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ITpeauciaoBue

JlanHoe W3/Manue IpeCcTaB/geT coDOM 3alKMCh JIEKIIMOHHOIO Kypca, YUTaeMOTO aBTO-
POM Ha MeXaHHKO-MaTeMaTudeckoM dakyabrere MI'Y ¢ 2012 roza.

[Ipu moaroToBKe Kypca JeKIni UCIoIb30BaTUCh Kiaaccudeckue yaeonuku 1. M. Lesb-
danga [Te|, A. 1. Kocrpukuna u FO. 1. Mannna [KM| u M. M. IToctaukosa [Ilo|, knura
9. B. Bunbepra [Bu|, a Takke MeTonuueckne HapabOTKU TPEIbIIYIIHUX KYPCOB JIUHEHHOI
asnreOpel kKadeAphl BhIcIed reoMerpur 1 Tonosoruu (B dacraoctu, Kypesl E. I Ckusipen-
ko, B. M. Manyiutosa u 1. A. JIpraaukosa). Harmeii nesibio 66110 co3aHie KOMIAKTHOTO
U COBPEMEHHOT'0 KYPCa, OTPAKAIOIIEr0 TeOMETPUIECKUN B3I/ HA MPEIMeT U MOIXOJIs-
Iero JIJIst TPOUYTEHNS B MpeJieax oHOro ceMecTpa (28-30 mMosyTopavacoBbIX JEKIHii, Mo
JIBE JIEKIHH B HEJIETHO).

Kypc nuHeiHol aare6pbl ¥ reoOMeTpur TPAJUIHOHHO YHTAETCS BO BTOPOM (BecCeH-
HEM) CeMecTpe MePBOTr0 Kypea MeXaHUKO-MATeMaTHIecKoro (dakysbrera. Heobxomumbivu
IpeIBAPUTENILHBIMA CBEICHUSIMU SIBIAIOTCA apdUHHAS U eBKJINI0BA T€OMETPUS TPSIMbIX
U IJIOCKOCTEH B (TPEXMEPHOM) HPOCTPAHCTBE, CUCTEMbI JHHEHHBIX YPABHEHUH, MATPHII
u onpeaejauresia, TpaJuIMOHHO BXOALAIINE B Ky PCbI AQHAJIUTUYECKON reoMeTpuun u aﬂFe6pr
EPBOTO CEMECTPA.

B KOHIIE TTPUBOAUTCA CIIMCOK TEOPETHYICCKHX 3a/Ja4, KOTOPbI€ MO2KHO HCIIOJIB30BaTh
npu cjade sk3amena. [jrg ceMuHApCKUX 3aHATHN 110 JTAHHOMY KYPCY XOPOIIO MOJIXOIAT
cbopuuk 3aja4 [Cm| mox pemaxmueii FO. M. CMupHOBa, B 9HCI0 COCTABUTENEH KOTOPO-
ro BXOJIUT W aBTOp. MHOrHe TUIOBbLIE 3aJ1a4u /I HTPAKTHUCCKUX 3aHATHI pa3sodpaHbl B
yuaebroM nocobun [TTIC|, KoTopoe MBI TaK¥Ke TOPSI0 PEKOMEH]LYEM.

BeckoneunomepHble JTHHEHHBIE TPOCTPAHCTBA PACCMATPUBAIOTCS UMb B Iiae 1. Ha-
YUHAs C IJIaBbl 2, BCE HPOCTPAHCTBA IHIPEJIIIo/iaralorcsd KoneanomepubiMu. 3yuenue Gec-
KOHEYHOMEPHBIX IIPOCTPAHCTB — MPEeAMeT KypCOB (DYHKIIMOHAIHHOTO aHAJIU3A.

B TekcTe BCTpEYAIOTCH 4YETBHIPE THIIA YTBEPKJCHHIl: «TEOPEMbBI», <«JIEMMbI», <IIPEI-
JIOZKCHUA» U «CJCIACTBUAD. TeOpeMbI — 39TO HaI/I6OJIee BazKHbI€ YTBEPKACHUA, OCHOBHbIC
«KHUPIUYUKHIY Kypca. JleMMbl — 3T0 60jiee TeXHHYECKUE YTBEP:K/ICHHI, KOTOPbIE, KaK IIpa-
BHJI0, SIBJISIOTCS IPOMEKYTOYHBIMHE ITATraMH B JIOKa3aTe/IbCTBaX TeopeM. [Ipeamoxennsa —
9TO MPOCTHIE YTBEPZKICHHSI, KOTOPbIE TeM He MeHee IIPeJICTaABIAI0T CAMOCTOATEIbHBIM UH-
Tepec. CaeacTBusi — yTBEPXKAEHUsI, KOTOPbIE HEMOCPEJICTBEHHO BBITEKAIOT M3 HPEeJIbII1y-
UX; OHU POPMYIUPYIOTCA OTIAETBHO /s TOCJEAYIONMNX CCHLIOK Ha HUX.

Jlannoe mocobue gocrynno Ha crpanuie 1. E. ITanoBa na caifite kadeapbl BoicIIeit
reoMeTpun 1 TOIIOJIOTrUun:
http://higeom.math.msu.su/people/taras/


http://higeom.math.msu.su/people/taras/
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Inasa 1

JIuHeitHbIe TPOCTPAaHCTBA

1.1. JIunHeiiHble mpoOCTpaHCTBA M MOoAIIpocTpaHcTBa. IIpumMepsl

ONPEAENEHUE 1.1.1. Jlunedinom (MM 6eKMOPHBIM) NPOCMPAHCMBOM HAJ, TOJEM
k HazpIBaeTcss MHOXKECTBO V' ¢ 3aJJlaHHBIMH Ha HEM OIEPAIUAMHU CAONHCEHUA <«+>» JIBYX
37IEeMEHTOB MHOYXKecTBa V',
+:VxV =V, (u,v) = u+ v,
U YMHOHCEHUA «-» FIEMEHTOB MHOKecTBa V' Ha 3JeMeHTHI Mo K,
ckxV =V, (A, v) = A,
KOTOPbI€ YIOBJIETBOPSIOT CJIEAYIOIIMM YCIOBHUSIM:

1) ’u,—l-’l):’l)—l—’u,,ZLJIHJIIO6bIX’U,,’U€V;
2) (u+v)+w=u+(v+ w) nia abbIx u,v,w € V;

)
3) cymectByer Takoil smement 0 € V', uro v + 0 = v aus goboro v € V;
4) st JHO6OFO v € V cymecrByer Takoil ssement —v € V, aro v + (— ) =0;
5) A (u+v)=A-u+ - ’U;Lﬂﬂmo6blxuv€VI/I/\€k
6) ()\—iru) v=MAv+p-v ansgaobbx v €V u A\ pu€Kk;
) A

A (p-v)=Au) v gna mobbix v €V u A\ pu €Xk;

8) 1-v = v mig moboro v € V.

DJIeMEHTDI JIMHEHHOTO HIPOCTPAHCTBA HA3BIBAIOTCA gekmopamu. Caoiicta 1)-4) o3ma-
qaioT, 9To V saBjsieTcs abesieBoit (KOMMyTaTHBHOfI) IPYIIIOA OTHOCUTEILHO OIIEPAIUH CJI0-
JKeHnd. DyieMeHT 0 Ha3bIBAeTCS HYAL8bLM 6EKMOPOM, & SJIEMEHT — v HA3BIBACTCH NPOMU-
BONOAONHCHOLM 6EKMOPOM K V.

Dementot mos k wHorma HazpBaoT ckaaspamu. CBoiicTBa 5)-8) 03HAYAIOT, UTO TO-
ae k aunetino deticmeyem na V. Hacto MbI OyaeM OIyCKaTh 3HAK YMHOMKEHHA «-».

3a HCKII0YeHneM HeKOTODBLIX IPUMepOB, B KadecTBe HoJs K y Hac OyaeT BHICTyHATDH
HoJIe BelleCTBeHHBIX unces R man none kommrekcHex dncen C.

Jlanee, TroBopst 0 npocmparcmee, Mbl Oy/1eM UMeTh B BHY JHHEHHOe MPOCTPAHCTBO.
Bot HekoTOpbIE MMPOCThIE CBOWCTBA JUHEHHBIX TTPOCTPAHCTB.

[IPEJIOKEHUE 1.1.2.

a) [aa mobvzx v eV, X € k swnoanenn pasercmea Ov = A0 = 0.
6) Jas 06020 v € V' ewinoaneno pasencmso (—1)v = —wv.
B) Ecau Av =0, mo aubo A\ =0, aubo v = 0.

JTOKABATEJBCTBO. a) Heiicrpuresnbho, Ov + 0v = (0 4 0)v = Ov, ciegoBaTeabHO,
Ov = 0 1o cBoiicTBY cokparenus B abesneBoii rpymme. Anamorudao A0+ A0 = A(0+0) =
A0, T.e. A0 = 0.

6) HdeiicrBurennro, v + (—1)v = lv + (—=1)v = (1 + (=1))v = Ov = 0, 1. e. BeKTOD
(—1)v mpOTHBONOIOKEH K V.
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B) Eciu A £ 0, 70 0 = A\"1(\v) = A 'N)v = 1v = v. O

[TPUMEP 1.1.3.
1. MuozxkectBo {0}, cocrosimee u3 ogHoro saementa 0, ABAg€TCs THHEHHBIM MPOCTPAH-
CTBOM HAJI JIIOOBIM IIOJIEM.

2. MHOXKecTBa BEKTOPOB HA MPAMOii, Ha IJIOCKOCTH, B IPOCTPAHCTBE SIBJISIOTCS JTHHEH-
HBIMU TpOCTPaHCTBAMU HaJ mojeM R.

3. [loste k gBasgeTcsd BEKTOPHBIM MPOCTPAHCTBOM HaJI caMUM cObOii.

4. Ilone C gaBisercd JUHEHHBIM IpocTpaHcTBoM HaJl mojeM R, a mose R gapiasercs
JIMHEHHBIM POCTPAHCTBOM HaJ, IoJieM pannoHaabHBIX unces Q. Boisee obmum obpaszowm,
ecn ki — noxgnosie B ko (T.e. ko siBasiercss pacwupernuem mons ki), to ky siBasiercs
JIMHEHHBIM TPOCTPAHCTBOM HaI K.

5. Ilycrn
k" = {(xl,...,xn): x; € k}
— MHOXKECTBO TIOCJIe0BaTebHOCTeH (cmpok) (DUKCHPOBAHHON JUIMHBI N U3 3JEMEHTOB
nosig k. Onepanun MOKOMIIOHEHTHOTO CJIOXKEHUS U YMHOYKEHUS Ha CKAJSIPHI, T.€.

(I'l,.’fg,...,a?n) + (y1>y27"'ayn> = (‘Tl +y1’x2 +y2""7xn+yn)7
A (2,29, ..o ) 1= (AT, AT, ..o, ATy,

3aat0T Ha K" cTpyKTypy JuHeiiHOro mpocTpaHcTBa HAL K. OHO HA3BIBAETCS N-MEPHBLM
koopdurnamuvim (Win apupmemuseckum) npocmparcmeom nad k. Mer B ocHoBHOM Oy mem
IMeThb je10 ¢ npocrpancrsamu R u C”.

[Ipu n = 1 MBI MoJTy9aeM TPOCTPAHCTBO U3 IpUMepa 3.

6. MHOXKeCcTBO pellleHUi O;THOPOTHOM CUCTEMBI TMHEHHBIX YpaBHEHNH ABJIAETCS JTHHEH-
HBIM TIPOCTPAHCTBOM.

7. MuoxkectBo (pyHKIMiI Ha IPOU3BOJILHOM MHOXKecTBe X €O 3HaYeHUAME B moJe K,
obosnadaemoe k¥, apigercsd JUHEHHBIM TPOCTPAHCTBOM OTHOCHTENLHO OHepaIuii moTo-
YEIHOrO CJIOXKeHHus (T.e. 3HadeHne GpyHKuuu f + ¢ B Touke x € X TOJAraeTcss PaBHBIM
f(z) + g(z)) n moroueunoro ymuoxenus Ha ckajaspel (T.e. (A f)(z) = A\f(x)). B cayuae,
korga X — KOHEYHOE MHOYKECTBO M3 7. 3JIEMEHTOB, MbI IOJydaeM HpocTpaHcTBo k™ u3
MPEeIBIAYIIEr0 TPUMEPA.

8. Muoxkecrso C(R) HempepbiBHBIX (DYHKIMHA HA BEIECTBEHHON HPSAMON M MHOMKE-
crBo Cla, b] HenpepbIBHBIX (DYHKIHH Ha OTpPe3Ke SB/ASIOTCS JTHHEHHBIMI TPOCTPAHCTBAMI
naj R. Takke JTUHEHHBIMU TPOCTPAHCTBAME SABJSIOTCS MHOXKeCTBa, JupdepeHmpyemMbIx
dbyukumii (Ha TPAMOI WM HA OTPe3Ke).

9. Paccmorpum muozkecTBo R, cocTosinee u3 6€CKOHETHBIX MTOCIEI0BATEIbHOCTE Be-
IECTBEHHBIX YHCEJ, B KOTOPBIX JIHIIb KOHEYHOE YHCJIO UIEHOB OTJIHYHO OT HYJsl (Takme
[OCJIEJOBATEILHOCTH HA3BIBAIOTCS hunummsimu). Torma R — nuHeiiHOoe TPOCTPAHCTBO
OTHOCHTEJIHBHO OIEePAInil TO3JIEMEHTHOIO CJIOXKEeHHST W YMHOXKeHHUs Ha umcaa. I[IpocTpan-
cTBO R MOKHO OTOXKIECTBUTH ¢ GECKOHETHBIM 00beaunenuem | J _ R™.

[Ipocrpancrso R® = RN geex GeckoneuHbiX 110CJ1e/10BaTEbHOCTEI TAKAKe SBJIACTCH
JUHEHHBIM ITPOCTPAHCTBOM.

n=0

10. Muozkectso k[z] MHOTOUYIEHOB OT 0/1HOH HIepeMenHOiT ¢ Koad dunuenravu B k siBis-
€TCs JIMHEHHBIM MPOCTPAHCTBOM. TaKyKe JIMHEHHBIM IIPOCTPAHCTBOM $SIBJISIETCH MHOYKECTBO
k,[z] MHOTOUIEHOB CTelleHN HE BhIIIE M.
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11. MuoxkecTBO BCeX MaTpHIL pa3zmMepa m X n ¢ djaementamu u3 k obpasyer jimneiinoe
npocTpancTBo Maty (m, n) OTHOCHTENHHO ONepaluii CI0YKeHNsT MATPHIL 1 TT0JIEMEHTHOTO
YMHOXKEHHSI MaTpuIl Ha duciaa. [Ipy m = 1 Mbl mosrydaeM npocTpancTBo cTpok K”.

