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A.  S.  M i s h c h e n k o  

1. G e n e r a l  R e m a r k s .  We shal l  cons ider  a category of s table  spec t r a  of topological  spaces ,  
hencefor th  cal led s imply  spec t r a  (see [1l, say). Let be given the sequence of mor ph i sms  

. . .  +-- X,,~- Xt ~ X~<--.. �9 

and the spec t rum Z. Then  the homological  spec t ra l  sequence {see [3l, pp. 400-403), whose r - t h  m e m b e r  

equals  

E~' = ira(iS'Z, X~,/Xw~I . {S'Z, X,,/.V>~l)/ha([S'Z, XT,-~+t/X,,] - ,  IS'Z, X , /X , , t l )  

is defined in a na tu ra l  manne r .  The cohomoiogical  spec t ra l  sequence is also defined r ec ip roca l ly .  

An in t e re s t ing  case  is when the sequence 

[Xo, S 'WI  ~ [S- 'X,/Xt ,  S 'WI ~-[S-"Xt/Xo., S'IV]<-- . . .  

is a f ree r e s o l v e n t o f t h e  [W, S*W]-modulus  iX0, S*WI. ~t is easy  to see  that the t e rm  E 2 is Ext[w, S*W] 
(iX 0, S*WI, [Z, s*W]),  and hence lends i t se l f  to ca lcula t ion by s t a r t ing  just  from knowledge of the a lgebra  
[W, S*Wl"and the moduli  (X0, S*WI and [Z, S ' W ] .  

It is na tu ra l  to expect that the above-ment ioned  spec t ra l  sequence will  converge  to a group adjoint 
to the group [S* Z, X0l.(or to the g-roup iX, S* Z] in the r ec ip roca l  s i tuat ion) .  In the case W =K[Zp] Adams 
[2l proved the convergence  of the cohomological  spec t ra l  sequence to the ment ioned groups.  We cons ider  
other  spec t ra l  sequences ,  cons t ruc ted  by means  of the spec t ra  S ~ MU, and some others .  

2.  F u n d a m e n t a l  C o n s t r u c t i o n s .  Let us give the following defini t ion.  We c a i l t h e  sequence 

of spec t ra  

X = Xo ~ X1 . . . . . .  X,, . . . .  (1) 

a cohomological  W- re so lven t  of the spec t rum X if the sequence 

[ x J x l ,  s 'wi ,~-  [x1/x:,  s.:1 w] . . . . .  [x,,/x~+~, s "+n w] . . . .  (2) 

is a f ree  r e so iven t  of the [W, S*W]-modulus  iX 0, S*W], and the spec t ra  Xn/Xn+ I a re  sums of the spec t r a  
skw.  

if the f i r s t  condition is d i sca rded ,  the sequence (l) is cal led a free sequence;  if the sequence (2) is 
exact,  the sequence (1) is cal led an acyclic sequence.  

Let the spectrum W satisfy the seif-representability condition, and the spectrum X the Noether con- 

dition relative to the spectrum W. 

Proposition I.* For the spectra W and X and any n there exist realizations of homologicai and co- 

homological W-resolvents of the spectrum X in dimensionalities -< n. 

Proposition 2. Let be given a W-free sequence X i of the spectrum X, a W-acyclic sequence Yi of 

the spectrum Y, and the morphism Y ~ X in the case of cohomological, and X ~ Y in the case of homo- 

* S. P.  Novikov proved this  r e su l t .  
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l og i ca l  s equences .  Then t h e r e  ex i s t  m o r p h i s m s  Yi -"  Xi ( X i -  Yi) which commute  with the  o r ig ina l  m o r p h -  
i s m s  of the  s e q u e n c e s .  

P roo f .  We have the commutative diagram 

X / X I ~ X  
Tr... .z t 

Y 

w h e r e  X / X t =  V s n i w .  Then,  i t  is  p o s s i b l e  to w r i t e  the  equa l i ty  f = E f i ,  w h e r e  f i  : Y ~  s n i w  is  the  p r o -  
j ec t ion  on the component .  Since the  mapp ing  [Y, S* W] ~ [Y/Y1, S* W] is  an e p i m o r p h i s m ,  t h e r e  ex i s t  
mapp ings  gi :Y/Y1 ~ s n i w ,  w h e r e  ~g i  = f i .  Th i s  m e a n s  that  the  d i a g r a m  

x 

"X/XI<-X+-  v 

y / y t ~ - Y ~ - - Y 1  

is  c o m m u t a t i v e .  Hence,  g r  =0 = x f r  t h e r e f o r e ,  t h e r e  ex i s t  a mapp ing  f t  :Y1 ~ X1, such that  i~ . t l  = r e .  
The  p roof  i s  cont inued fu r t he r  by  induct ion.  

