1969 MATEMATUYECKWI CBOPHUK T. 80(122), Ne 3(11)

YAK 513.836

Bopau3Mbl ¢ AEUCTBUEM TDYIIIbL Za M HETIOIBUKHBIC
:

A. C. Mumenko (MockBa)

Llenp HacrosIIell cTaTbM — AaTh ONMCAaHWE KOJIblIa OOpAM3MOB C JEWCTBUEM
Ipynmer Z, m Kosblia BCEX JOIMYCTUMBIX HAOOPOB. HETMOJBMXKHBIX — MOIMHOT000-
.pasuii TpM NEHCTBUM TPYIIbl Z,.

51

M3BeCTHO, 4YTO MHOXECTBO HEMOABIKHBIX TOYEK Ha KBa3UKOMILICKCHOM
MHoroobpasun M™ mpu KBa3MKOMIUIEKCHOM IEHCTBUU TPYIIIbI Z, aBnseTcs: 00be-
MUHEHWEM KOHEYHOTO YMCIia 3aMKHYTBIX KBa3UKOMITIIEKCHBIX TIOMMHOT000pasuii N;.
IIpy 3TOM MOXHO TaK OTOXIECTBUTb TPYOUATYH0 OKPECTHOCTH /¥; ¢ HOpMabHBIM
paccrioenneM v; K Ni, 4TO B %; MHIyLUMpYeTCsl JIMHeiiHOe neficTsue rpynmbl Z,

CornacHo [2], pacciioeHHe ¥; MOXHO NPEICTABUTb B BUAE CYMMBI ¥;= (& V;j, MpH-
=1 .
4eM Ha ¥y JIEiCTBUE TPYNIbI Z, 3a/1a€TCsA C TIOMOLIBIO YMHOXEHHs Ha Yucyio e *
Takum oOpasom, peiicTBue Tpymmbl Z BOIM3N HETIOJBUKHOTO MOAMHOI000-
pasusi N xapakTepusyeTcsd HabopoM p — 1 paccioeHui 'él, vres Ep_,, B CymMMe
JIAIOIIMX HOPMAIBHOE pacCliOeHUE. HOpMaJ'[LHOC paccioeHre K N WHAyLHAPYET
3HAYUT, ONPEJIsIET HCKO”"“_QDLII,/I,,6QDHI/I3M u(N s El, , Ep._,) 6€CKOH€qHOMep—
HOW JIMH3bI L‘f. CymmMma Z a(N, &, ..., 1) 1O BceM HEMOIBMKHBIM TIOI-
MHOTOOOPA3MsIM, OYEBHIHO paBHA HYIIO.
B pabore [1] ompeneneHo Kosbllo OOPAM3MOB C JACHCTBHEM TPYMIbl Z.
OGosHauum ero uepes KF. Tlycts [M™) € Q, (N, g .., E:,_l) —HEeTOABUXK-
P—1
Hble TOIMHOTOOOpasusi, dimN; = 2n;, dimE, = k., 2 &1 -+ n; = n. HaGopy
k=1 :
(N, B, ..., E,:,_ﬂ) MOXHO  comoctaButh  ajnemeHT 7 (N, g, §f,_1)

T e .
3 Uy, ( H BU (I;z_,-)); IIpA 3TOM CyMMa ZT(Ng, Bl e, §;_1) II0 BCEM |,

k=1
TakuM, 49T0 lg; = I, He 3aBUCUT OT npeL[CTaBneHI/I;I Ki1acca [M*™).