B npeapiaymux mpuMepax Mbl CTOJKHYJIACH C CATyallleil, Korjaa MoAMHOZKECTBO JTH-
HEHOr0 IPOCTPAHCTBA CaMO SIBJISETCs JUHEHHBIM IIPOCTPAHCTBOM. DTO IPUBOIUT K CJIe-
JIVIOIIEMY OIpeIesIEHUTO.

ONPEAEJEHUE 1.1.4. Henycroe nogmuoxkectso W C V' nuneiinoro npocrpancTsa V'
Ha3BIBACTCS NOONPOCMPAHCMEOM, €CJIA JIAs JI00bIX BeKTOpoB u, v € W u ckanxgpa A € k
BBIIOJIHEHBI BKJIOYeHust 4 +v € W u Au € W.

Hpyrumu caoBamu, W — moanpocrpancTso, ecan W camMo sgBIsieTCst THHEHHBIM IPO-
CTPAHCTBOM OTHOCHTEILHO OTepalnii, 3aJJaHHbIX B IIpocTpancrse V.

[TPUMEP 1.1.5. Bor nHekoTopbie IpuMepbI TOAINPOCTPAHCTB.
1. MuozkectBo {0} siBisieTcsi MOAIPOCTPAHCTBOM B JIIOOOM IIpocTpaHcTse V.

2. MHOXKecTBO BEKTOPOB, KOJIJIMHEAPHBIX 33 JaHHOMY BEKTOPY, IBJAIETCA MOIMPOCTPaH-
CTBOM B IIPOCTPAHCTBE BCEX BEKTOPOB Ha IJIOCKOCTU UJU B IIPOCTPAHCTRE.

3. IIpoctpancteo C'(R) menpepbBHBIX (DYHKITHIT SIBASETCS MOATPOCTPAHCTBOM B TIPO-
crpanctse R® Becex dpynkmmit na R.

4. lIpocTparcTBo R*™ (DUHUTHBIX TMOCTeT0BATEIBHOCTEN ABIAETCH TOIITPOCTPAHCTBOM
B npoctpanctee R® = RY Bcex mocsenoparessuocreii.

5. Ipocrpancreo k,[z] sBiagerca mognpocrpanctBoMm B Ky, [x] npn m > n, a takxe

B k[z].

1.2. JIuneiinaga 3aBucumMocTthb. Baszuc. PazmepHocTh
[Iycts V' — numeiinoe mpocTpaHCcTBO HAJI mojeM K.

ONPEAEJEHUE 1.2.1. Jlunetnot xombunayueti KoHeIHOH cucTeMbl (MHOZKECTBA) BEK-
TOPOB V1, . .., Vi IPOCTPAHCTBA V Ha3bIBaeTCs (popMasbHAS CyMMa BUJA A\ v1+. . .+ A\, Uk,
rae \; € k.

CroBo «dopmasibHasT» 03HAYAET, UTO MbI PA3JIndaeM JUHEHHYIO KOMOMHAIIMIO A\ U1 +
.. FARUE U BEKTOD U = A\ U1+. ..+ A\, Uk, npedcmasasemoill 3TOM TMHEHHON KOMOUHAIKEH].

Haupumep, B upocrpancrse R? pazinunbie juueiinbie komOunamun 2(1,0,0) +
(—2)(0,1,0) + 2(—1,1,0), 0(1,0,0) + 0(0,1,0) + 0(—1,1,0) u 5(0,0,0) upencraBasoT
onuu u Tot ke Bekrop 0 = (0,0,0).

Jlunetinot Kombunayuet Geckomednoii cucremsl BeKTOpoB {v;: ¢ € [} masbBaeTcs
dbopmabHasg cyMMa BUAA ), ; \iV;, B KOTOPOI JIMIIb KOHewHOoe TUCI0 CKAISPOB A; OT-
JUYHO OT HyJIs. [lo-mpyromy JuHeiHy0 KoMOuHAIMIO cucTeMbl {v;: i € 1} MOXKHO ompe-
nesiuTh Kak dyukmuo I — k, ¢ — \;, KoTOpas IpUHUMAeT HEeHyJIeBOe 3HAUEHUE TOJIHKO
Ha KOHEYHOM YHUCJIE WHIEKCOB.

JluneiHast KOMOUHATUSA N1 V1 + ...+ AUy, WIH Y .+ \;¥;, HA3BIBALTCS MPUSUAALHOT,
ecau B Heil Bce KOdMDMUIUEHTH \; paBHBI HY.JIIO.

B npuseaénnom himre npamepe u3 R3 muneitnsie komGunamun 2(1,0,0)+(—2)(0,1,0)+
2(—1,1,0) u 5(0, 0, 0) Herpusuraabubl, a kKombunarms 0(1,0,0)+0(0,1,0)+0(—1,1,0) Tpu-
BHAJIbHA, IPU 3TOM BCE OHU IIPEJICTAB/ILIOT HyJI€BOH BEKTOD. DTO HPUBOJUT K CJIEAYIOLIEMY
OTIPE I/ IEHNUIO.

el
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Cucrema BekTopoB {v;: i € I} (komeunas mam OeCKOHEYHAs) HA3BIBACTCH AUHEUHO
306UCUMOT, €CIIN CYIMECTBYIOT UHC/IA \;, HE BCe DABHBIE HYJIIO I TaKue, 910 y ., \;v; = 0
(T.e. cymecTByeT HeTpUBHAJIbHAL JHHEHHAS KOMOUHAIMS BEKTOPOB CHCTEMBI, IIPEICTaB-
JAIONTAst HYJIeBOH BEKTOP). B IPOTHBHOM CJlydae CHCTEMa HA3BIBACTCH AUMENO HE3a6U-
cumot.

Jlunedinoti 06osoukotl cucreMbl BeKTOpoB {v;: @ € I} Ha3BIBAeETCSI MHOKECTBO BEKTO-
poB u3 V, npeacraBiasieMbiX JIMHEHHBIMA KOMOMHAIIMAMN BEKTOPOB 3TO# cucrembl. [Ljst
JUHEHHOH 000JI0YKH MCIOoJIb3yeTcs: obo3nadenue (v;: ¢ € I) wiu (vy,...,v;) B CIydae
KOHEYHOH CHCTEMBI.

[TPEATOXKEHUE 1.2.2. Jlunetinas obosoura (v;: i € I) asasemes auneldnoim nod-
npocmpancmsom 6 V. Boaee mozo, (v;: i € I) Asasemea HOUMEHOWUM NO BKAIOUEHUI
AUHETHBIM NOONPOCMPAHCMBOM, COOEPHCAULUM 6CE 8EKMOPUL cucmembl {v;: 1 € 1}.

JIOKABATEJIBCTBO. CyMMa BEKTOPOB CHCTEMBI U PE3Y/IbTAT YMHOKEHUS BEKTOPA, CH-
CTeMBbl HA CKaJIAD HPeICTABISIOTCH JIHHEHHBIME KOMOMHAIIMAMU U [IOTOMY IIPHHAJIJIEZKAT
guneitnol obosouke. CiaemoBareabro, (v;: ¢ € I) — NOAMPOCTPAHCTBO.

Ecan W — mpousBoIbHOE TIOAIPOCTPAHCTBO, COepIKaliee Bee BeKTOph u3 {v;: 1 € [},
To W TakzKe COJAEPKUT BCE BEKTOPDI, IIPEJACTAB/ISAEMbIe UX JUHEHHBIMU KOMOMHAIMSMU, &
suaanr W comepxur (v;: i € I). O

JIEMMA 1.2.3. Ecau cucmema sexmopos {v;: i € I} aunetno sasucuma, mo 0dun u3
6EKMOPOE CUCTEMYL ACAALMCA AUHETHOT KOMOUHAYUET 0OCMAALHDIL.

JTOKABATEJBCTBO. Ilyctb Ajv1+...+ Ao, = 0, upuuem cymecrsyer \; # 0. Toraa
)\7;’01' = —)\1’01 — ... /\i—lvi—l — >\i+1vi+1 — ... — )\k’l)k.

VMHOXKEB 06€ 4acTi 3TOr0 PABEHCTBA HA \; |, OJYUYNM, UTO U; SABIACTCS JMHEHHON KOM-
OuHAIMel BEKTOPOB V1, ..., Ui 1, Vitl,-- -, Vk- ]

ONPEJAEJEHUE 1.2.4. Jluneiino He3aBucuMast CucTeMa BeKTOpOB {v;: ¢ € [} Ha3biBa-
eTcs b6a3ucom TPOCTPAHCTBA V, ec/id KaKablil BeKTOp v € V mpejcTaBigercs JUHeHHOR
KoMOuHanumeir » ., Av;. Jpyrumum ciosamu, 6a3sucoM HA3BIBACTCH MAKCUMAALHAA (IO
BKJIIOUEHUIO) JTMHEHHO HEe3aBUCHMAsl CUCTEMa BEKTOPOB B MPOCTpaHcTBe V.

[IpocrpancrBo V' HazbiBaeTCst KOHEYHOMEPHDBLM, €CJAN B HEM CyIIECTBYeT Da3uc, COCTO-
AU 13 KOHEYHOI'O YHCJa BEKTOPOB. B NMPOTUBHOM cjydae HPOCTPAHCTBO HA3bIBACTCS
OECKOHEYHOMEDHBLM.

[IPEJJIOKEHUE 1.2.5. FEeau {v;: i € I} — 6asuc npocmpancmsa V', mo npedcmas-
Aenue A106020 sekmopa v € V6 sude Aunetinoth KomMoOurnauu Ziel Aiv; eduHcmeenHo.

JOKABATE/NBCTBO. JIeHCTBUTENBHO, €CIM U = Y . .; \i¥; = D ;[ V;, TO LOJLydaeM
0=> (A — pi)v;. Tax xax cucrema {v;: i € I} yuHeHHO HE3ABUCUMA, U3 HOC/IEIHETO
pPaB€HCTBa BbITEKaET, 9TO >\’L = Wi, T. €. IBa IIPEJCTABJIEHUA BEKTOPaA U B BUIE JIMHENHBIX
KOMOMHAINU COBIIAIAIOT. O

TEOPEMA 1.2.6. B xoneuHOMEPHOM NpOCMPaHcMaEe ce 0a3UCHL COCTNOAM U3 00H020
YUCAG INEMEHNOB.

Jloka3aTeabCTBO 3TOH TeopeMbl OyIeT ONUPAThCA HA CJAETYIONIYIO JIEMMY.
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JIEMMA 1.2.7. ITycmo ey,... ey, u fi,...,f, — dee (Koneunwvie) sunetino nezasucu-
MbLE CUCTEMDL BEKMOPO8, NPUUEM 8MOPGA CUCTIEME COOEPAHCUMCA 8 NUHETHOT 00040%Ke
nepsoti cucmemot. Tozda n < m.

JTOKABATENBCTBO. llycrs f; = ajje; + ...+ amjem, ai; €k, j=1,...,n Tak
KakK fi,...,f, — JuHeilHO He3ABUCHMAs CHCTEMA, Mbl HMEEM
(1.1) ufi+...+af, =0 = zn=...=z,=0.
[Mogcrabass B auneiinyo komOunanuio (1.1) Beipakenust f,; qepes ey, ..., €, NOIyIaeM

0=uz(aner+...+amen)+ ...+ zp(aiper + ...+ apnem) =
= (anxl + ...+ alnl’n>€1 + ...+ (amlxl + ...+ amnxn)em.

Tak Kak eq,..., e, — JUHEHHO HE3aBUCUMas CUCTEMA, IIPe/blIyIee PABEHCTBO PaBHO-
CUJIBHO CUCTEME ypaBHCHUN

1121 + ... + Q1T == 0,

Am1T1 + ... + Gppx, = 0.

Ecim n > m, TO 9Ta CHCTeMa HMeeT HEHYJIEeBOE DeIeHHe, YTO MPOTHBOPEUUT YCJIO-
Buto (1.1). O

JTOKABATEJIbCTBO TEOPEMEI 1.2.6. Ilycts V' — KoHEUHOMepHOE TPOCTPaHCTBO. 110
oupejiejieHuIo B V' cyliecTByer KOHeUHbIH 0a3uc ey, ..., e,,. llycrs {f,: i € I} — upyroii
6azuc. Eciun 3ToT 6a3uc OecKoHeYeH, TO B HEM COJIEPKUTCH KOHEYHAs JIMHEHTHO He3aBU-
cumas cucrema fq,...,f,, toe n > m. [lpu 3rom, Tak kax ej,..., e, — Oa3uc, Mbl
mveeM {f,...,f,} C{(e1,..., en), ar0 nporusopeqnr gemmve 1.2.7. CrenoBaresanHo, 6a-
suc {f,: i € I} koneuen, 1.e. umeer sun f,...,f,. Torna {f,...,f,} C{(e1,...,en)n
{e1,...,en}t C{f1 ..., f,), u u3 gemmbl 1.2.7 BBITEKAET, YTO M = N. O

ONPEAEJEHUE 1.2.8. Pasmeprocmovlo KOHETHOMEPHOTO JIMHEHHOTO TPOCTPaHCcTBa, V
(o6o3ragenue: dim V') HazpIBaeTCA YHCIIO JTEMEHTOB B JIIOOOM Oasmce mpocrpaHcTBa V.
Ecym xe V' 6eckoneunomepno, 1o Mbl nuiem dim V' = oo.

Pa3mepHOCTh JHHERHONH 060J0YKN CHCTeMBI BEKTOPOB {€;: i € [} Ha3biBaeTCsI paH20Mm
CUCTEMBI BEKTOPOB.

3AMEYAHUE. B npocrpauncrse {0} 6a31COM €CTECTBEHHO CUUTATD IyCTOE MHOMXKECTBO
@. Mot mveem dim{0} = 0, Tak Kak mycTOE MHOXKECTBO COCTOUT U3 () 3/1eMEHTOB.

[IPEIJIOKEHUE 1.2.9. Ilodnpocmparcmeo W koneunomeprozo npocmparcmea V' xo-
Hewrnomepro, npudem dimW < dimV u pasencmeo docmueaemea moavko npu W =V,

JIOKABATEJIBLCTBO. Ilycts dimV = m u ey, ..., e, — 6a3uc npocrpancrsa V. Ec-
an dim W > m, To B W naiiiérca Takas JuHelHO He3aBucuMaga cucreMa f, ..., f,, 910
n > m. Torma {f,....f,.} C(e1,...,en) =V, aro nporuopeunt aemme 1.2.7. Ciemno-
BareabHO, dim W < dim V.

ITycts dimW = dimV = m, n nycrs f,,...,f,, — 6asuc B W. Torga raxmbrit
BEKTOD e; JIMHeitHO Bbhipaykaercs depe3 f,, ..., f, , TaK Kak uHade Mbl OBl TOJTYIUIN JTH-
HefiHo Hesapucumyio cucremy f,...,f,., €; u3 m + 1 Bekropos B V', 4T0 nporusopedut

treopeme 1.2.6. Craenosarenbno, 060it BekTop u3 V gexur B (fy,....f,.) = W, T.e.
V=Ww. O
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TrEOPEMA 1.2.10. Jhoboti basuc nodnpocmparncmea W KoneunomepHozo npocmpam-
ecmea V' moorcro donoanums do baszuca ecezo npocmpancmsa V.

