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HOMOTOPY INVARIANTS OF NONSIMPLY CONNECTED MANIFOLDS. |
RATIONAL INVARIANTS

A. S Miscenko UDC 513-8

Abstract. Invariants of nonamply connected manifolds are investigated of the
same type as the signature of a manifold, or of "higher signature” for manifolds
with free Abelian fundamental group, which correspond to the possibility of surgery
on amanifold. It is proved that these invariants depend only on the homotopy type
of the manifold and a bordism class of manifolds.

I ntroduction

We begin with a description of a typical problem connected with the Morse modifi-
cations. Let f: M’i — M’; be a map of degree 1 between closed (or with boundary) re-
dimensional manifolds, let  be a fiber bundle over the manifold M’; and F a stable
fiber bundle trivialization v(M’;)GB £*(q), where v(M?) is the normalbundle of the mani-
fold M'{. In this situation the gEestion arises as to whether there exist a manifold with
boundary W**1, ap~+1 - MM, amep g Wf‘“—+ M7 extending the map f and a
stable fiber bundle trivialization G: v(F?* 1)@ g*(y) extending the trivialization F
such that the map gW'{ is a homotopy equivalence. In [1] Wadl studies the obstruction
to the existence of such manifolds with boundary, or, as they say, obstructions to
surgery on a manifold (see also [?], [®] and [*]). For each fundamental group n one
constructs groups Ln(”)' The obstruction to surgery a(M{, M’;, f; F) is an element of
the group Ln(rr), and, moreover, a necessary and sufficient condition for the existence
of surgery on the manifold M7 is that the element a(M’, ¥%, f, F) be zero. Note further
that the element a(M’;, M, f, F) depends only on the "bordism" class of the manifold
M’ defined by the triple (M2, f, F).

In fact all problems about Morse modifications can be put in the form indicated
above.

In the case of a simply connected manifold the groups Ln(l) were described a
~long time ago ([°1, I°D); they L, (=Z L, «1y=2,d L, 6 my=0 e
we will be interested in the following situation. As is well known, the group Lék(ﬁ) is
the Grothendieck group generated by the nondegenerate symmetric scalar products on

free modules over the group ring Z[#l. In the case = =1 the unique invariant of such
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scalar products is the signature, i.e. the difference in the dimensions of the subspaces
where the scalar product is positive definite and negative definite. Thus when studying
the obstruction to surgery of the map

£ MM

and the stable trivialization F: ALLli') ® f*(rj) the obstruction is defined as the signa-
ture of the scalar product on the group Ker (H,(M’i) ~— H*(M‘;)). Here the homology can
be considered with rational coefficients. On the other hand the signature ¢{M) can be
defined for each manifold separately when studying the scalar product on its homology
groups with rational coefficients. Then

o (MY, M3, f, F) = o (M) — o (M)
This result explains to what degree the o b st r u a(M’;, M’;, f, FYe n d s on the
different elements M7, M3, f, F.

The aim of the present work is to investigate the degree to which the obstruction

G-(M';, M;, [, FY € Ln(rr) depends on the manifolds themselves, the map f and the
trivialization F.

To each manifold M*® we associate an element ¢ (M™) € Ln(:r), 7= ﬂl(M“}. It will
be shown that

1. M), M\, { P=a{M')-a{M".
2. o{M™) is a homotopy invariant.

3. o{M™) is a bordism invariant of the space K(#, 1} defined by the manifold M".

In the first part of the paper we study the construction of an invariant in the group
LS(?T), analogous to the Wall group Ln(ﬂ'), in which in place of the group ring Zial of
the group n we take the group ring Q[n] with rational coefficients; more precisely,
with dyadic rational coefficients. These groups correspond to surgery modulo elements
of finite order in the homotopy groups of the manifolds. On the other hand, reflecting
the general idea of the method, the consideration of rational coefficients technically
simplifies the construction.

In the second part of the paper we give a complete description of the invariant
o (M) and consider a number of special cases. For example, it will be shown that on
smooth manifolds with fundamental group ZP and dimension 4% — 1, & > 2, there exist
a finite number of pairwise nonequivalent smooth structures. It is clear also that by
examining the method it is possible to answer the question on the number of distinct
free actions of finite groups on manifolds.

I would like to note that in writing the present article my valuable discussions
with S. P. Novikov had a most stimulating significance, and so also did my joint work
with I. M. Gel fand in studying quadratic forms over rings of continuous functions.