PaCCMOTpI/IM rpynmy A= @ U, ( H BU (Ik)) ; CyMMa Oepercs IO BCEM Ha-
k=1
oopaM &gy ..., lp_l, I > 0. TI'pamyupyem ee CJ'[CI[YIOH_[I/IM 0o0pa3oM: 3JIEMEHT
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1
X6l ( H BU (Ik)) OYJIET CUMTATHCS OMHOPOJHBIM 3JIEMEHTOM cTeneHu k +292— le,
k=1 ) k=1
Cuuraem, uyto BU(0)— touka. BBemem B rpynne A yMHOXEHHUE, UCIOJb3ys
otobpaxenne BU (n) X BU (m)— BU (n + m). Jlerko Bumeth, uto A CTAHOBMTCS
KOJIbLIOM MHOTOWIEHOB §2, p:?], k>0, 1<ip—1, rme x5 CP* G BU (1 —
KaHOHMYECKoe BIOXeHMe. Takum obpasom, degx¥ = 2(k 4+ 1). HenonBuxHbie
TOYKM OIMCHIBAIOTCSI MOHOMaMU C KoadduimeHToM 1 oT obpa3yrolux 4:;’,, Hemno/I-
BIKHBIE MHOFOO6pa3I/[$I N ¢ TpUBMAILHBIM HOPMATBHBIM T1YYKOM OIMCHIBAIOTCS
MOHOMaMH OT x? ¢ xoopdumentom [N]6 Q.. Takum 00pa3oM, MOXHO TOCTPOUT
KOJIbLleBOI/I roMoMopdusm 7 : Q’ — A, kortopelii Kaxmpmy MHoroo6pa31/uo COIIo-
CTaBJIIET CYMMY KJIaCCOB OOpPIM3MOB, ONpPEAEISIeMbIX HEMOABKHBIMU MHOI000-
pasusamu. ITyc m: .Qf-—» Q) CTBEHHOE OoTOOpaxeHUe KOJeI| 6OpIU3MOB.
HNmeer Mecto
Jemma 1. Ocpanuuenue % na Kery seasemcs monomopgpusmom”:

n(Kerq) =pQ, C Q..

C zpyroit cTopoHbl, MbI nocTpouwn oroOpaxeHne «: A—U, (L7). Uwmeer.
MECTO :
JTemma 2. Kera ==Im v.

Iycty B =Kera. Toma UMEET MECTO KOMMyTaTI/IBHaH zmarpaMMa

0 0 0

11 1.
0—=pQ —Q —Q ®RZ,—0
SR e e
0—-Kery—Qf = B0

|

0-—>Keru—'»KLrB-—->0,

T

0
y KOTOpOI BCE CTPOKU M CTOJIOILBI TOYHBI.
Haiueit nanbHeiiieil 3afgadeil OymeT ommcaHue Kojblla B u romomopdusma {3,
Mycte fale) = 3 A & — TaKoil opmanbHblil psn, AFE Q,, uto TpU 0TOO-
fe=]

paxeHun @y : CP®— CP™, COOTBETCTBYIOILIEM YMHOXKEHHIO Ha k, 0o0pa3 <«reoMer-
pudeckoro» kobopmusma i & U (CP™) pasen fi (u):

i () = fie (4) = 2 M,
=1
Torna konbio U*(Ly) usomopdHo konbity Q°[[ul)/(f» (#) = 0). - CooTBeTcTBeHHO
Q,—Mouyﬂb U, (L7) nopoxneH snementamur a ((*?)") ¢ eIMHCTBEHHBIMH COOTHO-

wersMa My ((x3)) = 0

F t_l . *
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IIycTts [q>(l‘)] 0003HayaeT MpaBWIBLHYIO YacTh psiga JlopaHa cp (1) 6e3 cBoGolI-
"HOTO YJIeHa; HYCTL naiee, @ :CP* )X CP*— CP*™ — rakoe OT06pa)KCHI/Ie 4TO

7¢® 5@ I

(u) St @ul,  CP(O)= St e,

=0

Gar (W)= 2 Law,
240

IIPpUYEM BBIITOJHCHO PABCHCTBO pPAOOB

_ _ (uGP (tu))!
A (Z%{WI‘); R @ "'l(fk( »

Jlerko Buzmets, 4to panbl G, k(u) CyECTBYIOT M eNWHCTBEHHBI. HakoHew, mo-
JIOKUM

. Mﬁ(x'{) = § ‘s.k (xg)n‘i'l-ns.

$=0

Teopema 1. Koabyo B addumusno nopoxcoaemcs s1emeHmamu 8uoa

= [T 6™ — [T (M ™).

20e = {Mp p} ~-KoHeuHblll MyAbMUUHOCKC, U

Vs = z M (1Y -

Dnemenmot Wi MYAOIMUNAUKAMUGHO nopoxcoatom B, ede cpedu mk,,,s omauunsl
L)
om Hyaa moavko m*, =1 M m =S, m. e.

