + 52 (uf, v) % (t0)-

(11)

Comparison of (41) and (42) shows that this relation coincides with that for
parameter transformation in the definition of a tangent plane.
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2.1.2 General definition of a tangent vector

Definition 14 Let M be a smooth n-dimensional manifold and Py € M an
arbitrary point. A tangent vector at point Py to the manifold M is a corre-
spondence which associates with any local coordinate system (x},...,x") a set of
numbers (£},...,E") satisfying the following relation for each pair of local coor-

dinate systems:

. n 671‘5 .
& =2 g ()G (43)

The numbers (£},...,€") are called coordinates of the tangent vector € in the
local coordinate system (z},...,x7) and relation (12) is called a tensor law of
coordinate transformation for the tangent vector &.

(12)

Definition 14 is a generalization of the concept of the coordinates of a tan-
gent vector to a curve on a surface. The law (42) of the transformation of these
coordinates is a particular case of the tensor law (43) of the coordinate trans-
formation for a vector tangent to a manifold. Moreover, any smooth curve on
a smooth manifold is endowed at each point with a tangent vector in the sense
of Definition 14. This important property can be formulated as the following
proposition.

Proposition 1 Let M be a smooth manifold and v : (—1,1) — M a smooth
mapping of the interval (—1,1) into M. Then the correspondence which asso-
ciates with each local coordinate system (z,...,x™) in a neighbourhood of point

Py = ~(0) the set of numbers (%(y(t)), R ddit"(v(t))), is a tangent vector in
the sense of Definition 14.

It is therefore natural to call the correspondence used in Proposition 1 a
tangent vector to a curve vy or a velocity vector of a curve . The tangent vector

to a curve v will be denoted by fli—z(to) or ¥ (to).

2.2 Tangent vector as a tensor.

The set of all tangent vectors to a manifold M at a fixed point P is called
a tangent space to the manifold M at point P. This set is denoted by Tp(M).
Each tangent vector £ € Tp(M) is uniquely defined by its coordinates in a fixed
coordinate system. Indeed, suppose we are given a set of numbers (n!,..., n")
and assume this set to be the coordinates of a tangent vector in question in a
fixed local coordinate system (z,...,2%), i.e. n* = ¢&. In order to define a
tangent vector, we have to find its coordinates in any local coordinate system

(:c[lg, ,xg) Let us put
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n k
3335

&= (P)n!

ozl
=1 @

These coordinates must satisfy the tensor law of coordinate transformation (43).
To verify this, we substitute 55 and 517 into formula (43)

Since

(the law of transformation of the Jacobi matrix under triple coordinate trans-
formation), relation (43) is satisfied identically.

We have demonstrated that the set of all tangent vectors to a manifold M
at point P is uniquely determined by the coordinates of these vectors in one
fixed local coordinate system. Hence, the entire tangent space Tp(M) can be
identified with the arithmetic vector space R™. This means that Tp(M) can
be endowed with the structure of a linear space. Seemingly, the structure of
a linear space in Tp(M) should depend on the local coordinate system in a
neighbourhood of point P. This is not the case, however.

Proposition 2 Addition of vectors and multiplication of a vector by a number
in a tangent space Tp(M) do not depend on the local coordinate system on M
in a neighbourhood of point P.

The tensor law of coordinate transformation may be considered as a method
of identifying arithmetic spaces of the coordinates of tangent vectors in any local
coordinate system. The method lies in multiplying the coordinate column (f’,j)

by the Jacobi matrix of the transformation from (z!,...,27) to (.Té, TR
dz} x}
1 £} 5} 1
€ﬁ ozl *°° Oxn f,y
n 8w7l 6.%”1 n
s 5
3 gt o o 34

E\ _ (9= l
or (¢8) = (52) (©)
Hence, the tangent space Tp(M) is a space isomorphic to all arithmetic
spaces of the coordinates of tangent vectors.
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2.3 Tangent vector as a sheaf of osculating curves.

Definition 15 Two curves v1 and v2 on a manifold M intersecting at a point
P are called tangent if in each local coordinate system (z',...,z") in a neigh-
bourhood of P we have

D @) — 2" (2(0))? = oft —to)*  for t— to. (44)

k=1

As before, it is sufficient to verify the tangency condition (44) only in one
local coordinate system. The tangency condition is closely related to tangent
vectors. In particular the following theorem justifies the term ”tangent curves”.

Theorem 9 Two smooth curves v1 and 2 on a manifold M are tangent at a
point P if and only if their tangent vectors at Py coincide.

Theorem 9 gives an alternative definition of a tangent vector to a curve.
The set of all smooth curves through a given point Py on a manifold M splits
into disjoint classes of pairwise tangent curves. The class of tangent curves
through a point P € M is called a tangent vector. We have then a one-to-one
correspondence between tangent vectors in the sense of Definition 14 and in the
sense of classes of tangent curves.

2.4 Tangent vector as a differentiation operator.

Definition 16 Suppose Py € M, £ € Tp, (M), v(t) is a smooth curve through

Py, v(to) = Py, € is its tangent vector at Py, 7 (to) = &, and f is a smooth
function on M. The derivative

& 6Ot = €05). (15)

1s called the derivative of the function f with respect to the tangent vector &.
Calculation of the derivative is called the differentiation of the function with
respect to the vector &.

Theorem 10 Let (z!,...,2™) be a local coordinate system in a neighbourhood
of a point P = (x},..2%) of a manifold M, let £ = (£1,...,£™) be a tangent
vector to M at P, and let f = f(x',...,2™) be a smooth function in the neigh-

bourhood of P represented as a function of the local coordinates (x',... z").
Then
- af n\ ¢t
&f) = > o (28, .., x)E. (46)

Hence, the definition (45) of the derivative does not depend on the choice of a
curve in the class of tangent curves, and the right-hand side of (46) does not
depend on a local coordinate system. If g is another smooth function in the
neighbourhood of P the product of f and g obeys the Leibniz formula

E(f9) = f (x5, ---25)€(9) + (g, .ap)E(S). (47)

41



Definition 17 The linear operation A which associates with any smooth func-
tion f of class C*® on a smooth manifold M the number A(f) satisfying the
Leibniz formula (47) is called differentiation at point P € M

Definition 4. In the Leibniz formula (20) the values of functions are cal-
culated at a single point P, so that differentiation at distinct points P and P;
need not coincide. Obviously, differentiation with respect to a tangent vector &
is a particular case of differentiation in the sense of Definition 17, and there are
no other differentiation operations. This means that for each differentiation in
the sense of Definition 17 there exists a tangent vector with respect to which
the function is differentiated.

Theorem 11 Let M be a C*°-manifold, P € M be an arbitrary point, and
let A denote differentiation in the sense of Definition 17. Then there exists a
unique tangent vector & at P such that A(f) = &£(f) for any smooth function f
in a neighbourhood of P.

Proof.
The tangent vector will be sought as a column of its coordinates in some local
coordinate system (z!,...,2") in a neighbourhood of P. Then any smooth

function will be represented as a function of the variables (!, ..., ™).

Lemma 9 Any C*®-function f(x',...,2™) can be represented in the form
flxt, o 2 = f(ad, .. 28) + Z:l ii (@, ... 20) (2" — xh)+
(48)
n . . . .
+ > hij(xt, .2 (2t — 2l (af — ).
i,j=1
where hij(zt, ..., 2") are C*®-functions.
Proof.
Write the identity
h d
P ) = fab o)+ [ S o = ab), o — )
0
and differentiate it with respect to ¢ under the integral sign
flat, oo am) = f(ad, ..., ah)+
(49)

+

(:co +t(@t —ad), .l + (@™ — ap)) (2t — xf)dt

OH»—-

In the last equality the functions
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hi(2! SAtat —xh), . ay (e — al))dt

0
are smooth of class C°. Substitution of 2" = x} yields
1

0
Lag)dt = ag‘:f (zh,...,x0). (50)

(@h,

0

Applying formula (49) to the functions h;(z?,...,z"), we obtain

hix', .. a") = hi(xg, .. xf) + Y (@7 = a)hg (', 2", (51)

Jj=1

where h;j(z!, ..., 2") are C*°-functions. Substituting (51) into (49) and taking
into account (50), we arrive at the initial representation (48).

Lemma 10 Let f and g be smooth functions on a manifold M such that f(P) =
g(P) = 0. Then for any differentiation A at the point P the equality A(fg) =0
18 satisfied.

Lemma 3.

The proof of Lemma 10 directly follows from the Leibniz formula (47).

Let us now turn to the proof of Theorem 11. Represent f in the form of
(48) and apply differentiation A to the left-hand and right-hand sides. Since
the operation is linear, we have

A() = (b, ) A1) + i

i=1

(2, 2 Azt — xh)+

+ Xn: A((a' — 2l) (27 — ad)hy(xt, ... a™)).

Q=1
Note that for a constant unit function we have
A1) =A1-1)=1-A1)+ A(1)-1=2A(1) =0.

In the last sum of (52) each term can be represented as the product of two
functions (z° — x})) and (27 — aJ) - h;;j(x',...,2™), each vanishing at P € M.
Thus, by Lemma 10, A((z* — xf) (27 — 2})hi; (2, ..., 2™)) = 0. Hence,

N~ Of
o oz’

i=1

A(f) (x5, ..., xf) Az — xh). (53)

Put & = A(x" — x})). We obtain the vector & = (£1,...,£") such that
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9 .
b =€)

A(f) = Z
1

The theorem establishes a one-to-one correspondence between tangent vec-
tors to a manifold M at a point P € M and differentiations of a smooth functions
at the point P. We can therefore formulate a third equivalent definition of a
tangent vector: a tangent vector is a differential operator applied to a smooth
function at point P of a manifold M.

2.5 Tangent bundle of smooth manifold.

We have already seen that the set of all tangent vectors Tp(M) to a manifold
M at a point P is a linear space of the same dimension as that of M. In
geometry it is sometimes useful to study the whole set of tangent vectors to a

manifold M, which can, apparently, be represented as the union |J Tp(M).
PEM
This space (not yet topological) is denoted by T'(M) and called a tangent bundle

of M. The term bundle means that T (M) consists of fibers — tangent spaces
Tp(M) to distinct points P of the manifold M. A tangent bundle is by no
means a vector space, for it is meaningless to add vectors belonging to different
fibers. If, for example, a manifold M is a two-dimensional surface in R?, then
T(M) represents the union of all tangent planes to M. It should be noted that
tangent planes to a surface usually intersect, that is, they have common points.
According to the definition of T'(M), however, these points in each fiber define
different vectors, since they originate at distinct points.

Definition 18 A tangent bundle T (M) is a manifold of dimension dim T (M) =
2dim M = 2n with the atlas of charts V, = U, x R™ and local system of
coordinates

(mi,,xg,fé,,fg)

The transition functions are defined by the following formula

ah = wp(xh,...20),

Ty = xg(:c}x,,xg),

1 k05 (1 n (54)
gﬁ = Zkfa@(xw...,xa),

. .

& = T (ahan).

Here are some examples from mechanics which demonstrate that non-trivial
manifolds and tangent bundles to them are convenient in the description of
mechanical systems.
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Example 1. Consider the motion of a plane pendulum, i.e. a rigid bar
hinged at a point. The position of the bar is determined by one parameter, the
angle ¢ between the bar axis and the vertical. Thus, the set of all positions of
the bar is a circle S'. Such a set is called a configuration space.

Consider a two-link compound pendulum, i.e. two bars pivoted together.
The position of this pendulum is determined by two angles 7 and @2, so the
set of all positions represents a two-dimensional torus T? = S! x S!.

Example 2. In mechanics the motion of a mechanical system is usually
described by the parameters characterizing the position of the system and by
the velocities of its parts. The set of all these positions and velocities is called
a phase space, which can naturally be identified with a tangent bundle to a
configuration space. For instance, if a particle moves along a two-dimensional
sphere at a constant velocity, the phase space is a subset in a tangent bundle
consisting of tangent vectors of constant length.

Example 3. There exist more complicated configuration and phase spaces.
Let us consider, for instance, a three-dimensional rigid body with a fixed point.
Any position of this body in R? can be described as follows. Choose in the body
three orthogonal unit vectors eq, es, and e3 emerging from the fixed point. Any
position of the body is given then by the position of these three vectors in R? .
Thus, the configuration space can be identified with the connected component
of the set of all orthogonal unit bases in R3.

2.6 Weak and strong Whitney theorem

The theorem 7 is called a weak Whitney theorem while the following is so called
strong Whitney theorem.

Theorem 12 Let M be a smooth compact manifold of dim M = n. Then the
embedding ¢ : M — R does exist.

Proof.
We shall use Theorem 7 and try to reduce the dimension of RY. Let e € RV
be a non-zero vector and p. : RY — RN~ the orthogonal projection along e
onto a subspace orthogonal to e. Sometimes, the composition

M5 RN & RN

remains an embedding. Analyze the conditions under which the composition
Pe is an embedding. We have to verify two conditions: (a) that the differential
is a monomorphism and (b) that the mapping is one-to-one.

We first consider condition (a). Let P € M, Vp = dpp(TpM) C RN

In order that the differential of the composition d(p.y) at a point P be a
monomorphism, it is necessary and sufficient that the projection p. should map
the subspace Vp injectively into RY~!, which is equivalent to e ¢ Vp. Fix
a local coordinate system (z!,...,2") in a neighbourhood U of point P and
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a basis in R™. Construct the mapping A : U x R" — RPV 1| assuming

h(zh, ...,z € €)= (¢t ¢ (), where
k _ - ayk «@
¢ —QZI@S

and (y',...,y"N) = ¢(x!,...,2"). The mapping h is a smooth mapping of the
2n-dimensional manifold U x R™ onto the projective space RPN ~!. Then the
condition e ¢ Vp exactly means that the straight line generated by e, being a
point in RPY ™!, does not belong to the image of h. By Sard’s theorem, for
2n < N — 1 the set of such points is open and everywhere dense in the entire
space RPY 1. Considering a finite atlas in M, we find that for an open dense
set G in RPY ™! the vector e generating points in G satisfy e ¢ Vp for any
point P € M. This means that the set of e such that the projection p. embeds
©(M) in RV~ is open and dense.

Let us now turn to condition (b). The absence of bijectivity means that e
is parallel to a straight line through a pair of points P # @ on ¢(M). Just like
in the case of condition (a), we shall consider the mapping b’ : (M x M \ A) —
RPN ™! which for a pair of points P # Q assigns a straight line through o(P)
and p(Q). According to Sard’s theorem, for 2n < N — 1 the set of points not
contained in the image of A’ is an open dense set G'. The vector e should
therefore be so chosen that the straight line generated by the point e lies in
GG’ # 0. We have demonstrated that if 2n < N —1, there exists a projection
pe such that the composition p.y is an embedding. Hence, step by step we can
reduce the dimension of the enveloping Euclidean space RY unless the equality
2n = N — 1 is satisfied, whence N = 2n + 1. This is the minimal dimension of
the Euclidean space R(2”*t1) which admits an embedding of any n-dimensional
compact manifold . Theorem 12 is proved.

2.7 Vector fields and dynamic system on manifolds

3 Some application of the theory of manifolds.

3.1 The mapping degree of orientable manifolds, the main
algebra theorem.

3.1.1 Examples

1. Let us consider a circle S! realized as the set of complex numbers with
modulus equal to unity, and a mapping

f:St—st,

f(2) = 2™. This mapping is smooth. Any point of S! is regular for the mapping
f. Indeed, in the local parameter ¢ the mapping f is of the form f(¢) = nep,
df(p) = n, n # 0. Hence the differential df is an isomorphism. The inverse
image of any point zy € S' consists of exactly n points, the roots of order n of
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the complex number zy. Geometrically, the mapping f may be looked upon as
an n-fold "winding” of S' onto itself.
2. Consider a sphere S? as a complex projective line RP!. Let

f:RP'—RP!
be the mapping, defined in projective coordinates by formula
f(lz0 s 2]) = [20 : 21]- (55)

Similar to previous example one can calculate differential of the mapping f
using complex coordinate z = z—i’ Then df (z) = nz""! # 0 if 2 # 0. Hence all
points [z : 21], 20 # 0, 21 # 0 are regular and inverse image consists of exactly
n points. The map f can be looked upon as an n-fold ”winding” along parallels

of the sphere S2.

3.1.2 Manifolds with boundary

Definition 19 A metric space M is called a smooth manifold with boundary if
there exists an atlas {Uy} and coordinate homeomorphisms p : U,—V,, C RY,
where Vylpha is an open set in the halfspace R} C RY defined by the inequality
™ > 0. The transition function assume to be smooth function right up to
boundary points of R’} .

The condition 27 (P) > 0 does not depend of choice of the chart U,. This
means that all points are divided into two classes — interior points and boundary

points. The family of boundary points denotes as M and is called the boundary
of M.