JTOKABATEJIBCTBO. Coracho npejnozxennio 1.2.9 npocrpancrso W KoHedHOMEPHO;
nycTh €q,..., e, — ero basuc. Eciu W =V, 10 ey,...,e, — 0a3uc B V u J0Ka3bIBaTh
Hedero. B mporusnoM cayuae B V Haiinércs Bektop e,41 ¢ (eq, ..., e,) = W. Pacemorpum
noampocrpanctso Wy = (eq, ..., e., e, 1) C V. Ecin Wy =V, 1o BCé mokasano. B mpo-
TUBHOM CJIy4ae aHAJOMMYHO CTPOUM TIOIIPOocTpaHcTBO Wy = (€1, ..., €., .11, €,40) C V|
u Tak gasee. [lycre £ = dim V — dim W. Torna va k-m 1mmare Mbl Oy 9UM TIO/ITPOCTPAH-
cro Wy, C V, nns koroporo dim W, = dim V. CorstacHo npemyioxkennio 1.2.9 momyuaem,
qro Wy, =V, a 3HauuT MbI JONOJHUIN Oa3uc ey, ..., e, B W 1o 6a3uca B V' BekTOpamu
€rily.-ey Crik O

SAMEYAHME. Ha camoMm Jese mpemplaylnas TeopeMa UMeeT MeCTO U B OeCKOHEeYHO-
MepHOM ciiydae. B dacTHOCTH, B JI0G0M TPOCTPAHCTBE (JayKe GECKOHEYHOMEPHOM) CY-
mecrByer 0asuc. JlokazaresabcTBo 31oro pakra ucuoabsyer aemmy [lopna. Iogpodbuocru
MoxkHO Hajitn B Kaure [KM, §1.2|.

[TPUMEP 1.2.11.

1. B apudmerngeckom npocrpancTse K™ mmeercss cmandapmunid 6asuc eq, ..., ey,
rae e; = (0,...,1,...,0) — cTpoka, B KOTOpOIl Ha i-M MecTe CTOUT 1, a Ha OCTATBHBIX
MecTtax — mysu. Takum obpaszom, dim k™ = n.

2. B mpocrpanctse Kk, [r] MHOrOW/IEHOB CTeleHU He BBINE 1 UMEeTCs GA3UC U3 OJIHO-
wienos 1,z, 2% ... 2" Takum obpasom, dimk,[r] = n + 1. B npocrpaucrse k[z] Beex
MHOTOYICHOB HMeeTcsl OecKOHeuHbIH basuc n3 ogHowteHos 1, z, 22, 23, ... Beex cremeneit.
Takum obpaszom, dimk[z] = oo.

3. B npocTpancTe (pUHUTHBIX HOCIemoBaTe sbHocTell R nMeeTcs 6eckoHedHbIH Ha3uc
ey, es,...,rme e; = (0,...,0,1,0,...) — mocaeg0BaTEIBHOCTD, B KOTOPO# HA i-M MECTe
cTOUT 1, & HA OCTAJBHBIX MECTaX — HYJU. 3aMETHM, UTO 3Ta JKe CHCTEMA €1, €, ... He
AGAAECA BA3HCOM B TIPOCTPaHCTBe R Beex mocieopaTeapocTelf. leficTBTe bHO, Ha-
IPHUMEp, HOCIEI0BATEIbHOCTD, COCTOAIIAS U3 OJHUX €JIMHHUI, He IPEJCTABIACTCA B BUJIEC
(KOHEeUHOiT) JIMHEHON KOMOUHAIINY TIOCTIe0BATELHOCTEl €1, €, . . .

ajee Bce mpocTpancTBa Mbl Oy/1eM IIpealioiaraTb KOHEYHOMEPHBIMHU, €CJIN
ABHO He YKAa3aHO IPOTHUBHOE. BeCKOHEYHOMEPHBIM IIPOCTPAHCTBAM OYJIET HOCBLAIIEH
OTAEIbHBIH KypC (DyHKIIMOHAIBLHOTO aHaM3a. B 9ToM Kypce JuHeiiHO#i ajaredpbl Mbl JIHIIb
nHOT I Oy/IeM BCTpeYaThesd ¢ HUMHU B TIpUMepax.

1.3. IlepecedueHune m cymMmMa TOAITPOCTPAHCTB, UX PA3MEPHOCTH

[TPEITOKEHUE 1.3.1. Ilepeceuenue ViNVy nodnpocmparcme npocmparcmea V. mak-
oHCe ABAALMCA NOONPOCNPAHCINEOM.

OKABATEJIBCTBO. g mobbix u, v € ViNVou A € k cymma u + v 1 mpousBeieHne
) y p
Av TakzKe Jiexkat u B V7, u B V5, a 3HAaUNT U B nepecevennu V; N Vs, O

B orimune ot nepecedenus, obbeaunenne noanpocrpancts Vi U Vo B obiiem cirydae
He OyJeT JUHEHHBIM ITOIIPOCTPAHCTBOM.

ONPEAENEHUE 1.3.2. Cymmoti Vi + Vo mognpocrpancts Vi u Vo npocrpancrsa V/
Ha3bIBACTCA MHOYXKECTBO BCEX BEKTOPOB ¥ € V., KOTOpble MOYXKHO MNPEJACTABUTH B BUJIE
CYMMBI ¥ = V1 + Vo, TJIe U1 € V] 1 vy € V5.
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[TPEITOKEHUE 1.3.3. Cymma noonpocmparcme AsAAMCs AMUHEGHOT 000404K0T UL
obsedunernua: Vi + Vo = (Vi U VL), Takum obpazom, Vi + Vo aeasemes aunelinvim noo-
NPOCMPAHCNEOM.

JTOKABATENBLCTBO. Brawouenune Vi + Vo C (V) U V;) caeayer u3 Toro, 9ro BEKTOD
V1 + Vo ABJIAETCs JUHEHHON KoMOWHaIMel BeKTOpOB v, Vs € Vi U V5.

Hoxkaxem obparnoe Brmoudenue (Vi3 U Vy) C Vi + Vi, Pacemorpum suneitnyio KoM-
OuHAIMIO ¥ = AjU1 + ...+ A\, U, BEKTOPOB U1,...,u, € Vi UV, MoxXKHO cuuTarh, 9TO
Uy,..., U JdexaT B Vi, a Ugyq, ..., U, Jekar B V. Torma Mbr uMeem v = v + v, TJIe
v = MU+ ..o+ Ny € VI T vy = AUy + ..o+ A\yu, € Voo CraenoBarenibHO,
velVi+ Vs 0

TEOPEMA 1.3.4. Jlasa ao0bvix nodnpocmpancme Vi u Vo aunetinozo npocmpancmea V-
UMEEM, MECTNO PABEHCNBO

dim V] 4+ dim V5 = dim(V; + V5) + dim(V; N V5).

JIOKABATEJIBCTBO. Bribepem 6a3uc eq, ..., e, npocrpancrsa Vi N V. Bocmosbzo-
BaBIMHCh Teopemoit 1.2.10, momoaHMM ero no 6a3uca eq,..., e, fq,...,f; TpocTpancTBa
Vi m 1o Gasuca ey,..., ek, gq,...,9,, IpocrpancrBa V,. Torga Mpl nmeem

(1.2) dm(ViNVa) =k, dimVi=k+1, dimVy=Fk+m.

Hokazxkewm, 4To €1,...,ex, f1,...,F1,91,-..,9,, — 0asuc npocrpancta V; + V5.

[Ipexie Beero 3amerum, 4o, Tak Kak Vi + Vo = (Vi U Va), sioboit Bekrop u3 Vi +
Vy siuHelHO BbIpakaercs depe3 3Ty cucreMy BeKTOpOB. Ocraércs mpOBEPHUTH, 9TO ITA
cucreMa JiMHeiHo He3apucuMma. [lycTb umeer MecTo paBeHCTBO

(13) )\161+...+>\kek+u1f1+...+szl+ulgl+...+umgm:O.
[Tepenuiiiem ero B Bujie
e+ .o+ e Fmfi+ o+ wf =119, — oo — U@y,

BekTop, crosmuit B 06eUX 4acTAX ITOTO paBeHCTBa, JeKUT Kak B Vi, Tak u B V5. Cie-
JIOBaTeIbHO, OH JIeXKUT B Vi M Vo W JIuHeiHO BBIpaxkaeTcs depe3 €q,..., €. TaK Kak
BEKTODbBI €1,..., €k, f1,...,f; IUHEHHO HE3ABUCUMBI 110 TOCTPOEHUIO, MBI [IOJIyYaeM, 4TO
1 = ... = p; = 0. Arajmorngabivm 00pa3oM JOKA3BIBAETCS, 9TO V) = ... = U, = 0. To-
[Ja U3 JINHEHHON He3aBHCHMOCTH BEKTODOB €1, ..., € U U3 paBencrsa (1.3) ciemyer, 9410
AM=...= X =0.

Urak, cucrema ey, ..., ek, f1,...,f1,91,---,9,, TOPOKIaeT IpocTpancTso Vi + Vo 1
JuHelHo HezaBucuMa. CrenoBarebHo, 310 6asuc B Vi + Vo u dim(Vy + Vo) = k+ [+ m.
Orcioga u u3 coornomiennii (1.2) BoITekaeT TpebyeMoe paBeHCTBO. O

1.4. TIpamasa cymMma nmoanpocTpaHcTB. BHemHas npsaMasi cymMMa

OnPEAENEHUE 1.4.1. Cymma V] + V5 moanpocTpaHcTB MpoCTpaHCcTBa V' HA3BIBAETCS
npamoti (obosnauenue: Vi @ V3), ecam st moboro Bektopa v € Vi + V mpejcraBienue
v = v + Vg, THe V1 € V] U vy € V5, eIMHCTBEHHO.

TEOPEMA 1.4.2. Caedyrowue ycarosus sksusaseumus, das nodnpocmparcmes Vi, Vo:

a) cymma Vi + Vo npamasn;
6) VinV, ={0}.
B) ecau 0 = v) + vy, 2de v € V] u vy € Vo, mo v; = v = 0;
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r) dimV; 4+ dim Vo = dim(V) + V3);

JIOKABATEJ/ILCTBO. MbI J0KaxKeM UMIUIHKAINE a)=>0)=-B)=-a) u 0)< ).

a)=0). llycts cymectyer v € Vi NVy, v # 0. Torma 0 = 0+ 0 = v + (—v), rue
v € V) u v € Vs Ilonygaem, uro npeacrapiaenne sekTopa 0 B BHIE CyMMBI BEKTOPOB U3
Vi u V5 He ejiuHcTBeHHO, T.e. cymma V) + Vo He npsmasi.

6)=B). Ecam cymecrByer npejcrasiaenne 0 = vy + vq, 11e v1 € Vi, vy € Vo vy # 0,
o v; € Vi u vy = —vy € Vo, me. v1 € ViNVyu Vi NV, #£ {0}, TIporusopeune.

B)=a). [Tycrb y BekTOpa v € V ecrb ABa pasioxeHUs: U = Uj + Uy = U] + Vg,
rae uy,v1 € Vi ug, vy € Vo. Torma 0 = (ug — v1) + (ug — vg), tie u; — vy € Vi m
Uy — vy € V5. CrreioBaTenbho, ) — v = Uy — v = 0, T.e. 1Ba pa3IokKeHnd BEKTOpa v
COBHAIAIOT.

6)<1). DTa 3KBUBAJIEHTHOCThH BBITEKAET U3 TeopeMbl 1.3.4, Tak Kak JIUIIb TPUBHAJIb-
HOEe HPOCTPAHCTBO MOXKET UMETh HYJEBYI0 PA3MEPHOCTD. O

[Tousarue npsiMoit cyMMBI 0000IIaeTCs Ha JTI000e KOHEYHOE YHUCJIO HOANPOCTPAHCTB:

OnPEAENEHUE 1.4.3. Cymma Vi +. ..+ V,, mognpocrpancTs npocTpancTsa V' Ha3bIBa-
ercs npamot, ecyiu s J1000ro BekTopa v € Vi+. ..+ V, npejacrapienue v = v1+...+v,,
rae v; € V;, e IMHCTBEHHO.

TeEOPEMA 1.4.4. Jlasa nodnpocmpancme Vi, ..., V, npocmpancmea V  caediypowue
YCAOBUA IKEUBANEHITHDL:

a) cymma Vi + ...+ V,, npamas;

o) Vin(Vi+...+Viei+Viga + ...+ V,) = {0} daa wmoboeoi=1,...,n;
B) ViN (Visa + ...+ V) ={0} daa wwobozo i =1,...,n—1;

r) ecau0=v +...4+v,, edev; €V, movy=...=v, =0

a) dimV; + ... +dimV, =dim(V; +... +V,).

,ZLOKaBaTeIIbCTBO TE€OpEMbBI IPOBOAUTCA 110 MHAYKIHHU IIO 77; Mbl €I'0 OIIYCKa€M.

[TPuMEP 1.4.5. TIpu n > 3 ycaosue 6) B upeabiayiieil Teopeme 6oJiee CUIbHOE, YeM
yeaosue V; NV, = {0} mpu 1 < i < j < n. D10 mocsejHee yeJOBHE HEe TapaHTHPY-
€T, YTO CYMMa MOJIPOCTPAHCTB NpsMad. JleficTBUTEbHO, pACCMOTPHUM CJICIYIONIHE TPH
HONPOCTPaHCTBA B R? O CTAHAAPTHLIM OA3MCOM €1, €s:

Vi={(e1), Vo= {(es), Vs={(ei+ey)

(MOZKHO TaKzKe B3sITh JIIOObIE TPU TOMAPHO PA3TUIHbIE TIPSAMbBIE, TIEPECEKAIOIINECs B HYJIE).
Torma V; NV, = {0} upm i # j, no cymma Vi + V5 + V3 me npsimasi, Tak Kak, HAIpUMeED,
BEKTOD €] + €5 JOMYCKAeT JIBa PA3JMIHBIX IIPEJICTABACHUS B BUJIE CYMMBI U1 + Vs + V3,
rae v; € V;, a uMeHHO €1 + €3 = e; + e2+0 =0+ 0+ (e; + e3). 3amernm TakKe, 4TO
dimV; = 1, a dim(V; + Vo + V3) = dimR? = 2.

OHNPEAEJEHUE 1.4.6. Ilycts Vi,...,V, — JuHeiinble MPOCTPAHCTBA HAJ OJHUM IIO-
aeMm k. UIx suewreti npamoti cymmoti, obozanadaemoii depes Vi @ ... @ V,,, Ha3bIiBaeTcd
JUHEHHOe TPOCTPAHCTBO, COCTOSIIEE U3 BCEX YIOPSIIOUEHHBIX HAOOPOB (V1 ..., V,), TIe

v; € V; c onepanugamu, oupe e IEHHBIMI TOKOMIIOHEHTHO:

(W, oy ) + (V1,0 ,0,) = (U + V1, ..., Uy, + V),
A (v, ., 0p) 1= (Avg, .. Ay,).
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1.5. @akropnpocTpaHcTBO. PazmepHOCTh (paKTOPIIPOCTPAHCTBA
[Iycts V' — nuneitnoe npocrpanctso, a W C V' — nojanpocrpaHncTio.