Wy, = 4% (42) — [x3) M2 (D).
Teopema 2. Tomomopgusm p nepeeodum s1emenm w, 6 c6000OHbLI UAeH
proa T[(Mh )™,
8§ 3..,HOKa33TeJIbCTBO Teopembl 1

g, y
Dnementhl x% = [[(x8) ", m = {Mp.z}, Mea> 0, 0GPA3VIOT ATMTHBHBIA

6asuc konbua A Ham §,. C apyroii ctopoHsl, Momxyib U, (L?) QIIUTUBHO TOPO-
saaetcst anementamu @ ((x1)%) ¢ CAMHCTBEHHBIMM COOTHOLLCHUSIMU

3 Mo (@), ()

=1

OrmeriM, 4T0 A% = p. ClleI0BaTeNIbHO, CYIIECTBYIOT TaKMEe MHOTOWIEHBI Fm(X1),

deg Frn = 2(}‘1 + Dymg a, qro @ (™) = @ (Fn{x})). ScHo, uto muorownen F, (x3)
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BBIOMPAETCS OOHO3HAYHO C TOYHOCTBIO [0 cootHomeHuii (1). ITockonbky €, —
KOJILIO MHOT'OWJIEHOB, TO, 3a(MKCUPOBaB B 2, CBOOOIHBIN Oa3vC, MOXHO IMOTpe-
0oOBaTh IMpH -BEIOOPE MHOTOWICHOB Fyy (xg), 4yroObl Bce Koo(dduimeHTh Haxon$e-
Jvich Ha oTpe3ke [0, p—-< 1]. [Ipx BBITOJIHEHUU 3TOTO TPeOOBAHMSA MHOTOWIEHH
F, ompenensioTcs OMHO3HayHO. TakuM o0Opa3oM, MMEET MECTO

JTemma 1. Addumuenviii 6asuc kosvya B umeem 6uod

Fi 3 .
= 2 Moy (xg)l’ Wy = X" — Fpy (‘r:)v m = {My 4}, E tign >0,
J= k.ny=(1.0)

[Myctb Y€ A ~ONHOPOIHBIA BIEMEHT CTeleHH S, OTIMYHBIL oT (X1), H
Fy, g(x‘; —'TaKMue  MHOTOWIEHBI, 4TO @ {y (xf)k) = @ (Fya(x1)), Fyr{x}) =

SO g 4
JTemMma 2. Hpu < s+ k—1 umerom mecmo pasencmea

) t
Oy = ay,k—l—l .
JloKa3aTenabCTBO. Jlemmy 2 MOXHO coOpMyIMpoBaTh CIECAYIOLIUM 00
pasom: eciu ¥ € B, TO '
a (xy) = a(Axy), A€Q,. : 2)
SIcHO, 4TO ecnu ¥, € B ynosnerBopsior yciaoBuioo (2), To U y2E& B Toxe yIoB-
nerBopsitor ycaoBuio (2). Tlostomy mocTatodyHo HOKa3aTh JIEMMY IJIsI HEKOTOPOTIO

MYJIbTUILUIMKATUBHOIO Oa3uca B KoJblie B. HOCKOJ‘[be a(xk) = kg (x°) {cm. [3]) )
TO ycJoBUE (2) SKBUBAJIEHTHO YCJIOBUIO

o (xay) = a(Az).
MyJIbTUIUIMKATUBHBI  6a3uc MOXHO BbiOpath B Bume Xg {(xf) —F Sty (8,

R€Zy, n=1, s220; xp (x?] —F R {(x3). CJIe10BaTeNbHO, JIOCTATOYHO JOKA-
3aTh JIEMMY IS 3JIEMEHTOB BuUIA

)~ F s (1) ®

{x1). (4)

X0y ~F N

Hns aneMeHTOB Buaa (4) 3To mokaszaHOB [3].