Theorem 13 Let M be a smooth manifolds with boundary. Then the boundary
OM is smooth closed manifold, dimOM = dim —1, atlas of charts V, can be
defined as

Vo =UsNOM,

as coordinate system can be taken all coordinates from M except the last coor-
dinate x which actually vanishes on OM .

3.1.3 The mapping degree mod 2

Definition 20 Let f : M1—Ms be a smooth mapping of compact, connected
closed manifold, dim My = dim Ms, and let P € My be a regular point. The
degree of the mapping [ (relative to a regular point P) is the number

degp f = #f7'(P) (56)

Theorem 14 The mapping degree modulo 2 does not depend

(a) on the choice of the regular point P,

(b) on the choice of the mapping f in the class of (smooth) homotopic map-
pings.
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3.1.4 Oriented manifolds.

A manifold X is said to be oriented if there is an atlas {U,} such that all the
transition functions ¢,z have positive Jacobians at each point. The choice of a
such atlas is called an orientation of the manifold X.

Proposition 3 On a connected oriented manifold there exist exactly two dis-
tinct orientations, any chart defining a local orientation that coincides with one
of the orientations of M.

Theorem 15 If a manifold with boundary M is oriented, then the boundary
OM s also an oriented manifold with the atlas of charts, defined in the theorem
13.

3.1.5 The mapping degree

Definition 21 Let f : Mi— M5 be a smooth mapping of compact, connected,
oriented, closed manifold, dim My = dim Ms, and let P € Ms be a regular point.
For Q € f~1(P) we put €(Q) = +1 if the determinant of the Jacobi matriz of
[ at the point @Q is positive, and €(Q) = —1 if the determinant is negative. The
degree of the mapping [ (relative to a regular point P) is the number

degpf= ), €. (57)
Qef~1(P)

Theorem 16 Definition 21 of the mapping degree does not depend (a) on the
choice of the regular point P,
(b) on the choice of the mapping f in the class of (smooth) homotopic map-

pings.

3.1.6 The main algebra theorem

The fundamental theorem of algebra states that any polynomial P(z) of the
degree n over the field of complex numbers has at least one complex root.

There are many various proofs of this theorem. One of them rests on using
the concept of the degree of a mapping and theorem 2. Let us consider a smooth
mapping P : C—C of the complex plane defined by

w=P(z)=2"+a, 12" '+ +a1z+ap. (58)

This mapping can be extended to the mapping of a two-dimensional sphere
S? into itself, assuming S? to be a complex projective line CP'. To this end
we assume that the complex parameter z is equal to the ratio of homogeneous
coordinates on CP': z = z—‘; for z; # 0. Similarly, w = %‘1’ for wy # 0. Therefore,
the formula

) -1 -1
wy = z§+ an7126l 2+ + alzoz? + GOZF, (59)
wy = 27
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correctly defines the mapping of CP! into itself. Mapping (58) is apparently
a smooth one. Indeed in the chart z; # 0 this follows from (58) in the chart

20 # 0 as a complex coordinate we can take the function 2z’ = le) . By setting
w' = %’7 we obtain

- 2y —
w = n n—1 n—1 n
ZO +(ln,7120 21+"'+a12021 +aozl’ (60)
_ (Z/)'IL
1+an_12"+-+a1(z" )" 1+ao(z")"

Taking a sufficiently small € > 0, we choose a chart containing the point z; = 0
and define this chart by the inequality |2/| < e such that the denominator in
(60) be non-zero. Thus, the mapping f : CP'—CP! given by formula (59) is
smooth. We now calculate the degree of f. According to theorem 2 the mapping
f can be re- placed by a homotopic one. Let us consider the homotopy with
respect to the parameter t 0 <t < 1, defined by

-1 -1
wg = 2§+t (an_lzg 214+ arzoz] T F aoz?) ,
wy; = 27

(61)

Just like in the case of (59), mappings (61) are smooth. At ¢ = 0 we obtain a

simple mapping
wy = 2y,
{ w; = 27 (62)

In the local coordinates w = %’ z = i—‘l’ this mapping takes the form

w = 2", and, say, the point w = 1 is regular. Indeed, calculating the Jacobi
matrix of the mapping v = Rw = Rz", v = Sw = I2", z = x + iy, we obtain

O(u,v)
O(z,y)

Since the equation 2" = 1 has exactly n solutions, the degree of mapping (62)
and, therefore, of mapping (59) is equal to n, i.e. deg f = n. If the polynomial
P did not have roots, the point w = 0 would not belong to the image of f and,
hence, the mapping f : CP'—CP' would have a regular point w = 0 with
empty inverse image, i.e. the degree of mapping f would be zero. Contradiction
proves the theorem.

we1 =n°>0. 63
|

3.2 Submersions and smooth bundles.

Consider a smooth mapping f : X—Y of compact manifolds. Assume that the
differential D f : T;,(X)——T't(;)(Y) is epimorphism at each point x € X. Then
we say that the mapping f is a submersion. In other words all points € X are
regular with respect to the mapping f. In particular due to the Sard theorem
for each point y € X the inverse image f~!(y) C X is a submanifold. More
of that the distribution of the manifold X into submanifolds {f~*(y) :y € Y}
form so called locally trivial bundle of manifolds.
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Definition 22 Let E and B be two topological spaces with a continuous map
p: E—B.

The map p is said to define a locally trivial bundle with a fiber F if for any
point © € B there is a neighborhood U > x for which the inverse image p~1(U)
is homeomorphic to the Cartesian product U x F. Moreover, it is required that
the homeomorphism

0:Ux F—p (V)

preserves fibers, it is a ‘fiberwise’ map, that is, the following equality holds:

p(p(z, f)) =z,2 €U, f € F.

The space E is called total space of the bundle or the fiberspace, the space B is
called the base of the bundle, the space F' is called the fiber of the bundle and the
mapping p s called the projection. The requirement that the homeomorphism
be fiberwise means in algebraic terms that the diagram

UxF 2 p~YU)

where
m:Ux F—U, =n(z,f)==z

18 the projection onto the first factor is commutative.

There is a simple criterion describing when a smooth mapping of manifolds
gives a locally trivial bundle.

Theorem 17 Let
f: X—Y

be a smooth mapping of compact manifolds such that the differential Df is
epimorphism at each point © € X. Then f is a locally trivial bundle with the
fiber a smooth manifold.

Proof.
Without loss of generality one can consider a chart U C Y diffeomorphic to R"”
and the part of the manifold X, namely, f~(U). Then the mapping f gives a

vector valued function
f: X—R".

Assume firstly that n = 1. From the condition of the theorem we know that the
gradient of the function f never vanishes.

Consider the vector field gradf (with respect to some Riemannian metric
on X). The integral curves v(zg,t) are orthogonal to each hypersurface of the
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level of the function f. Choose a new Riemannian metric such that gradf is a
unit vector field. Indeed, consider the new metric

(Ea 77)1 = (57 77) (gradf7 gradf)
Then

(gradf,&) = &(f) = (grad, f,&)1 = (grad, f,§)(grad, f, grad, f).

Hence df
gra
df=——"3"""—.
gradi/ = (gradf, gradf)
Then

(grad, f,grad, f); = (grad, f,grad, f)(gradf,gradf) =
(gradf,gradf)

~ (gradf,gradf)? (gradf,gradf) = 1.

Thus the integral curves

d
5/(1() = (gradf gradf) = 1.
Hence the function f(vy(t)) is linear. This means that if

f(x0) = f(21),

then
f(v(@o,1)) = f(v(z1,1)) = f(w0) + 1.

Put
g: Z x Rl—)Xa g((E,t) = ’7(1’,t>

The mapping g is a fiberwise smooth homeomorphism. Hence the mapping
f:—R!

gives a locally trivial bundle. Further, the proof will follow by induction with
respect to n. Consider a vector valued function

which satisfies the condition of the theorem. Choose a Riemannian metric on
the manifold X such that gradients

gradfi,...,gradf,

are orthonormal. Such a metric exists. Indeed, consider firstly an arbitrary
metric. The using the linear independence of the differentials {df;} we know
that the gradients are also independent. Hence the matrix

a;; = (gradf;(z), gradf;(z))
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is nondegenerate in each point. Let ||b;;(x)|| be the matrix inverse to the matrix
lai; ()], that is,

sza a]a = 61]

Put
gk - Zbk‘j gradfz )

Then

Z bri(x)gradfi(f;) =

Z blm gradfl, gradgg Z bkz azg = 51{2]

Let U, be a sufficiently small neighborhood of a point of the manifold X.
The system of vector fields {&1,...,&,} can be supplemented by vector fields
Nn+1, - - -, NN to form a basis such that

me(fi) =0
Consider the new metric in the chart U, given by
(&> &Gla = iy,
(&> Mj)a = 0

Let ¢, be a partition of unity subordinate to the covering {U,} and put

7 0 - Z@a
Then
(&, &lo = dijs
<§k7 T/)O = 0

for any vector n for which n(f;) = 0. Let grad,f; be the gradients of the
functions f; with respect to the metric (£, n)o. This means that

(gradfi,&)o = &(fi)

for any vector £. In particular one has

(gradf;, &)o = 0y,
(gradfi, n)o

for any vector 7 for which n(f;) = 0.
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Similar relations hold for the vector field &;. Therefore

& = gradf;,

that is,

(gradfl-, gradfj>5ija

the latter proves the existence of metric with the necessarily properties.
Let us pass now to the proof of the theorem. Consider the vector function

g9(x) ={f1(@), ..., far(2)}.

This function satisfies the conditions of the theorem and the inductive assump-
tion. It follows that the manifold X is diffeomorphic to the Cartesian product
X = Z x R* ! and the functions f; are the coordinate functions for the second
factor. Then gradf, is tangent to the first factor Z and hence the function
fn(x,t) does not depend on t € R"~!. Therefore one can apply the first step of
the induction to the manifold Z, that is,

Z =27, xRL

Thus
X = Zl x R".

3.3 The Pontryagin—Thom construction, the bordism the-
ory.

3.4 The Morse functions on manifolds

Consider a smooth function f on a manifold X. A point pg is called a critical
point if
df(LL'()) =0.

A critical point xg is said to be nondegenerate if the matrix of second deriva-
tives is nondegenerate. This property does not depend on a choice of local
coordinates. Let T*X be the total space of the cotangent bundle of manifold X
(that is, the vector bundle which is dual to the tangent bundle). Then for each
function

f: X—R!

there is a mapping
df : X —T*X (64)

adjoint to Df which to each point z € X associates the linear form on 7T, X
given by the differential of the function f at the point . Then in the manifold
T*X there are two submanifolds: the zero section X of the bundle T* X and the
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image df(X). The common points of these submanifolds correspond to critical
points of the function f. Further, a critical point is nondegenerate if and only
if the intersection of submanifolds Xy and df(X) at that point is transversal.
If all the critical points of the function f are nondegenerate then f is called
a Morse function. Thus the function f is a Morse function if and only if the
mapping (64) is transversal along the zero section Xy C T*X.

3.5 Vector fields, the Lie brackets, the Lie algebra struc-
ture, integrable distributions, foliations.

3.5.1 Dynamical system

Let £(P) be a smooth field on M . We recall that the trajectory ~(¢) is called

an integral curve of the field £(P) if %fy(t) =£(v(t)), i.e. if the tangent velocity

vectors to y(t) coincide with the vector field &.

Theorem 18 Let & be a smooth vector field on a smooth compact manifold M.
Them there is unique smooth mapping

©:MxR'—M (65)

which forms the collection of all integral curves of the field £ that is

¢(r0,0) = o,
66
Lol@ot) = &(p(ro.). (66)
The mapping (65) satisfies the property
o(p(z0,t),8) = @(xo,t + 5), t, 5 € R, (67)

that is a one parametric group of diffeomorphisms of the manifold M.
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7

Differential forms, calculus, de Rham com-
plex, de Rham cohomology, the Hodge theory.

Integration of differential forms, the general
Stokes formula. Special cases: Newton—Leibniz,
Green, Gauss-Ostrogradsky, 3-dimensional Stokes
formula.

Application to the mapping degree and the
Gauss-Bonnet formula.

Locally trivial bundles

7.1 Definition

The definition of a locally trivial bundle was coined to capture an idea which
recurs in a number of different geometric situations. We commence by giving a
number of examples.

The surface of the cylinder can be seen as a disjoint union of a family of line

segments continuously parametrized by points of a circle. The Mobius band can
be presented in similar way. The two dimensional torus embedded in the three
dimensional space can presented as a union of a family of circles (meridians)
parametrized by points of another circle (a parallel).

Now, let M be a smooth manifold embedded in the Euclidean space RN

and TM the space embedded in RN x RN, the points of which are the tangent
vectors of the manifold M. This new space T'M can be also be presented as a
union of subspaces T,, M, where each T, M consists of all the tangent vectors to
the manifold M at the single point x. The point x of M can be considered as a
parameter which parametrizes the family of subspaces T, M. In all these cases
the space may be partitioned into fibers parametrized by points of the base.

The examples considered above share two important properties: a) any two

fibers are homeomorphic, b) despite the fact that the whole space cannot be
presented as a Cartesian product of a fiber with the base (the parameter space),
if we restrict our consideration to some small region of the base the part of the
fiber space over this region is such a Cartesian product. The two properties
above are the basis of the following definition.

Definition 23 Let E and B be two topological spaces with a continuous map

p: E—B.

The map p is said to define a locally trivial bundle if there is a topological space
F such that for any point x € B there is a neighborhood U > x for which
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the inverse image p~1(U) is homeomorphic to the Cartesian product U x F.
Moreover, it is required that the homeomorphism

0:Ux F—p 1(U)
preserves fibers, it is a ‘fiberwise’ map, that is, the following equality holds:

plp(x, f))==z,2e€U feF.

The space E is called total space of the bundle or thefiberspace, the space B is
called thebase of the bundle, the space F' is called thefiber of the bundle and the
mapping p is called theprojection. The requirement that the homeomorphism ¢
be fiberwise means in algebraic terms that the diagram

UxF 2 pYU)
| |7
U U

where
7:UXx F—U, 7(z,f)==x

1s the projection onto the first factor is commutative.

One problem in the theory of fiber spaces is to classify the family of all
locally trivial bundles with fixed base B and fiber F. Two locally trivial bun-
dles p : E—B and p’ : E'’—B are considered to be isomorphic if there is a
homeomorphism 1 : E—FE’ such that the diagram

P

E - F
I
B = B

is commutative. It is clear that the homeomorphism 1 gives a homeomorphism
of fibers F—F’. To specify a locally trivial bundle it is not necessary to be
given the total space E explicitly. It is sufficient to have a base B, a fiber F
and a family of mappings such that the total space E is determined ‘uniquely’
(up to isomorphisms of bundles). Then according to the definition of a locally
trivial bundle, the base B can be covered by a family of open sets {U,} such
that each inverse image p~!(U,) is fiberwise homeomorphic to U, x F. This
gives a system of homeomorphisms

Qo : Uy x F—p~1(U,).

Since the homeomorphisms ¢, preserve fibers it is clear that for any open
subset V' C U, the restriction of ¢, to V x I establishes the fiberwise home-
omorphism of V x F onto p~*(V). Hence on U, x Ug there are two fiberwise
homeomorphisms

Yo (UaNUg) x F—p~ Uy NUp),
¢p: (UaNUg) x F—p (U, N Up).
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Let @3 denote the homeomorphism gpglgoa which maps (U, N Ug) x F
onto itself. The locally trivial bundle is uniquely determined by the following
collection: the base B, the fiber F', the covering U, and the homeomorphisms

Yap : (UaNUg) x F— (U, NUg) x F.