§1. Algebraic Poincare'complexes

Let 2 be a finitely generated group, and JI the group ring over the group #n with
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coefficients in the ring of dyadic rational numbers Z[4], i.e. A=Z[4][al. An involu-
tion A — A which is generated by the involution in the group #: ¥= x~1 is defined

in A, Let M pe a right A+~module. Denote by M* the module Hom (M, A). 1f M iis a
free module, then there exists a natural isomorphism M — (¥*}*., For any homomorphism
¢: N — M we will denote by ¢* the dual homomorphism. '

Let us consider a complex of free JI-modules € = !Cl., d".} of length =n:

. dl d: dﬂ
Co ‘_“CI“_CQ"“‘" ‘e '(_Cn.
We will say that an algebraic Poincaré complex is given if we are given homomor-
phisms

Ei: C:x—-i —-C,,

such that the relations

digi : (""l)I Eu'—].d:s—i+1. (1)
b= (=D (2
are satisfied and moreover the homology homomorphism
EH({C)—H(C),

induced by the homomorphisms & = £}, is an isomorphism.
Analogously, considering a complex of free Asmodules € =1{C,, d} of length
rn+ 1 and a subcomplex of free Amodules C0= {C?, dif of length »n which is a direct
summand, we will say that an algebraic Poincare'pair is given if we are given homomor-
phisms
&:Crpa—i—Cy
such that the conditions
dfi = (—1)' Bmrdn_iyamod C°,
B= (=" g
are fulfilled and moreover the induced homorphism in homology is an isomorphism be-
tween the homology of the complex C* and the homology of the factor complex C/C*:
& H(C)— H(C/CY).
Lemma 1.1. The complex (C° d) admits a natural Poincare complex structure.
Proof. Consider the homomorphism
Pi— = dif— (—l)" Es—zd:»-i+s-
Let B: € — C/C® be the projection. Then by definition we have B,_,;¢;_, = 0.
Since

@i = 5idi — (— 1) dorrabis
- (_ l)(n+1_i)i§n+1—fd; _ (—I )m+s_i)“—l)+idn—£+n§n—f+s

— (_])(ﬂ—{f--l)}(f-l} (dn—i+3§n—i+z e (e l)(n_.i+3)§n+1—id:)

i— e
_____(_1)(“"'( LN l)q}n-{i—l)’
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then ¢ __ . _1,8;., =0. Consequently the homomorphism ¢,_, defines uniquely the
homomorphism
’é?—-t . C?:—(f—n — CP 1-
An immediate check confirms that the conditions (1) and (2) are fulfilled. To complete
the proof we establish the following lemma. Let a: €® — € be the inclusion homomor-
phism.
Lemma 1.2. The diagram
> Hy (CY) —2 H, (C) —2=> H(C/C®) == H,_, (C%) —
13 (26" N e

f—y

— Hy (C*) 33 Huga—i (C/C™) = Hn i (C") = Hpr i (C)—

is commutative. All vertical homomorphisms are isomorphisms.

B

Proof. The commutativity of the diagram is obvious. By definition the homomor-
phism (8&), is an isomorphism. According to condition (2*) the homomorphism (£8*),
is, up to sign, the dual of the homomorphism {8£), and consequently is also an isomor-
phism. From the Five Lemma the homomorphism {£%, is also an isomorphism.

The proof of Lemmas 1.1 and 1.2 is completed.

The Poincare'complex (€% d, £% will be called the boundary of the Poincaré
pair (€, €%, d, &).

Let two algebraic Poincaré complexes o =(C,d , &) and a,=(C, d, £) of
the same dimension be given. The complex (Clea C,d ®d, Eleafz) will be called
the disjoint sum a, {},. It is not difficult to confirm that this is a Poincare’ complex.
By a change of orientation in the Poincare' complex « =(C, 4, &) we will mean that
we are considering the new complex — a = {(C, 4, — £). We will say that two algebraic
Poincare' complexes a, and a, are bordant if there exists a Poincaré pair 8 =
(C, €% d, &) such that its boundary 98 =(C®, d, £% is a Y- a,.

Lemma 1.3. Let algebraic Poincare complexes a,, a, and o, be given. If a,
is bordant to a, and o, is bordant to a, then & is bordant to a,.