Paccmorpin Teneps aneMeHT xf (x])°. [eomeTpiuecku OH MpPeICTaBIeH pac-
cnoenveM & + s Han Gasoit CP®, rioe E-—KaHOHMYECKOE OIHOMEPHOE PpACCiIOe-
Hue. [lycTh P — NMpPOEKTUBU3ALIMS ITOTOPACCIOCHUsT T}l — KAHOHMYECKOE pac-
cnoeHue Han P. Torma mydok cchep S({n) ¢ neiictBueMm rpynmbl Zp, U Iy4oK
cep S(E+5) ¢ neiictBueM rpymmbl Z, OUPEACISIOT OIMH U TOT X2 UYIBMEAT
s U, {Ly). C npyroit cropombi, mapa (w, P) onpenenser, snement U, (CP%),
Acho, uro D {¢, M)’ = (&, CP"}.. D10 3Hauut, yTO

a (xF (D)%) = a (x1)* ™) + wiensl crenenn, MeHbeil .



" -Bopau3ambl ¢ fieiicTarem IPymibl 2.~y HENONBMKHbIC TOUKM

Takum 00pazoM, seMMa 2 crpasemBa B caydae (3) it Beex KoadpuuueHToB
npy nepBblX n-1  uneHax. Jlng 3aBeplleHMS [OKa3aTe/IbCTBA JOCTATOYHO IIO-
KasaTb, 4YT0 ecou y&B, yxi—axi€éB, y(xD*—pB)®—1l6B, TO
a=p(modp). B camom nere, :

(P —By (X1 —yx1€B, g —20y(x1P + @ (116 B,
(20 —B) (B (1% + ¥x1) — @® (x3)* — ax} € B,
—(@—PP )+ 1la—R)x€B.

3Haunt, (@ —B)=0(modp) wm o =p(modp). Jlemma 2 nokasaua,

[lycts g€ A == OnHOPOIHBIA JIEMEHT CTENeHH! S, He PaBHBIN (x?)°. Paccmor-
pum pan Jlopana Fy(x}) TaKOI/I yro K FF ,g(x,) ABNSIOTCA €10 OTPE3KaMH. '
Scto, uto @{y (¥} = (=) Fy (s,

o 039
JemMa 3. Jasa a06bix 00HOpoOHwiii nemenmos Y, 2€ A, He pasnbix (X1},
umeem mecmo pageHcmeo

Fyz“‘_‘-Fsz.

degy =s, degz=1|
HOKa3aTenb01;_1}3.so ITyctb '

g () — Eja Nt~ ¢ B, Z—E o (3 B,

fﬂ i==q
Torna BEs—1 Rbsdi—f—1
£kt s—i—,
g2 () — D 2 alal (et —
=0
=1 bpstil—i—t st +s—2 -1 i _—
1] et e Gomf—e
=3 3 et 4 Z 3 e (T €B.
=0 J=0 =0 i=0
Ipu uieHe x3 croMT KOS(PULIMEHT, PaBHbIA E aﬂai, yro WU JOKa3bl-
P N

BaeT JIEMMy 3.
®ukenpyem Hekotopoe Gombimoe wucio N u pacemotpum L't Tlycts
uel? (L?,N"") —KaHOHMYecKkas obpasyiomas. Ilycts, nanee, g, 2€ A — ogHopon-
o
Hble S7IEMEHTEI CTeneHn s, I, Fy = ) oy (3™ — cootpercBytommmit psin Jlopaa.

i=0
[Monoxum

Gy () = 3, o,

W3 nemm 2 v 3 Jerko BUAeTh, 4TO eciu D — [ABoiicTBeHHOCTh IlyaHkape, TO

Da(y (x1)) = u¥t~®+3G, (1), Da(ye) = u+1~¢+8G, () G ().
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B yacTtHOCTH, ecnn'y=x2, TO TIOJIOXUM .
Gy (4) = Gnu(w).