The total space E should be thought of as a union of the Cartesian products
U, x F with some identifications induced by the homeomorphisms ¢,3. By
analogy with the terminology for smooth manifolds, the open sets U,, are called
charts, the family {U,} is called the atlas of charts, the homeomorphisms ¢,
are called the coordinate homeomorphisms and the ¢, are called the transition
functionsor the sewing functions. Sometimes the collection {U,,, ¢4} is called the
atlas. Thus any atlas determines a locally trivial bundle. Different atlases may
define isomorphic bundles but, beware, not any collection of homeomorphisms
o forms an atlas. For the classification of locally trivial bundles, families
of homeomorphisms ¢,s that actually determine bundles should be selected
and then separated into classes which determine isomorphic bundles. For the
homeomorphisms ¢, to be transition functions for some locally trivial bundle:

Pha = V5 Pa- (68)

Then for any three indices ¢, 8, on the intersection (U, N Ug NU,) x F the
following relation holds:
ParyPypPpa = id,

where id is the identity homeomorphism and for each «,

Voo = id. (69)
In particular
PapPpa = id, (70)
thus
Papg = QOEOCI'

Hence for an atlas the ¢, should satisfy

Paa =1id,  QaypypPpa = id. (71)

These conditions are sufficient for a locally trivial bundle to be reconstructed
from the base B, fiber F, atlas {U,} and homeomorphisms ¢g,. To see this,
let

E' =U,(U, x F)

be the disjoint union of the spaces U, x F. Introduce the following equivalence
relation: the point (z, f) € U, x F is related to the point (y,g) € Ug x F' iff

r=ye€U,NUg
and

(Y,9) = ppalz, f).
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The conditions (69), (70) guarantee that this is an equivalence relation, that
is, the space E’ is partitioned into disjoint classes of equivalent points. Let E
be the quotient space determined by this equivalence relation, that is, the set
whose points are equivalence classes. Give E the quotient topology with respect
to the projection
T E—FE

which associates to a (z, f) its the equivalence class. In other words, the subset
G C E is called open iff 771(G) is open set. There is the natural mapping p’
from E’ to B:

Pz, f) =z
Clearly the mapping p’ is continuous and equivalent points maps to the same
image. Hence the mapping p’ induces a map

p: E—B

which associates to an equivalence class the point assigned to it by p’. The map-
ping p is continuous. It remains to construct the coordinate homeomorphisms.
Put

Yo =Ty, xF : Uy X F—E.

Each class z € p~!(U,) has a unique representative (z, f) € U, x F. Hence ¢,
is a one to one mapping onto p~1(U,). By virtue of the quotient topology on
E the mapping ¢, is a homeomorphism. It is easy to check that (compare with

(68))
¢35 0 = Ppa-

So we have shown that locally trivial bundles may be defined by atlas of charts
{U,} and a family of homeomorphisms {¢g.} satisfying the conditions (69),
(70). Let us now determine when two atlases define isomorphic bundles. First
of all notice that if two bundles p : F—B and p’ : E'— B with the same
fiber F' have the same transition functions {¢gs} then these two bundles are
isomorphic. Indeed, let

Yo : Ua—p " (Us).

Yo : Ua—p'""! (Ua)-

be the corresponding coordinate homeomorphisms and assume that

PBa = @glwa = '(/)Elz/)a = wﬁow

Then
onﬂ/};l = ¢ﬁ¢gl~

We construct a homeomorphism
Y B —E.

Let © € E'. The atlas {U,} covers the base B and hence there is an index «
such that € p'~1(U,). Set

¥(2) = patty ' (2).
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It is necessary to establish that the value of ¢ (z) is independent of the choice
of index a. If x € p'~1(Up) also then

Povs (T) = Py wpts Yathyt(2) =
= @a@aﬁ@,@adjgl(x) = ¢a¢;1($)-

Hence the definition of ¥ (x) is independent of the choice of chart. Continuity
and other necessary properties are evident. Further, given an atlas {U,} and
coordinate homomorphisms {¢,}, if {V3} is a finer atlas (that is, V3 C U, for
some a = «(f)) then for the atlas {V3}, the coordinate homomorphisms are
defined in a natural way

O = Pa@)(vaxp) : Va x F—p~ 1 (Vp).

The transition functions ¢j 5, for the new atlas {V3} are defined using restric-
tions

Ph1.8s = Pa(Br)a(B) (Vs nviay ) xF 1+ (Ve N Vp,) X F—(V, NVp,) x F.

Thus if there are two atlases and transition functions for two bundles, with
a common refinement, that is, a finer atlas with transition functions given by
restrictions, it can be assumed that the two bundles have the same atlas. If
©Ba, ‘P/aa are two systems of the transition functions (for the same atlas), giving
isomorphic bundles then the transition functions ¢ga, <p’ﬁa must be related.

Theorem 19 Two systems of the transition functions pg., and gp/’Ba define
isomorphic locally trivial bundles iff there exist fiber preserving homeomorphisms

hg : Uy x F—U, x F

such that
Soﬁa = hﬁ;lwlﬁaho‘- (72)

7.1.1 Examples

1. Let E = B x F' and p : E—B be projections onto the first factors. Then
the atlas consists of one chart U, = B and only one the transition function
Yoo = 1d and the bundle is said to be trivial.

2. Let E be the Mobius band. One can think of this bundle as a square in
the plane, {(z,y) : 0 <z < 1,0 < y < 1} with the points (0,y) and (1,1 — y)
identified for each y € [0,1]. The projection p maps the space E onto the
segment I, = {0 < x < 1} with the endpoints z = 0 and = = 1 identified,
that is, onto the circle S'. Let us show that the map p defines a locally trivial
bundle. The atlas consists of two intervals (recall 0 and 1 are identified)

1 1
Uy ={0 <z <1}, U5:{0§x<§}u{§<x§1}.
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The coordinate homeomorphisms may be defined as following;:

Pa - Uy % Iy"Ea @a(xay) = (xay)7
pp:Ug x Iyj—FE

1

vo(e,y) = (wy)  for 0<w<g,
1

pp(e,y) = (@, 1—y) for S <z<l

The intersection of two charts U,NUgs consists of union of two intervals U,NUg =

(0,3) U (3,1). The transition function ¢g, have the following form

1
Ve = (z,y) for O<:c<§,

1
V8a (z,1—y) for §<x<1.
The Mobius band is not isomorphic to a trivial bundle. Indeed, for a trivial
bundle all transition functions can be chosen equal to the identity. Then by
Theorem 77 there exist fiber preserving homeomorphisms

ho : Uy X Iy—Uqy X I,
h@ : Ug X IyHUg X Iy,

such that

Ppa = hgz'ha
in its domain of definition (U, N Ug) x I,. Then hy, hg are fiberwise home-
omorphisms for fixed value of the first argument = giving homeomorphisms of

interval I, to itself. Each homeomorphism of the interval to itself maps end
points to end points. So the functions

ho(z,0), ho(z,1), hg(z,0), hg(x,1)

are constant functions, with values equal to zero or one. The same is true for
the functions hglha(x,O). On the other hand the function ¢gq(z,0) is not

constant because it equals zero for each 0 < = < % and equals one for each
% < 2 < 1.This contradiction shows that the Mdobius band is not isomorphic to
a trivial bundle.

3. Let E be the space of tangent vectors to two dimensional sphere S2

embedded in three dimensional Euclidean space R3. Let
p: E—8?

be the map associating each vector to its initial point. Let us show that p is a
locally trivial bundle with fiber R2. Fix a point sy € S2. Choose a Cartesian
system of coordinates in R? such that the point sy is the North Pole on the
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sphere (that is, the coordinates of s¢ equal (0,0,1)). Let U be the open subset
of the sphere S? defined by inequality z > 0. If s € U, s = (z,v, 2), then

2y +22=1,2>0.
Let €= (£,m,¢) be a tangent vector to the sphere at the point s. Then
z§ +yn+2¢ =0,

that is,
(=—(z€+yn)/
Define the map
0:UxR*—p 1(U)
by the formula

90(557?/72'75777) = (CU,% 2357777 —(il'é- + yn)/z)

giving the coordinate homomorphism for the chart U containing the point sg €
S2. Thus the map p gives a locally trivial bundle. This bundle is called the
tangent bundle of the sphere S2.

7.2 The structure groups

The relations (71,72) obtained in the previous section for the transition functions
of a locally trivial bundle are similar to those involved in the calculation of one
dimensional cohomology with coefficients in some algebraic sheaf. This analogy
can be explain after a slight change of terminology and notation and the change
will be useful for us for investigating the classification problem of locally trivial
bundles. Notice that a fiberwise homeomorphism of the Cartesian product of
the base U and the fiber F' onto itself

¢:U x F—U x F, (73)

can be represented as a family of homeomorphisms of the fiber F' onto itself,
parametrized by points of the base B. In other words, each fiberwise homeo-
morphism ¢ defines a map

¢ : U—Homeo (F), (74)

where Homeo (F') is the group of all homeomorphisms of the fiber F. Fur-
thermore, if we choose the right topology on the group Homeo (F') the map @
becomes continuous. Sometimes the opposite is true: the map (74) generates
the fiberwise homeomorphism (73)with respect to the formula

(. f) = (2, @) f)-
So instead of ¢, a family of functions

Pag : Uy N Ug—Homeo (F),
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can be defined on the intersection U, N Ug and having values in the group
Homeo (F'). In homological algebra the family of functions @,g is called a one
dimensional cochain with values in the sheaf of germs of functions with values
in the group Homeo (F'). The condition (71) from the section ?? means that

@aa(x) = id,
Pary (2)Pyp(2)Ppa(z) = id.
rzeU,N Uﬁ n Upy.

and we say that the cochain {@.s3} is a cocycle. The condition (72) means that
there is a zero dimensional cochain h, : U,—Homeo (F') such that

@pa(r) = hy' (2) P, (2)ha(z), © € Uy NUp.

Using the language of homological algebra the condition (72) means that
cocycles {@pa} and {@j, } are cohomologous. Thus the family of locally trivial
bundles with fiber F' and base B is in one to one correspondence with the
one dimensional cohomology of the space B with coefficients in the sheaf of the
germs of continuous Homeo (F')—valued functions for given open covering {U, }.
Despite obtaining a simple description of the family of locally trivial bundles in
terms of homological algebra, it is ineffective since there is no simple method of
calculating cohomologies of this kind. Nevertheless, this representation of the
transition functions as a cocycle turns out very useful because of the situation
described below.

First of all notice that using the new interpretation a locally trivial bundle
is determined by the base B, the atlas {U,} and the functions {p,s3} taking the
value in the group G = Homeo (F'). The fiber F itself does not directly take
part in the description of the bundle. Hence, one can at first describe a locally
trivial bundle as a family of functions {¢ag} with values in some topological
group G, and after that construct the total space of the bundle with fiber F' by
additionally defining an action of the group G on the space F, that is, defining
a continuous homomorphism of the group G into the group Homeo (F).

Secondly, the notion of locally trivial bundle can be generalized and the
structure of bundle made richer by requiring that both the transition functions
Pap and the functions h, are not arbitrary but take values in some subgroup
of the homeomorphism group Homeo (F)).

Thirdly, sometimes information about locally trivial bundle may be obtained
by substituting some other fiber F’ for the fiber F' but using the ‘same’ tran-
sition functions. Thus we come to a new definition of a locally trivial bundle
with additional structure — the group where the transition functions take their
values.

Definition 24 Let E,B,F be topological spaces and G be a topological group
which acts continuously on the space F'. A continuous map

p: EF—B
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18 said to be a locally trivial bundle with fiber F and the structure group G if
there is an atlas {U,} and the coordinate homeomorphisms

Yo : Uy x F—p~1(U,)
such that the transition functions
Ppa =5 ot (UaNUp) x F—(Us NUg) x F

have the form
90[304(1'7 f)=(z, @ﬁa(l')f),

where @gq @ (Uy NUg)—G are continuous functions satisfying the conditions

Paa(x) =1, x € Uy,
Gap(T)Ppy (2)Pya(z) =1, 2 € Uo NUz N U,. (75)

The functions @p are also called the transition functions

Let
V: B —E

be an isomorphism of locally trivial bundles with the structure group G. Let
o and go/a be the coordinate homeomorphisms of the bundles p : E— B and
p' 1 E'— B, respectively. One says that the isomorphism ) is compatible with
the structure group G if the homomorphisms

oot iUy x F—Uy x F
are determined by continuous functions
ha : Uy—G,

defined by relation

Yo Vu(x, f) = (2, ha() f). (76)
Thus two bundles with the structure group G' and transition functions ¢g, and
gpba are isomorphic, the isomorphism being compatible with the structure group
G, if

Ppa () = hg(2)Pjsa () ha () (77)

for some continuous functions h,, : U,—G. So two bundles whose the tran-
sition functions satisfy the condition (77) are called equivalent bundles. Tt is
sometimes useful to increase or decrease the structure group G. Two bundles
which are not equivalent with respect of the structure group G may become
equivalent with respect to a larger structure group G’, G C G'. When a bundle
with the structure group G admits transition functions with values in a sub-
group H, it is said that the structure group G is reduced to subgroup H. It is
clear that if the structure group of the bundle p : E—— B consists of only one
element then the bundle is trivial. So to prove that the bundle is trivial, it is
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sufficient to show that its the structure group G may be reduced to the trivial
subgroup. More generally, if
p: G—G'

is a continuous homomorphism of topological groups and we are given a locally
trivial bundle with the structure group G and the transition functions

Yap : Ua NUg—G

then a new locally trivial bundle may be constructed with structure group G’
for which the transition functions are defined by

s (@) = p(Pap()).

This operation is called a change of the structure group (with respect to the
homomorphism p).

7.2.1 Remark

Note that the fiberwise homeomorphism
p: Ux F—UXF
in general is not induced by continuous map
@ : U—Homeo (F). (78)

Because of lack of space we will not analyze the problem and note only that
later on in all our applications the fiberwise homeomorphisms will be induced
by the continuous maps (78) into the structure group G.

Now we can return to the third situation, that is, to the possibility to choos-
ing a space as a fiber of a locally trivial bundle with the structure group G. Let
us consider the fiber

F=G

with the action of G on F being that of left translation, that is, the element
g € G acts on the F' by the homeomorphism

g(f) =gf, fe F=0G.

Definition 25 A locally trivial bundle with the structure group G is called prin-
cipal G-bundle if F = G and action of the group G on F is defined by the left
translations.

An important property of principal G-bundles is the consistency of the home-
omorphisms with the structure group G and it can be described not only in
terms of the transition functions (the choice of which is not unique) but also in
terms of equivariant properties of bundles.
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Theorem 20 Let
p: EF—B

be a principal G-bundle,
Yo : Uy x G—p~1(U,)

be the coordinate homeomorphisms. Then there is a right action of the group G
on the total space E such that:

1. the right action of the group G is fiberwise, that is,

p(z) =p(zg), z € E, g € G.

2. the homeomorphism ;' transforms the right action of the group G on
the total space into right translations on the second factor, that is,

@a(l’af)nga(fafg), eraa f7g€G' (79)

Theorem 20 allows us to consider principal G-bundles as having a right
action on the total space.

Theorem 21 Let
V: B —E (80)

be a fiberwise map of principal G-bundles. The map (80) is the isomorphism
of locally trivial bundles with the structure group G, that is, compatible with the
structure group G iff this map is equivariant (with respect to right actions of the
group G on the total spaces).

Thus by Theorem 21, to show that two locally trivial bundles with the struc-
ture group G (and the same base B) are isomorphic it necessary and sufficient
to show that there exists an equivariant map of corresponding principal G-
bundles (inducing the identity map on the base B). In particular, if one of the
bundles is trivial, for instance, E' = B x G, then to construct an equivariant
map 1 : B'—FE it is sufficient to define a continuous map 1 on the subspace
{(z,e) :x € B,} C E' = B x G into E. Then using equivariance, the map 1) is
extended by formula

P(z,9) = ¥(z,e)g.

The map{(x,e) : z € B, }LE’ can be considered as a map
s: B—FE (81)

satisfying the property

ps(x) =z, x € B. (82)
The map (81) with the property (82) is called a cross—section of the bundle. So
each trivial principal bundle has cross—sections. For instance, the map B— B X
G defined by z—(x, €) is a cross—section. Conversely, if a principal bundle has
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a cross—section s then this bundle is isomorphic to the trivial principal bundle.
The corresponding isomorphism 1 : B x G—F is defined by formula

Y(z,9) = s(x)g, v € B, geG.

Let us relax our restrictions on equivariant mappings of principal bundles with
the structure group G. Consider arbitrary equivariant mappings of total spaces
of principal G—bundles with arbitrary bases. Each fiber of a principal G-bundle
is an orbit of the right action of the group G on the total space and hence for
each equivariant mapping

Vv B —FE

of total spaces, each fiber of the bundle
p B —B

maps to a fiber of the bundle
p: E—B. (83)

In other words, the mapping ¢ induces a mapping of bases
x:B'—B (84)

and the following diagram is commutative
»

F — FE
N

Let U, C B be a chart in the base B and let U, é be a chart such that
x(Up) C Ua.
The mapping 4,0;11/)3023 makes the following diagram commutative

‘/’;11/}8029
—

Uy x G Uy x G
lp’so’g lpsﬂa (86)
U = Ua

In diagram (86), the mappings p'¢} and py, are projections onto the first
factors. So one has

o V(2 g) = (x(@'), ha(z)g).