OHNPEAEJEHUE 1.5.1. Kaaccom cmesichocmu BeKTOpa v € V 10 MOJAIPOCTPAHCTBY
W naspiBaeTcd MHOXKeCcTBO v + W, cocTosIiee n3 Bcex BEKTOPOB Buja v + w, riae w € W.

JIEMMA 1.5.2. Pasencmeo vi + W = vy + W umeem mecmo mozda u mosvko moeada,
xoeda v1 — vy € W,

HOKABATEJILCTBO. Ilycth v1+W = vo+W. Torna v, € v1+W = vo+ W, a 3HauuT
HaiinéTcs Takoil BekTop w € W, uto v = vy + w. CiaemoBaTenbHo, v; — vy = w € W.

Ob6patno, mycrs v = v — v € W. Jlokaxkem, uro v; + W C vy + W. Bosbmém
pou3BOJbHBIN BekTOp % € v + W. Torna u = v, + w gs #wekoroporo w € W. Mbi
nveeM ¥ = v + w = vy + (v + w), vae v + w € W. Crenosarensuo, u € vy + W
n v, + W C vy + W. IIporuponosio:kHoe BKJIOUeHHE Vo + W C v + W nokaswiBaercs
a"ayiorndHo. rak, vi + W = vy + W. O

ONPEAENEHUE 1.5.3. @axmopnpocmpancmeom V /W nureiinoro npoctpancTsa V' o
noanpocrpancTsy W nasbBaercs Muoxkectso {v + W : v € V'} Beex K1accoB CMEKHOCTH
10 IOANIPOCTPaHCTBY W ¢ onepaluaMu CIOKCHUA U YMHOXKEHHA Ha CKaJIAPDBL:

(u+W)+(v+W):=(u+v)+ W,
A(v+ W)= v+ W.

[TPEAMTOYKEHUE 1.5.4. Ilpusedénnvie sviwie onepauuy, onpedesenvs Ha KAACCOT CMEHC-
Hocmu Koppekmuo u sadarom wa V/W empyxmypy aunetinozo npocmpancmea.

JIOKA3ATEJIbCTBO. BHadasie npoBepuM KOPPEKTHOCTH ONpeeseHns OIlepallii, T.e.
HE3aBHCHMOCTD Pe3yJIbTaTa OlMepaluy OT BeIOOpa BEKTOpa ¥ B CMEXKHOM Kuacce v + W.
JokaxkeM KOppPeKTHOCTD J1d caoxkeHus. BEemn up + W = us+Wua v + W = vy + W,
TO U :=uy — U € Wnv:=wv,— vy €W Bcuny semmnl 1.5.2. CiemoBaresibHo,

(u + W)+ (v1+W)=(ur+v1))+W=(us+v2)+(u+v)+ W=
= (U2+02>+W: (UQ+W)+(’02+W),
T.e. CJIOZKeHHe OIpejieJIeH0 KOPPEKTHO. KOPPeKTHOCTD Olpe/ie/leHnsT YMHOKEeHH Ha CKa-
JISIPBL 1IPOBEPSIETCS. AHAJIOIMYHO.
Tenepw mokazxem, uro V/W — nuneiinoe npocrpancrso. Ceoiictsa 1) u 2) u3 onpe-
neqenns 1.1.1 (accormuaruBHOCTb W KOMMYTATHBHOCTD CJIOKEHUST IS CMEZKHBIX KJIACCOB)
BBITEKAIOT M3 COOTBETCTBYIOMNX CBOICTB ciaoxkenns B V. Hynesvim aementom B V/W

saByseTcsd cMexKHbIil kKinace 0 + W = W, a mpoTuBonooKubIM 3jieMeHToM s v + W
apagerca (—v) + W. Ilposepum cBoitcto 5):

Mu+W)+(w+W))=A(u+v)+W)=AXu+v)+W=_Au+Av)+W =
=QAu+W)+ Ao +W)=ANu+ W)+ Av+W).
Ocrasrnecs ¢BoiicTBa 6)-8) MPOBEPAIOTCST AHATOIHIHO. 0J

TEOPEMA 1.5.5. ITycmo W — nodnpocmparcmeo aunetinozo npocmpancmea V. Toeda

dim V/W = dimV — dim W.
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JIOKABATEJABLCTBO. Ilycts dimV =n, dimW = k u nycrs ey, ..., e, — 6asuc B W.
Homnonnum ero jio 6a3uca ey, ..., €g, €xi1,..., €, B V. JlokaxkeM, 4T0 KJIaCCHI
(1.4) exr1 +W,. .. e+ W

obpasytor 6aznc B V/W.
Buauase mokazkeM, 90 Kiacchl (1.4) auHeitHo He3aBucuMbl. [1ycTh

Meri(epr + W)+ ..+ (e, + W) =04+ W.

Torma (Agr1€pr1+...+Aen) +W =0+W, e v = Ae1€p1+...+ e, € W B ety
JgeMMbI 1.5.2. Tak Kak eq, ..., e, — 6a3uc B W, MbI MOKeM 3aIHCATh ¥ = A1 €1+. ..+ €.
Torma moyaaem

)\161 + ..+ Akek — >\k+1ek+1 — ... )\nen =0.

Tak kaK ey, ..., €, €xi1, ..., €, — 0a3uc BV, OTCIO/A BBITEKALT, UYTO A1 = ... = A, = 0,
T.e. K1accel (1.4) JuHeHO HE3aBHCHMBIL.

Ocrasoch goKaszarh, 9ro Kiaaccs (1.4) mopoxaator Beé npoctpanctso V/W. Bosbmém
npon3BoJbHBI BekTOp v + W € V/W. Paznoxkum Bekrop v mo Gasucy B V:

v=Mer+ ...+ \ep+ Aer1epi1 + ...+ e
Torma

v+W=(Ny1€pi1+ ...+ \en)+ (Mer + ...+ Mpe) + W =
= (Mer1€pr1+ .-+ \en) + W =Xea(epn + W)+ ..o+ A(e, + W),

Urak, (1.4) — 6azuc B V/W, a 3nauut dim V/W =n — k. O

1.6. KoopauHaThl BeKTOpa. 3aKOH M3MEHEHNs KOOPAWHAT IIpU 3aMeHe Oa3mca

ONPEAENEHUE 1.6.1. Tlycts V — nuHeiliHOE TPOCTPAHCTBO U €1, . .., €, — 0a3uc B V.
J11060it BekTOp € V' eJMHCTBEHHBIM 00pa30M IpeJICTaBIIeTCd B BUIE JUHEHHOU KOMOU-
Haluu OA3HCHBIX BEKTOPOB: £ = ri€1 + ...+ x,e,. Yucoa zq,...,x, € k Ha3bIBaoTCs
Koopdunamamu BeKTopa T B Oasuce eq, ..., €,.

JlaJstee MBI IPUBEIEM psiJl coryianneHuit 06 0603HAUEHUIX, KOTOPBIE CYIIEeCTBEHHO YIIPO-
CTAT BBIKJAJKHU, CBI3aHHBIE ¢ KOOPTUHATAMU.

COIJIAIIEHUE (06o3uadenus Ditnmrreiina i koopaunar). Mpl, Kak npaBuiio, 6yjem
IHCATh HHAEKCH Y KOOPAUHAT CBEPXY, a He CHU3Y, T.e. T', ..., " BMeCTO 1, . . ., T,. BMecTo
JUITMHHOM 3alliCH pa3/aoyKeHHs BeKTopa mo Gasucy ¢ = xle; + ...+ 2"e, Mb Oyaem
NCIOJIB30BATh 3alMHCh T = x'e;, MoApasymMeBas cymmy » . x'e; (T.e. CyMMHpOBaHHE
Beera Gy/IeT Mojpa3yMeBaThCs MO MOBTOPSIIONIMMCST BEPXHUM W HUZKHUM HHJIEKCAM ).

[Ipu pabore ¢ MaTpuiamMu KOOPJIUHATHI BEKTOpa & B Oa3uce e€i,...,€, MBl OyjeMm
3aMUCHIBATH B BHUJE CTOJIONA BBICOTHI N, 06O3HAYAS €ro MpOoCcToi (He:KupHOH) GYKBOIl T,

! !

Te. x = | ¢ |.Yacro aua skonomun mecta Mecro | i | Gygem nmcars (zt ... x")t
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[Iycts B mpoctpancrBe V 3amanbl jaBa Oa3mca: «CTapblily €1,...,€, U <HOBBI»
el,..., e . Ham Oymer ymobHo 0bo3HAYATHL BEKTOPHI HOBOTO 0asmca [depe3 ey, ..., €.
SanumreM (OpMYJIbI, BbIpazKaloliie BeKTOPbl HOBOToO 6a3mca depe3 cTapblii Oa3uc:

ey = c%,el + ...+ clen,

1
€y =C €1+ ...+ ey,
WK, B 0003HAYCHHUAX DUHIITEHHA,
/

ey =cpe;, 1 =1...,n.

91H POPMYJIbl PABHOCHIBHBI OJITHOMY MAaTPHYHOMY PAaBEHCTBY

c, el
(e ... en)=1(e1...€,) | : :
cy Cry
ONPEAEJEHUE 1.6.2. Marpumna
&, el
C = () = -
&g
Ha3bIBACTCA Mampuuet nepexoda ot 6a3uca eq, ..., e, K ba3ucy ey, ..., e, . Eé crondia-

MH dBJAIOTCA KOOPAUHATBI HOBBIX 0a3UCHBIX BEKTOPOB B CTapOM basmuce.

TEOPEMA 1.6.3 (3akon m3menenusi koopjunar). ITycmo 2t 2" — Koopdunamaut

i !
sexmopa T 6 basuce ey, ..., €,, ax’, ..., " — Koopounamul 5mMo2o vsce sexmopa 6 basuce
ey, ...,ey. Toeda dsa Habopa koopduram ceazaHv, CACOYOUUMU HOPMYAGMU.
B paseéprymom rkoopdunammom sude:

’ /
' =cpat . 4l

B mampuurom sude:

T T
| =c
!
" "
B obosnavenusar Iinwmedina:
. o,
1 VA (A >
r=cpx', 1=1,...,n.

JIOKA3ATEJIBCTBO. XoTd Bce Tpr POPMYJIBI 3aKOHA TPeoOPa30BaHusd KOOPINHAT K-
BHBAJIEHTHBI, MBI JOKaYKeM UX 110 OTAEJIbHOCTH, YTOOBI JIYYIlle OCBOUTHCS ¢ PA3TUIHBIMA
obo3navenuamu. Mbl nmeem

/ !/
ey +.. . +a2"e,=z=z"ey+...+2" ey =
/1 1ol
=z (cper+...+cle)+...+2" (cer+...+che,) =

1 1/ 1 /7 1/ ’
=(cpx +...+cyr")er+ ...+ (chaxt + . o+ )en.
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Tak Kax €, ..., e, — 06a3uc, MBI HOJIydaeM T’ = ci,xll + ...+ cﬁl/sc”' ansg i =1,...,n.
Ta ke BBIKJIAJKA B MATPHYIHBIX 00O3HAUEHUAX UMEET BU/I

!
rt zt e\ [

(e1,...,e)| | =z=(er,....ex)| : =(ey,...,ex)| + . .
" x" Yooy x”

OTKY/Ia CJAEyeT, 9TO

8
8

=C

n n'

T T

Haxkowner, ncnosb3yst 0003HadeHust RHIITENRHA, TOIyIaeM

i, _ R i
T E€ =TT =T €y =T Cyé€y,

R R R
OTKyJ1a ciaegyer, uro o' = ' ¢}, = cia’. O

3 noxasaTe/bCcTBa BUIHO, UTO BBHIKIAIKA, UCIOIL3YIONAs 0003HAUEHUST JUHIITEHHA,
nmeeT HauOostee mpocToil Bu 1. Jlajiee B aHAJIOTMIHBIX BBIKJIA/KaX Mbl, KaK IPABUJIO, Oy1eM
IIOJIL30BATHCA 0DO3HAYCHUAMH DHHINTEHA.

Ob6paTnM BHHMaHNE TaK:Ke Ha TO, 9TO B ONPEIEJeHINH MATPHIIHI IIePeXo1a Mbl BbIpa-
JKaeM Ho6ble BEKTOPHI Yepe3 cmapvie, a B 3aKOHEe Tpeodpa3oBaHus KOOPAMHAT, HA00OPOT,
cmapble KOOPAUHATHI BEIPAXKAIOTCA Yepes3 HOoBble.

COIJIAIUEHUE (o603nadenus Diinmreiina ais marpun). Ilycrs A = (a}) — marpn-

na pasMepa | X m, a B = (b)) — marpuna pasmepa m X n. Torna 3akoH yMHOKEHHS
MAaTpPHI, B 0003HAYEHUAX DHHINTEHHA BBINIAANT CJIEAVIONMM 00pa3oM: i KOMIOHEHT
(I x n)-marpunpt C' = (¢;,), noayvaemoil Kak npoussejenue MaTpun A u B, nmeer MecTo

i i) ;
cooTHOMeHne ¢ = ajby (O TOBTOPSIIOIIEMYCST HHAEKCY j TPOM3BOJUTCS CYMMUPOBAHUE).
KoMoHeHThl e TMHUIHOI (KBaapaTHOi) Marpuibl F 3a1amrcsa cumsorom Kponekepa:

E = (53), rne

62 — 17 npu 1= ja

J 0, mpm i # j.
Marpuna D = (di;) saBJIgeTcsa obpaTHoil K Marpuie C' = (cj-), T.e. D = C~!, ecotn BBITONI-
HEHO COOTHOMEHHE Csd), = 0}

[IPEATOKEHUE 1.6.4.

-/
a) Mampuua Ce_e = (¢} ) nepexoda om 6asuca ey, . .., e, k baszucy ey, . .., €, AGAd-
emes obpamnot x mampuye Ce e = (i) nepexoda om ey, ... e, k €y, ..., €y,

m.e.
Ce—>e’ce’—>e = k.