HaHOMﬁI/IM, 4TO deg.d:= n +'1. PaccmorpuM (opMaibHbIe PSIIbI

A)= Z ', Gely, i) 2 Grg (u)t“

A= _
OTMCTI/IM a10 G,y = 1, Gou () GbLIO nonyl{eHo B [3]. U3 BbILIENpPUBEICHHBIX
¢)0pMyn CJIElyeT, YTO ‘

Da {4, (0)") = " (G, 1),

Lw+l—'>L’N+l

IIyctb @t
wa & TIpu sTOM

%-'.a(a(x"))—ﬂ(f) Wk qik—u(DG(Ax(f)')) -—DG(An(f) "

— oToOpaxeHue, COOTBCTCTBYIOLLIGG YMHOXEHUIO

Qaes, o (¥H—1G) = uNF1IGE
Honoxum e = & (Ge (¢, 9))™". DremeHT @y SBITETCS MyIBTULIMNKATYBHON 06pa-

syloweii B koxbite U(L3* )8 nan xomouom -8, W71 Myets  @ami,a (¢y) =
= Emvi. Torma, npumensist dopmyny f, {f* (%) §) = xf,(¥) nna  cnyyas x =uv,,

1
= G{H- s+ TIOJIyYUM COOTHOIIEHYE

w6t Z naoRGh T

Ul - Eﬂiﬂ;.

. » .
IMocie aneMeHTapHBIX MpeoOpa3oBaHuUii, BCIIOMUHAS, YTO @y {H). = 27»?;;‘, oJTy-

YaeM PaBEHCTBO

ka(u. )= -}ﬁ;)— Gy (fe (), 1),

.npl/l t =0 ™Mbl noiaydaem ¢opMyy M3 padoThl [3] IJsT HEMOABMXKHBIX ITOAMHO-
roo0pasuii ¢ TPUBMAILHBIM HOPMATbHBIM MyuykKOM, MHOCKONbKY Gy {fe(te}, #) = 1
npu /+= 0. Takum obGpaszoM, HaM ocTajoch Haiitu Bun . psana Gy (@, ¥). '
»  IlycTb @a,m~— npoextuBusauus mydka (M- 1}E wan Gasoit CP*, rme §—
KaHoHmuyeckuii myyok. Torma knacc Gopamsma B CP*

apr _ ALy |
2 wnmut’ cP (u:’)m

C Ipyroil CTOPOHBI, Ws,m BMECTE C KAHOHMYECKUM ITydKoM usomopdHo CP* x CP™
N N

¢ myakom & ® E5. Toatomy, eciu f:CP* X CP* —CPY -oro6paxenne, mpu
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KOTOpOM FE=5®E, 10

e N _n N o .
S L @u et = TG w 97
n=0 - _ cP (ut)'l"

, .
HDI/IMCHHH dopmyny  f, (f* (x) 4} = *f, (y), wis enyaas g = 3 (e ® tyunt®,
X = u_ ToyYaem

+/ FLATIN i N
zmhﬂ( %ﬂ-; 1)__uaom G+ {
crun® cP
N
¥y
) = 0 nmMeem paBeHCTBO

WIM TI0 MOMIYITO u
_ NVq g, (WCP ()
w= 2t G

311er Mij -+ "KoaduimenTsl pana f*(w) = 2 ?u,,vu‘ ®ul. Teopema 1 pgokazaHa™

'§ 4. Jloka3aTejbCTBO Teopembl 2

-

[IycTh y, z — ABA COOTHOLICHMS] M3 Kombla B, § = yxy— Ax}€B, z=2x

— Bx{€B. Torna .
B —ABE =EE—BBE)

B Q, & Z,. Ina 10Ka3aTelbCcTBa TEOpeMbl JOCTATOYHO HAWTH Takoe e, 4TOObB
B(zy=B B(-z)ejz 0. Takie z CYIIECTBYIOT, Hanpumep Z = p{x3)°’" TIpu p > 3,.
z= p(x3¥ . Ina p =2 cremyer B3aTh z= 4x3, z = 4 (x2 Tak kak B(2x}) =

= CP!, 1o B{z) =0, B{z) = CP*XCPL
(TToctynuna B perakumio 16/IX 1968 T.)
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BORDISMS WITH THE ACTION OF THE GROUP Zp AND FIXED POINTS

LYY

A. S. MISCENKO _ UDC 513.836

Abstract. A full description of the ring of unitary bordisms with the action of Z and of the ring of all
admissible collections of fixed submanifolds under the action of Z

and relations. The calculations are based on a special choice of mly%ﬁﬁYﬁr‘d&é?%?é)fanﬁy
ring of unitary bordisms and Poincaré duality in bordism theory.

Bibliography: 3 titles.