Hence the mapping (84) is continuous. Compare the transition functions of
these two bundles. First we have

($/7 ('5,/3152 (x/)g) = @,/31,32 (m’,g) = (‘02;11('0%2 (:C/,g).
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Then

(x(2"), hp, ()@, 5, (2)g) =

Porr VP05, 0 P, (2 9) = 0o e, (2, g) =
= 0al ParPas b, (@, 9) = (X('), Pasas (X(2'))hp, (2")g),
that is,
hﬁl (x/)@ﬁlﬁQ (:L'/) = 551110@ (X(xl))hﬁQ ((E/),
or

hy ()@, 5, (2" )5, (2') = Payas (X(2))- (87)

By Theorem ?7? the left part of (87) are the transition functions of a bundle
isomorphic to the bundle
p : E'—B. (88)

Thus any equivariant mapping of total spaces induces a mapping of bases
x: B —B.

Moreover, under a proper choice of the coordinate homeomorphisms the transi-
tion functions of the bundle (88) are inverse images of the transition functions
of the bundle (83). The inverse is true as well: if

x:B'—B

is a continuous mapping and
p: EF—B

is a principal G-bundle then one can put
Ug = X" (Ua), @ap(r’) = Gap(x(@)). (89)
Then the transition functions (89) define a principal G—bundle
p':—B,
for which there exists an equivariant mapping
Y B —E

with commutative diagram (85). The bundle defined by the transition functions
(89) is called the inverse image of the bundle p : E— B with respect to the
mapping x . In the special case when the mapping x : B'— B is an inclusion
then we say that the inverse image of the bundle with respect to the mapping
X is the restriction of the bundle to the subspace B" = x(B’). In this case the
total space of the restriction of the bundle to the subspace B” coincides with
the inverse image
B = p—l(B//) CE.
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Thus if
E-Y.E

is an equivariant mapping of total spaces of principal G-bundles then the bundle
p' : E'— B’ is an inverse image of the bundle p : — B with respect to the
mapping  : B'— B. Constructing of the inverse image is an important way
of construction new locally trivial bundles. The following theorem shows that
inverse images with respect to homotopic mappings are isomorphic bundles.

Theorem 22 Let
p:EF—BxI

be a principal G-bundle, where the base is a Cartesian product of the compact
space B and the unit interval I = [0,1], and let G be a Lie group. Then restric-
tions of the bundle p to the subspaces B x {0} and B x {1} are isomorphic.

Corollary 1 If the transition functions pag(x) and pag(x) are homotopic within
the class of the transition functions then corresponding bundles are isomorphic.

7.2.2 Examples

1. Consider the Mobius band. The transition functions ¢, take two values
in the homeomorphism group of the fiber: the identity homeomorphism e(y) =
y, y € I and homeomorphism j(y) =1 —y, y € I. The group generated by the
two elements e and j has the order two since j2 = e. So instead of the Mobius
band we can consider corresponding principal bundle with the structure group
G = Z5. As a topological space the group G consists of two isolated points.
So the fiber of the principal bundle is the discrete two-point space. This fiber
space can be thought of as two segments with ends which are identified crosswise.
Hence the total space is also a circle and the projection p : S'—8" is a two-
sheeted covering. This bundle is nontrivial since the total space of a trivial
bundle would have two connected components.

2. Consider the tangent bundle of two dimensional sphere. The coordinate

homeomorphisms
0:UxR*—R3xR?

were defined by formulas that were linear with respect to the second argument.
Hence the transition functions also have values in the group of linear trans-
formations of the fiber F = R?, that is, G = GL (2,R). It can be shown
that the structure group G can be reduced to the subgroup O(n) of orthonor-
mal transformations, induced by rotations and reflections of the plane. Let us
explain these statements about the example of the tangent bundle of the two
dimensional sphere S2. To define a coordinate homeomorphism means to define
a basis of tangent vectors e (), ea(x) at each point z € U, such that functions
e1(z) and ey (z) are continuous.

Let us choose two charts U, = {(z,y,2) : z # 1}, Ug = {(z,y,2) : z #
—1}. The south pole Py = (0,0, —1) belongs to the chart U,. The north pole
P, = (0,0,41) belongs to the chart Ug. Consider the meridians. Choose an
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orthonormal basis for the tangent space of the point Py and continue it along
the meridians by parallel transfer with respect to the Riemannian metric of
the sphere S? to all of the chart U,. Thus we obtain a continuous family of
orthonormal bases e1(x), ea(z) defined at each point of U,. In a similar way
we construct a continuous family of orthonormal bases €} (x), e} (z) defined over
Ugs. Then the coordinate homeomorphisms are defined by the following formulas

va(z,&,m) = Eei(x) + nea(x)
ep(x,&'\n') = &ei(x)+n'ey().

The transition function fgo, = @glgaa expresses the coordinates of a tangent
vector at a point z € U,NUpg in terms of the basis €} (), e5(x) by the coordinates
of the same vector with respect to the basis ej(x),ea(x). As both bases are
orthonormal, the change of coordinates (¢,7’) into coordinates (£, ) is realized
by multiplication by an orthogonal matrix. Thus the structure group GL (2,R)
of the tangent bundle of the sphere S? is reducing to the subgroup O(2) C
GL (2,R).

3. Any trivial bundle with the base B can be constructed as the inverse
image of the mapping of the base B into a one-point space {pt} which is the
base of a trivial bundle.

7.3 Vector bundles

The most important special class of locally trivial bundles with given structure
group is the class of bundles where the fiber is a vector space and the structure
group is a group of linear automorphisms of the vector space. Such bundles are
called vector bundles. So, for example, the tangent bundle of two-dimensional
sphere S? is a vector bundle. One can also consider locally trivial bundles where
fiber is a infinite dimensional Banach space and the structure group is the group
of invertible bounded operators of the Banach space. In the case when the fiber
is R™, the vector bundle £ is said to be finite dimensional and the dimension
of the vector bundle is equal to n (dim& = n). When the fiber is an infinite
dimensional Banach space, the bundle is said to be infinite dimensional. Vector
bundles possess some special features.

First of all notice that each fiber p~!(z), € B has the structure of vector
space which does not depend on the choice of coordinate homeomorphism. In
other words, the operations of addition and multiplication by scalars is indepen-
dent of the choice of coordinate homeomorphism. Indeed, since the structure
group G is GL (n,R) the transition functions

Yap : (UaNUg) x R"—(UsyNUg) x R"

are linear mappings with respect to the second factor. Hence a linear com-
bination of vectors goes to the linear combination of images with the same
coefficients.

Denote by I'(§) the set of all sections of the vector bundle £. Then the set
I'(¢) becomes an (infinite dimensional) vector space. To define the structure of
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vector space on the I'(¢§) consider two sections si, Sa:
81,82 B—FE.

Put
(81 + s2)(x) = s1(x) + s2(x), = € B, (90)

(As1)(z) = A(s1(z)), A€ R, xz € B. (91)

The formulas (90) and (91) define on the set I'(§) the structure of vector space.
Notice that an arbitrary section s : B——F can be described in local terms. Let
{U,} be an atlas, ¢, : Uy, x R"—p~1(U,) be coordinate homeomorphisms,
Pag = goglgoa. Then the compositions

90;13 :U,—Uy, x R™

are sections of trivial bundles over U, and determine vector valued functions
Sa @ Uy—R"™ by the formula

(‘P;l)(w) = (m,sa), x € Uq.

On the intersection of two charts U, NUpg the functions s, () satisty the following
compatibility condition

55(1) = @pa(2)(sa(2))- (92)

Conversely, if one has a family of vector valued functions s, : U,—R" which
satisfy the compatibility condition (92) then the formula

5(z) = pa(z,54(7))

determines the mapping s : B—F uniquely (that is, independent of the choice
of chart U,).
The map s is a section of the bundle &.

7.3.1 Operations of direct sum and tensor product

There are natural operations induced by the direct sum and tensor product of
vector spaces on the family of vector bundles over a common base B. Firstly,
consider the operation of direct sum of vector bundles. Let & and & be two vec-
tor bundles with fibers V; and V5, respectively. Denote the transition functions
of these bundles in a common atlas of charts by ¢ 5(z) and @2 4(x). Notice
that values of the transition function ¢, 3 (2) lie in the group GL (V7) whereas
the values of the transition function goiﬁ(ac) lie in the group GL (V2). Hence
the transition functions ¢} 5(2) and @2 5(x) can be considered as matrix-—values
functions of orders n; = dimV; and ny = dim V5, respectively. Both of them
should satisfy the conditions (75) from the section 2.

We form a new space V' = V; & V5. The linear transformation group GL (V)
is the group of matrices of order n = n; + no which can be decomposed into
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blocks with respect to decomposition of the space V into the direct sum V; & V5.
Then the group GL (V) has the subgroup GL (V7)) @ GL (V3) of matrices
which have the following form:

A= H oy H — A @ Ay, A = GL (V)), Ay = GL (Va).
2
Then we can construct new the transition functions
L 0
as(T) = prg(z) ® @ sz‘paﬁ@) H 93
pus(w) = hale) @ 9@ = | PP (93)

The transition functions (93) satisfy the conditions (75) from section 2, that is,
they define a vector bundle with fiber V' = V; & V5. The bundle constructed
above is called the direct sum of vector bundles &1 and & and is denoted by
& =& @ &. The direct sum operation can be constructed in a geometric way.
Namely, let p; : E1— B be a vector bundle & and let py : F5—— B be a vector
bundle &. Consider the Cartesian product of total spaces Fy x Ey and the
projection
P3 =Dp1 Xp22E1XE2—>BXB.

It is clear that p is vector bundle with the fiber V = V; & V5.

Consider the diagonal A C B x B, that is, the subset A = {(z, ) : x € B}.
The diagonal A is canonically homeomorphic to the space B. The restriction
of the bundle p3 to A ~ B is a vector bundle over B. The total space E of this
bundle is the subspace F C E; x Eo that consists of the vectors (yi,y2) such
that

p1(y1) = p2(y2).

It is easy to check that {U,, x U,,} gives an atlas of charts for the bundle p3.
The transition functions (s, 3,)(a;a.) (%, ¥) on the intersection of two charts
(Uay X Ua,) N (Ug, x Ug,) have the following form:

1
_ (‘051&1(1‘> 0 H
ara)\ Ty - .
P(B182) (a1 2)( y) H 0 90%2042(3/)

Hence on the diagonal A ~ B the atlas consists of sets U, ~ AN (U, X Uy).
Then the transition functions for the restriction of the bundle p3 on the
diagonal have the following form:

1
goﬁa(x) 0 H

e (T, ) = . 94

PBB)( )( ) H 0 ‘P%a(x) ( )

So the transition functions (94) coincide with the transition functions defined for
the direct sum of the bundles £; and &;. Now let us proceed to the definition of
tensor product of vector bundles. As before, let £&; and & be two vector bundles
with fibers V7 and V; and let gp}w(x) and @iﬁ(x) be the transition functions of
the vector bundles & and &5,

oop(®) € GL (V1), pop(z) € GL (Va), z € Vo N V3.
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Let V = Vi ® V5. Then form the tensor product A; ® As € GL (V] ® V3) of
the two matrices A; € GL (1), A3 € GL (13). Put

Pap(T) = Sﬂiﬂ(ﬂf) ® @iﬁ(x)'

Now we have obtained a family of the matrix value functions ,g(x) which
satisfy the conditions (75) from the section 2. The corresponding vector bundle
& with fiber V = V3 ® V2 and transition functions ¢,s(x) will be called the
tensor product of bundles £; and & and denoted by

§=¢&1®&.

What is common in the construction of the operations of direct sum and op-
eration of tensor product? Both operations can be described as the result of
applying the following sequence of operations to the pair of vector bundles &
and &s:

1. Pass to the principal GL (V;)- and GL (V3)- bundles;

2. Construct the principal ( GL (V1) x GL (V%)) bundle over the Cartesian
square B x B;

3. Restrict to the diagonal A, homeomorphic to the space B.

4. Finally, form a new principal bundle by means of the relevant representa-
tions of the structure group GL (V1) x GL (V) in the groups GL (Vi &
V2) and GL (V4 ® V3), respectively.

The difference between the operations of direct sum and tensor product lies in
choice of the representation of the group GL (V1) x GL (V43).

By using different representations of the structure groups, further opera-
tions of vector bundles can be constructed, and algebraic relations holding for
representations induce corresponding algebraic relations vector bundles.

In particular, for the operations of direct sum and tensor product the fol-
lowing well known relations hold:

1. Associativity of the direct sum

L1@&E)DE =864 (LD E).

This relation is a consequence of the commutative diagram

GL (V1 ©V2) x GL (V3)

S P1 N\ P2
GL (V1) x GL (V3) x GL (V5)  GL (Vi & Va & V3)
NP3 pa

GL (V) x GL (V& V3)
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where

p1(A1,A2,A3) = (A1 @ Az, A3),
p2(B,A3) = B As,
p3(A1, Az, Ag) = (A, Ay @ A3),
pa(A1,C) = A C.
Then
p2p1(A1, Az, A3) = (A1 @ Az) @ A3,
pap3(Ar, Az, Az) = A1 @ (A2 @ Aj).
It is clear that
P2P1 = P4P3

since the relation
(A1 @ Az) @ A3 = A1 @ (A2 @ A3)
is true for matrices.

. Associativity for tensor products

(L1 ®&) @& =6 ® (L ®E&).

This relation is a consequence of the commutative diagram

GL (Vi ® V) x GL (V3)

S P\ P2
GL (Vi) x GL (V) x GL(Vs)  GL (@ Vo @ Vs)

NP3 P4
GL (V1) x GL (V2 ® V3)
The commutativity is implied from the relation
(A1 ® Az) ® A3 = A1 ® (A2 ® A3)
for matrices.
. Distributivity:
((10&6L)®&G=(§®E8)D (L&)
This property is implied by the corresponding relation
(A1 @A) @ A3 = (A1 ® A3) @ (A2 ® As3).

for matrices.
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4. Denote the trivial vector bundle with the fiber R™ by n. The total space
of trivial bundle is homeomorphic to the Cartesian product B x R,, and
it follows that

n=1®1®...® 1(n times).

and B
§@1=¢,

ERN=EDED ... D E&(n times).

7.3.2 Other operations with vector bundles

Let V = Hom (V7, V3) be the vector space of all linear mappings from the space
V1 to the space V5. For infinite dimensional Banach spaces we will assume that
all linear mappings considered are bounded. Then there is a natural represen-
tation of the group GL (V1) x GL (V3) into the group GL (V) which to any
pair A; € GL (V1), A3 € GL (V%) associates the mapping

p(A1, A2) : Hom (V1, Va)—Hom (V7, V3)

by the formula
p(A1, Ag)(f) = Ago fo AT (95)

Then following the general method of constructing operations for vector bundles
one obtains for each pair of vector bundles & and & with fibers V; and V5 and
transition functions ¢}, 5(z) and @2 5(z) a new vector bundle with fiber V' and
transition functions

vap(t) = p(pap(@), Pap(@)) (96)
This bundle is denoted by HOM (&1, &5).

When Va = R!, the space Hom (Vy, R!) is denoted by V;*. Correspondingly,
when & = 1 the bundle HOM (€, 1) will be denoted by £* and called the dual
bundle. Tt is easy to check that the bundle £* can be constructed from £ by
means of the representation of the group GL (V) to itself by the formula

A— (AN Ae GL (V).
There is a bilinear mapping
vV x v--LRY

which to each pair (z, h) associates the value h(x).
Consider the representation of the group GL (V) on the space V x V*
defined by matrix

(see (95)). Then the structure group GL (V' x V*) of the bundle & & £* is
reduced to the subgroup GL (V). The action of the group GL (V) on the
V x V* has the property that the mapping § is equivariant with respect to
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trivial action of the group GL (V) on R!. This fact means that the value of
the form h on the vector x does not depend on the choice of the coordinate
system in the space V. Hence there exists a continuous mapping

B p—I,

which coincides with § on each fiber.

Let Ar(V) be the k-th exterior power of the vector space V. Then to each
transformation A : V—V is associated the corresponding exterior power of the
transformation

Ak(A) s Ap(V)—AR(V),
that is, the representation
Ar: GL (V)— GL (Ax(V)).

The corresponding operation for vector bundles will be called the operation of
the k-th exterior power and the result denoted by Ag(£). Similar to vector
spaces, for vector bundles one has

Ai(§) =,
Ar(€) =0 for k > dim¢&,
Ak ® &) = Ba—oha(&1) © Ak—a(&2), (97)
where by definition B
Ao(€) = 1.

It is convenient to write the relation (97) using the partition function. Let us
introduce the polynomial

A(€) = Ao (&) + AL (6t + Ao ()2 + ...+ A (O™

Then
Ai(& @ &2) = Mi(&1) @ Ai(§2)- (98)

and the formula (98) should be interpreted as follows: the degrees of the formal
variable are added and the coefficients are vector bundles formed using the
operations of tensor product and direct sum.