B wacmmocmu, mampuua nepexoda ecezda nesuposicdenna (0bpamuma).
2
6) Ecau e1,...,€,, €1y .., €y, €, ..., €y — Mpu ba3uca, Mo 0Af COOMBEMCMEY-
OUUT MOMPUY, NEPELOIG UMEEM, MECMO COOMHOULEHUE

C’eﬁe” = Cea e Ce’ﬁe” .
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JIOKABATEJBLCTBO. [lepBoe yTBep:KjeHue ciejayer W3 BTOPOIO, €CJU TOJIOKHUTh
e = e;. Hokaxkem Bropoe yreepxiaenne. Ilycts Cener = (i), Cemer = (i),
Ceyer = (¢). Torpa

) i il il
Ci” e;, = €;n = Ci” e; = C’i//ci’ e, = Ci/Ci// ei,

. .
OTKYJa CHeAYeT, 9T0 Cjy = CyC, T.€. Coyer = CeyerCeryer. O

1.7. Jluneiiubie oToOparkenus n n3omopdu3smbl. Japo u odbpas

OnPEAENEHUE 1.7.1. Tlycrs V u W — nuneitasie npoctpancrsa zHa mogem k. O1ob-
paxenue A: V — W nasbiBaercs aunetinvim, €Cau Jjisg JII0OLIX BEKTOPOB %, v € V u
cKaJIsApa A € K BBITIOJTHEHBI paBEHCTBA

Alu +v) = Au + Av, A(\v) = NAw.

BuekTuBHOE (T.€. B3AaHMHO OJIHO3HAYHOE) JinHeitHoe oToOpazkenue A: V' — W HasbiBaeTcst
usomopgpusmom. Ilpocrpancrsa V u W Ha3bIiBaioTcss B30MOPMHBIMU, €CJIH MEXKIY HEMU
CYIIECTBYET U30MOPMU3M.

Bor jBa BayKHEHIUX pUMeEpa JUHEHHBIX 0TOOpaYKeHUA.

[IPUMEP 1.7.2.

1. Jluneiinoe oro6paxkenune f: V — k npocrpancrsa V waj nosem k B nose k (pac-
CMaTpUBaEMOe KakK OJHOMEPHOE JTUHEHHOe TIPOCTPAHCTBO) HA3BIBACTCS AUuHedHO PyHKy -
el mn AuHetHoM GYHKEGUOHaAoM. JInneiinbie PyHKIUT MBI BCKOPE OTIAEIBLHO PACCMOT-
pum OoJiee moAPOOHO.

2. Jluneitnoe orobpaxkenne A: V' — V npocrpancrBa V' B cebs HA3BIBACTCS AUHETHbIM
onepamopom. JluHeitHpie onepaTopsl OyAyT MOAPOOHO H3YUEHBI BO BTOPOIl IiaBe.

TrEOPEMA 1.7.3. Jlea npocmparcmea V-u W nad nosem kK usomopdnv, mozada v mono-
Ko moezda, Koeda OHU UMENM 00UHAKOBHLE PASMEPHOCTIU.

HOKABATEJILCTBO. I3 onpenenenus nzoMopdusMa BEITEKAET, YTO CBOUCTBA CHCTe-
MBI BEKTOPOB OBITH JTUHEHHON HE3aBUCUMOI U TIOPOXKIATH BCE IIPOCTPAHCTBO COXPAHSIIOTCS
npu u3oMopdusMax, T.e. Ipu uzomMopdusme 6a3uc nepexoaut B O6azuc. CremoBaresbHO,
ectn A: V — W — msomopdusm, To dim V = dim W.

[Tycrs Teneps dim V' = dim W = n. Boeibepem 6azucwr ey, ...,e, u fq,...,f, BV u
W coorercreenno. Torma dopmyia

i i
-A@ ei) =1'f,
(rae 1o @ mogpasymMeBaeTcst CyMMUPOBaHHe) onpejieisier auHeliHoe orobpaxkenne A: V —

W. Ono aBigerca 6meknueit, Tak kKak dopmyra A~ (z'f,) = z'e; onpenenger obpaTHoe
orobpazkenue. Utak, A — usomopdusm. O

B kadecTBe cTaHIAPTHOTO MPUMEPA N-MEPHOr0 TpocTpaHcTBa Ha R Mbl OyaeMm pac-
CMaTpUBATH KOOPJAMHATHOE TpocTpancTBo R™; B cuy mpeablaylieil TeopeMbl OHO H30-
MOP(hHO JI000MY APYTOMY N-MEPHOMY BeIeCTBEHHOMY ITPOCTPAHCTBY.

ONPEAEJEHUE 1.7.4. ITycts A: V' — W — nuneiinoe orobpazkenne. MHOXKeCTBO BeK-
TopoB v € V, ast Koropbix Av = 0, HassiBaercst adpom orobpaxkenus A n obo3HaUaeTCSH
Ker A. O6pas nuneiinoro orobpazxkenust A: V' — W obosnauyaemsbiii Im A, onpenensiercs
TaK Ke, KaK u s Joboro orobpaxkenusa: Im A = {Av: v € V}.
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[MPEAJIOKEHUE 1.7.5. ITyemov A: V. — W — aunedinoe omobpascenue. Toeda Ker A
asasemea nodnpocmparcmeom ¢ 'V, a Im A asasemea nodnpocmparncmeom ¢ W.

JTOKABATEABLCTBO. [lycts u,v € Ker A, 1e. Au = Av = 0. Torna A(u + v) =
Au+ Av = 0+0 = 0 u A(\v) = My = 0. Caegosarensuo, u + v € Ker A u
Av € Ker A, a 3naunt Ker A — nogmnpocrpanctso B V.

[Tycts Teneps , y € Im A, 1. e. cymectByior Takue u, v € V, uro Au = x u Av = y.
Torma A(u 4+ v) = + y u A(Au) = Az. Crenosarenvio, £ +y € InAu Az € Im A4, a
sHauuT Im A — mogmpocrpancTso B W. O

TEOPEMA 1.7.6. Ilycmo A:V — W — aunetinoe omobpascenue. Tozda coomeem-
cmeue v+ Ker A — Awv 3adaém uzomopdusm mesicdy daxmopnpocmpancmeom V/ Ker A
u nodnpocmpancmeom Im A.

JIOKABATEJIBCTBO. 9TO J10Ka3aTeIbCTBO IIOJHOCTHIO MOBTOPSET JI0KA3aTeIbCTBO
TeopeMbl U3 Kypca aJreOphul 0 TOM, 4TO «roMoMOpdHBIi 06pa3 rpynisl u3omopden gak-
TOPTPYIIIE IO APy FOMOMOP(MHU3MAs.

Cravana mposepum, uto v + Ker A — Av neficTBUTEIbHO KOPPEKTHO ONpEJIEISeT
orobpazxkenne A: V/Ker A — Im A. /Tia 91010 HYKHO TpOBEpUTH, 4TO ecan u + Ker 4 =
v + Ker A, o Au = Av. B cuny semmbr 1.5.2 U3 paBeHCTBa KJIACCOB CMEKHOCTH U +
Ker A = v+ Ker A Boitekaer, uto u — v € Ker A, re. Au = Av+ A(u —v) = Av. Urax,
oToOpazkeHue A V/Ker A — Im A onpeeseno KOppeKTHO.

JIuHefiHOCTb U CIOPBHEKTUBHOCTD 0TOOpaZKeHU st A ouesmpl. IIpoBepuM, 4T OHO TaK-
ke nabektusHO. [lycts A(u + Ker A) = A(v + Ker A). Dro oznauaer, uto Au = Av,
T.e. u — v € Ker A. Torma uz semmbr 1.5.2 cienyer, uro u + Ker A = v + Ker A, T.e.
A unbektusno. Tak Kak JuHeiiHoe oTobpasKeHme A: V/Ker A — Im A ciopbeKTUBHO 1
UHBEKTUBHO, OHO SABJIAETCS U30MOP(MUIMOM. O

CHEACTBUE 1.7.7. Jasa mobozo aunetinozo omobpascenus A: V. — W ewnoaneno
PABEHCNEO

dimV = dim Ker A + dim Im A.

JTOKABATENBLCTBO. U3 mupenpiaymeii Teopembr cieayer, uro dim(V/KerA) =
dimIm A, a dim(V/Ker A) = dim V — dim Ker 4 no Teopeme 1.5.5 0 pasmeprocru dak-
TOPIPOCTPAHCTBA. (]

1.8. Marpuna guHeiitHOro orobpakenus. [Ipeobpa3zoBanue MaTpuUIbI
JUHENHOTO 0TOOpakeHusl NMpu 3aMeHax 0a3mucoB

[Tycts A: V — W — nuneiinoe orobpaxenwue, ey, ..., e, —o6asucs V, af,, ..., f, —
6azuc B W.
ONPEAENEHUE 1.8.1. Mampuuet aunetinozo omobpasicenus A: V. — W no ommo-
werur K bazucam ey, . .., e, u fi, ..., f, Ha3bIBaeTCS MaTpuIa
aj ay ... al,
4 ai a3 ... a2

n n
at ay ... a
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pasmepa n X m, B KOTOPOH i-ii cTosber; cocTaBien u3 KoopauHaT BeKTopa A(e;) oTHOCH-
Tespno 6azuca fq,..., f,:

3Hasg MaTpHIly JuHEHHOro orobparkenus A, Mbl MOXKeM HAATH 0Opa3 J000ro BeKTOpa
x € V upn orobpaxkennn A ciieayonmM odpas3oM.

[IPEAJIOKEHUE 1.8.2. ITycmo & = a7 e; — npoussoavhulll eexmop us V', a y = v'f, —
ez20 06paz 6 W, m.e. y= Az. Tozda

y' ai a\ [
i g N I I .
y' = a;x AL =1
n n n m
Yy ay A, T

JOKA3ATEJIBCTBO. eiicTBUTEILHO,
y'fi=y= Az = A(z’e;) = 2/ Ae; = 2’ a}f,.
Tax xax {f,;} — 6asuc, orciona ciejyer, 4To y' = aja’. O

ONPEAEJIEHUE 1.8.3. MHOXkKecTBO Beex JuHeitHbIx orobpaxkenmit A: V — W u3 V B
W ¢ onepanusiMu CJI0yKEHUS U YMHOXKEHUS

(A + As)(v) == A1 + Asw,  (M)(v) := A(Av)

SBJISICTCS THHEHHBIM TTPOCTPAHCTBOM. OHO HA3BIBACTCSI NPOCPAHCINGEOM AUHETHBT 0MO0-
pasicernudi w3 V B W n obosnauaercs Homy (V, W) mau npocro Hom(V, W).

[TPEATOKEHUE 1.8.4. Ilycms dimV = m v dim W = n. Tozda npocmpancmeo au-
netnvixr omobpascerui Homy (V, W) usomopgro npocmpanemesy mampuy Maty(n, m).

JIOKABATEJIBLCTBO. Boibepem 6azucwt ey, ...,e, u fi,....f, 8V u W coorser-
creerno. Onpenennm orobpazkenne Homy(V, W) — Maty(n, m), KoTopoe comocrap/iser
JIMHEHTHOMY OTODpazKeHHIO ero MaTPUILy B BRIOpaHHBIX Dasucax. HemocpecTBeHHO 11poBe-
psieTcs, 94TO 9TO oToOparkenue JjimHeitno. Kpome Toro, oHo OMEKTHBHO: 0OpaTHOE 0TOOpA-
Kenue conoctaser (n X m)-marpune A = (a}) nuneiioe oToGpazKenue, ompe/iengemoe
B KoopauHarax gopMmysaoi u3 npemioxenus 1.8.2. CiexoBaTe/IbHO, Hallle 0TOOpaXKeHHE

Homy (V, W) — Maty(n, m) asusiercss nzomopbuzmMom. O

[Iycts B npocrpancrse V' BblOpan HOBbIiT 6a3uc €y, ..., €,s, a B upocrpancrse W —
HoBbI# Oazuc fi/, ..., f

n/.

TEOPEMA 1.8.5 (3aKOH H3MEHEHUsI MATPUILL JIHHEHHOTO oToOpazkenust). Umeem me-
CMOo COOMMHOUEHUE

A'=DtAC,
ede A — mampuya aunetinozo omobpascenus A: V. — W no ommnowenuro ¥ 6asucam
e,.-sem u fi,... . f; A — mampuya omobpasicenus A no omuowenuro k 6asucam
er,... m U, ... [y C =Cese — mampuya nepexoda om ba3uca ey, . . ., €, ¥ basucy
er,...,en u D= Ds.p — mampuya nepexoda om fi,.... f, & fi,... fo.

JOKABATEJILCTBO. Ilyers C = (¢),) u A = (a!), Torma

)

Aei, = A(Cz,ei) = cﬁ,Aei = cﬁ,agfj.
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C apyroii ctoponst, eciu A’ = (ag,,) ubD= (dg,), TO

_ ' _ '
Aez/ —CLZ, ]/ —CLZ, djl‘f]'
CpapnuBag mocyieHIe JBa COOTHONTEHUd, ¢ yuérom Toro, uto {f;} — Gasuc, noaydaem
o o
ajcy = d,aj,. 1o sxkpuBanentHo cootHomennto AC' = DA, re. A’ = D~'AC. O
1.9. /IBoiicTBeHHOE mpocTpaHcTBO V™, nBoiicTBeHHbI 6a3uc. OTcyTcTBUE
n3omopdusma V = V* B 66CKOHEYHOMEPHOM CJIydae

HamomuuMm, aTo aunedinoti gynryuel Ha3biBaeTCs JuHEHHOe orobpaykenme f: V —
k. Kak m Bcsgkoe MHOXKECTBO JIMHEHHBIX OTOOPayKEeHUT MEXKy JIByMsl MPOCTPAHCTBAMH,
MHOXKECTBO JIMHEWHBIX (DYHKIUI ABIgeTCa JUHEHTHBIM IPOCTPAHCTBOM.

OnPEJAENEHUE 1.9.1. [Ipocrpancrso Hom(V, k) suneitubix dyukuuit f: V — k Ha-
3BIBAETCH 080UCMBEHHVLM (HIH CONPANCEHHBIM) Npocmpancmeom K V u obozHauaercs V™.

Ilycts eq,...,e, — 6asuc B V. 3uavenune juHeitnoit dbyurmum £ € V* Ha m1060M
BeKTOpe & = x'e; € V oupejessiercs eé 3HAYCHUSIMU HA, OA3UCHBIX BEKTOPAX, TAK KaK
&(x) = 2°¢(e;). Oupenenum juneiinbie hynkuuu €', ... " € V* 1o upasuiy

i s
e'(e;) = 0;.
Torga st O60TO BEKTOpA T = 27 €; MBI MMeeM
SN (G ) Y S~ R
e'(x) = c'(v'e;) = 2'e'(e;) = 270 = 2.

