
ON F R E D H O L M  R E P R E S E N T A T I O N S  

G R O U P S  

A.  S. M i s h c h e n k o  

O F  D I S C R E T E  

The so -ca l l ed  Fredholm representa t ions  of the group zr were  investigated in [1]. In par t icular ,  an in- 
var, iant v was cons t ruc ted  for  each Fredholm representa t ion  T of the group ~T E K(Br). The natural  ques-  
tion a r i se s :  how la rge  is the subgroup of those elements of the group K(B~0 which have the form ~T for  
some Fredholm representa t ion  T of the group w. The answer  to this question was not given in [1], and an 
indirect  method was proposed for  the proof  of the homotypic invariance of higher s ignatures for  a definite 

c l a s s  of groups.  

The method of construct ing Fredholm representa t ions  of the group v which will permi t  getting rid of 
continuous famil ies  of Fredholm representa t ions  is considered herein.  

THEOREM 1. Let ~ be a d i sc re te  group and Bw homotypical ly equivalent to a compact  Riemann man-  
ifold with met r ic  of nonpositive curva ture  over  all two-dimensional  direct ions.  Then for  any vec tor  s t r a t i -  
fication ~ E K(B~) there  exists a Fredholm representa t ion T such that ~ = X~T, A g 0. 

Solov'ev [2] f i r s t  proved Theorem 1 in the case  ~ = Z 2. 

i .  P re l iminary  Information 

Let us reca l l  that a pai r  of unitary representa t ions  T1, T 2 in the Hilbert  spaces HI, H2, respect ively,  
withthe Fredholm opera tor  F : H i - -  H2, such that for  any element g E ~ the opera tor  FT(g) - T(g)F is a com-  
pact opera tor ,  is called a Fredholm representa t ion  T of the group 7r. The element ~T E K(Bv) is constructed 
according to the Fredholm representa t ion  T. Hence, if the element ~T is understood as an equivariant  
family of Fredholm opera tors  ¢~  : H1 -~ Ha, x E ~ ,  then this family @x is uniquely determined,  to homo-  
topy accuracy ,  by the following condition: the opera tors  ~x -- F, x ~ ~-~, are  compact  opera tors .  The 
family ~x can :here be chosen l inear  in each simplex of some equivariant  s implicial  part i t ion of the space 

Let T = (T1, F, T2) be a Fredholm representa t ion  such that F is an i somorphism,  and for  any element 
g E 7r the inequality 

II i - F -i T~ (g) F T~ (g-i)[] < I. (i) 

is satisfied. Then the equivariant  family ~x can be selected such that all the opera tors  ¢Ik~, x ~ B-~, would 
be revers ib le .  In this case ~T = 0. 

Fu r the rmore ,  let Tu, u E X, be a continuous family  of Fredholm representat ions  pa ramet r i zed  by the 
pa rame te r  u running over  the topological space X. Then the family Tu determines  an element ~Tu E K(X x 
By) where,  if the representa t ion  Tu sat isf ies condition (1) for  u E Y C X, then we obtain the element  ~Tu E 
K(X x B% Y x BTr). 

Fredholm complexes of representations, i.e., sequences of unitary representations Ti in the Hilbert 
spaces Hi, 1 --< i -< n, and a system of operators Fi generating the Fredholm complex 

HI " Ha . . . . .  H., 

Moscow State Universi ty.  Transla ted  f rom Funktsional 'nyi  Analiz i Ego Pri lozheniya,  Vol. 9, No, 2, 
pp. 36-41, Apr i l -June,  1975. Original ar t ic le  submitted March 13, 1974. 

©1975 Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15.00. 

121 



w h e r e  a l l  the  o p e r a t o r s  F~T~ (g) - -  T~+a (g )F i  a r e  c o m p a c t ,  c a n  be c o n s i d e r e d  in p l a c e  o f  the  F r e d h o l m  r e p -  
r e s  en t a t i ons .  