P r o p o s i t i o n  3. Let  be given a s p e c t r u m  Z such tha t  N Ira(iS*Z, X~]--~ iS*Z, X~I) == 0. T h e n t h e h o m o -  
n 

l og i ca l  s p e c t r u m  sequence  c o n v e r g e s  to a group adjo in t  to iS* Z, X0]. (See [2[, P r o p o s i t i o n  2.] on p. 385, 
and fol lowing.)  

Th is  p r o p o s i t i o n  m a y  be  g e n e r a l i z e d  as  fo l lows .  Let  us c o n s i d e r  two c l a s s e s  of g roups  C O and C 1 
in the  c a t e g o r y  of abe l i an  g roups .  Let  the  fo l lowing condi t ions  be s a t i s f i e d :  if G o 6 Co, G i E Ct,  a n d f  : 
G1 ~ G O is  a h o m o m o r p h i s m ,  t h e n f i s  c e r t a i n l y  a nul l  h o m o m o r p h i s m ;  for  any group G t h e r e  e x i s t s  a g r e a t -  
es t  subgroup  (G) 0 E G, (G) 0 E Co; f ina l ly ,  the  c l a s s  G s a t i s f i e s  ax iom 1 f r o m  r e f e r e n c e  [4] (p. J25). 

P r o p o s i t i o n  4. Under  the  condi t ions  of P r o p o s i t i o n  3 l e t  be given that  iS* Z, X m / X m +  1] 6 C1 and 

~] Im (iS'Z, X,]  --+ iS*Z, X,,l) = (IS*Z, X,,l)o~Co. 
r t  

Then the  h o m o l o g i c a l  s p e c t r a l  s equence  c o n v e r g e s  to a gToup adjoint  to IS* Z, X 0]/(S* Z, X0) 0. 

P r o o f .  By v i r t u e  of sec t ion  2 in Chap te r  XV of the  book [3l (p. 384), it mus t  be p roved  tha t  Z~ = N Z~, 
r 

w h e r e  

Z~ = Im (IS*Z, Xn] ~ [S'Z, Xp / X~,§ 
eP m 

Z~ = I m  (iS'Z, X~ / Xp§ ~ iS'Z. Xp / X,  ~l])- 

It is  c l e a r  tha t  Z p c Z p. L e t 0 # ~  E Z p , s u c h t h a t  fl E [S*Z, X p / X p + l l ,  for  ~Or(fi):c~. We have  the  
c o m m u t a t i v e  d i a g r a m  

[S'Z, X,]  ~ [S*Z, Xp / X~+~[ 

iS*Z, Xp / Xv§247 ~ iS'Z, X ,  / Xp+rl 

iS'Z, SX~+~+~] --+ iS'Z, SXp+,] 

If fl E I m  h, then k(fl) ~ 0. M o r e o v e r ,  s i n c e  iS*Z,  X p / X p + r ]  E C1, then k(fl) E (iS*Z, S X p . r ] )  0. T h e r e  
then e x i s t s  a n u m b e r  s such that  fl E Im l .  F u r t h e r m o r e ,  i t  i s  a l r e a d y  c l e a r  tha t  ot E ZrP + s The second  
pa r t  of the  p roof  is  t r i v i a l .  

Le t  us give the  fo l lowing def in i t ion .  Le t  be given a W - f r e e  sequence  of s p e c t r a  X - -  ... ~ X  n ~ . . . ~ X  0. 
If for  any s p e c t r u m  Z we have  the equa l i ty  N Ker (iX, S" Z[ ~ [X~, S'Z[) = 0, then we ca l l  the s p e c t r u m  X 

n 

as  W - c o m p l e x ,  and we ca l l  the  s equence  { X n} a W - p a r t i t i o n  of the  s p e c t r u m  X. F o r  e x a m p l e ,  e v e r y  CW- 
complex  i s  an S~  If W - f r e e  sequence  of s p e c t r a  . . . ~  X n ~ ... ~ X~--  X 0 is  g iven,  where  X is  the 
t opo log ica l  d i r e c t  l imi t  of the  sequence  { Xn}, the s p e c t r u m  X is  then a W - c o m p l e x .  
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3 ,  A l g e b r a  o f  S t a b l e  H o m o t o p i c  G r o u p s .  Let  us  c o n s i d e r  the s p e c t r u m S ~ = S ~  ~ 
where fp iS "mul t i p l i ca t i on"  by the p r i m e  p. Let  F denote  the  a l g e b r a  iS* S ~ SO], and Fp  the a l g e b r a  v 
iS* $5, S~]. It i s  e a s y  to see  that  the group Fp  is  p - p r i m a r y ,  mean ing  tha t  any group iS* Sp, X] is  a l so  
p - p r i m a r y .  