Introduction

The purpose of this paper is the description'of the ring of unitary bordisms with the action of Z , and o the
ring of all admissible collections of fixed submanifolds under the action of Z R

81.

It is known that the set of fixed-points of an almost complex Zp action on an almost complex
manifold M2" is a finite union of closed almost complex submanifolds N .. Moreover, the tubular neigh-
borhood of N, may be identified with the bundle v; normal to N, so that the induced action of Z on
v, is linear. According to (2) the fibration v, can be represented as a sum ¥; =@f=

action of Z on v, is multiplication by g2 /e,

v;» where the

Thus the action of the group Zp close to a fixed submanifold N is characterized by a collection
of p- 1 bundles .fl, cee, gp_'l whose sum is the normal bundle. The normal bundle to /V induces a
sphere bundle on which Z_ acts without fixed points , i. e. it defines a bordism class
al¥, £, ff ;) of the infinite lens space L°° The sum)Z alN, £, 1) over al fixed submanifolds
is clearly equal to zero.

‘In [I] the bordism ring with the action of Z was determined. We denote this ring by 2, Let
(M2r]eqs, W, &, -, ff}_ ) be fixed submamfolds and let dim N, = 20, dim &, = I, x,; and DY ol i+
n,=n. Tothe “collection (N, &.o-s & _)) we can associate the element y (N, &+, & _ ) of
U,,, W21 BUU, D) the sim S y(N, &,--+, & ) over al i such that {, , =, is independent of
the representative of the class [#2#].

Consider the group 4 =g U, (M2 BU{,)); the sum is to be taken over all choices by lp__l,

t,> 0. We consider the following gradlng an element xel, (l'l“"l BU,)) is homogeneous of degree

1
k+222 ol

We take 6/7(0) to be a point. In the group A we introduce a multiplication using the map

291



292 A. S. MISCENKO

BUM + BU(m) —> BU(jn + n). It is easy to see that A becomes a polynomial ring £, [xi.‘], k>0, 1%
i<p-1, where x:‘: CP*C BU(1) is the canonical inclusion. Thus deg x‘:f = 2{k + 1). Fixed points
are represented by monomials in the generators x? with coefficient 1; fixed submanifolds N with triv-
ial normal bundle are represented by monomials in the generators x? with coefficients [¥] € 2, . Thus

one can construct a ring homomorphism y: 3§ = A which to each bordism class associates the sum of
bordism classes defined by the fixed submanifolds. Let #: 2 — €, be the natural homomorphism of
the bordism rings. We have

Lemma 1. The restriction of ® tw Kery is a monomorphism:
n(Kerv) = pQ, C Q,.

On the other hand, we have constructed the homomorphism e A4 — U/, (L:D). We have
Lemma 2. Ker a =Im y,

Let B = Ker a. We then have the following commutative diagram:

0 0 ?

t1

1‘:: Tu TB
0—Kery—Qf — B—0

g—»KLr:t—»KTerB'—*O,

b

The next problem is the description of the ring B and the homomorphism S.

with all rows and columns exact.

FU—

Let f, (u) = 2?31 Af u' be a formal power series with A:.‘ €Q, such that under the map ¢,:
CP® —» CP® which corresponds to multiplication by k, the image of the "geometric" cobordism x €

U (CP®) is equal to f, W)

o0
q}k(u) = fk (u) = 2 ?\iu .
i=1
Then the ring U* (LY} is isomorphic to the ring , [[&])/ (fp (u) = 0). Thus the Q, -module U,(L:) is
generated by the elements a((x‘i')“) and relations 2;‘= P i _; o.((xo)’) 0.

Let [qb (¢)] denote the regular part of the Laurent expansion of qS(r.) without the free term. Further-
more, let ¢ CP® x CP® — €P® be a map such that ¢" (&) = .fl ® &, and

Do
o* (U) == 2 luit‘ @u!, CcP (t) = 2 [CP‘] f"
’ n=o
l'l k(u) Z ﬂsk u's
$20
where the following equalities between series hold:

f
0= E_l‘-ff‘ui (uCP (tu)) y and G_q,h (u) G (flt (u))

(? G, () !"‘)} fg
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It is easy to see that the series G, . () exist and are unique. Finally, set