Proof. Let

1

B=(C,C%d5E), B=(CC"4d¢E)
be two Poincare' pairs where €° = FOF,d=d ®d, £ = 7, D7y C°'=F2£B F,
d'=d,®d, and £'°=-9,® 5, We will construct a new Poincaré pair y =
(4, 4%, 8, ). Put A=(CHCYF, and A ={C*DCY)/F,® F,, where F, isem-
bedded diagonally in €& C’, It is clear that the modules 4 and A® are free and that
A% is a direct summand in 4. The differential d is by definition induced by the dif-
ferential 4@ d’ in the module € @ C’. The homomorphism £ is defined as the com-
position

aScapcy B cac)3a
where m: C&@ C' — 4 is the natural projection. Let us verify whether the conditions
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imposed on a Poincare pair are all fulfilled. In the given case condition (1') has the
form
ALt —{(—1) LimaOnpans E A
In fact, from condition (1') for the Poincaré pairs 8 and 8’ it follows that
Ly = 0l — (1) LieBrrat EA D n(F. B FY).

However the second component of the homomorphism L_f:.’_l is obviously zero, because
on F; it is equal to , and on F;’ it is equal to {(~ 5,). Condition (2") is automatic-
ally fulfilled. It is trivial to check that the homomorphism ¢: A* — A/4% induces an
isomorphism in homology.

Lemma 1.4. An algebraic Poincare complex o is bordant to itself.

Proof. Tft a =(C, d, £) be a Poincaré complex. Let us construct a Poincaré pair
B =(B, BY, &, 5. Put

Bi=CHC,PCy,

B =CPpC,
d (=1 0
6I = 0 d('—-l 0 ) *
0 (=" 4
0 (__l)n+1 Ei 0
n=gl e 0 e
0 (—nE 0

It is not difficult to verify that 8 is a Poincare pair and
B'J:(BO’ d’ "]0) =a U(_aj
82. Madifications of algebraic Poincaré complexes

In this section we give one simple construction on a Poincaré pair analogous to
"attaching” handles to a smooth manifold with boundary.

Let an algebraic Poincaré pair (C, C°, 4, &) of dimension » +1 be given. Let
7= {rr}.}, 7 C:? — C}., be the inclusion of the submodule C? in the module €. Wefix
a certain free module 4, the number i and a homomorphism 8: 4 — C* ., such that
dr_.,B8="0. Weconstruct a new Poi ncaré pair (C, C° &, ). Put

Ci=Cjwhenjg=i +1, n—i—1, n—i,
Ci=CiPAwhenj=i+1, n—i—I, n—i,
C=C)when j=i +1, n—i—1,
Cl=Cl®Avhenj=i+41, n—i—1I.
The inclusion #: G® — € is defined by
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E&"l‘l = (“£+l 0) >

0 |
— ;i 0
Mp—j—y = (:‘;ﬂ—- 1 l ) +

= m; for the remaining numbers j.
We define a homomorphism a.: 4 ~ C? by

a = Ein,— .
In this case we have the relation

e = {dig. Sir1— (—-I)H-l Eidr:+1-£) B.
We define the boundary homomorphism in the following way:
8ip 1 = (dir, ),

!di
dura = gﬂ) :

6;;_.[_-1 —_ (dn-—-i-—--l) 0)’

‘Sn—;‘ = (dﬂ_i 0) y
B 1

6n—£+l = (dn—0£+l) N

6; = d; for all remaining numbers j.
Further, put

(E;-ﬂ — EHI-IB) ’

Nits = Eiter O)y

NMe—i—1 = (Eﬂ;_l) ’

"lt+1=(

En 0
e (a BEn—s (—1)‘"“""’*”)’

n; =§; for al remaining numbers j.

Special cases occur when n=2k+ 1, é=%k—-1 and when n=2k, i =%k - 1. In the first
case we put

d; 0
61' = 6,1._;‘_1 = itz
o (0 0)

Nitz = Na—j—1 (EE-H g) .



512 A. S MIEENKO

In the second case we put

Ek = Ck @ A @ A»
Ek+1 = C.:’z+1 @ A,
6k = (dk: Ty, 0)’
dk-l-l 0
e =1(0 ol
g’ 1
. — &
Ne=10 1 B
0 0
(B 00
Netr = (\__ Bl 1 0 .