The  m a i n  t e c h n i c a l  d i f f i cu l ty  we m u s t  o v e r c o m e  is  the  c o n s t r u c t i o n  of  t he  t e n s o r  p r o d u c t  of two F r e d -  
h o l m  r e p r e s e n t a t i o n s .  L e t  F I and  F 2 be  two F r e d h o l m  r e p r e s e n t a t i o n s  of  the  o p e r a t o r  

FI : H~--~ H~, F~ : H~---~ I-I~2. 

Let  us c o n s i d e r  the  d i a g r a m  

I®F~ 4[ [ I®F, 

HI ® H~ ~ - ~ ;  H~ ® H~. 

It is  c l e a r  t ha t  the c o m p l e x  of th i s  d i a g r a m  

H i ®  ~ 1 H~--+ (H~ ® H ~ ) •  (H~ ® H~)--+ H~ ® H ~ (2) , 2 
i s  a F r e d h o l m  c o m p l e x .  If a g r o u p  ~ a c t s  in  the  H i l b e r t  s p a c e s  H k so  tha t  two F r e d h o l m  r e p r e s e n t a t i o n s  

a r e  ob ta ined ,  then  c o m p l e x  (2) i s  not  a F r e d h o l m  c o m p l e x  of r e p r e s e n t a t i o n s  ~ if  a l l  f o u r  s p a c e s  H k a r e  i n -  
f in i te .  

J 

G. G. K a s p a r o v  p r o p o s e d  a c o r r e c t e d  c o n s t r u c t i o n  of the  t e n s o r  p r o d u c t  of F r e d h o l m  r e p r e s e n t a t i o n s .  
H o w e v e r ,  i t  i s  not  a t  a l l  s u i t a b l e  f o r  o u r  n e e d s  and we l i m i t  o u r s e l v e s  to a n a r r o w e r  c l a s s  of F r e d h o l m  
r e p r e s e n t a t i o n s  by  i n t r o d u c i n g  the  fo l lowing  c o n s t r a i n t .  Le t  H be  a H i l b e r t  s p a c e  and U a p o s i t i v e  s e l f -  

ad jo in t  c o m p a c t  o p e r a t o r ,  w h e r e  the  s p a c e  H ~ = ~ Im U ~ i s  c o m p a c t  e v e r y w h e r e  in  the  s p a c e  H. Le t  T 

be a u n i t a r y  r e p r e s e n t a t i o n  of the  g r o u p  ~ in the  s p a c e  H and l e t  the  cond i t ion  

U U'T (g) ~ II < C, 11V'~ II, II (V'r  (g) -- r (g) V') ~ ~ < C~ II u'+I ~ If (3) 

be  s a t i s f i e d  f o r  any  i n t e g e r  s, - -  co < s < co, ~ E H% Le t  F :  H --* H be  an (unbounded) o p e r a t o r ,  l e t  the  
s p a c e  H °° l i e  in i t s  d o m a i n  of de f in i t i on  

U u' F~ II < C. II U~I~ II, 

U U' (FT (g) -- T (g) F) ~ IJ ~ C. [] U'~ jJ, 

and let there exist an operator G such that 

U US (FG -- i) ~ Ir < C, ~ U'+I~ ~, 

II u '  (GF - -  t) ~ ]] < C, 11 U'+I~ I1, ~ U'G ~ ~ ~ C, If U'+I~ ]1. 

We e a s i l y  d e t e r m i n e  the F r e d h o l m  r e p r e s e n t a t i o n  of the  g roup  ~ in the  s e t  (U, F ,  T).  
us  i n t r o d u c e  a n o r m  s c a l e  in  the  s p a c e  H ~ by  a s s u m i n g  

and let H s denote the completion of the space H °° in the norm Jt } ]i s. Then H ° = H, and since 

II ~ IL, < c II ~ II. 
the  i d e n t i c a l  m a p p i n g  of the  s p a c e  H ~° i s  con t inued  to the  i m b e d d i n g  

i : H'  C H '-1. 