B cBaAsy ¢ 3tuM QYHKIHA €' 9aCTO HA3SBIBAIOT KOOPOUHGMHOMU HYHKUUAMU.
[IPEOIOXKEHUE 1.9.2. Jlunetinwe gynxyuu ', ... " obpasyrom basuc 6 V*.
JIOKABATEJBCTBO. Jluneiitnag mezaBucumocTh. [lycthb

ret + . ze" = o,

rje 4epes o 0603HadeH HYJIeBOIl 3J1eMeHT IIPOCTpancTBa V'™, T. . (DyHKINs, IPUHAMAIOIIAL
TOXKIECTBEHHO HYJICBOC 3HAYCHHE. DTO PABEHCTBO O3HAYACT, 9TO JuHeiiHaa pyHknng & :=
x;e" paBHA Hyr0 Ha JI000M BekTope u3 V. Boramcanm eé ma Bextope e;: 0 = £(e;)

r:6'(e5) = 2,05 = x;. Mtak, Bee KoahDUIIEHTH 2; paBHBI HYJIO, 8 3HAYHT €', ..., " € V*
JAHEHO He3aBUCUMBL.
Tenepb IPOBEPUM, 4TO £, . . ., €™ TTOPOKJAIOT BCE mpocTpancTBo V*. Mbl yTBep:KiaeM,

410 J100ad JuHeiiHad pyHKIUY £ IpejcTaB/seTcs B BUJle JUHeliHo# KombuHamun & = &,
rae & = £(e;). HeiicrBuTenbro, s 106010 BekTopa £ = 2/ e; € V Mbl nMeeM

fz‘gi(m) = fz’xi = f(ez‘)xi = f(xiei) =¢(z).

CraenosaTenbno, & = &eb, Te. et ... " — Gaszuc B V*. O
ONPEJENEHUE 1.9.3. Basuc ¢!, ..., " mpocrpancrsa V* HaspiBaeTcd deoticmeenvim
(wnu conpascérmnvim) 6a3uUcom K ey, ..., ep,.

CAEACTBUE 1.9.4. dimV = dim V* (das xoneunomeproz npocmparcms).

[IycTh Teneps ey, ..., €, — Apyroi 6asuc mpocrpanctsa V u C' = (!

: o !
nepexona, ey = ., e;. PaccMoTpuM nBoficTBeHHBIE Gasuch €1, ..., e mel ... €

) — MaTpuna
n’ )

MIPEAIOKEHUE 1.9.5. Mampuua nepexoda om ', ... " k', ... " ecmo (C).
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, , A ,
JTOKABATEJABLCTBO. [ia moboro BekTopa & = x'e; = ' ey Mbl uMeeM &' (x) = x' =
o
cyxt = cye' (z). CnemoBarensHo,
o
e =cye'.
STO 9KBHBaJIECHTHO MaTPpUYIHOMY COOTHOIICHHIO

1 1

5 5
=C
e” ol
njm
/ ’ _
(e ... e")=(e"...em(CH
- / !

D70 ozmagaer, uro (C~1)" — marpuna mepexoma or et ... e" kel ... &, O

U3 caepcrBus 1.9.4 TakzKe BeITeKaeT, 4To npoctpancrsa V u V* uzomopdubl. OgHAKO
JUIsl TOCTPOeHusT n30Mopdu3Ma MeXKJy HUMH HaM HeoOXoAuMo BbIGparh Gasuc B V' (u
JBofictBennblit Gaszuc B V*); uzomopdusm mexkiay V u V* «HeKaHOHUYIEH> B TOM CMBbICJIE,
YTO OH 3aBUCHT OT BbiGOpa Oa3uca. Pazmbie 6a3uck faiorT pa3ubie n30MOPQMU3MBI.

JIns GecKOHETHOMEPHBIX MPOCTPAHCTB CUTYalus nHas: mpoctpancTsa V u V* nukozda
He U30MOpPQHBI, MPOCTPAHCTBO V™ Beerga «0Oosibiney. Mbl He Oy/aeM NPUBOANTHL JTOKA3a-
TeJIbCTBA HTOro (akTa (1 JaxKe He OyaeM IPUBOIUTH €ro TOYHON (hOPMYJIUPOBKH ), & JIUIITH
MPOUJLTIOCTPUPYEM €ro Ha MpuMepe. DTO NOCTeTHUN pa3, KOTIa Yy HAC TOABIAI0TCA OECKO-
HEYHOMEPHBIE TTPOCTPAHCTBA; 3/1eCh HAM TaKKe MOHAA00UTCs noste, owtmaHoe oT R u C.

Hamomaum, aro k*° — 310 mpocTpaHCTBO (DUHUTHBIX IIOCJIEI0BATEILHOCTEI, T. e. Oec-
KOHEYHBIX TMOCJIEIOBATEILHOCTEH 37eMeHTOB 1Mo K, B KOTOPBIX JIMIbL KOHEYHOE YHCJIO
37IEMEHTOB OTJUYHBI OT HyJid. Yepes K> MBI 0603HAYANH IPOCTPAHCTBO BCEX OECKOHEUHBIX
HOCJAe10BATEAbHOCTE.

[IPEIIOYKEHUE 1.9.6. /[soticmeennoe npocmpancmeo x K™ usomopgpro kK.

JTOKABATEJIBCTBO. MuI Bocmoab3yemes TeM (hbakKToM, 4TO B mpocTpancTse k> mme-
ercst CTaHJapTHBIA 6a3uc e, e, ..., rae e; = (0,...,0,1,0,...) — HOC/I€10BATEIBHOCTD,
B KOTOPOIi Ha i-M MecTe CTOMUT 1, a Ha OCTaIbLHBIX MeCTax — HyJIH.

Paccmorpum orobparkenue

A (K®) 5 k=, [ (fer), flea),...),

koropoe quneiinoil dyuknun f € (K)* ctaBuUT B COOTBETCTBHE MOCTIEI0BATENBHOCTD €6
3HaYeHMl Ha OA3MCHBIX BEKTOpaX €;. DTO oToOparkeHue 0YeBHIHO JuHeiiHo. Kpome Toro,
oTobpazkenne A 6uekTHBHO: oOpaTHoe oTobpaxkenue A~! 3amaérea dpopmyioit

Afl((xl,xg, . )) =fe k™), rue f(e;)=ux;.

Tak kak 060i ssemenT y € k™ ecrb (KoHeuHas1) JMHEHAS KOMOHHAIAS 9J1€MEHTOR €;,
3HAYCHHE JTUHEHHOH (PyHKIMK [ Ha Y OJHO3HAYHO BOCCTAHABIMBACTCH 110 €¢ 3HAYCHUAM
f(e;). Urak, A — uzomopdusm. O

[Iycts k = Zo — 1oJie u3 IBYX JIEMEHTOB.

ITPEAIOXKEHUE 1.9.7. IIpocmpancmea Z° u Z3° weusomoppuv. Taxum obpasom,
NPoCmparcmeo 23 e u3omophro ceoemy 080TUCMEEHHOMY NPOCTNPAHCINEY.
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JIOKABATEJILCTBO. leso B ToM, 4TO Z5° KaK MHOXKECTBO CYETHO, a Zgo He SBJIS-
eTcs CUETHBIM, TaK 4TO MeXKy Z35° u Zgo HeJIb3sl yeTaHOBUTH Gueknmnio. (MuoxkecTBo X
Ha3bIBACTCH CYEMHBIM, €CJIM UMeeTcs Ouekius Mexkjiay X U MHOXKECTBOM HaTypPaJibHbIX
qucen N.)

ﬂeﬁCTBI/ITeJIbHO, JJIEMECHTDBI MHOZKECTBa Zgo COOTBETCTBYIOT KOHCYHLIM IIOCJIeJOBATE/Ib-
HOCTAM U3 HyJIeIU/I n e JMHHNII. KoanuectBo Taknx HOC.He,ZLOBaTe.HbHOCTeI;‘I JJINHBI 7 KOHEYHO
(paBmo 2"), a moTOMY Z3° CI6THO, KaK CUETHOE 0ObeINHeHIe KOHEIHBIX MHOKECTB. (DTO
TaK’Ke MOYKHO YBHJIETh, OTOXKICCTBHUB Z5° ¢ MHOKeCTBOM PAIlMOHAJIBHBIX YUCET Ha OTPE3-
ke [0, 1] B 1BOMYHON 3amucH).

C npyroit CTOPOHBI, MHOYKECTBO Zg@ BCEX ITIOCJIeI0BATE/IbHOCTEH U3 Hyseil W eIHHHIL
HE SABJISAeTCS CUETHBIM. JleficTBUTEIbHO, MPEJNOJIOKNAM, YTO HAM YIaJ0Ch MepeHyMepo-
BaTh BCe TaKWe MOCIEIOBATENBHOCTHU: @1, A3, . . . ,. PACCMOTPUM HOCJEI0BATENIBHOCTD b, B
KOTOpOH k-1 3/1eMeHT oT/IndIaeTcsd OT A-T'0 3JIeMeHTa II0CJIeJ0BaTeIbHOCTH ay. 'Toraa mocie-
JI0BaTeJILHOCTD b He MOKeT IPUCYTCTBOBATH B CIHUCKE @1, Gg, . . ., TAK KaK OHA OTIHYAETCS
oT k-oit mocjie10BaTeILHOCTH U3 CIUCKA 10 KpaiiHeit Mepe B k-M diene. Ilosydennoe mpo-
THUBOPEYNe MOKA3bIBAELT, YTO 230 e spisiercst caéTaniM. (MuoxecTBO 230 MOYKHO TaK7Ke
OTOZKJIECTBUTH C MHOYKECTBOM BCeX 4mces Ha orpeske [0, 1] B 1BOMYHON 3amucH. ) O

B kadecTBe 337290 MOJIE3HO T0KA3aTh, YTO IpocTpaHCcTBO R™ Takke He M30MOPQHO
CBOEMY JBOHCTBEHHOMY MpocTpancTBy R (ykaszanume: B R™ umeercst cuéTHBIN Ga3uc, a B
R He cymiecTByer caérHoro 6asuca).

1.10. Bropoe aBoiicTBEeHHOE IIPOCTPAHCTBO,
KaHOHWYecKuii nzomopdpusm V = V**

Mpr Buesn, aro npocrpanctsa Vo u V* u3oMopdHbI (B KOHETHOMEPHOM CJIydae), O/
HAKO /I IIOCTPOeHnsT m3oMopdu3Ma HaM TpeboBaJoch BuiOparh Oasuc B V. Ceifyac MbI
MOCTPOUM U30MOP(U3M MEXK/Iy TPOCTPAHCTBOM V' U ero emopuvim 080UCMEEHHBIM NPO-
cmparcmeom V¥, KoTophlit He TpedyeT BbIOOPaA Oasuca.

[lo ompemeneHnio smeMeHTAME IPOCTPAHCTBa V™ gBIAOTCA JHHEHHbIe (DYHKINA HA
IPOCTPAHCTBE JUHEHHBIX (pyHKmumit V>,

TeEOPEMA 1.10.1. IIycmo V — xoueunomeproe aunetinoe npocmparcmso. Omobpa-
orcenue p: V. — V** conocmasasrowee sexkmopy € € V aunelinyo gynkuuro oz na V>,
sadasaemyro Popmyrot

pa(§) =E&(x)  dan eV,

ABAACNCA U3OMOPPHUSMOM.
OKABATEJILCTBO. OQ4YeBUIHO, YTO — JIMHelHad kg na V*. Kpome Toro
JHO, P YHKIL p ,

O(T +Y) = Yoty = Pz + 0y = 0(2) + ¢(y)

u p(Ax) = Ap(z), T.e. oToGpazkeHue @ JTUHEHHO.

Hokazkem, uro p: V — V** uabektusno, T.e. Kerp = {0}. Ilycts p(x) = pe = 0.
[ToceHee paBeHCTBO O3HAYAET, UTO g (£) = £(x) = 0 m1a moboit tuHeiiHON byHKIMNI
£ € V*. B 4acTHOCTH, 3TO BepHO J/1d BeexX JuHeHHbIX ByHKIuii ', ..., " ABOHCTBEHHOTO
Gaszuca K 1pOU3BOJIbHOMY Gasucy ey, ..., e, B V. Cuenosarennho, e'(z) = z° = 0, T.e. Bce
KOOpAMHATH BekTopa « € V B ba3uce eq, ..., €, paBHBI HYJII0. DTO 03Ha4YaeT, 910 & = 0,
T.e. Kerp = {0}.
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Tak kak dimV = dim V** = dim Ker ¢ + dim Im ¢ (mocsentee paBeHCTBO BBITEKAET
u3 caegacreust 1.7.7) u dim Ker ¢ = 0, mbr mosrygaem dim Im ¢ = dim V**. CienoBaresbHo,
Imy = V™ u ¢ clopbeKTUBHO.

Utak,  quHeiiHO 1 OMEKTUBHO, & 3HAYHUT 3TO — U30MOPMU3M. O

[Ipu mocrpoenun uzomopdpuszma ¢: V. — V** Mbl HE pa3y He HCHOJIb30BAJIH OA3HUC
(6aszuc UCIONB30BAJICS TOJNBKO MPH JIOKa3aTeabeTse). V3oMopduam, KOTOPHIi He 3aBHCHT
oT BeIOOpa Oasmuca, HA3BIBAETCA KAHOHUYECKUM.

1.11. ConpsakéHHoe JUHENHOE 0TOOpakKeHue

OnpPEAEJEHUE 1.11.1. Ilycts A: V — W — nuneitHoe oTobpazxkenue. OTobpazkeHue
A*: W* — V*, zanannoe dhopmytoii

(A" (v) :=¢§(Av)  ama e W veV,
HA3BIBACTCSA CONPANCEHHLM K A.
Henocpeacreenno nposepsiercst, uro A* — junHeiinoe orobparkenue.

HPEANOXKEHUE 1.11.2. Ilycmo e€y,...,en u fi,...,f, — 6asuce. npocmparncms V
u W coomeememeenno. Toeda mampuua omobpascenus A:V — W e amux basucax
U MaAMPUUa conpacncénnoz2o omobpascenus A*: W* — V* 6 deoticmeennur 6basucax

ol e uet, L ™ noayuaromea dpye u3 0pyea MpacnoHupoSaHUEM.
JTOKABATEJIBCTBO. Ilycth A = (aé) — wMarpuna otobpaxkenns A B Gasmcax
er,...,en " fq,...,f,. Torma mra moboro BekTopa T = z'e; MBI IMeeM

x i i g g ke N ok i _goksi ik ik
(A"0")(z) = ¢"(Az) = @' (12" f ;) = ap 2" (f ;) = @ 0 = apx” = ae (z).
Cnenosarenbuo, A*¢! = ale®. 910 paBencTBO O3HAUAET, UTO B i-it CTpOKe MATPHUIBI A =
(a}) croar KoOpAMHATHI 00pa3a 3JjeMeHTa @' npu orodpaxkenun A* 110 OTHONICHHUIO K
Gasucy €', ..., ™. Io onpemeseHnio 3T0 03HAYAET, YTO MATPHUIIA THHEHHOTO OTOOParKeH s
A* noydaercss u3 MaTpuilbl A TPAHCIOHUPOBAHUEM. [






Tnasa 2

JIuneitabie omrepaTopbl

2.1. Marpuna JjuseiiHoro oneparopa. Oupeaesnuress u cjaes oneparopa.
Hesbipoxxaenusie oneparopst. I'pynnst GL(n) u SL(n)

Hauamnast ¢ 3T0it riaBel, Bce IPOCTPAHCTBA MPEANOIAral0TCs KOHETHOMepPHbIMH. Ha-
MOMHEM, 9TO AUHETHBLM OMEPAMOPOM Ha3BIBAETCs JHHEHHoe oTobpaxkenune A:V — V
npocrpancTsa V' B ceds. [lajiee Mbl OyjieM Ha3bIBATH JIMHEITHBIE OLIEPATOPHI IPOCTO «Olle-
paTopamm».