An immediate check of the conditions (I') and (2') shows that the Poincare pair
(C, C° &, p) is well defined. The boundary of this pair (€%, 8, 3% is, according to
Lemma 1.1, a Poincaré complex. We will say that the complex (C?, &, 79 is obtained
as a result of a modification on the complex (€%, d, £ with respect to the homomor-
phism o sﬁ

Let us note that modifications can be carried out on Poincaré complexes which
are not the boundaries of a Poincaré pair. In addition, modifications can be carried out
on Poincaré pairs themselves. Let (€, €%, 4, £} be a Poincaré pair of dimension n.

Ci=Ci®A j=i+l, n—i—l,

Put
Ci=C®dA, j=i+I1, n—i—I1,
Oi+1 = (di1, @),
d
6i+3 = ( E—I—z) 3
én—r.— = (dn-r. 1 ™

where 8: 4 — €

Re=F

isa homomorghlsm such that a’u e 1B=0

. . E(+1 0
Tll-i-l - (0 1) L]

En—i— 0
Mo—i—1 = (0 (__l)m—i+1)(i+1) .

Proposition 2.1. Let a be an algebraic Poincar€ complex and @ the result of e
modification of it. Then the complex a is bordant to the complexa.

The proposition follows easily from Lemma 1.4.
Proposition 2.2. Let a be an algebraic Poincare' complex. Then the complex a. is
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bordant to another Poincare complex 8 for which all the homology, with the exception
of the homology in the middle dimension {for even n) or in the two middle dimensions -
{for odd n), is zero. Analogously every Poincare' pair can be modified to a pair for
which the homoloay is zero except in the middle {or the two middle) dimensions.

Proof. Let Hi(C) be the first nontrivial homology group of the complex C,
{ < (r—1)/2. Then the module Ke"d;-in is a projective module. Consequently there
exists an epimorphism £ from a certain free module 4 onto the module Ker d;_‘“ C
C:_ . Let us carry out a modification of the complex € with respect to the homomor-
phism 3. We obtain anew complex € for w h H}.(C) =00 r j< i The rest of the
proof is carried out by induction.

83. Homotopically equivalent algebraic Poincare'complexes

Two Poincaré complexes a = (C, d, &) and a' =(C’, d', &'} will be called homo-
topically equivalent if there exists a homomorphism f: € — C* such t tfd=d’fn d
&'=fEf* and moreover f induces an isomorphism in homology.

Lemma 3.1. Homotopically equivalent algebraic Poincare complexes are cobordant.

Proof. Asin Lemma 1.3, let 8=(C, €% d, &) and B8'=(C', C%, d', £') be
algebraic Poincare pairs where C® =F @ F,, d=d @& d,, =9 Dn, C”=
F;'GB F, d: =d, ®d, £'%=~5, @By, and the complexes (F,, d,, »,} and
(Fz, d;, qz) are homotopically equivalent, i.e. there exists a homomorphism f:
F,— F such that fd,=d,f, n; = fy,f*. Define the inclusion i: F, — C* @ C®' by
the formula i(x) = (x, f(=)). Put 4 ={(CHC")/i(F) and A% = C"GBC‘)'/(F2 @F)),
and define the homomorphism ¢ as the composition

A-Caey—E—cec)~a.

The remainder of the proof is analogous to the proof of Lemma 1.3. The existence of
Poincaré pairs 8 and 8' is guaranteed by Lemma 1.4.

Corollary 3.2. Let the Poincare complex a = (C, d, &) have the form C, = E;’ DA,

Ciyy = E£+1®A and C}. = E}, for the remaining numbers j. Let
3{-]-1 O
dj - ( )d.
ol

Then the complex @ = (C, 4, &) is a Poincare complex bordant to the complex «.
We are now in a position to strengthen Proposition 2.2.

Proposition 3.3- Let « be an algebraic Poincare”complex. Then the complex «
is bordant to a Poincare complex 8 = (C, d, &) for which the modules C‘. are zero
except in the middle dimension {for even n) or the two middle dimensions {for odd n).

The proof springs immediately from Proposition 2.2 and Corollary 3.2.
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84. The construction of an element of the Wdl groups LS(??).
Even-dimensional case

Theorem 4.1. To each algebraic Poincare complex there can be associated an ele-
ment of the group Lf(ﬁ) which depends only on the bordism class of the complex.