The r e m a r k  at the  end of Sect ion 2 shows the fol lowing t h e o r e m  to be t r u e .  

THEOREM 1. F o r  the  C W - c o m p l e x X  and the s p e c t r u m  Y a s p e c t r a l  sequence  with the  t e r m  

E2 ---- Ext~ ([8"S ~ X], [8~ X]) 

c o n v e r g e s  to a group adjo in t  to iX, S* Y]. 

P r o p o s i t i o n  5. Let  i n t ege r  cohomolog ie s  of the  C W - c o m p l e x  S be p - p r i m a r y .  Then the  complex  X 
is an s -compiex. 

Proof~ Let  Hn(x) ~ 0, and le t  n be m i n i m a l ;  then Hn- t (X)=Hn(Xi .  Thus ,  the  group ~n_t(X) is  p -  
p r i m a r y .  Let  us  c o n s i d e r  the  subgroup  G c ~n-t(X) c ons i s t i ng  of e l e m e n t s  of o r d e r  p. T h e r e  ex i s t s  a 
b a s i s  in th i s  g'roup, and t h e r e f o r e ,  a mapping  V S n - I  -"  x giving an e p i m o r p h i s m  of d imens ion  n in the 

P 
cohomolog ies .  The  o r d e r  of the  group H n (X /V  S n- l )  is  s t r i c t l y  l e s s  than  the o r d e r  of the  group I-I n (X). 
Repea t i ng  th i s  p r o c e s s ,  in a f in i te  n u m b e r  of s t e p s  we " subs ide"  to the  group H n and we t r a n s f e r  to the  
d imens ion  n +  1. The  sequence  X * -  . . . * , X  u - . . .  - - X  0 has  thus  been c o n s t r u c t e d  for  which l im X n ~ = X, 
and t h e r e  i s  an i s o m o r p h i s m  in the  cohomolog ie s  H* (X) = H* (lira Xn). Th i s  m e a n s  tha t  t he se  s p a c e s  
a r e  weak ly  h o m o t o p i c a l l y  equiva len t .  

P r o p o s i t i o n  6. Let  X be some  CW-complex ,  Z a s p e c t r u m ,  ~a : X - -  Z a mapping  whose o r d e r  equals  
pS, 1 <-S-< + ~ ' . '  Then t h e r e  ex i s t s  an S ~ - c o m p l e x  S' and a m o r p h i s m  r : X ' -  X, such that  ~.~ ~0. 

P roo f .  Let  f be  a number  such  that  the  equat ion p / x  =~ is  not solvable~ Let  us  c o n s i d e r  the d i a g r a m  

W 

t r 

It i s  c l e a r  that  ~a$ ~ 0. Th i s  m e a n s  that  the  s p e c t r u m  X' =S(X/ofX)  is the  one d e s i r e d .  The  fact  that  the  
s p e c t r u m  X' is  an S~- r  r e s u l t s  f r om p ropos i t i on  5. We h~'ve thus  p roved :  

THOEREM 2. F o r  a C W - e o m p l e x  X and a s p e c t r u m  Y the s p e c t r a l  sequence  with the  t e r m  

E2 = Extrp ([S'S ~ X], [S'S~ YI) 

r e d u c e s  to a group adjoint  to the  group iX, S* Y], f a c t o r e d  into subgroups ,  of a l l  e l e m e n t s  whose  o r d e r  i s  
mu tua l ly  p r i m e  to the  n u m b e r  p. 

Let  us  u t i l i z e  the  knowledge of the a l g e b r a  F in low d imens ions  to eva lua te  the second  m e m b e r  of 
t he  s p e c t r a l  sequence  conve rg ing  to the a l g e b r a  of i n t ege r  cohomolog ies  and cohomology rood 2. The  
a l g e b r a  F has  the fol lowing g e n e r a t o r  and r e l a t i o n s h i p s :  in the  d imens ion  1 one g e n e r a t o r  hi,  2h t = 0; the 
next  g e n e r a t o r  h 2 in the  d imens ion  3, 4h 2 =h~, 8h2 =0. F u r t h e r m o r e ,  in the d imens ion  7 the g e n e r a t o r  t13, 
16h 3 =0. A new g e n e r a t o r  m a p p e a r s  in d imens ion  8, 2m =0.  In the  d imens ion  9 the e l e m e n t s  a r e  him , 
h~h3=h~, 5, 26. F u r t h e r m o r e ,  h~m =0, h i 5 ~ 0. And, f inal ly ,  in the d imens ion  11 t h e r e  is  the g e n e r a t o r  
x, t~l(~ =4x ~ 0. 