B onpenenenun marpunbi A suHeiinoro orobpakenus A: V. — V' ecrecrBeHHo B
KavecTBe 0a3ncoB B 0O0OMX 3K3eMILIApPaX NPOCTpaHcTBa V' OpaTh OJMH M TOT ke Gaszuc
€, ..., e, llomyuaemas kBaaparnas marpuna A = (a]) HazbiBaeTCs mMampuyed aured-
Hozo onepamopa A:V — V B basuce ey, ..., e,. Takum obpaszom, i-ii cTonben MaTpHIlbI
A cocraBjieH U3 KOOpJuHAT BeKTOpa Ae; OTHOCUTEIbHO Oa3uca ey, . . ., e,:

Ae; = ale;.

[TPUMEP 2.1.1.

1. Toowcdecmsennniii oneparop id mepeBoauT KazKablii BeKTop v € V B ceda: id v = v.
Marpureit oneparopa id B 0060M Oa3uce siBjisiercst equanaHass marpuna F. Obparho,
ecim MaTpuia oneparopa A B Kakom-To 6asuce ectb F, to A = id.

d
2. PacemoTpum onepaTop muddepernuposannsd - B npocTpancTse ko] MEOrOWIEHOB

crenenu He BhIme 2. Torma % 1 =0, % r=1mn % 2? = 2x. TakuM 06pa3oM, MaTpuIeil
2

orepaTopa % B Oazuce 1,x, " dBjidercd MaTPHIA

o o O
o O =
o N O

3. B npocrpancrse R? paccMoTpuM onepaTop pr, OpTOrOHAILHOIO IPOEKTUPOBAHKS Ha
Hanpasienue Bektopa v = (1,1,1). Haiigém marpuiry 3Toro oneparopa B CTaHIAPTHOM

bazuce e; = (1,0,0), eo = (0,1,0) u e3 = (0,0,1). Ilo dopmysne u3 amamuTHIecKoit
reoMeTpuu Jijid J110060r0 BekTopa u € R Mbl nMeeM pr,u = ((Z:j; v. CilejloBaTe/1bHO,
L t Loyl
r,e; = pryes =prpes = —(1,1,1) = —e; + —ey + —es.
pr,€1 = pryé: pvsg 31T 3€2T g€s

Takum 0bpazom, MaTpHIla onepaTopa pr, UMeeT BUJT

Wl W= Wl
Wl W= Wl
W= W Wl

V]
~J
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TEOPEMA 2.1.2 (3aKOH H3MEeHeHUs MaTPUIlbl JUHEHHOTO oneparopa). Hmeem mecmo
coOmHoULeHUE

A =CTAC,
2de A — mampuua onepamopa A: V — V 6 basuce ey, ..., e, A" — mampuua 6 basuce
€,..., €, uC — mampuya nepexroda om basuca ey, ..., e, k bazucy €, ..., €.
JTOKABATEJILCTBO. Tak Kak MBI BBIOMpaeM OJUH U TOT 2Ke 0a3uc B 00OUX IK3EM-
IIgpax IpocTpancTBa V., MBI J0MKHBE nojctasuth C = D B dbopmyry A’ = D TAC
1peodpa3oBaHusi MATPUIlbl JIMHEHHOIO OTOOpaXkeHus U3 TeopeMbl 1.8.5. [

Kpaaparnbie marpunnt A u A’, ynosiersopsionme coornomennio A = C7LAC, re
C — HEeBBIPOXK/IEHHAS MATPUIA, HA3BIBAIOTCA N0J0OHMYU. TakuM 06pa30M, MATPHUITLL O/1-
HOT'O OllepaTopa B Pa3HbIX Daszucax moa00HbI.

Caed tr A kBagpaTHOIT MaTpuIbl A = (a;) — 3TO CyMMa €€ TraroHaJIbHbIX 3JI€MEHTOB,
tr A = aj.

JIEMMA 2.1.3. Onpedeaumens u caed nodobHuT Mampuy, pacHsL.
JTOKABATEALCTBO. Ilycrs A’ = C~1AC. Torna nas onpeeauTesas mMeeM
det A" = det(C*AC) = (det C~1)(det A)(det C) = (det C)~'(det C)(det A) = det A.
Jnst BoImCICHES Ceaa Henoab3yeM ofosnadenns Ditnmreiina: af, = cfa;cg,, OTKyIa
trA' = al, = cldlc, = c)cla} = §la’ = a} = tr A, O

ONPEAENEHUE 2.1.4. Onpedeaumenv (COOTBETCTBEHHO ¢/€d) TUHEHHOTO OmepaTopa
A:V — V — 510 onpeiesinresib (COOTBETCTBEHHO CJIeJ) MATPHIIBI ollepaTopa A B J060M
Gazuce; obosnadaercs det A (coorBercrBento tr.A).

Omnepatop A nasniBaercs neswvipostcderrvim, ecin det A # 0.

Komnosuyueti oueparopos A: V — V u B: V — V nasbiBaercs JuHeAHbIA oeparop
AoB:V — V, onpenensiembrii dpopmynoii (Ao B)(v) = A(Bv).

[TPEAIOYKEHUE 2.1.5. Mampuua xomnosuyuu onepamopos A o B 6 awbom basuce
ecmo npouseedenue mampuy, onepamopos A u B e amom basuce.

JOKABATE/ILCTBO. Iycrs A = (a%) u B = (b)) — marpuist oneparopos A u B B

basuce ey, ..., ey, nuycrs C' = AB = (¢}). Torga
(.AO B)(ez) = A(Bez) = A(bfe]) = bfAe] = bfa?ek = afbfek = C?Gk,
T.e. C' = AB ecth marpuna oneparopa A o B. O

TEOPEMA 2.1.6. Caedyrousue yearosus sxsusarewmust das onepamopa A: V. — V:

a) onepamop A meswiposcden, m. e. det A # 0;

6) onepamop A obpamum, m. e. cywecmeyem A~V =V, Ao A7 =id;
B) ImA="1V;

r) Ker A = {0}.

JTOKABATEJIbCTBO. MbI JoKaxKeM UMIUIHKAIME a)= )= B)=I=>a).

a)=6). Ilycts det A # 0 u A — marpuna oneparopa A B HekoTopoMm Gaszuce. Torna
det A # 0. Cnemosaresnnno, cymecrsyer obparnas marpuna A~'. Paccmorpum onepa-
top A~!, KoTopuiit B mannoM Oasuce 3amadérea marpuneit A7l Torpa mo mpeabiaymeMy
npeIokenmio Marpuna oneparopa Ao At ecth AA™! = E, a smaunt Ao A7l =id.
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6)=B). Ilyctb oneparop A obparum. ITpeamosoxum, aro Im A # V. Beibepem Takoii
v € V,uro v ¢ ImA. Tycrs A~} (v) = u. Torna Au € Im.A. C apyroii cropoms,
Au = Ao A~ (v) = v. [Iporusopeune.

B)=r). llyctb Im A =V, n.e. dim V = dim Im A. Cornacno ciegcrsuio 1.7.7 dim V' =
dim Ker A + dim Im A. Crenosarensuo, dim Ker A = 0, T.e. Ker A = {0}.

r)=a). [lycts Ker A = {0}. IIpeamonoxum, aro det A = 0. Torma det A = 0, rue

A — marpuna omneparopa A B HEKOTOpOM Oa3uce €q, ..., €,. DTO 03HAUAELT, UTO CUCTEMA
muHeiHbX ypasuennit Az = 0 uMeer memysesoe pemenue ', ..., 2", Corsacno mpeso-
xermio 1.8.2 w3 storo crenyer, uto Az = 0, tne £ = x'e; # 0. Taxum obpaszom, Ker A
COJIEPKUT HEeHyJIeBoit BeKTOp x. lIporuBopedne. 0

MuozkecrBo Hom(V, V') Bcex amueitubix omeparopos A: V' — V B dbukcnpoBaHHOM
mpocTpancTee V' obpazyer KOJIBIIO OTHOCHTEJHHO ONEpaIuil CJA0XKEHUS W KOMITO3HUIINN.
(Ecsin BKJIIOYHUTH B PACCMOTPEHHE M YMHOXKEHHe OlepATOPOB Ha 9JeMeHTH moJisg K, To
HOJTy YaeMblit 00beKT Ha3biBaeTCs aszebpots nan moiem k.) Hapsany ¢ Hom(V, V') mis storo
KOJIbIIA (Mn anrebpsl) ucnosbsyercs obosuadernne End (V).

HeBbIpoxK IeHHbIe OTIepaTophl B V' 06pa3yoT (HeabeseBy) IpyImy OTHOCHTETHHO KOM-
HMO3HUIUU. DTa Pyl Ha3BIBAETCS 0bulet Aunetinotl epynnoti upocrpancTsa V u 0bo3Ha-
gaerca GL (V). Eciu dim'V = n, ro rpynuna GL (V') uzomopdHa rpyline HeBbIPOXK IEHHBIX
KBa/IPATHLIX MATPHUIL pa3Mepa N C JIeMEHTaMU U3 1oJsd K 10 yMHOKEHUIO; 3Ta I'PYIIa
oboznagaerca GL(n, k).

Marpuripl (miu omeparopsr) ¢ onpeaeauteaeM 1 obpasytor noarpymny B GL(n, k); sta
HOJIIPYIIIA HA3BIBACTCS CNEeyuasbrol aunelnol epynnot u obo3unadaercs SL(n, k).

2.2. IIpoekTopsl, nx ajarebpamvyecKass XxapakKTepu3anus

OHNPEAEJEHUE 2.2.1. Ilycth npoctpanctBo V' npejcTaB/ieHO B BHJIE IPSMONE CyM-
MBI JBYX nognpocrpancts: V = Vi @ V;. Torma nig soboro BekTopa v € V' umeercs
eJINHCTBEHHOE PAa3JIOKeHHe v = v + v9, v € Vi, vy € V5. Oneparop P:V — V,
TIePEBOIATINN BEKTOP ¥ = ¥+ Vo B BEKTOP ¥1, HA3BIBACTCS npoekmopom Ha Vi BIOIL Vs.

nga Takoro npoekTopa P Mbl, odeBuiHO, uMeeM Im P = V) u Ker P = V5.

TEOPEMA 2.2.2. Jlas onepamopa A: V — V' caedyrouue ycrosus sxk6UBAAEHIMHDL:
a) A asasemesa npoexmopom;
6) A2 = A.
JIOKA3ATEJIBCTBO. Ecim A — npoekrop Ha V] Broab Vo, 1O i v = v + v9 uMeeM
Ay = A(A(v1 + 7)) = Avy = v1 = Av,
Te. A2 = A.

I[Iycts Teneps A% = A. Tlomoxkum V) :=Im A n V5 := Ker A. Mb1 mokazkeM, 910 A —
mpoekTop Ha V) BIoab Vs.

Crauana gokaxkem, ato V = Vi @V, re., uto V = Vi + Vo u V3 NV, = {0}. Ilycre
v € ViNV; Torma v € Vi = Im A, T.e. cymecTByer Takoil BekTop u € V, uro Au = v,
nvel,=KerA, re. Av =0. Torma

v=Au = A*u = A(Au) = Av =0,
T.e. v = 0. Urak, V| u V, geiictBuTesibHo 06pa3yioT npsaMyo cymmy. Kpome Toro,
dim(V; & V3) = dim Vj + dim V3 = dim Im A + dim Ker A = dim V/
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Te. V=V V.

PaccmorpuMm Tenepb Mpou3BOJIBHBIN BeKTOp v € V' U mpejcTtaBuM ero B BUJIE ¥ =
v1+ vy, v €V =ImA, vy, €V, = Ker A. Toraa cymecrByer Takoit BeKTop u € V,
aro v; = Au, a Avy = 0. Mb1 umeem

Av = Av, + Avy = A(Au) = A%u = Au = v,.
Urak, A neiictBureibHO IpOEKTOp Ha V) BHOIL Vo. O

Marpuna npoekropa Ha Vi Baoab Vo B 6a3uce, coctaBieHHOM 13 6a3UCOB IIPOCTPAHCTB

Vi u Vs, umeer B ( g 8 ), e ' — enqunuunag marpuna pasmepa k = dim Vi, a 0

obo3HavaeT MaTPUILy U3 HYyJeil COOTBETCTBYIOIIETO pa3Mepa.

2.3. MHoroujeHnsl oT oneparopa. MUHUMaJAbHBINT aHHYJIUPYIOIUIT MHOTOYJIEH

[Tycts A: V — V — omeparop. Mu1 yxe paceMmarpuban ero ksaapat A2, Ha camom
neste KazaoMy MHorowteny P(t) = ag+ait +agt? + ...+ a,t" € k[t] MmoxHO conocTaBuTh
onepaTop

P(A) := agid +a1 A + ag A* + ... + a, A",

KOTOPBIH HA3BIBALTCSH MHO20UAEHOM Om onepamopa A.

ONPEAENEHUE 2.3.1. Muorouien P(t) HasbiBaeTcsi aHHyAupyrouum omeparop A,
ecin P(A) = O (mymeBoii omepatop).

[TPuMEP 2.3.2. 1. Muorowien ¢t — 1 aHHYJIUpYeT TOXKJIECTBEHHBI orepaTop id.
2. Muorousen t> — t apHyupyer J1060i mpoexTop P corsnacno Teopeme 2.2.2.

[TPEATOKEHUE 2.3.3. V 06020 onepamopa cyuiecmsyem Herwyresoti GHHYAUPYIO-
WU MHO20YUAEN.

JTOKABATEALCTBO. Ilycrs dimV = n. Pacemorpum n? + 1 oneparopos A° = id,
2
Al = A A% ..., A" . Tak KaK pa3MepHOCTb IPOCTPAHCTBA ONEPATOPOB paBHAa N2, ITHU
ONepaTophbl JUHEHHO 3aBHCHMBI, T.€. CYHIECTBYIOT YHCIA Gg,dq, ..., 0,2, HE BCE PABHBIC
. 2 o
HYJIIO U Takue, 910 agid a1 A + ... + a2 A" = O. Torga nenynesoit muorowren P(t) =

ap + ait + . .. + a,2t" annyaupyer oueparop A. O

ONPEJAEJIEHUE 2.3.4. Henynepoit Muorowien P(t) HA3BIBACTCH MUHUMAADHYIM GHIY-
AUPYIOULUM MHO20UAEHOM (AT TPOCTO MUHUMAADHOM MH0204ACHOM ) I olepaTopa A,
ectn P(A) = O, muorowien P(t) nMeeT HAUMEHBIIIYIO CTEIIEHDb CPE/TH BCeX HEHYIEBBIX aH-
HYJINPYIOIUX MHOT'OYWIEHOB U ero crapimmit koaddduiuent pasen 1.