Proof. By modifying the complex if necessary, according to Proposition 3.3 we
may suppose that there is only one module €, » = 2k, which is not zero. Thus the
homomorphism £, : C; ~ C, is an isomorphism, where &} = (- I)kfk according to con-
dition (2) of 81. This means that there is a nondegenerate scalar product given on the
free module €, with values in the ring A which is symmetric or cosymmetric depending
on the sign of (— 1f‘ . Consequently we can associate with the complex a an element
of the group Lf(rr). Let us show that this element is correctly defined and does not
depend on the representative of the given bordism class. For this it is sufficient to
show that if o= 88 then the complex a corresponds to the zero element of the group
Lr?(rr).

Thus, let a = dfB. Inasmuch as only the module Cg in the complex @ is nonzero,
it is possible to modify the pair 8 so that only the modules €, and €4y @€ NON-
zero. Let us consider an arbitrary homomorphism of the free module A

B:4— C,

k+1

B:Ad—Cp

Put
a = EkB}

Ce=CeDADA,
Ek—{-l =Cp, DA,

Ci=CGDHADA,

C'g-l-l =0:
Further put oA

dk+1 a
Opg1 = (0 1),
B 0
; O
N, = (0 0),
0 1

" — Ek+1 0 0 B
. - . B\ 00 1) Zo o
It is not difficult to verify that we obtain a Poincare pair whose boundary (Ck, qk) de-
fines the same element in the group Lf(:r) as the complex (C,, ffk). By choosing the

A
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homomorphism £ in a suitable way we can arrange that the homology #(C, cY is
trivial. Consequently we can suppose that C° = (,. Thus we have the diagram

dg
Cok{_:]lck—}-l
E ‘ I %k
Ck-]-l. Co".

k+1
Inasmuch asthe homomorphism & induces an isomorphism between the homology of

the complex €* and the homology of the complex €/C?, it follows that homomorphisms
§ are monomorphisms and moreover the product homomorphism

diir @ E:Ch — Crpr @ Crta
is an isomorphism. Making a change of coordinates with the help of the isomorphism

k+l’

(d;+ , D &), we quickly confirm that the scalar product on the module C" is trivial.

85. The construction of an element of the Wall group Lf(rr).
Odd-dimensional case

Theorem 5.1. To each algebraic Poincaré complex there can be associated an
element of the group Lf(n) depending only on a bordism class of complexes.

Proof. Recall that the Wall group Lf’(:r) in the odd-dimensional case r =2k + 1
is a group of invertible matrices of order 2m preserving the scalar product given by the

matrix
C 0 1)
((—1)’* 0/,

factorized by the subgroup generated by the so-called elementary transformations. The

matrix
0 l)
(l 0

A C

(B D),
where 4 is an invertible matrix, are related to elementary transformations. It is easy
to see that if € =(-1)**1C* then the matrix

o

Now let a Poincare complex « be given. According to Proposition 3-3 the complex
a is bordant to a complex of the type

and matrices of the type

is elementary.

Ce 4:— Chir
13 f 1 Ek+1
Chi e Ca

k+1
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*

In amodule €, , & C,,, we introduce a scalar product by means of the matrix

( 0 ]

(—1)* 0) '

It is clear that the imbedding ¢: €; — €, @ C,, . d=¢,,,Dd;, ,, is an embed-
ding onto a direct summand, and that the scalar product is trivial on the image Im ¢.
Consequently there exists a transformation 4 of ‘the module Cfc+1$ C;+ L which pre-

serves the scalar product and A4 = (¢, ), i.e. an element of the group Lf(:;r) has been
defined.

Let us show that if the complex « is the boundary of a Poincaré pair then the ele-
ment defined above of the group L%#) is zero. Let a=dp and 8 =(C, C?, 4, £).
Let us modify the pair 8 so that only €¥= €, and C, ., aenonzero. Adding, if
necessary, a module in dimension & + 2, we can suppose that the horaomorphism Ek:
C;” - C,‘: is an epimorphism. By carrying out a modification of the pair 8 with

*

respect to a certain map A — €, , we may suppose that the homomorphism d, _ -

C“1 — Cg maps a certain submodule 4 C C“l, AN CfH = 0, epimorphically onto
the module Cg. After this we can again "split off" the module €, , and make it
zero. Thus we may suppose that C} = 4, Crv,= ADBDC, C}:H =B, d, =(1,4,0
and &, 1= "‘fifn’ where ‘f;ﬂ = (= ¥ lgu I

