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It is  p r o v e d  that  if,  on a man i fo ld  with an involu t ion ,  the s u b s e t  of f ixed  po in t s  is  d i f f e o m o r -  
ph ic  to an e v e n - d i m e n s i o n a l  r e a l  p r o j e c t i v e  s p a c e ,  then the man i fo ld  is  b o r d a n t  to the c o m -  
p lex  p r o j e c t i v e  s p a c e  in the c l a s s  of n o n o r i e n t e d  b o r d i s m s .  

In the c l a s s i f i c a t i o n  of s m o o t h  p e r i o d i c  t r a n s f o r m a t i o n s  of m a n i f o l d s ,  i t  is  i m p o r t a n t  to i n v e s t i g a t e  
the r e l a t i o n  be tween  v a r i o u s  i n v a r i a n t s  of the m a n i f o l d  and the s t r u c t u r e  of the s e t  of f ixed  po in t s  of the 
t r a n s f o r m a t i o n .  An e f f ec t ive  me thod  of doing th i s  is  to app ly  b o r d i s m  t h e o r y  fo r  the d e s c r i p t i o n  of the s e t  
s t r u c t u r e  of the f ixed  po in t s .  The p r e s e n t  note  g ives  an i l l u s t r a t i o n  of the a p p l i c a t i o n  of b o r d i s m  t h e o r y  to 
a p r o b l e m  c o n c e r n i n g  f ixed  po in t s  of an involu t ion .  

We s t a r t  wi th  a d e s c r i p t i o n  of the s i t ua t i on  we s h a l l  s tudy .  A l l  m a n i f o l d s  a r e  a s s u m e d  to be u n o r i -  
en ted .  We s a y  that  a m a n i f o l d  M wi th  an involu t ion  i s  g iven if  we have a s m o o t h  d i f f e o m o r p h i s m  T : M ~ M, 
T 2 = id.  Two c l o s e d  m a n i f o l d s  M and M' wi th  involu t ion  a r e  b o r d a n t  if  t h e r e  is  a m a n i f o l d  wi th  a b o r d e r  W 
with  an involu t ion  such  that  the b o u n d a r y  OW is e q u i v a l e n t l y  d i f f e o m o r p h i c  to the unconnec ted  s u m  M U M' .  
If M is  a m a n i f o l d  wi th  an involu t ion  T,  then the s e t  N of f ixed  po in t s  of T, i . e . ,  t hose  po in t s  x such  that  Tx 
= x, is  a f in i t e  union of s u b m a n i f o l d s  N = U Ni.  A t u b u l a r  n e i g h b o r h o o d  U i of a s u b m a n i f o l d  Ni is  d i f f eo -  
m o r p h i c  to the s p a c e  of the n o r m a l  v e c t o r  f i b e r i n g  ~?i of the i m b e d d i n g  of N i in M, and the involu t ion  T in-  
duces  a Z 2 - f i b e r i n g  s t r U c t u r e  in th is  f i b e r i n g .  The b o r d i s m  c l a s s  wi th  involu t ion  M d e t e r m i n e d  the f o r m a l  
s u m  of b o r d i s m s  (a l so  n o n o r i e n t e d )  of r e a l  f i b e r i n g s  ~[~?i]and i s  c o m p l e t e l y  d e t e r m i n e d  by this  f o r m a l  sum.  

We a r e  i n t e r e s t e d  in the fo l lowing  p r o b l e m .  Le t  the s e t  N of f ixed  po in ts  of the involu t ion  T c o n s i s t  
of a s ing le  connec t ed  componen t  and be d i f f e o m o r p h i c  to the r e a l  p r o j e c t i v e  s p a c e  R P  2n. What  can be sa id  
c o n c e r n i n g  the m a n i f o l d  M i t s e l f ?  An e x a m p l e  of such  an involu t ion  is  the c o m p l e x - c o n j u g a t e  t r a n s f o r m a -  
t ion of c o o r d i n a t e s  in a c o m p l e x  p r o j e c t i v e  s p a c e  C P  2n. Conner  and F loyd  ([1], p.  228) a s s u m e  tha t  th is  is  
a unique s i t ua t i on ;  i . e . ,  if  the Set N of f ixed  po in t s  of a m a n i f o l d  M wi th  involu t ion  T is  d i f f e o m o r p h i c  to 
R P  2n, then M is  b o r d a n t  to the man i fo ld  C P  2n wi th  the above  involu t ion .  It i s  su f f i c i en t  to p r o v e  that  the 
n o r m a l  f i b e r i n g  ~? of the i m b e d d i n g  of N in M is  b o r d a n t  to the n o r m a l  f i b e r i n g  of the i m b e d d i n g  of R P  2n in 
C P  2n. Conne r  and F l o y d  [1] p r o v e  that  d im M = 4n, and the f i b e r i n g  ~? i s  s t a b l y  i s o m o r p h i c  to the f i b e r i n g  
(2s + 1) ~ (s -> n), w h e r e  ~ i s  the o n e - d i m e n s i o n a l  Hopf f i b e r i n g  o v e r  R P  2n. 