7.3.3 Mappings of vector bundles
Consider two vector bundles &; and & where

& ={pi: B;—B, V; is fiber}.
Consider a fiberwise continuous mapping

f . E1—>E2.
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The map f will be called a linear map of vector bundles or homomorphism of
bundles if f is linear on each fiber. The family of all such linear mappings will
be denoted by Hom (1, &5). Then the following relation holds:

Hom (£1,&2) = T(HOM (1, &2))- (99)

By intuition, the relation (99) is evident since elements from both the left-hand
and right-hand sides are families of linear transformations from the fiber V; to
the fiber V5, parametrized by points of the base B.

To prove the relation (99), let us express elements from both the left-hand
and right-hand sides of (99) in terms of local coordinates. Consider an atlas
{U4} and coordinate homeomorphisms ¢!, ©?2 for bundles &1, &. By means of
the mapping f : E1— F> we construct a family of mappings:

(02) " foh i Ua x Vi—Uq X Vs,
defined by the formula:
[(02) ™ Foal(@,h) = (z, fa(z)h),
for the continuous family of linear mappings
falz) : VI—V5.

On the intersection of two charts U, NUp two functions fo(z) and fz(x) satisfy
the following condition

Pha(@)fa(2) = f3(2)ppa(2),
or
(@) = Pha (@) fa(@)pap(x)-
Taking into account the relations (95), (96) we have
fs(x) = ppa(z)(falz)). (100)
In other words, the family of functions

falz) € V.=Hom (V1,V3), z € U,

satisfies the condition (100), that is, determines a section of the bundle

HOM (&1,&2). Conversely, given a section of the bundle HOM (&1, &), that is,
a family of functions f,(z) satisfying condition (100) defines a linear mapping
from the bundle &; to the bundle &. In particular, if

51 = 17 Vl - Rl
then
Hom (V1,V3) = Va.
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Hence -
HOM (1752) = 52'

Hence
I'(§2) = Hom (Iafz),

that is, the space of all sections of vector bundle &> is identified with the space
of all linear mappings from the one dimensional trivial bundle 1 to the bundle

&a.
The second example of mappings of vector bundles gives an analogue of
bilinear form on vector bundle. A bilinear form is a mapping

V x V—R!,

which is linear with respect to each argument. Consider a continuous family
of bilinear forms parametrized by points of base. This gives us a definition of
bilinear form on vector bundle, namely, a fiberwise continuous mapping

fré@é—1 (101)

which is bilinear in each fiber and is called a bilinear form on the bundle €. Just
as on a linear space, a bilinear form on a vector bundle (101) induces a linear
mapping from the vector bundle £ to its dual bundle £*

fre—e,

such that f decomposes into the composition

co e e,
where
id : £—¢
is the identity mapping and
foid .,
EDE—E DE

is the direct sum of mappings f and id on each fiber. When the bilinear form
f is symmetric, positive and nondegenerate we say that f is a scalar product on
the bundle .

Theorem 23 Let £ be a finite dimensional vector bundle over a compact base
space B. Then there exists a scalar product on the bundle &, that is, a nonde-
generate, positive, symmetric bilinear form on the £.

Proof.

We must construct a fiberwise mapping (101) which is bilinear, symmetric,
positive, nondegenerate form in each fiber. This means that if x € B, vy, vs €
p~1(z) then the value f(vi,v2) can be identified with a real number such that

f(v1,v2) = f(v2,11)
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and
f(v,v) >0 for any v € p~*(z), v # 0.

Consider the weaker condition
f(v,v) > 0.

Then we obtain a nonnegative bilinear form on the bundle £. If fi, fo are two
nonnegative bilinear forms on the bundle ¢ then the sum f; 4+ fo and a linear
combination ¢ f1 + @2 fo for any two nonnegative continuous functions ¢; and
(2 on the base B gives a nonnegative bilinear form as well.

Let {Uy} be an atlas for the bundle €. The restriction &|y, is a trivial bundle
and is therefore isomorphic to a Cartesian product U, x V where V is fiber of &.
Therefore the bundle &|y7, has a nondegenerate positive definite bilinear form

fo €l ® Eu,—1.
In particular, if v € p~1(x), x € U, and v # 0 then
fa(v,v) > 0.

Counsider a partition of unity {g,} subordinate to the atlas {U,}. Then

0<galx) <1,
Zga(x) =1,
supp go C U,.
We extend the form f, by formula
7 _ g&(x)fa(vl,vg) V1,02 € pil(l‘) VS Uom
fa(v1,v2) —{ 0 vivs € p-Lz) o Uy (102)

It is clear that the form (102) defines a continuous nonnegative form on the
bundle £. Put

f(Ul,’UQ) = Zfa(vlav2)- (103)

The form (103) is then positive definite. Actually, let 0 # v € p~1(x). Then
there is an index « such that

gal(x) > 0.
This means that
x €U, and fu(v,v) > 0.

Hence

falv,v) >0

and
flv,v) > 0.
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Theorem 24 For any vector bundle & over a compact base space B with dim & =
n, the structure group GL (n,R) reduces to subgroup O(n).

Proof.
Let us give another geometric interpretation of the property that the bundle &
is locally trivial. Let U, be a chart and let

Vo Ug X V—>p_1(Ua)

be a trivializing coordinate homeomorphism. Then any vector v € V defines a
section of the bundle £ over the chart U,

0 :Uy—p ' (Uy),
U(I) = @a(xvv) Epil(Ua)'

If vq,...,v, is a basis for the space V then corresponding sections

op (2) = palz, 1)
form a system of sections such that for each point x € U, the family of vectors
o¢(z),...,0%(x) € p~Y(z) is a basis in the fiber p~1(x).
Conversely, if the system of sections

o, ..o Ua—>p71(Ua)

forms basis in each fiber then we can recover a trivializing coordinate homeo-
morphism

wa(x,ZAivi) = Z)\N?(SU) ep H(Ua).

From this point of view, the transition function @%® = @Elgpa has an in-
terpretation as a change of basis matrix from the basis {o{(z),...,0%(z)} to
{o?(x),...,08(x)} in the fiber p~*(x), = € U, NUgz. Thus Theorem 24 will be
proved if we construct in each chart U, a system of sections {of, ..., 0%} which
form an orthonormal basis in each fiber with respect to a inner product in the
bundle . Then the transition matrices from one basis {o®(z),...,0%(x)} to
another basis {07 (z),...,0P(x)} will be orthonormal, that is, vsa(z) € O(n).
The proof of Theorem 24 will be completed by the following lemma.

Lemma 11 Let £ be a vector bundle, f a scalar product in the bundle £ and
{Ua} an atlas for the bundle . Then for any chart U, there is a system of
sections {0, ...,0%} orthonormal in each fiber p~t(z), x € U,.

Proof.
The proof of the lemma simply repeats the Gramm-Schmidt method of con-
struction of orthonormal basis. Let

TlyevosTn t Ug—p 1 (Uy)
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be an arbitrary system of sections forming a basis in each fiber p~1(x), x € U,.
Since for any x € U,

Ti(z) #0
one has
f(r(z),m(x)) > 0.

Put

o pp— o —

f(ri(2), 71 (x))
The new system of sections 7,7, . .., 7, forms a basis in each fiber. Put
3 () = ma2(x) = f(72(2), T{(2)) 71 (2).

The new system of sections 71,74, 73(x), . .., 7, forms a basis in each fiber. The

vectors 71 (x) have unit length and are orthogonal to the vectors 7/ () at each
point z € U,. Put

74 (x)
Té(x) - //2 17 '
f(r3 (z), 75 ()
Again, the system of sections 7, 74, 73(), . . ., 77, forms a basis in each fiber and,

moreover, the vectors 71, 74 are orthonormal.
Then we rebuild the system of sections by induction. Let the sections

/ /
Tl ey Ths
Tk41(2), ..., 7, form a basis in each fiber and suppose that the sections 77, ..., 7},
be are orthonormal in each fiber. Put
k
" / /
T (@) = Tea (@) = Y (T (2), 7 ()7 (@),
i=1
"
Th+1 ()
Tl:;+1 (z) = - ~ .
\/f(7k+1($)v Tk+1($))
It is easy to check that the system 7{,..., 7, |, Tkq2(z), ..., 7, forms a basis in
each fiber and the sections 77, ..., 7}, are orthonormal. The lemma is proved
by induction. Thus the proof of the Theorem 24 is finished. I
7.3.4 Remarks
1. In Lemma 11 we proved a stronger statement: if {ry,...,7,} is a system of
sections of the bundle ¢ in the chart U, which is a basis in each fiber p~!(x)
and if in addition vectors {71,...,7} are orthonormal then there are sections
{7411, -, 7} such that the system
{Tl,...,Tk,Tlg+1,...,TT/L}

is orthonormal in each fiber. In other words, if a system of orthonormal sections
can be extended to basis then it can be extended to orthonormal basis.

2. In theorems 23 and 24 the condition of compactness of the base B can
be replaced by the condition of paracompactness. In the latter case we should
first choose a locally finite atlas of charts.
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7.3.5 Linear transformations of vector bundles

Many properties of linear mappings between vector spaces can be extended to
linear mappings or homomorphisms between vector bundles. We shall consider
some of them in this section. Fix a vector bundle £ with the base B equipped
with a scalar product. The value of the scalar product on a pair of vectors
v1, v2 € p~1(x) will be denoted by (v1,vs).

Consider a homomorphism f : £——¢ of the vector bundle ¢ to itself. The
space of all such homomorphisms Hom (&, £) has the natural operations of sum-
mation and multiplication by continuous functions. Thus the space Hom (¢, §)
is a module over the algebra C(B) of continuous functions on the base B. Fur-
ther, the operation of composition equips the space Hom (&, ) with the struc-
ture of algebra. Using a scalar product in the bundle £ one can introduce a
norm in the algebra Hom (£, £) and hence equip it with a structure of a Banach
algebra: for each homomorphism f : é—¢ put

= sup

vzo ||

[o]l = v/ {v, ).

The space Hom (¢, &) is complete with respect to the norm (104). Indeed, if a
sequence of homomorphisms f, : {—¢ is a Cauchy sequence with respect to
this norm, that is,

: (104)

where

nnyﬂm [ fr = finll =0

then for any fixed vector v € p~!(x) the sequence f,(v) € p~!(z) is a Cauchy
sequence as well since

[fn(0) = ) < lfn = Sl - 0]l

Hence there exists a limit

fw)= lim f,(v).

n—-aoo
The mapping f : é——¢ is evidently linear. To show its continuity one should
consider the mappings

hn,a = <p¢;1fn(pa : Ua X V—)Ua X ‘/7

which are defined by the matrix valued functions on the U,. The coefficients
of these matrices give Cauchy sequences in the uniform norm and therefore the
limit values are continuous functions.

This means that f is continuous. The scalar product in the vector bundle £
defines an adjoint linear mapping f* by the formula

<f*(1)1)7’l)2> = <U17f(7)2)>7 V1,02 € p_l(x)'

The proof of existence and continuity of the homomorphism f* is left to reader
as an exercise.
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7.4 Complex bundles

The identity homomorphism of the bundle ¢ to itself will be denoted by 1.
Consider a homomorphism

I:&6—¢
which satisfies the condition
I?=—1.
The restriction
Lo = Ip=1(@)

is an automorphism of the fiber p~!(z) with the property
I = 1.

Hence the transformation I, defines a structure of a complex vector space on
p~H(2).
In particular, one has
dimV = 2n.

Let us show that in this case the structure group GL (2n,R) is reduced to the
subgroup of complex transformations GL (n, C).

First of all notice that if the system of vectors {v1,...,v,} has the property
that the system {v1,...,v,, Tv1,...,Iv,} is a real basis in the space V, dimV =
2n, then the system {vy,...,v,} is a complex basis of V. Fix a point 2. The
space p~1(x) is a complex vector space with respect to the operator I,,, and
hence there is a complex basis {v1,...,v,} C p~ ().

Let U, 3 zo be a chart for the bundle £. There are sections {7,...,7,} in
the chart U, such that

Ti(zo) = vk, 1 <k < n.

Then the system of sections {71,..., 7y, I71,...,I7,} forms a basis in the fiber
p~1(x0) and therefore forms basis in each fiber p~! () in sufficiently small neigh-
borhood U > zy. Hence the system {71(z),...,7,(z)} forms a complex basis in
each fiber p~1(z) in the neighborhood U 3 xq. This means that there is a suffi-
cient fine atlas {U,} and a system of sections {7{*(z),...,7%(z)} on each chart
U, giving a complex basis in each fiber p~!(x) in the neighborhood U, > .
Fix a complex basis {ej,...,e,} in the complex vector space C". Put

Yo : Uy x C" — p Y Uy),

@a(x,z,zkek) = Zukﬁ?(m)—l—kalx(ﬁ?(z))

k=1 k=1 k=1

n
= Z 2T (),
k=1

2k = up +ivg, 1 <k <n.

n n

Then the transition functions g, = wglcpa are determined by the transi-
tion matrices from the complex basis {7(z),...,7%(z)} to the complex basis
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{#P(z),...,75(x)}. These matrices are complex, that is, belong to the group
GL (n,C). A vector bundle with the structure group GL (n,C) is called a
complex vector bundle.

Let £ be a real vector bundle. In the vector bundle ¢ & &, introduce the
structure of a complex vector bundle by means the homomorphism

I:{pl—EDE
given by
I(vy,v9) = (—v2,v1), v1,v2 € p (). (105)

The complex vector bundle defined by (105) is called the complezification of the
bundle € and is denoted by c€. Conversely, forgetting of the structure of complex
bundle on the complex vector bundle ¢ turns it into a real vector bundle. This
operation is called the realification of a complex vector bundle £ and is denoted
by r&. It is clear that

rc€ =& DE.

The operations described above correspond to natural representations of groups:
¢: GL (n,R)— GL (n,C),

r: GL (n,C)— GL (2n,R).

Let us clarify the structure of the bundle cré. If £ is a complex bundle, that is,
£ is a real vector bundle with a homomorphism I : §£——¢ giving the structure of
complex bundle on it. By definition the vector bundle crf is a new real vector
bundle n = £ & £ with the structure of complex vector bundle defined by a
homomorphism

L:E® — £®E,
.[1(1)1,’1}2) = (71}2,1)1). (106)

The mapping (106) defines a new complex structure in the vector bundle 1 which
is, in general, different from the complex structure defined by the mapping I.
Let us split the bundle 7 in another way:

[ — £@E,
f(’l}l,’l)g) = (I(’U1 + Uz),vl - 1)2).

and define in the inverse image a new homomorphism
IQ(’Ul, Ug) = (I’Ul, —I’Ug).

Then
fL=ILf (107)

because
fIx(v1,v9) = f(Iv1, —Iva) = (v2 — vy, I (v1 + v2)), (108)
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Ilf(’l}l,’l)g) = Il(I(’Ul + Uz),vl — ’UQ) = (’1)2 — 1)17I(U1 + Uz)). (109)

Comparing (109) and (108) we obtain (107). Thus the mapping f gives an
isomorphism of the bundle ¢ré (in the image) with the sum of two complex
vector bundles: the first is £ and the second summand is homeomorphic to &
but with different complex structure defined by the mapping I,

I'(v) = —1(v).

This new complex structure on the bundle ¢ is denoted by £. The vector bundle
€ is called the complex conjugate of the complex bundle £. Note that the vector
bundles ¢ and £ are isomorphic as real vector bundles, that is, the isomorphism
is compatible with respect to the large structure group GL (2n,R) but not
isomorphic with respect to the structure group GL (n,C).

Thus we have the formula

cr{zf@g.

The next proposition gives a description of the complex conjugate vector bundle
in term of the transition functions.

Proposition 4 Let the
¢8a : Uap— GL (n,C)

be transition functions of a complex vector bundle §. Then the complex conjugate
vector bundle & is defined by the complex conjugate matrices Pgq,.

Proposition 5 A complex vector bundle £ has the form & = cn if and only if
there is a real linear mapping
R (110)

such that
w2 =1, «] = —TIx, (111)

where I is the multiplication by the imaginary unit.

7.5 Subbundles

Let f : &—&2 be a homomorphism of vector bundles with a common base B
and assume that the fiberwise mappings f; : (£1).—(&2), have constant rank.
Let

p1: Ei—DB
D2 E2—>B

be the projections of the vector bundles & and &. Put

Ey = {ycEi:fly)=0ep;'(z), 2 =pi(y)}
E = [f(E).
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Theorem 25 1. The mapping
po = p1|Eo : Eop—B

18 a locally trivial bundle which admits a unique vector bundle structure &
such that natural inclusion Eq C F is a homomorphism of vector bundles.

2. The mapping
p=po|E: E—DB (112)

is a locally trivial bundle which admits a unique vector bundle structure £
such that the inclusion E C Ey and the mapping f : E1—FE are homo-
morphisms of vector bundles.