Condi t ion  (4) m e a n s  tha t  the  o p e r a t o r  F i s  con t inued  to  a con t inuous  o p e r a t o r  

F : H" --*- H s-l, 

and i t  fo l lows  f r o m  cond i t i ons  (6) and (7) tha t  the  o p e r a t o r  (11) is  a F r e d h o l m  o p e r a t o r .  
us  s e t  

T~ = U~TU -'. 

The o p e r a t o r s  T s a r e  bounded ,  and  

[I r ,~  II, = II ,~ II. 

(4) 

(5) 

(6) 

(7) 

To do this let 

(8) 

(9) 

(10) 

(11) 

F u r t h e r m o r e ,  l e t  

(12) 

(13) 

122 



and the commutator FTs-Ts_ ~ F: H s -* H s-I is compact. 

2. Fini te  R e p r e s e n t a t i o n s  

Let  us c o n s i d e r  the c a s e  of the f ami ly  Tx of f ini te  r e p r e s e n t a t i o n s  of a g roup  ~, p a r a m e t r i z e d  by 
points  x of  a c o m p a c t  mani fo ld  M. Let  ~ E K(M x B~) be the s t r a t i f i c a t i on  c o r r e s p o n d i n g  to the fami ly  T x. 

Let  ch~ = ~,a~ ® bi, whe re  {ai} is the bas i s  in the  cohomolog ies  H*(M; Q), bi E H* (Blr; Q). Let  D be an 

el l ipt ic  p seudod i f f e ren t i a l  o p e r a t o r  ac t ing  on the mani fo ld  M in the s t r a t i f i ca t ion  sec t ions  71 and 72, i .e . ,  

D : F(71) -* I'(72). 

Then the symbol a(D) of the operator D is the homomorphism ~ (D) : q* (~i) --~ q* (~h), where q : T*M -~ 
M is the projection of the cotangential stratification to the manifold M in the manifold M. Here, if ~ E 
T'M, ~ ~ 0, then ~(D)~ is an isomorphism. Let D • ~ denote the family of pseudodifferential operators 
parametrized by points of the space B~, whose symbo ! equals 

(D) Q i : q* (~h Q ~)--~ q* (~  Q ~). (14) 

The f ami ly  D • ~ is r e s t o r e d  uniquely by its symbo l  (14) to the a c c u r a c y  of l e s s e r  o r d e r  o p e r a t o r s .  
It fol lows d i r e c t l y  f r o m  the c o n s t r u c t i o n  of  the o p e r a t o r  by means  of its symbo l  that  we obtain  an equivalent  
f ami ly  of e l l ipt ic  o p e r a t o r s  o v e r  the u n i v e r s a l  c o v e r i n g  B~,  which d i f fer  f r o m  each  o ther  at d i v e r s e  points  
by  a l e s s e r  o r d e r  o p e r a t o r .  

T h e r e f o r e ,  f ami ly  (14) defines an e l e men t  of the group K(BTr), which is i n t e r p r e t e d  as  a g e n e r a l i z e d  
ana ly t i ca l  index inda (D ® ~) of  the f ami ly  f r o m  the el l ipt ic  o p e r a t o r  viewpoint .  It fol lows f r o m  [3] tha t  

ind~ (D Q ~) = p~ (~ (D) Q l) ~ g (Bzt), (15) 

w h e r e  p :  T*M × B~ - -  B~ is a na tu ra l  p ro j ec t ion .  

On the o ther  hand, by se l ec t ing  the o p e r a t o r  D such that  the e l emen t  ch(~(D)) would be a dual e l emen t  
ai  E H*(M), i .e . ,  ch (~ (D)) a~ ~- k61ju, k ~ 0 , w h e r e  u E H2n(T*M; Q) is a fundamenta l  cocyc le ,  we obta in  

ch ind~(D Q~)  = c h p ! ( a ( D )  Q l) = chp1(~(D)  ~) = 

= p ,  (ch (g (D) ~) T(M)) = p ,  (ch (or (D)) .ch~.r  (M)) = kp, (u) Q b~ = Xb i. 