M) = ﬁ‘: Lin (x'{)“ﬁd-

s=0
Theorem 1. The ring B is additively generated by elements of the form

wn = [T 0™ —[T] 5 s1)™],

where m = {m } is a finite multi-index and

= Z l'1+1-—J’ (xl)

. i=1
The elements wy,,  _ multiplicatively generate B, and among the m %.n,s the only nonzero ones are

m =landm, , =5, i e

k.n i.0
Wy . = X4 (3) — [(3)° M, ()1,

Theorem 2. The homomorpkism /3 takes the element w, into the free term of the series

nn (M” (xo))mk n

§ 3. Proof of Theorem 1

The elements 2™ = I](x")’"k Mo {m Wb m, L2 0, form an additive basis of the ring 4 over

£2,. On the other hand the module o, (L ) is additively generated by the elements a((xo)‘) with
n
2 M (D)) n
=1 -

as the only relations. Note that)} = p. Therefore there exist polynomials F (xo} deg F
Z(n+1m, , such that ala™) = alF (). Tt is clear that the polynomial F (xo) can be chosen
uniquely up to relations (1). Since £, is a polynomial ring, one can fix a ba51s in €}, and, when
choosing the polynomials F_ (x(;), require that all coefficients be in the interval [0, p - 1]. If this
condition be satisfied the polynomials Fm are uniquely defined. We thus have

Lemma 1. The additive basis of the ring B has the form

3
00 = D) Mpaet (), @ =x™ —Frn (), m={man}y 3 ma>0.
i—1 (k) (100

Let ¥ € A be a homogeneous element of degree s, not equal fo (x'i')‘, and let Fy f (x(l’} be poly-
nomials such that a{y (xll")") = alb Ll !';r,klxl{} = a‘;’k (x‘i')s RPR 0_3;";-1 xtl)'
Lemma 2. For 1 <s + k- 1 we have the following equalities:
|
uir.k = Oy kta-

Proof. Lemma 2 can be formulated in the following way: if y € B, then
o () = a(Ax}), A€Q, ' (2)

Tt is clear that if y, z € B satisfy condition (2), then yz & B also satisfies condition (2). It is therefore suffi-
cient to prove the lemma for some multiplicative basis in the ring B. Since a(xg) =41 a(x?) (<t [*1), the con-
dition (2) is equivalent to

a (xiy) = @ (Ax3);
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The multiplicative basis can be chosen to have the form x” (xo)s 0)s (x LVheZ o > 1, s > 0;
o(xo) ~F o(xo), {x° } It is therefore sufficient to prove thc lemma for 1lements of the form
3
X1 (xl) (J‘x)s (x,) _
and
e (4)
X1}
Xk(xl) Fxnk(xl;“s ( 1)

For elements of the form (4) this lemma was proven in [3].

Consider now the element x’l' (x?)‘. It is geometrically represented by the bundle &+ s over the
space CP®, where € is the canonical line bundle. Let P be the projectification of this fibration and
let i be the canonical bundle over P. The sphere bundle S(q) with the Z_ action andthe sphere
bundle S{&+ s) with the Zp action define the same element in U, (l":). On the other hand, the pair
(n, P) defines an element of ¥,{CP%). It is clear that Dfc, (5 = (£ CP™). This means that

alsh (x7)°) = a{(x?}"’*"ﬂ) 4+ terms of degree lower than s.

Thus Lemma 2 holds in the case (3) for all coefficients of the first » + 1 terms. To complete the proof it suf-
fices to show that if y € B, yx? - ax'; & B, y(x‘l)) 2 B(x?-)z - yx'i’ € B, then a= 8 (modp). Indeed,

G —By (D —1erle B, 4P —2ay (<) + & (k)7 B,
(20 —B) (B (x1)* +- 1x1) — o* (¥))* — yax1 € B,
~(@ =8P + v (@ —~P)x€B
That is, (& — B8)? = 0(mod p) or a= 8 (mod p). This completes' the proof.

Let ¥ € A be a homogeneous element of degree s not equal to (xo)“’ Consider the Laurent series
Fy(x[;) for which (xfl’_} & Fy k(x?) are the partial sums. We clearly have aly (x':)") = [(x'i’)'c Fy (x':)].