8. There exist isomorphisms

90:51 — 50@63
7/1552 B 5@777

such that composition

Yofop libdé—tdn

_ 0 id
¢0f0@1:<0 0 >

The bundle &, is called the kernel of the mapping f and denoted Ker f, the
bundle € is called the image of the mapping f and denoted Im f. So we have

has the matriz form

dim¢; = dimKer f 4+ dimIm f.

Theorem 26 Let & be a vector bundle over a compact base B. Then there is a
vector bundle n over B such that

€ ®n = N = a trivial bundle.

Proof.
Let us use Theorem 25. It is sufficient to construct a homomorphism

f:6—N,

where the rank of f equals dim ¢ in each fiber. Notice that if £ is trivial then
such an f exists. Hence for any chart U, there is a homomorphism

fa 1 €|JUs—Ng, rankf, = dimé&.

Let {pa} be a partition of unity subordinate to the atlas {U,}. Then each
mapping ¢, fo can be extended by the zero trivial mapping to a mapping

Ga - §—>Non ga‘Ua = Soafa-
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The mapping g, has the following property: if ¢, (x) # 0 then rankg,|, = dim¢&.
Let
g: 5 B @aNa = Na
g = @alYo that is
9(y) (91®), -2 9a(y), ).

It is clear that the rank of g at each point satisfies the relation
rankg, < rankg < dim¢.
Further, for each point « € B there is such an « that ¢, (x) # 0. Hence,
rankg = dim €. (113)
Therefore we can apply Theorem 25. By (113) we get
Ker g = 0.
Hence the bundle ¢ is isomorphic to Im g and N =Im g @ 7. I

Theorem 27 Let &1, & be two vector bundles over a base B and let By C B a
closed subspace. Let

Jo - &1|Bo—&2|Bo

be a homomorphism of the restrictions of the bundles to the subspace By. Then
the mapping fo can be extended to a homomorphism

f:&—¢&, f|lBo = fo

7.6  Vector bundles related to manifolds

The most natural vector bundles arise from the theory of smooth manifolds.
Recall that by an n—dimensional manifold one means a metrizable space X such
that for each point « € X there is an open neighborhood U 3 z homeomorphic
to an open subset V' of n—dimensional linear space R"™. A homeomorphism

p:U—V CR"

is called a coordinate homeomorphism. The coordinate functions on the linear
space R" pulled back to points of the neighborhood U, that is, the compositions

2 =270y : U—R!

are called coordinate functions on the manifold X in the neighborhood U. This
system of functions {x!,... 2"} defined on the neighborhood U is called a local
system of coordinates of the manifold X. The open set U equipped with the
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local system of coordinates {x!,...,2"} is called a chart. The system of charts
{Uq, {x},...,27}} is called an atlas if {U,} covers the manifold X, that is,

X =U,U,.

So each n—dimensional manifold has an atlas. If a point € X belongs to two
charts,
xz €Uy, NUg,

then in a neighborhood of x there are two local systems of coordinates. In this
case, the local coordinates z7, can expressed as functions of values of the local
coordinates {33%,, ... ,xg}, that is, there are functions f(fﬁ such that

z* :¢§5(xg,...,xg). (114)

The system of functions (114) are called a change of coordinates or transition
functions from one local coordinate system to another. For brevity (114) will be

written as
k

Ty = x’;(xé, Cey T

If an atlas {U,,{zl,...,27}} is taken such that all the transition functions
are differentiable functions of the class C*, 1 < k < oo then one says X has
the structure of differentiable manifold of the class C*. If all the transition
functions are analytic functions then one says that X has the structure of an
analytic manifold. In the case n = 2m one has

u’; = xi, 1 <k<m,
b = MR 1<k <m, (115)
2k = wk ik 1<k <m,

and the functions
k k /.1 . k(o1
Zazwaﬁ(zﬁvwzgl)"_zwzg (zﬁ,,zgl)

are complex analytic functions in their domain of definition then X has the
structure of a complex analytic manifold. Usually we shall consider infinitely
smooth manifolds, that is, differentiable manifolds of the class C*.

A mapping f : X—Y of differentiable manifolds is called differentiable of
class C* if in any neighborhood of the point z € X the functions which express
the coordinates of the image f(z) in terms of coordinates of the point x are
differentiable functions of the class C¥. It is clear that the class of differentiability
k makes sense provided that k does not exceed the differentiability classes of
the manifolds X and Y. Similarly, one can define analytic and complex analytic
mappings.

Let X be a n—dimensional manifold, {U,, {z,...,2%}} be an atlas. Fix a point
xg € X. A tangent vector £ to the manifold X at the point z( is a system of
numbers (£}, ...,£7) satisfying the relations:

(o R

& = Zgg{w;;m). (116)
J]=
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The numbers (£, .., &) are called the coordinates or components of the vectoré

with respect to the chart {Uy,{zL,...,2"}}. The formula (116) gives the trans-
formation law of the components of the tangent vector £ under the transition
from one chart to another. In differential geometry such a law is called a ten-
sor law of transformation of components of a tensor of the valency (1,0). So
in terms of differential geometry, a tangent vector is a tensor of the valency
(1,0). Consider a smooth curve « passing through a point z, that is, a smooth
mapping of the interval

v:(=1,1)—X, v(0) = zo.

In terms of a local coordinate system {x!,..., 2"} the curve v is determined by
a family of smooth functions

za(t) = 25 (v(t)), t € (=1,1).

Let 9
k k
= — t))|t=0- 117
504 at(xoz( ))|t70 ( )
Clearly the numbers (117) satisfy a tensor law (116), that is, they define a
tangent vector £ at the point xy to manifold X. This vector is called the tangent
vector to the curve -y and is denoted by Z—Z(O), that is,

dry
= —(0).
£=10)
The family of all tangent vectors to manifold X is a denoted by T'X. The set
TX is endowed with a natural topology. Namely, a neighborhood V of the
vector & at the point z( contains all vectors 1 in points = such that = € U, for
some chart U, and for some ¢,

p(x,azo) < g,

n

Z(gga _77(];)2 < &

k=1

The verification that the system of the neighborhoods V forms a base of a
topology is left to the reader.
Let
m:TX—X (118)

be the mapping which to any vector £ associates its point x of tangency. Clearly,
the mapping 7 is continuous. Moreover, the mapping (118) defines a locally
trivial vector bundle with the base X, total space T'X and fiber isomorphic to the
linear space R™. If U, is a chart on the manifold X, we define a homeomorphism

Yo : Uy x R"—17H(U,)
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which to the system (zg,&1, ..., ") associates the tangent vector £ whose com-
ponents are defined by the formula

& = Zf” 8% (119)

It is easy to check that the definition (119) gives the components of a vector &,
that is, they satisfy the tensor law for the transformation of components of a
tangent vector (116). The inverse mapping is defined by the following formula:

Yo (&) = (m(€),&a, -, ED),

where £* are components of the vector £&. Therefore the transition functions
PBa = cpglgoa are determined by the formula

Ozl
Soﬂa(x(hfla""fn) = <x07Z£J 5 Zgj > . (120)

Formula (120) shows that the transition functions are fiberwise linear mappings.
Hence the mapping 7 defines a vector bundle. The vector bundle 7 : TX—X
is called the tangent bundle of the manifold X. The fiber T, X is called the
tangent space at the point x to manifold X.

The terminology described above is justified by the following. Let f :
X—R" be an inclusion of the manifold X in the Euclidean space RY. In

a local coordinate system (zL,...,2") in a neighborhood of the point zoc x, the
inclusion f is determined as a vector valued function of the variables (x., ..., 27)
f@) = f(@a,---,20). (121)

If we expand the function (121) by a Taylor expansion at the point zy =
(s ly)
f(x};u s 7332) = (x(l)ou e )xga)+

n

+ Z xOQ,...,xga)Axgt+o(Ax’;).
j:1

Ignoring the remainder term o(Az¥) we obtain a function g which is close to f

9(xa:- -, 78) = f(%0as - > Ta)+
n
of ;
+ — (Toos -+ > Tl ) AT,
j=1 9T

Then if the vectors

{ of (xOQ,...,mga)Axi}7 1<k<n
o,
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are linearly independent the function g defines a linear n—dimensional subspace
in R™. It is natural to call this space the tangent space to the manifold X.
Any vector £ which lies in the tangent space to manifold X (having the initial
point at xp) can be uniquely decomposed into a linear combination of the basis

vectors:
"L of j
_—g —&7. 122
é- = 8$‘&£a ( )

The coordinate s {¢¥} under a change of coordinate system change with respect
to the law (116), that is, with respect to the tensor law. Thus the abstract
definition of tangent vector as a system of components {¢X} determines by the
formula (122) a tangent vector to the submanifold X in RV. Let

f: X—Y

be a differentiable mapping of manifolds. Let us construct the corresponding
homomorphism of tangent bundles,

Df : TX—TY.

Let £ € TX be a tangent vector at the point g and let v be a smooth curve
which goes through the point x,

7(0) = Zo,

and which has tangent vector £, that is,

_d
e= ).
Then the curve f(y(¢)) in the manifold Y goes through the point yo = f(zo).
Put
d
pfg) = A ) (123)

This formula (123) defines a mapping of tangent spaces. It remains to prove that
this mapping is fiberwise linear. For this, it is sufficient to describe the mapping
Df in terms of coordinates of the spaces Ty, X and Ty, Y. Let {z},... 2%} and
{y}i, . ,ygl} be local systems of coordinates in neighborhoods of points the xq
and g, respectively . Then the mapping f is defined as a family of functions
j on!
Yh = Ys(Tas- -5 T0)-
If
k k
Lo = (1)

are the functions defining the curve ~(¢) then

k
k_dxa

goz - W(O)
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Hence the curve f(7(t)) is defined by the functions

vl =y (D), .., 2n(t))

and the vector D f(€) is defined by the components

o dy) n J zk
0 = yﬁ Z ﬂ ()) =
k—1

dt
>3

Formula (124) shows firstly that the mapping Df is well- defined since the
definition does not depend on the choice of curve v but only on the tangent
vector at the point xg. Secondly, the mapping Df is fiberwise linear. The
mapping Df is called the differential of the mapping f.

(124)

w\m

7.6.1 Examples

1. Let us show that the definition of differential D f of the mapping f is a gen-
eralization of the notion of the classical differential of function. A differentiable
function of one variable may be considered as a mapping of the space R! into
itself:

f:R'—R.

The tangent bundle of the manifold R! is isomorphic to the Cartesian product
R! x R! = R%. Hence the differential

Df:R'xR'—R! xR!
in the coordinates (z,¢) is defined by the formula
Df(x,§) = (z, f'(x)§).
The classical differential has the form
df = f'(z)dx

So
Df(x,dz) = (z,df).

Consider a smooth manifold Y and a submanifold X C Y. The inclusion
j:XCY
is a smooth mapping of manifolds such that the differential

Dj . TX—TY
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is a fiberwise monomorphism. Then over the manifold X there are two vector
bundles: the first is j*(TY"), the restriction of the tangent bundle of the manifold
Y to the submanifold X, the second is its subbundle T'X.
According to Theorem 25, the bundle j*(TY") splits into a direct sum of two
summands:
JFIY)=TX @n.

The complement 7 is called the normal bundle to the submanifold X of the
manifold Y '. Each fiber of the bundle 7 over the point z consists of those
tangent vectors to the manifold Y which are orthogonal to the tangent space
Ty (X). The normal bundle will be denoted by v(X C Y) or more briefly by
v(X).

It is clear that the notion of a normal bundle can be defined not only for
submanifolds but for any immersion j : X—Y of the manifold X into the
manifold Y. It is known that any compact manifold X has an inclusion in a
Euclidean space RY for some sufficiently large number N. Let j : X —R" be
such an inclusion. Then

JY(TRN) =TX ®v(X Cc RY).
The bundle TRY is trivial and so
TX ®v(X)=N. (125)

In this case the bundle v(X) is called the normal bundle for manifold X (irre-
spective of the inclusion). Note, the normal bundle v(X) of the manifold X is
not uniquely defined. It depends on inclusion into the space RY and on the
dimension N. But the equation (125) shows that the bundle is not very far from
being unique.

Let v1(X) be another such normal bundle, that is,

TX (&) l/l(X) = Nl.
Then
v(X)aT(X)® 1 (X)=v(X)® N, =N & (X).

The last relation means that bundles v(X) and v1(X) became isomorphic after
the addition of trivial summands.

2. Let us study the tangent bundle of the one dimensional manifold S*,
the circle. Define two charts on the S!:

U1:{—7T<QD<7T},
U22{0<90<27T},

where ¢ is angular parameter in the polar system of coordinates on the plane.
On the U; take the function

T, =@, < x <,

1By construction the bundle 7 depends on the choice of metric on TY. However, different
metrics yield isomorphic complementary summands
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as coordinate, whereas on the Us take the function
T2 =@, 0 <z9 < 2.
The intersection U; N Uy consists of the two connected components
Vi={0<p <},

Vo = {1 < ¢ < 2rn}.

Then the transition function has the form

21 = w1 (w3) = Z2, 0<me <,
To — 2w, W< To < 2T.

Then by (120), the transition function @15 for the tangent bundle has the form

0
p12(z,§) = 672 =¢.

This means that the transition function is the identity. Hence the tangent
bundle T'S! is isomorphic to Cartesian product

TS! = S! x R,

in other words, it is the trivial one dimensional bundle.
3. Consider the two-dimensional sphere S2. It is convenient to consider it
as the extended complex plane

S? = C' U {0}
We define two charts on the S2

U, = C!
Uy = (C'"\{0})U {oo}.

Define the complex coordinate z; = z on the chart U; and zo = % on the chart
U, extended by zero at the infinity co. Then the transition function on the
intersection U; N Us has the form

1

21 = —
22

and the tangent bundle has the corresponding transition function of the form

0
pr2(z,€) = 5372 = —5;13 = £

The real form of the matrix 1o is given by

—Rz2 -Gz

%1‘2 7%2’2

|| Y222 —2zy
2y Yo — X9

‘ b

p12(z,y) = H
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where z = « + iy. In polar coordinates z = pe’® this becomes

Let us show that the tangent bundle T'S? is not isomorphic to a trivial bundle.
If the bundle T'S? were trivial then there would be matrix valued functions

cos2a  —sin2a
sin 2cr cos 2

9012(07 a) = ,02

h1 : U1 i GL (27R)
h2 : U2 I GL (2,R), (126)

such that

<,012(P, a) =h (,0, a)hQ_I(p7 Oé).
The charts Uy, Uy are contractible and so the functions hq, hy are homotopic
to constant mappings.

Hence the transition function ¢12(p, ) must be homotopic to a constant
function. On the other hand, for fixed p the function ¢ defines a mapping of
the circle S! with the parameter « into the group SO(2) = S! and this mapping
has the degree 2. Therefore this mapping cannot be homotopic to a constant
mapping.

4. Consider a vector bundle p : E—X where the base X is a smooth
manifold. Assume that the transition functions

vap : Ua NUsg— GL (n,R)
are smooth mappings. Then the total space F is a smooth manifold and also
dim F = dim X + n.

For if {U,} is an atlas of charts for the manifold X then an atlas of the manifold
E can be defined by
Vo =p YU,) =U, x R".

The local coordinates on V,, can be defined as the family of local coordinates on
the chart U, with Cartesian coordinates on the fiber. The smoothness of the
functions ¢,3 implies smoothness of the change of coordinates.

There is the natural question whether for any vector bundle over smooth
manifold X there exists an atlas on the total space with smooth the transition
functions ¢.3. The answer lies in the following theorem.

Theorem 28 Letp: E—X be an n—dimensional vector bundle and X a com-
pact smooth manifold. Then there exists an atlas {Uy} on X and coordinate
homeomorphisms

Vo : Uy x R"—p~H(U,)

such that the transition functions
Yap : Ua NUs— GL (n,R)

are smooth.
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5. Let us describe the structure of the tangent and normal bundles of a
smooth manifold.

Theorem 29 Letj: X CY be a smooth submanifold X of a manifoldY. Then
there exists a neighborhood V- O X which is diffeomorphic to the total space of
the normal bundle v(X CY).

Proof.
Fix a Riemannian metric on the manifold ¥~ (which exists by Theorem 23 and
Remark 2 from the section 3). We construct a mapping

fv(X)—Y.

Consider a normal vector & € v(X) at the point x € X C Y. Notice that the
vector & is orthogonal to the subspace T, (X) C T,.(Y). Let v(t) be the geodesic

curve such that
dy

10) ==, FO) = ¢

Put f(£) = ~(1). The mapping f has nondegenerate Jacobian for each point of
the zero section of the bundle v(X). Indeed, notice that

1. if£=0, £ € T,(Y) then f(§) = =z,
2. f(AE) =~ (N).