The group  of  (unor iented)  b o r d i s m s  of  r e a l  f i b e r i n g s  ~ .  (BO(n)) has  a r i n g  s t r u c t u r e  i f  we t ake  m u l t i p l i -  
ca t ion  to be the c a r t e s i a n  p r o d u c t  of b a s e s  and the d i r e c t  sum of f i b e r i n g s .  Th i s  r i n g  is i s o m o r p h i c  to the 
r i n g  of p o l y n o m i a l s  ~.[Xn] , w h e r e  the x n a r e  o n e - d i m e n s i o n a l  Hopf f i b e r i n g s  o v e r  R P  n.  In p a r t i c u l a r  x 0 
is  the o n e - d i m e n s i o n a l  ( t r iv ia l )  f i b e r i n g  o v e r  o n e - p o i n t  s p a c e .  

T H E O R E M .  If M m is a m a n i f o l d  wi th  involu t ion  whose  se t  of f ixed  po in t s  i s  d i f f e o m o r p h i c  to the r e a l  
p r o j e c t i v e  s p a c e  R P  2n, then the n o r m a l  f i b e r i n g  of the i m b e d d i n g  of R P  2n in M an is b o r d a n t  to the t angen t  
f i b e r i n g  of R P  2n, and a m a n i f o l d  wi th  involu t ion  M 4n is b o r d a n t  to the c o m p l e x  p r o j e c t i v e  s p a c e  CP 2n, on 
wh ich  the involu t ion  is  the t ak ing  of the c o m p l e x  con juga te  of h o m o g e n e o u s  c o o r d i n a t e s .  

P roo f .  Each  v e c t o r  f i b e r i n g  77 o v e r  R P  2n is  equa l  to k~ + N. On the o t h e r  hand each  f i b e r i n g  ~ can 
be e x p r e s s e d  in the f o r m  ~?' + N, w h e r e  d im ~?' = 2n. Hence a b o r d i s m  y r e p r e s e n t a b l e  by  ~?can be w r i t t e n  
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y = y0(x0) N. I_~t Yk be the b o r d i s m s  r e p r e s e n t e d  by  the f i b e r i n g s  k~, Yk = Y0k(X0) k-2n. Let  k 0 be  the s m a l l -  
e s t  n u m b e r  such  tha t  the c o m p l e t e  S t i e f e l  c l a s s  i s  equa l  to un i ty :  w(k0~ ) = 1. Then the b o r d i s m s  {Y0k} (1 -< 
k < k0) run  o v e r  the  who le  s e t  of b o r d i s m s  {Y0k}. We m u s t  p r o v e  that  a(Y0k ) ~ 0 fo r  k ~ 2 n  + 1, w h e r e  

: ~lk(BO(n)) ~ ~ln+k-1 (RP~176 Th i s  is  e q u i v a l e n t  to the f ac t  tha t  a(Yk) is  a p o l y n o m i a l  of d e g r e e  h i g h e r  
than k - 2 n  f o r  k ~ 2n + 1. The e l e m e n t  c~(yk) is  r e p r e s e n t e d  by  the p r o j e c t i o n  Pk of the f i b e r i n g  k~ o v e r  
R P  2n wi th  the c a n o n i c a l  f i b e r i n g  ~ i m p o s e d  on i t .  We have  to p r o v e  tha t ,  f o r  k ~ 2n + 1, t h e r e  i s  a n u m b e r  
s > k - 2 n  and a S t i e f e l  c l a s s  w of the m a n i f o l d  Pk such  tha t  (cSw, Pt0 ~ 0. 

The  c o h o m o l o g i e s  of Pk f o r m  the r i n g  

H*(P~, Z~) = Z2 [u, c] / {(c § u)~, u~n+~}. 

The c o m p l e t e  S t i e f e l  c l a s s  of t angen t  f i b e r i n g  is  equa l  to w = (1 + u)2n+l(1 + c + u) k (cf. [1], See .  24). 