Lemma 3. For any homogeneous elements y, z € A other then (x':)‘ we have the equality

Fyz = Fszo
Proof. Let degy =s, deg z = 1,
OyR oy WATIN.TY 2 T ¢ :
y{xy) — Z oy (230" e B, z__'z o (e B,
f=0 i=p

Then

ok kts—1 k{sti—f—1 , ‘
ye(x) — 3 Z} apa (xB) HEre—
=0

b1 Ryespfomiamy oabbhbst Rds— (—1
_‘Z Z (x )"{- s—=i=i + 2 2 aﬂ ‘ (xo)k-}-r+s—-s'--! €B.
= l{_’

" The coefficient of the term x is X ai az, whlch ptoves Lemma 3,

P4 =k H =1
Let us fix some large integer N and consider LﬁN L Let u € U2 (LgNﬂ) be a canonical gener-
ator. Furthermore, let ¢, z € A be homogeneous elements of degrees s and /, and let Fy =

i =0 y(xo}s ‘ be the corresponding Laurent series. Let
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G, () = § ayut.
=0
From Lemmas 2 and 3 it easily follows that if D is the Poincaré duality, then
Da(y (\3)") =uVt1—04+9G, (1), Da(yd) = uN+H1—~0+8G, (1) G, ().
In particular, if ¥ = 47 we set

Gy () = Gax(w)-

Recall that deg x7 = n + 1. Consider the formal series

A =3 A0, Gl H= 3 Gur@

Rexh =0
Note that & | =1, G, k(u) was obtained in (3). From the formulas we have obtained, it follows that
Da (A (t)) = " Gal; 1))
Let ¢, _,: Lﬁ”” - Li"” be the map which corresponds to multiplication by &~!. Wehave

Pitye (G (X1) = & () a5 eese (Da (A () = Dal{de(®)’),

—i
Paer, o (VG = uN -1 G

Let v, =u(G, (, ¢)”'. The element », is a multiplicative generator in the ring U‘(Lj” N0}
over thering @, [le]l. Let &, _, .(v,)= Zy,v}. Using the formula f,(f" (x)y} = xf, () in the cases
x=v,y-G¥*, we obtain the relation

0,6t = 3 wkGE ™!
or
U = Z Witk
After elementary transformations, recalling that ¢, (u) = ZA¥u* we get the equality
W
Gelu, t) = WGA (fa ), 1)

For t = 0 we get the formula of [3] for fixed submanifolds with trivial normal bundle, since
G, (f, @), #) = 0 for t = 0. So now we must study the series G, (u, ¢).

Let w_ _ be the projectification of the bundle (m + 1} & over CP®, where ¢ is the canonical
line bundle. The bordism class in CP®

A; mm+1

X Wnmt = cP (ui™

On the other hand, w_ _ with its canonical bundle is isomorphic to CP* x CP™ with the bundle
¢, ® £,. Therefore if f: CP¥/2 x CPY/2  CPY is amap for which f" (&) = £, ® ¢,, then

e N N ;
SRl ®u e = e g
n=s CP (ut}’"
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Applying the formula f, (f *{x} ¥) = xf, ) to the case y = E(u‘;"‘fz"" & 1) ™" and x = u we obtain

E+p) (X 1—1) ¥ (X 41)
3] WL ' G, (u.(f&:l) g B Gty r)£ ‘
CP(uf)® CP{un®

or, modulo V724 _ 0, we have the equality

t i (eGP (ur])"
= l,' g ——2=m. |
i 2' jti G, @, f]‘f

Here )tﬁ are coefficients of the series f' (u) = ﬁ” u* ® w’. Theorem 1 is proved.
§ 4. Proof of Theorem 2
Let y and z be two relations in the ring B, with ¥ = yx'; - Ax? &8 and z = zx'l] - Bx': & B.
Then
B —AB@) = BE)—B)B()

in @, @ Z_,. To prove the theorem it suffices to find a z such that 8{z) = B and g(z) # 0. Such z
exist; for example z = p(x?}"‘z for p > 3,%=p&%P=1, For p = 2 one should take z = 41:?, T=
'4(x':1’)2. Since B(Z'xg) = CP! we have B{z) =0 and B{Z) = CP! x CP1,
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