The  ca l cu l a t i ons  E 2 =Ext  F (Z, Z) y ie ld  the  fol lowing r e s u l t s  (we w r i t e  only nonzero  t e r m s ) :  

E~ "1 = {Sr 
E~ "~ = {Sq 7, SqSSq~}, 

El ,4 = {~/~ SqSSqa}, 
~ .5  = {x/~ S qS (Sqa)~}, 

E~ 'a = {1/2 SqS}, 
E~ '~ __= ((Sqa)~}, 
E~, 3 = { (Sq~p} ,  

E~ .~ = {(Sq~)4}. 
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I t  is  e a s y  to  note  that  t he  d i f f e r e n t i a l  d 2 t r a n s f o r m s  the  e l e m e n t  ~2Sq 5 into the  e l e m e n t  S q3Sq3 into 
ze ro ,  e tc .  Th i s  a f fo rds  a foundat ion fo r  a s s u m i n g  (see  [5]) tha t  t h e r e  i s  a s e c o n d a r y  c o h o m o l o g i c a l  o p e r a -  
t ion {b such  tha t  2@=Sq 5. T h e r e  a l so  e x i s t  e l e m e n t s  which  van i sh  only fo r  the  t h i r d  d i f f e r e n t i a l ,  fo r  e x -  
a m p l e  an e l e m e n t  f r o m  the  t e r m  E 2"7. 

Le t  us  now c o n s i d e r  Ext  F (Z2, Z2). C a l c u l a t i ons  y i e l d  the  fo l lowing  r e s u l t s .  T h e r e  a r e  e l e m e n t s  
r e c i p r o c a l  to the  n o n - d e c o m p o s a b l e  e l e m e n t s  of the  a l g e b r a  F in the  g roup  Ex t ' ,  i . e . ,  ho, hi ,  h2, h3, m,  6, 
x;  the  f i r s t  four  a r e  the  o p e r a t i o n s  Sq l, Sq 2, Sq 4, Sq 8. T h e i r  g roup ings  and M a s s e y  p r o d u c t s  a r e  in the  
g roups  Ext i,  i > 1. In p a r t i c u l a r ,  t h e r e  i s  an e l e m e n t  X, r e c i p r o c a l  to the  e l e m e n t  h i | h~+h~ | h i ,  in 
the  group  Ext 2.3. Since the  o p e r a t i o n  SqlSq4+ Sq4Sq 1 i s  d e c o m p o s a b l e  into t h r e e  e o f a c t o r s ,  we then  have  
the  r e l a t i o n  SqlSq4=Sq4Sq 1 in the  group  Ext 2"3. The  d i f f e r e n t i a l  d 2 t r a n s f o r m s  the  e l e m e n t  X into the  e l e -  
men t  SqlSq2SqlSq2+ Sq2SqlSq2Sq l,  the  e l e m e n t  SqlX =XSq 1 into the  e l e m e n t  sqlSq2SqlSq2Sq 1, e tc .  The 
ques t ion  a r i s e s  : What f i l t r a t i o n  do the  o p e r a t i o n s  Sq 2 have.9 It  can be  shown tha t  t he  o p e r a t i o n  Sq 1~ h a s  
the  f i l t r a t i o n  2 (see  [6], say) ,  and i s  r e c i p r o c a l  to the  e l e m e n t  h 3 | 2h 3. It can a l so  be  shown that  the  
o p e r a t i o n  Sq 32 has  fi l trat ion-->3. 

4 .  C o n v e r g e n c e  o f  a S p e c t r a l  S e q u e n c e  f o r  a n  A l g e b r a  o f  O p e r a t i o n s  

o f U -  C o b o r d i s m s .  Le t  us  c o n s i d e r  the s p e c t r u m  1V[U= { MU (k)},  w h e r e  MU (k) a r e  Thorn c o m p l e x e s  
of bundles  of the  space  BU(k) ( see  [7]). We sha l l  s tudy  the  h o m o l o g i c a l  s p e c t r a l  s equence ,  i . e . ,  the  s p e c -  
t r a l  s equence  a s s o c i a t e d  with  the f r e e  M U - r e s o l v e n t  of the  s p e c t r u m  X. 