Consider the new Poincaré pair
Ci=Ci=A®C,

E?e+1 =B O
i 0 4 0
S (o 1 0 — 1)
Ell gls El2 §13
we(E B E
§81 gss Eﬁg §83

It is easy to see that the embeddgc®* . . &4, . GO,
g: Ci > Cl DT,

is defined by the matrix i va
d* 0
0 —~—1

‘5 = o
§k+1 0
and consequently defines the same eigment of the group Lf’(n). Thus we arrive at the
pair {(C, €° d, &) which can be represented in the form
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A = Cg, Cg+1 = B’
Ck+1 = A @ B’
derr = (1, d),

el wl)

It is easy to see thai: ‘512 ={(= 1)k+ lf; is an isomorphism. By carrying out a suitable
change of coordinates in the module 4 we may put 8 = 4* and é'u= 1. Then

d =(— 1)**1d*. The embedding & Cg‘ — Cg+ 1 35 C.g:-l

l _!_ gzz -y
A* '
The change of coordinates in the module Cg+ 1 & CO‘ given by the matrix

byl
o %)

changes the matrix of the embedding ¢ into
F 1
\a)

§6. Modifications of smooth manifolds

is given by the matrix

The theorem is proved.

For each smooth manifold M*® with fundamental group there is defined an algebraic
Poincaré complex in the sense defined in §1. One utilizes for this the {-product
between chains and cochains (see for example t']). Conditions (2) and (2 ') can be
fulfilled by using the ring A with coefficients modulo 2. If a homotopy equivalence
between two manifolds is given then the algebraic Poincaré complexes corresponding
to them are also homotopically equivalent. Thus the results of §§3, 4 and 5 give the

following theorem.

Theorem 6.1. There exists a function associating with each manifold M* an ele-
ment o{(M*?) € Lf(n), where n_I(M") = g, and nl(M“) preserves die orientation of M".
The element o'(M“) is a homoto_py invariant and an invariant of the bordism Q,(K(fr, 1.

Theorem 6.2. Let f M'; - M; be a map of degree 1 and F a stable Jiber bundle
trivialization f(M'{) .®f*(§),, where & is a certain fibration over m'; and f: :rl(M’;) —
HI(MZ) isan i s o m o r p B.(Mtg ﬁ,nF) ') feﬂ{tn)b e an obstruction to surgery on
the manifold Ml’ and let q: Ln(ﬂ) — Lr?(ﬂ) be the natural inclusion. Then

q(a (M. f,F)) = o (M})— o (M7).

Proof. The corresponding map between algebraic Poincaré complexes is an epi-

morphism. Let us consider the complex C3 = Kerf. It is clear that C; R Cokerf‘, and

therefore fl induces the structure of a Poincare complex o ICs. h u s we have the

diagram
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Cs — Cl — Cz
ot 1
Coe-C,—C,

Further, to each modification of the triple (¥, f, F) there corresponds a certain
modification of the complexes C3 and €, which commutes with the inclusion g. Thus
for even n = 2& we modify the complex C1 until C3 consists only of a group in the
middle dimension. Inasmuch as the homomorphism g induces a monomorphism in homol-
ogy, we can represent the complex €. in the form of a direct s | C,® C,er ethe
differential ¢’ has the form

1

d =
0
and d £ 0 only in dimensions & + 1. The homomarphism £! in view of the self-duality
can be represented in the form
n- (B0
0 @)

Further, in every dimension ¢ < & we carry out simultaneous modifications in the com-
plexes C2 and Cs’ identifying them by means of the isomorphism f. Then the unique
nondiagonal differential d; +1 Maps the module Cz.h . Cs'“ L onto a direct sum-
mand of the modt Cz’k hich does not intersect the module Cj’k. Thus by a suit-
able choice of the direct decomposition it is possible to modify the complexes C2 and
C3 up to the middle dimension.

For odd » = 2%k + 1 we carry out a modification up to the two middle dimensions in an
analogous way, and decompose the complex C1 into the direct sum €, = C,®C,.
Then the element of the group Lf(ar) is defined by an embedding matrix of the form

( 3 tp) )
0 @
where ¢, and ¢, are embeddings onto a direct summand in the module with trivial

scalar product. Thus the homomorphism ¢ may be represented in the fom ¢ = a¢,.
Consequently

6wl VG W)

i.e. the element of the group Lno(”) defined by the matrix

(‘Pa @ )
0 P2

is equal to the direct sum (¢} + (¢ ). Theorem 6.2 is proved.
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