Therefore the Jacobian matrix of the mapping f at a point of the zero section
of v(X) that maps the tangent spaces

Df : To(W(X)) = To(X) @ va(X)—Tu(Y) = Tu(X) ® va(X)

is the identity. By the implicit function theorem there is a neighborhood V' of
zero section o f the bundle v(X) which is mapped by F' diffeomorphically onto
a neighborhood f(V) of the submanifold X. Since there is a sufficiently small
neighborhood V' which is diffeomorphic to the total space of the bundle v(X)
the proof of theorem is finished.

6. There is a simple criterion describing when a smooth mapping of
manifolds gives a locally trivial bundle.

Theorem 30 Let
f: X—Y

be a smooth mapping of compact manifolds such that the differential Df is
epimorphism at each point x € X. Then f is a locally trivial bundle with the
fiber a smooth manifold.

Proof.
Without loss of generality one can consider a chart U C Y diffeomorphic to
R" and part of the manifold X, namely, f~*(U). Then the mapping f gives a

vector valued function
f: X—R".
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Assume firstly that n = 1. From the condition of the theorem we know that
the gradient of the function f never vanishes. Consider the vector field grad f
(with respect to some Riemannian metric on X). The integral curves (zo, t)
are orthogonal to each hypersurface of the level of the function f. Choose a new
Riemannian metric such that gradf is a unit vector field. Indeed, consider the
new metric

(é-a 77)1 = (Ev 77) (gradfa gradf)
Then

(gradf.§) = {(f) = (grad, f,&)1 = (grad, f,{)(grad, f, grad, f).

Hence
gradf

gradif =t rad/, grad))’

Then

(grad, f, grad, f), = (grad, f,grad, f)(gradf,gradf) =
(gradf, gradf)

~ (gradf gradf)z(gradf ,gradf) = 1.

Thus the integral curves

d
5/ (1) = (gradf gradf) = 1.
Hence the function f(y(t)) is linear. This means that if

f(zo) = f(x1),

then
f(v(xo,t)) = f(v(x1,t)) = f(xo) + 1.

Put
g:Z xR —X, g(x,t) = y(z,1).

The mapping g is a fiberwise smooth homeomorphism. Hence the mapping
f:—R!

gives a locally trivial bundle. Further, the proof will follow by induction with
respect to n. Consider a vector valued function

which satisfies the condition of the theorem. Choose a Riemannian metric on
the manifold X such that gradients

gradfi,...,gradf,
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are orthonormal. Such a metric exists. Indeed, consider firstly an arbitrary
metric. The using the linear independence of the differentials {df;} we know
that the gradients are also independent. Hence the matrix

a;; = (gradf;(z), gradf;(z))

is nondegenerate in each point. Let ||b;;(z)|| be the matrix inverse to the matrix
[laij ()], that is,
Z bza aja = 6%]

Put
gk - Zbk‘j gradfz )

Then
Z bkz gradfz fg)

Z blu gradfiv gradgj Z bk'L a’lj = 5’(5]

Let U, be a sufficiently small neighborhood of a point of the manifold X.
The system of vector fields {&1,...,&,} can be supplemented by vector fields
Nn+1, -+ -, NN to form a basis such that

ne(fi) = 0.
Consider the new metric in the chart U, given by
(i, &la = Oijy
(&> Nj)a = 0.

Let ¢, be a partition of unity subordinate to the covering {U,} and put

7 O - Z@a a'
Then

& &o = 0y,
<€ka 77>O = 0

for any vector n for which n(f;) = 0.Let grad,, f; be the gradients of the functions
fi with respect to the metric (£, n)o. This means that

(gradf;,&)o = £(f)

for any vector £. In particular one has

(gradfi, &)o = 0y,
(gradfy, n)o =
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for any vector n for which n(f;) = 0. Similar relations hold for the vector field
&;. Therefore

§i = gradf;,
that is,
(gradfl-, gradfj>5ija

the latter proves the existence of metric with the necessarily properties.
Let us pass now to the proof of the theorem. Consider the vector function

g(x) = {fi(e), s faa (@)}

This function satisfies the conditions of the theorem and the inductive assump-
tion. It follows that the manifold X is diffeomorphic to the Cartesian product
X = Z x R"! and the functions f; are the coordinate functions for the second
factor. Then gradf, is tangent to the first factor Z and hence the function
fn(z,t) does not depend on t € R"~!. Therefore one can apply the first step of
the induction to the manifold Z, that is,

Z =2 xR

Thus
X =7, xR".

7.7 Linear groups and related bundles

This section consists of examples of vector bundles which arise naturally in
connection with linear groups and their homogeneous spaces.

7.7.1 The Hopf bundle

The set of all one dimensional subspaces or lines of R"*! is called the real (n
dimensional) projective space and denoted by RP™. It has a natural topology
given by the metric which measures the smaller angle between two lines. The
projective space RP™ has the structure of smooth (and even real analytical)
manifold. To construct the smooth manifold structure on RP"™ one should first
notice that each line ! in R™*! is uniquely determined by any nonzero vector
x belonging to the line. Let {xq,...,2,} be the Cartesian coordinates of such
a vector z, not all vanishing. Then the line [ is defined by the coordinates
{zo,...,zn} and any {Azo,..., Azn}, A # 0. Thus the point of RP" is given
by a class [zg : @1 : ... : z,] of coordinates {zg,...,2,} (not all vanishing)
determined up to multiplication by a nonzero real number A. The class [z :
X1 :...: Tp] gives the projective coordinates of the point of RP™. We define
an atlas {Uy}7_, on RP" as follows. Put

Up={[zo:@1:...: 2] x5 # 0},
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and define coordinates on Uy by the following functions:

y,‘z‘:x—a, 0<a<n, a#k.
T
where in the numbering of the coordinates by index « there is a gap when a = k.
The change of variables on the intersection Uy N Uj, (k # j) of two charts has
the following form:

% when o £
=1 ) (127)

- when a=1j.

Yj

The formula (127) is well defined because k # j and on U N U;
x
yf =k # 0.
Zj

All the functions in (127) are smooth functions making RP™ into a smooth
manifold of dimension n.

Consider now the space E in which points have the form (I, z), where [ is a
one dimensional subspace of R**! and « is a point on I. The space E differs
from the space R™*! in that instead of zero vector of R**! in the space E there
are many points of the type ({,0). The mapping

p: E—RP", (128)

which associates with each pair (I,z) its the first component, gives a locally
trivial vector bundle. Indeed, the space E can be represented as a subset of the
Cartesian product RP™ x R"*! defined by the following system of equations in
each local coordinate system:

rank o L1 ... Ip _ 1,
Yo Yr .- Yn
where (zg,1,...,%,) are projective coordinates of a point of RP", and (yo, y1,

..,¥Yn) are coordinates of the point of R"*!. For example, in the case when
Uy = {xo # 0} we put g = 1. Then

rank X R _ 17
Yo Y1 -+ Yn
that is,
det|| 1 %% |l =0,
Yo Yk
det || “F Y ,
Ye Y5

Hence the set E is defined in the RP™ x R™*! by the following system of n
equations:

fk($1,--~7$n,y07--~7yn):yk—l"kyO:O, k:17"'an'
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The Jacobian matrix of the functions fj is

—Yo 0 “ee 0 —Xq 1 0 ce 0
0 -y ... 0 —zo 0 1 ... 0 (120)
0 O ... =y —x, O o ... 1

Clearly the rank of this matrix (129) is maximal. By the implicit function
theorem the space E is a submanifold of dimension n + 1. As coordinates one
can take (yo,1,...,2,). The projection (128) consists of forgetting the first
coordinate yy. So the inverse image p~!(Up) is homeomorphic to the Cartesian
product Uy x R!. Changing to another chart Uy, one takes another coordinate
Yk as the coordinate in the fiber which depends linearly on yy. Thus the mapping
(128) gives a one dimensional vector bundle.

7.7.2 The complex Hopf bundle

This bundle is constructed similarly to the previous example as a one dimen-
sional complex vector bundle over the base CP". In the both cases, real
and complex, the corresponding principal bundles with the structure groups
O(1) = Z5 and U(1) = S! can be identified with subbundles of the Hopf bun-
dle. The point is that the structure group O(1) can be included in the fiber
R', O(1) = {-1,1} c R}, in a such way that the linear action of O(1) on R*
coincides on the subset {—1,1} with the left multiplication. Similarly, the group
U(1) = S! can be included in C':

S'={z:|z] =1} c C!,

such that linear action of U(1) on C! coincides on S! with left multiplication.
Hence the Hopf bundle has the principal subbundle consisting of vectors of unit
length. Let

p: Es—RP"

be principal bundle associated with the Hopf vector bundle. The points of the
total space Eg are pairs (I, ), where [ is a line in R, 41 and € [, |z] = 1. Since
x # 0, the pair (I,z) is uniquely determined by the vector 2. Hence the total
space Eg is homeomorphic to the sphere S™ of unit radius a nd the principal
bundle

p:S"—RP"

is the two-sheeted covering. In the case of the complex Hopf bundle, the asso-
ciated principal bundle
p: Es—CP"
is
ES _ S2n+1

and the fiber is a circle S!.
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Both these two principal bundles are also called Hopf bundles. When n =1,
we have S3—P1!, that is, the classical Hopf bundle

S3 82 (130)

In this last case it is useful to describe the transition functions for the intersec-
tion of charts. Let us consider the sphere S3 as defined by the equation

20> + |21)° =1,

in the two dimensional complex vector space C2. The map (130) associates the
point (29, 21) to the point in the CP! with the projective coordinates [zg : z1].
So over the base CP! we have the atlas consisting of two charts:

Uo = {lz0,21] : 20 # 0},
Ur = {[z0,21] : 21 # 0},

The points of the chart Uy are parametrized by the complex parameter

21
Wy = — € Cl
20

whereas points of the chart U; are parametrized by the complex parameter

20
wp = — € Cl.
21

The homeomorphisms

©®o Ip_l(Uo) — Sl X Cl = S1 X U(),
o1:p N (U) — S'xcCl=8'xU,

QOO(ZOazl) = ﬁ7ﬂ = 27[20 :Zl] )
20| " 20 |20l

(20,21) = 2’71@_21[2, 2 21)
Y120, 21 |Z1\7Z1 |Z1| 021

The mappings ¢o and ¢ clearly are invertible:

A
61 )\,wo =
70" o) <w+m9w+mQ

A
-1

v (Aw =

e <ﬂ+me+MP

have the form

Hence the transition function

1 Sl X (U() ﬂUl)—>Sl X (U() ﬂUl)
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is defined by the formula:

(L) = (28, ol )

20 |21| ’
that is, multiplication by the number

zilzo]  wn

2olz|  |wal

7.7.3 The tangent bundle of the Hopf bundle

Let & be the complex Hopf bundle over CP™ and let TCP™ be the tangent

bundle. Then
TCP"@1=" @ ... =(n+1)¢".
When n =1 this gives
TCP' 91 =¢" ¢
Indeed, using the coordinate transition function

1
w2 = —,
w1

(131)

the transition function for the tangent bundle TCP! has the following form:

1 w?
Yor(w1) = —— = !

wy - [wi |+
On the other hand, the transition function for the Hopf bundle is

w1
po1(w1) = i

Using homotopies the formulas (132) and (133) can be simplified to
Yor(wr) = i,
vo1(w1) = wi.
This shows that the matrix functions

wp 0

wi 0
1 0 w

0

and H

(132)

(133)

are homotopic in the class of invertible matrices when w; # 0,w; € C'. In
general, let us consider the manifold CP™ as the quotient space of the unit
sphere S?"+1 in C"*! by the action of the group S' C C! of complex numbers
with unit norm. The total space of the tangent bundle TCP" is the quotient
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space of the family of all tangent vectors of the sphere which are orthogonal to
the orbits of the action of the group S'. In other words, one has

{(u,v) s u,v € C* L |u| = 1, (u,v) = 0}

TCP"™ =
C {(Au, Av) ~ (u,v), A € St} ’

where (u,v) is the Hermitian inner product in C**! Consider the quotient space

{(@,s) :ue C" |ul=1, se C'}
{(\a, As) ~ (u,s),\ € S'}

A =

Associate to each pair (@,s) € A the line | which passes through vector @ €
C"*! and the vector su € [. If (A, \s) is an equivalent pair (which passes
through vector A) then it corresponds the same line [ and the same vector
st = (As)(Au). This means that the space A is homeomorphic to the total
space of vector bundle £*. Hence the total space of the vector bundle (n + 1)&*
is homeomorphic to the space

{0, M) ~ (u,0), A € ST}

The space TCP" = is clearly a subspace of B. A complementary subbundle
can be defined as a quotient space

{(u,v) : u,v € C" L |u| =1, v =su, s € C'}

D= {(Owu, \0) ~ (u,v), A € ST}

The latter is homeomorphic to the space

{(u,s) :u e C" |ul=1, s C!}

D=
{M~u,\e St} ’

which is homeomorphic to the Cartesian product TCP™ x C!'. Thus one has
the isomorphism (131).

7.7.4 Bundles of classical manifolds

Denote by V,, , the space where the points are orthonormal sets of k vectors
of n—dimensional euclidean space (R™ or C"). If we need we will write fo‘) &
or Vik. Correspondingly, let us denote by G, the space in which points
are k—dimensional subspaces of n—dimensional euclidean space (R™ or C™). By
expanding a k—frame to a basis in C™ we obtain

Vi =U(n)/Un k),
where U(n — k) C U(n) is a natural inclusion of unitary matrices:

0
Anfkr
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Similarly, the space G, i is homeomorphic to the homogeneous space
U(n)/ (U(k) © U(n —k)),
where U(k) @ U(n — k) C U(n) is natural inclusion

0
ank

A
(Ag, Bn—i)— H Ok

Generally speaking, if G is a Lie group, and H C G is a subgroup then the
projection
p:G—G/H

is a locally trivial bundle (a principal H-bundle) since the rank of Jacobian
matrix is maximal and consequently constant. Hence the following mappings
give locally trivial bundles

Von—kq,k—ky
Vn,k ? Vn,kla

(The fibers are shown over the arrows.) In particular,

Vﬁn = O(n)a
Vi = U,
vio= s
vy, = sl

Hence we have the following locally trivial bundles
U(n)U(’:})Sznﬂ7
o(n)*"5Vsm 1,

All the mappings above are defined by forgetting some of the vectors from the
frame. The manifolds V,, ;. are called the Stieffel manifolds, and the G, j called
Grassmann manifolds.

7.8 Classifying theorems

7.8.1 Exact homotopy sequence

7.8.2 Constructions of classifying spaces
8 Elliptic operators on manifolds

8.1 Calculus of operators on manifolds

We describe some of the most fruitful applications of vector bundles, namely, in
elliptic operator theory. We study some of the geometrical constructions which
appear naturally in the analysis of differential and pseudodifferential operators
on smooth manifolds.
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8.1.1 Symbols of pseudodifferential operators

Consider a linear differential operator A which acts on the space of smooth
functions of n real variables:

A: C®(R")—C®(R").
The operator A is a finite linear combination of partial derivatives

jal
A= Zaa(x)g?, (134)

where the oo = (a1, ..., ay,) is multi-index, a,(z) are smooth functions and

ol _ e

Or>  (Ox1)1(dz2)22 ... (Qxm)on’

lal = a1 + ...+ ay

is the operator given by the partial derivatives.
The maximal value of || is called the order of the differential operatordifferential
operator, so the formula (134) can be written

glel
A = Z aa(x)%,

la] <m
Let us introduce a new set of variables £ = (£1,&2,...,&,). Put
a(,&) = Y aa(x)e*il,
|| <m

where ¢ = £77€5% --- £9n. The function a(x,§) is called the symbol of a dif-
ferential operatorA. The operator A can be reconstructed from its symbol by
substitution of the operators + % for the variables &, that is,

7

10
A—a(x,zax>

Since the symbol is polynomial with respect to variables £, it can be split into
homogeneous summands

a(x,&) = am(2,8) + am—1(z,&) + ... + ap(x.£).

The highest term a,,(x, x) is called the principal symbol of the operator A while
whole symbol sometimes is called the full symbol. The reason for singling out
the principal symbol is as follows:
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Proposition 6 Let
y' =yt (et a) (ory = y(a)

be a smooth change of variables. Then in the new coordinate system the operator
B defined by the formula

(Bu)(y) = (Au (¥())) y—u(y)

1s again o differential operator of order m for which the principal symbol is

bin(y,n) = am <$(y)7778y(gm(y))> . (135)

The formula (135) shows that variables £ change as a tensor of valency (0, 1),
that is, as components of a cotangent vector.

The concept of a differential operator exists on an arbitrary smooth manifold
M. The concept of a whole symbol is not well defined but the principal symbol
can be defined as a function on the total space of the cotangent bundle 7*M. It
is clear that the differential operator A does not depend on the principal symbol
alone but only up to the addition of an operator of smaller order.