P r o p o s i t i o n  7. Let  the  i n t ege r  c o h o m o l o g i e s  of the  s P e c t r u m  X have  no t o r s i o n ,  and le t  [SnSo, X] 
be  a n o n z e r o  group  of m i n i m a l  d i m e n s i o n  n. Let  go : SnSo ~ X, ~ ~ 0. Then t h e r e  e x i s t s  a mapp ing  f : 
X - -  SnMU such tha t  f ga # 0. 

F o r  the  p roof  we mus t  c o n s i d e r  the  P o s t n i k o v  s y s t e m  for  the  s p e c t r u m  SnMU. Al l  the  o b s t r u c t i o n s  
have  f in i te  o r d e r .  Th i s  m e a n s  such a mapp ing  e x i s t s .  

P r o p o s i t i o n  8. If  i n t ege r  c o h o m o l o g i e s  of an n - c o n n e c t e d  s p e c t r u m  X have  no t o r s i o n ,  the  s p e c t r u m  
X is  then  a M U - c o m p l e x .  

P r o o f .  Let  n o be the  l e a s t  n u m b e r  such  that  [snos ~ X] ~ 0. Th is  i s  a f r e e  abe t i an  g roup .  Let  us  
s e l e c t  i t s  b a s i s  x 1 . . . . .  x s. Let  us map  the  s p e c t r u m  X into ~/ ( S ' M U  h so that  the  g e n e r a t o r  x i would 

go ove r  into the  g e n e r a t o r  of the  i - t h  component  of the g roup  [sn0s ~ ~ Sn0MU]. We h a v e t h e  exac t  s equence  

. . . .  [S"~'S ~ XI] ~ [SnoS ~ X] ~ [S~oS ~ V S"*MU] -->0, 

w h e r e  ga i s  an i s o m o r p h i s m .  Th i s  m e a n s  that  [sn0s ~ X1] = 0. It m a y  t u rn  out that  the  s p e c t r u m  X 1 wi l l  a l -  
r e a d y  have  t o r s i o n  in the  cohomolog ie s .  Let  us  w r i t e  the  exac t  s equence  in c o h o m o l o g i e s  : 

0 ~-- H "~+~ (X1) <-- H "~+~ (X) +-- H n'+2 ( V  S~'MU) 

+-- H ~~ (X1) <-- H "~+1 (X) ~ H '~+1 ( V  S ~'MU) = O. 

Thus, if the mapping IIm+2~(VS~MU)--~H~~ (X) were an epimorphism, then the cohomologies of the spec- 
trum X would be without torsion. Since all the differentials are trivial for the spectral sequence whose 
member E 2 equals H* (X, U* (X)), then there exists a mapping X ~ V Sn~ V SniMU, where n i> n 0+ 1, 
such that the above-mentioned homomorphism will be an epimorphism. We henceforth construct the se- 
quence by induction. 

Proposition 9. If the periodic part of the groups H* (X) for the CW-complex X is found only in a 
f in i te  n u m b e r  of d i m e n s i o n s ,  t h e r e  then  e x i s t s  an M U - f r e e  sequence  X ~ X  1 - - . . . - - X  n .. . .  such  tha t  

f]Im ([/'S ~ X,~] --> [/'S ~ X]) = 0. 
~t 

Proof. It is sufficient to construct a sequence suchthat its cohomologies have no torsion for a cer- 
tain member X n. Let n o be the greatest number such that Hn0(x) has torsion. Let xn0 -i be an(n 0 - i) 
skeleton of the space X. Let us consider the mapping X--X/X n0-1 where the space x/xn0 -I already has 
no torsion, and the mapping H i(X) ~Hi(x/xn0 -i) is an epimorphism for i-->n 0. Furthermore, there exists 
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a mapping X / X  "~'1 ~ V M U .  which is epimorphic in cohomologies. Thus, we have the mapping, X ~ V M U ,  

where it is epimorphic in dimensions i>-n0 in cohomolo~es.  Let X~ be the "kernel" of this mapping. We 
have the exact sequence 

~ .  I t ~  ( V  M U )  +- I ~  (X  O ,,-- I-I~' (X) +- H~" ( V  M U )  + - .  

This means the g~roups Hi(X~) are  tors ion-f ree  for i->n 0. After n o steps we obtain the tors ion-f ree  com- 
plex Xn 0 in oohomologies. 

Since for any spectrum X and number n there exists the mapping f : X --  Y, which is a homotopic 
equivalence in the dimensions ~n ,  and the cohomologies Y are tors ion-f ree  in dimensions an,,  we have 
then proved the following: 

THEOREM3. For  any CW-complexX there exists a spectral  sequence whose member E 2 equals 
Ext[MU, S* MU] (iX, S* MU], [9, S* MU]) and which converges to a group adjoint to the group iS* Y, X]. 
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