We can thus f o r m u l a t e  the fol lowing a s s e r t i o n s .  

THEOREM 2. Let  T x be a f ami ly  of finite r e p r e s e n t a t i o n s  of the g roup  zr, p a r a m e t r i z e d  by the space  
X. Let  ch ~T~ = ~ a l  ®hi  {al} be a ba s i s  in the  cohomolog ies  H*(X; Q). Then the re  a r e  F r e d h o l m  r e p r e -  

sen ta t ions  T i = (T~, Fi, T~) of the g roup  lr such that  ch ~T i = ~bi, kl v e 0. 

THEOREM 3. Under  the condi t ions  of T h e o r e m  2 let  the f ami ly  Tx sa t i s fy  condit ion (1) f o r  x ~ Y C 
X, (a'~ be a b a s i s  in H* (X, Y; Q),Ch~T~ = ~ a i  (~ bi. Then the re  ex is t  F r e d h o l m  r e p r e s e n t a t i o n s  Ti of the 

g roup  7r such that  ch ~r~ = k~b~, k~ ve 0. 

To p rove  T h e o r e m  2 it is suf f ic ien t  to r e a l i z e  a c l a s s  of cohomolog ies  a i by a s ingu la r  smooth  c losed  
mani fo ld  M, i .e . ,  by  a m a p p i n g f  : M --" X such that  f * ( a  i) = ku ~ Hn(M), where  u is the fundamenta l  cocye le  
of the mani fo ld  M. The mapping  f induces  a fami ly  P y  = Tf  (y) of finite r e p r e s e n t a t i o n s  of the g r o u p  
p a r a m e t r i z e d  by  points  of the smoo th  mani fo ld  M. It is  c l e a r  tha t  the mapping  g =f x 1: M x BTr ~ X x B~ 
t r a n s f e r s  the s t r a t i f i c a t i on  ~Tx into the s t r a t i f i c a t i on  ~py.  T h e r e f o r e ,  

ch ~ = ~u ~ b i q- ~ v~ ~ c~, dim v~ ~ n. 

Hence,  the a s s e r t i o n  of T h e o r e m  2 is r e d u c e d  to the c a s e  when the domain  of va r i a t ion  of the p a r a m -  
e t e r  is a smoo th  manifold .  

In the  c a s e  of T h e o r e m  3, le t  us  r e a l i z e  the c l a s s  of  eohomolog ies  ai  by a s i ngu la r  smoo th  mani fo ld  
M with boundar i e s  OM, and let  us  c o n s t r u c t  the el l ipt ic  o p e r a t o r  D ana logous ly  to [4] by a symbo l  which is 
cons tan t  in the ne ighborhood  of  the boundary  3M, If ~r : =*0h) -+ n*(~h) is a homogeneous  symbo l  of d e g r e e  
0, then the  pseudod i f f e ren t i a l  o p e r a t o r  D of  o r d e r  0 is r e s t o r e d  by the symbol  0M and sa t i s f ies  the fo l low-  
ing addi t ional  condi t ion:  t h e r e  ex i s t s  a ne ighborhood  U ~ 0M such  that  i f f  ~ r(7~), s u p p f  C U, then D f  = 
f ,  but if s u p p f  N OM = qh, then supp D f  N 0M = ~b. If D ~ is ano the r  such o p e r a t o r ,  then the d i f fe rence  D - 
D' is a p seudod i f f e ren t i a l  o p e r a t o r  of o r d e r  ( - 1 ) ,  w h e r e  supp (D - D ~) f N 3M = ~b fo r  any s e c t i o n f .  The 
f o r m u l a  fo r  the A t i y a h - Z i n g e r  index 
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ind~ D = p! ((1) 