The notion of a differential operator can be generalized in various directions.
First of all notice that if

Poc()(6) = s [ ¢ ula)ds
RTI,
and .
Pes0)(0) = iz [ € u(E)a
R’!L

are the direct and inverse Fourier transformations then

(Au) (z) = Fe oy (a(2,§) (Fo—e(u)(£))) (136)

Hence we can enlarge the family of symbols to include some functions which
are not polynomials. Namely, suppose a function a defined on the cotangent
bundle T* M satisfies the condition

‘3|a o8l

e o8| < ol + I (137

for some constants C, g. Denote by S the Schwartz space of functions on R"
which satisfy the condition

oled
B
gc oz™

u(z)| < Cayp

for any multiindexes « and §. Then the operator A defined by formula (136) is
called a pseudodifferential operator of order m (more exactly, not greater than
m). The pseudodifferential operator A acts in the Schwartz space S.
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This definition of a pseudodifferential operator can be extended to the Schwartz
space of functions on an arbitrary compact manifold M. Let {U,} be an atlas
of charts with a local coordinate system zo = (zl,...,2%). Without loss of
generality we can assume that the local coordinate system x, maps the chart
U, onto the space R™. Let £, = (£14,.-.,&na) be the corresponding compo-
nents of a cotangent vector. Let {©,} be a partition of unity subordinate to the

atlas of charts, that is,

0< @a(@) <1, > ¢alz) =1, supp @a C Ua.

Finally, let ¢, (x) be functions such that

supp Vo C U, 0a(2)Va () = 0al(z).

Then we can define an operator A by the formula

Au)(@) =Y Ya(@)Aa (pal@)u(2)) (138)

where A, is a pseudodifferential operator on the chart U, (which is diffeomor-
phic to R™) with principal symbol

aa(xonfa) = CL(IE,&).

When the function a(z,§) is polynomial (of order m) the operator A de-
fined by formula (138) is a differential operator not depending on the choice of
functions .. In general, the operator A depends on the choice of functions
Ya, @o and the local coordinate system x,, uniquely up to the addition of a
pseudodifferential operator of order strictly less than m.

The next useful generalization consists of a change from functions on the
manifold M to smooth sections of vector bundles. Let & and & be two vector
bundles over the manifold M. Consider a linear mapping

a:m*(&)—m"Es, (139)

where 7 : T*M— M is the natural projection. Then in any local coordinate
system (Z4,&,) the mapping (139) defines a matrix valued function which we
require to satisfy the condition (137). Then the mapping (139) defines a pseu-
dodifferential operator

A=a(D):T(&)—I*(&)

by formulas similar to (138), again uniquely up to the addition of a pseudodiffer-
ential operator of the order less than m. The crucial property of the definition
(138) is the following

Proposition 7 Let

a7 (§1)—m"(§2)5 b (€a) 7" (Es)s 5
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be two symbols of orders mi,ms. Let ¢ = ba be the composition of the symbols.
Then the operator

b(D)a(D) = ¢(D) : T (&) —T"(&3)
is a pseudodifferential operator of order my + mo — 1.
Proposition 7 leads to a way of solving equations of the form
Au=f (140)

for certain pseudodifferential operators A. To find a solution of (140), it suf-
ficient to construct a left inverse operator B, that is, BA = 1. If B is the
pseudodifferential operator B = b(D) then

1=0b(D)a(D) = ¢(D) + (b(D)a(A) — ¢(D)) .

Then by 7, the operator ¢(D) differs from identity by an operator of order —1.
Hence the symbol ¢ has the form

c(z,€) =1+ symbol of order (—1).

Hence for existence of the left inverse operator B, it is necessary that symbol b
satisfies the condition

a(z,§)b(z,&) =1+ symbol of order (—1). (141)
In particular, the condition (141) holds if
Condition 1 a(x,£) is invertible for sufficiently large €] > C.
In fact, if the condition (141) holds then we could put

b(w,€) = a™ ' (2, E)x(x,€),
where x(z,&) is a function such that

x(z,§) = 1for ¢ >2C,
X(@,6) = Oforlel<C.

Then the pseudodifferential operator a(D) is called an elliptic if Condition
1 holds.

The final generalization for elliptic operators is the substitution of a sequence
of pseudodifferential operators for a single elliptic operator. Let &1, &a, ..., &k be
a sequence of vector bundles over the manifold M and let

0—* (1) om* (£9) 22 ... B (£,) —0 (142)

be a sequence of symbols of order (my,...,mg_1). Suppose the sequence (142)
forms a complex, that is, asas_1 = 0. Then the sequence of operators

0—T(6) ET(6)— ... —T™(6)—0 (143)
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in general, does not form a complex because we can only know that the com-
position ag(D)ar—1(D) is a pseudodifferential operator of the order less then
Mg + Mg_1.

If the sequence of pseudodifferential operators forms a complex and the se-
quence of symbols (142) is exact away from a neighborhood of zero section in
T*M then the sequence (143) is called an elliptic complex of pseudodifferential
operators.

8.1.2 Fredholm operators

A bounded linear operator
F:H—H

on a Hilbert space H is called a Fredholm operator if
dim Ker F' < oo, dim Coker F' < oo
and the image, Im F, is closed. The number
index F' = dim Ker F' — dim Coker F
is called the index of the Fredholm operator F. The index can be obtained as
index F' = dimKer F — dim Ker F*,

where F'* is the adjoint operator.
The bounded operator K : H— H is said to be a compact if any bounded
subset X C H is mapped to a precompact set, that is, the set F'(X) is compact.

Theorem 31 Let F' be a Fredholm operator. Then

1. there exists € > 0 such that if |F — G|| < € then G is a Fredholm operator
and
index F' = index G,

2. if K is compact then F + K is also Fredholm and
index (F + K) = index F. (144)

The operator F' is Fredholm if and only if there is an operator G such that
both K = FG—1 and K' = GF —1 are compact. If F' and G are Fredholm
operators then the composition FG is Fredholm and

index (FG) = index F + index G.

The notion of a Fredholm operator has an interpretation in terms of the
finite dimensional homology groups of a complex of Hilbert spaces. In general,
consider a sequence of Hilbert spaces and bounded operators

0—Codocy - o . (145)
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We say that the sequence (145) is Fredholm complex if dpdi—10, Im dy is a
closed subspace and

dim (Ker dj/Coker dj,_1) = dim H (Cy, dj,) < .
Then the index of Fredholm complex (145) is defined by the following formula:

index (C,d) =Y (~1)" dim H(Cj, dy).
k

Theorem 32 Let . J p
0—Co—%C1 -5 ... "= C,—0 (146)

be a sequence satisfying the condition that each dpdi_1 is compact. Then the
following conditions are equivalent:

1. There exist operators fi : Cr—Cr_1 such that fri1de +dp—1fr =1+ 7k
where each Ty, is compact.

2. There exist compact operators sy, such that the sequence of operators dj, =
dy, + s forms a Fredholm complex. The index of this Fredholm complex is
independent of the operators sj.

We leave the proof to the reader. Theorem 32 allows us to generalize the notion
of a Fredholm complex using one of the equivalent conditions from Theorem 32.

8.1.3 The Sobolev norms

Consider the Schwartz space S. Define the Sobolev norm by the formula

|Mﬁ=/ﬂ@ﬂ+M%@Mu

Rn

n a 2
A‘;GmQ

is the Laplace operator. Using the Fourier transformation this becomes

where

lull? = /(1 +1EP) la(6)*de (147)

R”

where the index s need not be an integer.
The Sobolev space Hs(R™) is the completion of S with respect to the Sobolev
norm (147).

Proposition 8 The Sobolev norms (147) for different coordinate systems are
all equivalent on any compact K C R™, that is, there are two constants Cp > 0
and Cy > 0 such that for supp u C K

ull1,s < Crllullz,s < Callull1,s-
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Proposition 8 can easily be checked when s is an integer. For arbitrary s
we leave it to the reader. This proposition allows us to generalize the Sobolev
spaces to an arbitrary compact manifold M and vector bundle £. Let {U,} be
an atlas of charts where the vector bundle is trivial over each U,. Let {¢,} be
a partition of unity subordinate to the atlas. Let u € T'°°(M, &) be a section.

Put
[ull2 = llpaull?- (148)

Proposition 8 says that the definition (148) defines a Sobolev norm, well de-
fined up to equivalent norms. Hence the completion of the space of sections
['>°(M,€) does not depend on the choice of partition of unity or the choice of
local coordinate system in each chart U,. We shall denote this completion by
H(M,€).

Theorem 33 Let M be a compact manifold, & be a vector bundle over M and
s1 < so. Then the natural inclusion

Hg, (M, §)—H, (M, ) (149)

18 a compact operator.

Theorem 33 is called the Sobolev inclusion theorem.

Proof.
For the proof it is sufficient to work in a local chart since any section u €
['*°(M, &) can be split into a sum

u=3 gt
«@

where each summand ¢,u has support in the chart U,. So let u be a function
defined on R™ with support in the unit cube I”. These functions can be con-
sidered as functions on the torus T™. Then a function u can be expanded in a

convergent Fourier series
u(x) = g a;e’ o),
l

Partial differentiation transforms to multiplication of each coefficient a; by the
number i, where [ is a multiindex [ = (I4,...,1,). Therefore,

ull2 = larl® L+ 1P+ 4 (1)) (150)
l

By formula (150), the space Hs(T™) is isomorphic to the Hilbert space ls of the
square summable sequences by the correspondence

u(z) — b = l
1 3
(1 |ll| A |ln|2)S/
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Then the inclusion (149) becomes an operator lo—ly defined by the correspon-

dence
b
{bi} — —
(1+|l1\2+--.+|ln|2)(s2 51)/2

which is clearly compact.

Theorem 34 Let
a(D) : T%°(M, &§)—T>(M, &) (151)

be a pseudodifferential operator of order m. Then there is a constant C' such
that
la(D)ulls—m < Cllulls, (152)

that is, the operator a(D) can be extended to a bounded operator on Sobolev

spaces:
a(D): Hy(M,&)—Hg_m(M,&). (153)

Proof.

The theorem is clear for differential operators. Indeed, it is sufficient to obtain

estimates in a chart, as the symbol ¢ has compact support. If a(D) = % then

J

2

—

9 s| 0
I u@2 = [ (1+167)° | ul de =
Rn
Z/(1+\£I2)S|£jﬂ(5>l2d£§/(1+|§|2)”1\a(5)|2dg:
R Rn
= Jlu(@)341- (154)

Hence the inequality (152) follows from (154) by induction.

For pseudodifferential operators, the required inequality can also be obtained
locally using a more complicated technique.

Using theorems 33 and 34 it can be shown that an elliptic operator is Fred-
holm for appropriate choices of Sobolev spaces.

Theorem 35 Let a(D) be an elliptic pseudodifferential operator of order m as
in (151). Then its extension (153) is Fredholm. The index of the operator (153)
1s independent of the choice of the number s.

Proof.
As in section 8.1.1 we can construct a new symbol b of order —m such that both
a(D)b(D) — 1 and b(D)a(D) — 1 are pseudodifferential operators of order —1.
Hence by Theorem 31, a(D) gives a Fredholm operator (153).

To prove that the index of a(D) does not depend of the number s, consider

the special operator (1 + A)* with symbol (1 -+ \§|2)k. Since the norm |[|(1 +
A)kq||s is equivalent to the norm ||ul|s1ox, the operator

(1+ A Hy o (6)—H,(€)
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is an isomorphism. Then the operator

A=(1+A)"Fo(D)A+ A)*: Hypor (&) —H(&)—

—>Hs—m(£2)—) s+2k—m(£2)

differs from o(D) by a compact operator and therefore has the same index. I

Corollary 2 The kernel of an elliptic operator o(D) consists of infinitely smooth
sections.

Proof.
Indeed, by increasing the number s we have a commutative diagram
a(D)
H‘G(ﬁl) HS—m(£2)
U U
o(D)
Hyy1(&1) Ho1-m(&2) (155)

An increase in the number s can only decrease the dimension of the kernel,
Ker o(D). Similarly, the dimension of the cokernel may only decrease since
the cokernel is isomorphic to the kernel of the adjoint operator o(D)*. Since
the index does not change, the dimension of kernel cannot change. Hence the

kernel does not change in the diagram (155). Thus the kernel belongs to the
NHs(&1) =T (&)

8.2 The Atiyah—Singer formula for the index of an elliptic
operator

In the sense explained in previous sections, an elliptic operator o(D) is defined
by a symbol
o7 (&) —m" (&) (156)

which is an isomorphism away from a neighborhood of the zero section of the
cotangent bundle T*M. Since M is a compact manifold, the symbol (156)
defines a triple (7*(&1), 0, 7*(£2)) which in turn defines an element

0] € K.(T*M).

Theorem 36 The index index o(D) of the Fredholm operator o(D) depends
only on the element [o] € K .(T*M).
The mapping
index : K.(T"M)—7Z

s an additive homomorphism.

113



Proof.

A homotopy of an elliptic symbol gives a homotopy of Fredholm operators and,
under homotopy, the index does not change. Assume that the symbol o is an
isomorphism not only away from zero section but everywhere. The operator
(D) can be decomposed into a composition of an invertible operator (1 +
A)™/2? and a operator o1(D) of the order 0. The symbol oy is again invertible
everywhere and is therefore homotopic to a symbol o9 which is independent of
the cotangent vector and also invertible everywhere. Then the operator oo (D)
is multiplication by the invertible function oy. Therefore, oo(D) is invertible.
Thus

index o(D) = 0.

Finally, if 0 = 01 @ 02 then o(D) = 01(D) @ 02(D) and hence
index o(D) = index 01(D) + index o3(D).

The total space of the cotangent bundle T* M has a natural almost complex
structure. Therefore, the trivial mapping p : M —pt induces the direct image
homomorphism

Py K (T"M)—K.(pt) = Z.
Theorem 37 Let o(D) be an elliptic pseudodifferential operator. Then
index o(D) = p.[o]. (157)
The formula (157) can be written as
index o(D) = (ch [o]T~1(T* M), [T* M])

where [T*M] is the fundamental (open) cycle of the manifold 7*M. For an
oriented manifold M we have the Thom isomorphism

o: H*(M)—H(T*M). (158)
Therefore, the formula (158) has the form
index o(D) = (¢~ 'ch [o]T~1(T* M), [M)) (159)

The formula (159) was proved by M.F.Atiyah and I.M.Singer [?] and is
known as the Atiyah-Singer formula.

Proof.
The proof of the Atiyah—Singer formula is technically complicated. Known
proofs are based on studying the algebraic and topological properties of both
the left and right hand sides of (157). In particular, Theorem 36 shows that
both the left and right hand sides of the (157) are homomorphisms on the group
K.(T*M). Let j : M1— M3 be a smooth inclusion of compact manifolds and
let o1 be an elliptic symbol on the manifold M;. Assume that o5 is a symbol
on the manifold M, such that

(0] = ji[o1]. (160)
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Theorem 38 If two symbols o1 and oy satisfy the condition (160) then the
elliptic operators o1(D) and o2(D) have the same indez,

index o01(D) = index o2(D).

Theorem 37 follows from Theorem 38. In fact, Theorem 37 holds for M = pt.
Then the inclusion
j:pt—S".
gives the direct image
v+ Ke(pt)— K. (T*S",T7))
which is an isomorphism.Therefore, for a symbol ¢ defining a class
[0] € K, (T*S”7T:O)

we have

o] = julo’], [07] = pulo],
index o(D) = index o' (D) = [0'] = p.([o]).

Finally, let j : M—S™ an inclusion and g : S®——pt be the natural projec-
tion. Then

p=qj; j([o]) = [0'],
and by Theorem 38

index o(D) = index o' (D) = q.[0'] = q.j.[o]p«[0].

Thus the Atiyah—Singer formula follows from Theorem 38.

Let us explain Theorem 38 for the example when the normal bundle of the
inclusion My—M> is trivial. The symbol [03] = j.[o1] is invertible outside
of a neighborhood of submanifold M; C T*Ms. Suppose that the symbols are
of order 0. Then the symbol o5 can be chosen so that it is independent of
the cotangent vector outside of a neighborhood U of submanifold M;. Then
we can chose the operator oo(D) such that if supp NU = @ then o2(D)(u)
is multiplication by a function. Hence we can substitute for the manifold My,
the Cartesian product M; x T*, where T* is torus, equipped with an elliptic
operator of the same index. Now we can use induction with respect to the
integer k and that means that it is sufficient consider the case when k = 1.

The problem is now reduced to the existence of an elliptic operator 7(D) on
the circle such that

index 7(D) =1

and
[7] € K. (T*S", T%)

is a generator.
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