L e t r b e  the s m a l l e s t  n u m b e r  of w h i c h 2  r > 2n. It i s  e a s i l y  s e e n  tha t ,  i f 2 n  + l _ < k <  2n + 1  +2  r ,  
then Y0k r u n s  t h r o u g h  the whole  s e t  of b o r d i s m s  {Y0k}. We s h a l l  p r o v e  tha t  t h e r e  a r e  i ,  j ,  i + j = 2n + k - 1 ,  
k - 2 n  + 1 _ j ~< k - 2 ,  2n + 1 <- j ,  such  tha t  (w(i)cJ, Pk} ~ 0, w h e r e  w(i  ) i s  the Newton g e n e r a t o r  of the c h a r -  
a c t e r i s t i c  c l a s s e s  of t angen t  f i b e r i n g .  R e c a l l i n g  tha t  k is  odd,  we have  w{i ) = u i + (u + c) 1. Since  i = 2n + 

k - l - j > _  2n + l ,  t h e n w ( i  ) = ( u + c )  i .  H e n c e w ( i ) c J  = ( u + c )  i c j  = ( u + c ) k u 2 n c ]  n.  We take  a n u m b e r  j such  

t h a t j  ~ k - 2 n  + l , j > _  2n + 1 ,  j _ < k - 2 f o r o d d k ( 2 n  + 1  + 2  r > k > 2n +1)  a n d C ]  n = 1. S u e h a n u m b e r e x -  

i s t s .  Le t  2n and k have  the b i n a r y  r e p r e s e n t a t i o n s  

2 n =  tccs_l . . .z~0,  a i = 0 , t ,  k = ~ s + l ~ s . . . ~ t .  

H e r e / J s +  1 = 1 o r  fis+l = 0, fis = 1. C o n s i d e r  the fo l lowing  two c a s e s .  1) fls+~ = 1. Then m = f l s . - . f i l  I < 2n. 
Le t  fis = a s  . . . . .  fit = a t ,  fit-1 = 0, ~ t -1  = 1 fo r  s o m e  n u m b e r  t .  Then  we m u s t  t ake  j = fis . . . /~ ta t -1  . . . 1 .  

2n = 1. 2) fis+l = 0, fls = 1. L e t f i s  = C~s fls-1 = (Vs-~ . . . . .  P l a i n l y j  >_2n + 1 ,  j_> k - 2 n  + 1 ,  j - < k - 2  and Cj 

fit--- c~t,c~t-1 = 0 ,  fit-1 = 1. S e t j  = c~ s . . . gz t l c~ t_  2...c~10. T h e n j > _ 2 n  + t , j - > k - 2 n  + l , j - < k - 2 ,  a n d C ~  n 
= 1, and the t h e o r e m  is  p r o v e d .  

R e m a r k .  F o r  e a c h  m a n i f o l d  M n, t h e r e  is  a m a n i f o l d  wi th  invo lu t ion  N 2n such  tha t  M n is  i t s  s e t  of 
f ixed  po in t s .  F o r  N 2n we m u s t  t a k e  M n x M n,  and the invo lu t ion  T is  de f ined  by T(x,  y) = (y, x).  Then  the 
n o r m a l  f i b e r i n g  of the  i m b e d d i n g  of M n in N m i s  i s o m o r p h i c  to the t angen t  f i b e r i n g  of M n,  The  ques t ion  
a r i s e s  of w h e t h e r  t h e r e  a r e  o t h e r  m a n i f o l d s  wi th  invo lu t ion  N' hav ing  a s e t  of f ixed  po in ts  d i f f e o m o r p h i c  to 
the f ixed  m a n i f o l d  M n.  T h e r e  i s  a t h e o r e m  which  a s s e r t s  tha t ,  ff M n = R P  2k, then N' is  b o r d a n t  to N. How- 
e v e r  when M n ~ R P  2k th is  i s  no t  in g e n e r a l  t r u e .  F o r  e x a m p l e  if M 5 = (RP 4 + R P  2 • R p 2 ) R p  I, b e s i d e s  then 
the m a n i f o l d  wi th  invo lu t ion  M 5 x M 5, t h e r e  i s  a n o t h e r  man i fo ld  wi th  involu t ion  of d i m e n s i o n  8, b o r d a n t  to 
the m a n i f o l d  (Rp2) 4 + (Rp4) 2 (and not  b o r d a n t  to M 5 x Ms), whose  f ixed  po in t s  a r e  b o r d a n t  to M 5. C a l c u l a -  
l a t i ons  wi th  e x a m p l e s  of th i s  type  r e d u c e  to the me thods  used  in [2] and [3]. 
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