i s  v a l i d  f o r  such  a c l a s s  of o p e r a t o r s ,  w h e r e  p :  T*M -* {pt} i s  the  m a p p i n g  at  a po in t  and a s i m u l t a n e o u s l y  
deno te s  an e l e m e n t  f r o m  the  g r o u p  K(T*M, OT*M). To p r o v e  the  f o r m u l a  p r e s e n t e d  i t  is  su f f i c i en t  to con -  
t inue  the  o p e r a t o r  D in the  s e c o n d  copy  of the  m a n i f o l d  M g lued  to M a long  the  b o u n d a r y ,  by us ing  an i d e n -  
t i t y  o p e r a t o r ,  and to note  tha t  the  index  of the  o p e r a t o r  D is not  changed  in t h i s  p r o c e d u r e .  

Using  a g r o u p  of c h a r a c t e r s  of the  f r e e  A b e l i a n  g roup  7r = Z n (see  [5]), we ob ta in  f r o m  T h e o r e m  2 
the  following" c o r o l l a r y .  

COROLLARY.  E v e r y  c l a s s  of even  c o h o m o l o g i e s  a 6 H2*(Tn; Q) of  the  n - d i m e n s i o n a l  t o r u s  T n can  
be  r e p r e s e n t e d  as  a = XCh}T, ~ ~ 0, fo r  s o m e  F r e d h o l m  r e p r e s e n t a t i o n  T. 

S o l o v ' e v  [2] f i r s t  e s t a b l i s h e d  th i s  r e s u l t  f o r  the  c a s e  n = 2. 

3. Infinite Representations 

Now, let us consider the family of Fredholm representations defined at the end of Sec. i., i.e., the 
system (U, F, T) satisfying conditions (3)-(7) and parametrized by points of the manifold M. 

Exactly as in Sec. 2, let us consider the elliptic operator D (of order i) in the manifold M. Let us 
assume that the families FxTxare smooth, i.e., their derivatives also satisfy conditions (3)-(7). 

T h e r e f o r e ,  i f  D: r (71)  - -  r (72) ,  then  we ob ta in  the  d i a g r a m  

r (nl ® H) ~ r (m ® H) 

l~Fx I I(~F~ 

w h e r e  D ® i i s  u n d e r s t o o d  as  a p s e u d o d i f f e r e n t i a l  o p e r a t o r  wi th  the s y m b o l  ~ (D) ® I ( see  [6]). 

Le t  A be the  L a p l a c e  o p e r a t o r  in the  s t r a t i f i c a t i o n  s e c t i o n s  71 and 72. Le t  us i n t r o d u c e  a n o r m  in 
the  s p a c e  F (~l~ ® / / )  by a s s u m i n g  

11- I~ = I ~ (a'J, + u-l) ,  u il ~ d~, (16) 

w h e r e  # i s  a s m o o t h  m e a s u r e  on the m a n i f o l d  M, induced  by  a R i e m a n n  l a t t i c e ,  and the n o r m  u n d e r  the  i n -  
t e g r a l  s ign  is  u n d e r s t o o d  in the  s e n s e  of  a n o r m  in the s t r a t i f i c a t i o n  l a y e r  'l~ ® H. 

Le t  H~ be  the  c o m p l e t i o n  of  the  s p a c e  F ('lk ® H) in n o r m  (16). Then the d i a g r a m  

, o®i H~_ 1 HI 

I@F~C I I(~FX 
(17) 

H; +~ ~ H~ 

consists of bounded operators and is commutative to the accuracy of compact operators. In fact, the sec- 
ond assertion follows from the circumstance that; the commutator of diagram (17) can be interpreted as a 
zero order pseudodifferential operator with a compact symbol. 

The symbol of diagram (17) is a Fredholm symbol for each value of the tangential vector to the man- 
ifold M since the vertical operators are Fredholm operators. If ~ E T'M, ~ ~ 0, then since Ker Fx and 
Coker Fx lie in H ~ C H s, the horizontal operators realize the isomorphisms 

(D) @ l : q'I]1 ® Ker Fx --~ q'lh ® Ker Fx, 

(D) ® i : q'~h ® Coker F~--> q*~h ® Coker F~. 

T h e r e f o r e ,  d i a g r a m  (17) f o r m s  an e l l i p t i c  c o m p l e x .  

F i n a l l y ,  the  c o m m u t a t o r s  of  the  o p e r a t o r s  of d i a g r a m  (17) wi th  the  r e p r e s e n t a t i o n  T of the  g r o u p  
a r e  c o m p a c t  o p e r a t o r s .  

J u s t  a s  in Sec.  2, we ob ta in  the  fo l lowing  a s s e r t i o n .  

124 



THEOREM 4. Let  T = (U, Fx, Tx) be a fami ly  of F redho lm represen ta t ions  of the group ~ p a r a m e -  
t r i zed  by points of the space  X and sat is fying condition (1) in the subspace  Y C X. Let  {a i} be a bas i s  in 
t h e  cohomologies  H *  (X, Y; Q), ch ~r = ~a~ ® b~, b~ ~ H* (Bn; 0). 

Then F redho lm rep re sen ta t i ons  T i of the group ~ exis t  such that  ch ~Ti----X~b~, X~ ~= 0. 

4. Proof  of T h e o r e m  1 

Let us take a fami ly  of F redho lm complexes  cons t ruc ted  in See. 6 of [1] as the fami ly  of F redho lm 
rep resen ta t ions  Tx, x E T*Br.  It has been p roved  in [1] that  the fami ly  Tx sa t i s f ies  condition (1) fo r  suf -  
f iciently large ,  in the norm,  cotangent vec to r s  } E T*B~, and chTx = ~a~ ® b~, where  {b~ is the dual ba -  

s is  to the bas i s  in the space  T*B~. 

It is suff icient  for  us to ver i fy  compl iance  with conditions (3)-(7). Let  us reca l l  the const ruct ion of 
the fami ly  of F redho lm complexes  of the r ep resen ta t ions  of the group r.  The space  ~ is a Riemann 
manifold, d i f feomorphic  to the Eucl idean space  in which we introduce the coordinates  (x, ~), x E B"n, ~ is 
the cotangent  vec tor .  Let  ~ be the complexif ica t ion of the cotangent s t ra t i f ica t ion  to the manifold Bn, 
r a i s ed  to the space  T*Bn'-"-~, At,1 a r e  the external  degrees  of the s t ra t i f ica t ion  ~?. Let  us cons ider  the c o m -  
plex 

A : A°,l °' . A',] . . . . .  An,]  

(d im B~ = n), fo r  which the h o m o m o r p h i s m s  ak a re  de te rmined  at the point (x, ~) as external  mul t ip l i ca -  
tion by the vec to r  (i~ + co(x)), and co(x) ~- ~ x L d ~ i / ] / 1  -F ]xI 2. 

Finally,  the family  of F redho lm complexes  H is defined as a s t ra t i f ica t ion  ove r  T*B~, obtained 
f r o m  a complex  by using the d i rec t  image  for  the pro jec t ion  p:T '~n--~  T'Bn, 

H:Ho A, .H1 .4,, . . . .  A~-I~ H~, H k = p l ( A ~ l ) ,  A~ = Pl(ak). 

As the ope ra to r  U we consider  an ope ra to r  obtained as the d i rec t  image of the ope ra to r  of mul t ip l i -  
cat ion by the function 1/[1 + p(x, 0)], where  p(x, 0) is the range f r o m  the point 0 to the point x along the 
geodesic .  Condition (3) follows f r o m  the fact  that  p (gx, 0) -<~ p (x, 0) ~- p (0, gO). 

The conditions 

n V'A~ B < C ! V" ~D, U U'~ (A~T (g) --  r (g) Ak) ~ g < C U V'+'~ 

are  valid in place of conditions (4) and (5). The re fo re ,  fo r  (4) and (5) to be sa t is f ied,  the substi tut ion 
Ak -* U-1Ak is n e c e s s a r y .  Theo rem 1 is proved complete ly .  
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