[IPEIJIOXKEHUE 2.3.5. /Jlaa ar06020 onepamopa cyuiecmeyem eQuncmeeHtoili Muri-
MAAOHBLG GHHYAUPYOULUTT MHO2OYUNEN.

JIOKABATEJ/ILCTBO. MBI yzKe TOKA3aJIH CYMIeCTBOBAHNE HEHYIEBOTO AHHYTHPYIOIETo
mHOrowiena. Cpejin Bcex aHHY/IMPYIONIUX MHOIOU/JIEHOB BbIOepeM MHOTOY/IEH HAMeHbIIel
CTeIIeHU M PA3JIeJIUM ero Ha crapimii kosdduiuent. B pesyabrare Mbl 10 ONpeeIeHnio
TOJIY ITMM MUHUMAJIbHBI MHOTOIIEH.

Hoxaxkem ennacTBeHHOCTD. [lycth Py (t) 1 Py(t) — 1Ba MUHUMATHHBIX MHOTOUWICHA [TIST
oneparopa A. Crenenn u craprme koadbdunnenTsr MHOrouwieHoB Py (t) u Ps(t) paBHBI.
Torna Pi(t) — Py(t) Gymer aHHYIMPYIONUMM MHOTOYJIEHOM MEHBINel CTeleHd, a 3HAYUT

Pi(t) — Py(t) = 0. O
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2.4. OsBerecTBJeHNE U KOMILJIEKCUUKAIIASA

[Ipu pabore ¢ JMHEHHBIME TTPOCTPAHCTBAMH U OTEpPATOPAMH YacTO ObIBaeT yI0OHO
U3MEHHTD I0JI€ CKAJIAPOB. 3JI€Ch Mbl PACCMOTPHUM JIBE TaKHe ONEPAIUU: Iepexo OT MIpo-
CTPAHCTB HAJI TOJIEM BellleCTBEHHBIX Unces R K mpocTpaHCcTBaM HaJ, MOJIEM KOMILIEKCHBIX
qucen C (komnaekcuduranyus BeIeCTBEHHOTO IPOCTPAHCTBA) U MIEPEXOJ] OT MPOCTPAHCTB
uaj C k mpocrpancTsam Haj R (osewecmeserue KOMILIEKCHOTO TIPOCTPAHCTBA).

OsBelecrBieHne.

ONPEAENEHUE 2.4.1. Ilycte V' — KOMILIEKCHOE TPOCTPAHCTBO (IIPOCTPAHCTBO HAI
nosiem C). Pacemorpum MHOKecTBO VR, cocTosiee U3 TeX ke BeKTOpos, uto u V. Ha Vg
MMeeTCsl Olepalus CIOKeHHsI (Ta ¥Ke, 9TO U Ha V'), a BMECTO ONepaIyui YMHOKEHUsT Ha
BCEe KOMILTEKCHBIE TUCIa MBI OCTABUM JIMIIH YMHOXKEHHE Ha BeIeCTBeHHBbIe JHucaa. 1oraa
VR — BeIEeCTBEHHOE MPOCTPAHCTBO (IPOCTPAHCTBO HAJ mojieM R), KOTOpoe Ha3blBAeTCsI
oseulecmenenuem pocTpancTsa V.

[IPEI/IOYKEHUE 2.4.2. Ilycmv ey, . .., e, — basuc npocmpancmea V. Tozda ey, . . ., e,,
1€y, ...,1e, — oaszuc npocmpancmea Vr. Taxum obpasom, dim Vg = 2dim V.
JHOKA3ATEJIBCTBO. IIpoBepuM, 9T0O BEKTOPHI €1, ..., €,,1€1,...,1€, JUHeHHO He3a-

BucuMbI B V. [lycrh
Aer+ ...+ e, +pier + ..o+ ppie, =0
B npoctpanctse Vg, rie A, ur € R. Torna B npocrpancrse V' Mbl uMeem
(M +ipm)er+ ...+ (A +ipy)e, =0.

Tak Kak BEKTOpHI €1,..., €, JHUHEIHO He3aBUCUMBI B V', Mbl umeeM M\ + i = 0, T.e.
A = pp = 0. CegoBaresibHO, €1, ..., €,,1€1,...,1€, JUHEHHO HE3ABUCUMBI B VR.

Teneps mpoBepuM, ITO JT1000i BeKTOp v € VR IpejcTaBideTCd B BUje JUHEHHON KOM-
Gunanuu (¢ BerecTBeHHBIME KO3 bUIHEHTAME) BEKTOPOB €1, . .., €,,1€1, ..., i€,. Pac-
cMOTpHM v Kak BekTop u3 V. Tak kak eq,..., e, — 6a3uc B V, Mbl uMeeM

v=o1€e1+...+ao,€,
Jutst HeKoTophIX oy € C. Bammmem oy = A\, + i, 0O A, 4x € R. Torma
v=MNer+ ...+ e, + e + ..o+ pplen,. O

ONPEAEJNEHUE 2.4.3. Ilycts V — KomiuiekcHoe npoctpanctso u A: V — V — orme-
parop. Torma ToT XKe omepaTrop, pacCMaTPUBAEMBIH B IIPOCTPAHCTBE Vi, HA3BIBAETCH 066~
wecmeaeruem oneparopa A u obosnagaercsa Ag.

[IPEAIOKEHUE 2.4.4. Banuwem mampuuy onepamopa A 6 basuce ey, ..., e, npo-
cmpancmea V' 6 sude A+ 1B, 2de A u B — sewecmeennvie mampuus,. Tozda

. . A|—-B
a) mampuuya onepamopa Ag 6 basuce ey, ..., €, 1€y, ... i€, ecmb ol A )

6) det Ag = | det AJ?.
JIOKABATEIBLCTBO. [lycrs A = (a}) u B = (b}). Torna
AR(ek) = A(ek) = (af,c + ibfﬁ)el = aigel + bZiel,
AR(iek) = A(zek) = Z.A(ek) = Z(CL;€ + @bf,g)el = —bfkel + afciel
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U YTBEPKJIEHNE a) BBITEKAET U3 ONPeJIeJIeHNsT MATPHIIBI OIIEPATOPA.
Jnst joka3areabeTBa yTBEPKIeHNs ) TPON3BEIEM CIIe/IyIONIHe 3JIeMeHTapHbIe TTPe00-
pPa30BaHMS HAJI CTPOKAMHI M CTOJIOIAMHI MATPHUIEI oneparopa Ag:

A -B A—iB —B—iA
B A7\ B A -
A—iB —B—iA+i(A—iB)\ _(A—iB 0
-\ B A+iB =\ B  A+iB)"

Orciofa nomydaem det Ag = det(A — iB) det(A +iB) = det A - det A = | det A|?. O

KomniekcHaga cTpykTypa.

ONPEAENEHUE 2.4.5. Ilycte V' — BemecTBeHHOE NPOCTPAHCTBO. KomnaekcHotl
cmpykmypoti Ha V HaspiBaeTcd Takoii onepatop J: V — V, uro J? = —id.

[TPEATOKEHUE 2.4.6. Ilycmo V' — sewecmeentoe npocmparcmeo ¢ KomMnaexcHol
cmpykmypot J . Beedém na V' onepayuro ymMHoHCEHUA HG KOMNAEKCHBIE YUCAG NO NPABUAY

A +ip) - v = v+ uJ(v).

Tozda V' npespawaemcs 6 womnaexchoe npocmparcmeo V', daa xomopozo Vg = V, a
0BEULLCMBALHUE ONEPATNOPA YMHOHCEHUA HA T ecmb T .

JIOKABATEJABCTBO. HeolGxoauMo poBepuTh CBOHCTBA 5)—8) U3 Olpe e leHust THHeH-
Horo npocrpancTsa Hag C. DTa mpoBepKa OCYIECTBIACTCA HEIOCPEICTBEHHO. O

IIPENIOXKEHUE 2.4.7. Ilycmv J — komnaekcraa cmpykmypa wa V. Tozda

a) PazMepHOCMb e ecmeernoz0 npocmpanemsa Vo wémmua;

6) 6 nodrodswem bazuce mampuya onepamopa J umeem 6ud ( 2 _OE )

JIOKABATE/IBCTBO. PaccMOTpuM KOMILIEKCHOE IPOCTPAHCTBO V us PE/IBI LY IIEr0
npejtoxkenns. Tak Kax Joboit 6bazuc B V' nopoxkaaer V', 3To IPOCTPAHCTBO KOHETHOMEP-
no. Tax kax V' = Vg, u3 upennoxenns 2.4.2 crenyer, aro dim V' = 2dim V' uérno.

Hasee, ecmm ey, ..., e, — 06a3suc KOMIUIEKCHOIO TPOCTPaHCTBA V, TO €1,..., €y,
ieq,...,ie, — 6azuc npocrpancrea Vg = V. B srom Gasuce oneparop J (oBermecTBiIeHme
onepaTopa yMHOXKEHHUSI Ha 1) UMEeT YKA3aHHbI B, DTO HPOBEPSIETCs HEHOCPEICTBEHHO,
a TakzKe BbITEKaeT U3 npejioxenus 2.4.4 a). Il

Komnaekcudukarus.

OHNPEAEJEHUE 2.4.8. Ilycts V' — npocTtpanctBo Haj R. PaccMoTpuM npocTpaHCTBO
V @V, cocrosimee u3 nap (u,v), e u, v € V, u BBeJIEM Ha HEM KOMIUIEKCHYIO CTPYK-
Typy caenyormum oopaszom: J(u,v) = (—v, u). [onyuennoe npocrpancreo V @ V uan
noaem C HasbiBaeTcs xomnaexcudurayued npoctpancTsa V u obo3nadaercs V.

[IPEJIOKEHUE 2.4.9. I[Tycmo ey, ..., e, — 6asuc npocmparcmea V. Toeda sexmopot
(€1,0),...,(en, 0) obpasyrom 6azuc npocmpancmea Ve. Taxum obpazom, dim Ve = dim V.
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JTOKABATEIBLCTBO. Kak Bcerma, HyzHO mpoBepuTh, 4ro (€1,0), ..., (e,, 0) auHeiiHo
HE3aBUCUMBI U MOPOXKAAIOT BCE mpoctpancTso Ve. IycTh
(2.1) ai(e,0) + ...+ a,(e,,0) = (0,0)

14 HEKOTOPBIX (v, = /\k+lﬂk € C. Tak kak ()\k —i—wk) . ((-Zk, 0) = )\k(ek, 0)—|—/ij<€]€, 0) =
(Arerk, trer), u3 paBencrsa (2.1) Mbl Moy YaeMm

(Mer+ ...+ e, er + ...+ ppe,) = (0,0),

OTKYJIa CJIEJIYeT, YTO BCE Ay, [lg, & 3HAYWUT, W (v paBHbI Hyao0. tak, (e1,0),...,(e,,0)
JIMHEHHO He3aBUCHMBL. 10, 9TO OHH HMOPOXKJIAIOT MPOCTPAHCTBO Vi, MPOBEPSETCS aHAJIO-
TUYHO. 0

OnPEAEJTEHUE 2.4.10. Ilycte V' — BemectBenHoe mpoctpanctso u A: V. — V —
oneparop. Omeparop Ac: Ve — Vi, 3amannniit bopmymnoit Ac(w, v) = (Au, Av), naswr-
BaeTCs Komnaekcugurayuet oneparopa A.

[TPEAIOKEHUE 2.4.11. Ilycemv A — mampuua onepamopa A 6 basuce ey, ..., e,.
Tozda onepamop Ac 6 basuce (e1,0), ..., (e,,0) 3adaémesa mol oce mampuyed A.
JIOKABATEIBLCTBO. Nmeem Ac(ey, 0) = (Aey, 0) = (ake;, 0) = ak (e, 0). O

[Ipu pabore ¢ KOMILIEKCUDUITUPOBAHHBIM HIPOCTPAHCTBOM Vi y/I00HO 3aIIMCHIBATH BEK-
Topbl (w,v) € Ve B Buge u + iv. Torma geficrBue KoMILIEKCH(DHITHPOBAHHOTO OMEPATOPA
Ac zanuceiBaercst B Buje Ac(u +iv) = Au + iAv.

[TPEVIOKEHUE 2.4.12. Ipocmparcmeo (Vo)r kanonuvecky usomopdro V o V.

JOKABATENBLCTBO. [HeiictBurenbho, Vo = VAV, a (Ve V)g = V @V cornac-
HO TpeioKeHnto 2.4.6 (Mbl IPOCTO CHAaYATA JOOABUIN, & OTOM yOpaau YMHOXKEHHEe Ha
KOMILIEKCHBIE CKATIAPDI). O

Mozkno goxazath (3amaua), uro (Vi) Kamommueckn mszomopduo V &V, tae V. —
KOMNAECKCHO-CONPAACENHOE NPOCMPANCNE0, B KOTOPOM CJIOKEHHE TO XKe, 970 U B V, a
YMHOZKEeHHE Ha KOMILIEKCHbIe 9HCIA Olpeieeno mo dbopumyie A - v = \v.

Kak Mbl BCKOpe yOeuMest, KOMILTeKCHMUKAINS MTPeIOCTABISIeT BeChMa MOJIe3HbIH HH-
CTPYMEHT Jiyist pabOThl ¢ OLLEPATOPAME B BEIECTBEHHBIX IPOCTPAHCTBAX.

2.5. NuBapmauTHble nognpocTpadcTBa. Orpannyenne onepaTropa u
dakTop-onepaTop. CobcTBEeHHBIE 3HAYEHUSA U COOCTBEHHBIE BEKTOPHI

OHNPEAEJEHUE 2.5.1. IloaupocrpancrBo W C V' nasbiBaeTcs uH8GPUAHMHbLM OTHO-
curesibHO oneparopa A: V — V' ecou A(W) C W.

[TPuMEP 2.5.2. dapo Ker A u obpas Im A oneparopa A gaBagioTcss nHBAPUAHTHBIME
HOJIIPOCTPAHCTBAM.

[Iycre W C V — nHBapuHaHTHOE IOAIPOCTPAHCTBO Mg omeparopa A: V — V. Bribe-

pem basuc ey, ..., e, B W u monosnum ero jgo 6asuca ey, ..., €k, €xi1,..., e, B V. Ilycth
A = (a}) — marpuna oueparopa A B srom Gasuce. Torna Ae; = aje; + ... + afey, upu
j=1,..., k. 910 o3nauaer, aro marpuna A nuveer BuUI

(i)
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rJe B JJeBOM HUZKHEM YIJly CTOUT Marpuna pasmepa (n — k) X k u3 Hyseii.

Anajoruano ecaum umeer mecto passoxkenune Vo= W; @ Wy B npamyio cymmy WH-
BapuaHTHBIX nojanpoctpancts, A(Wi) C Wy u A(Ws) C Wa, to B moaxosiiem Gasuce
MaTpuna omneparopa A 6ymeT uMeTb 0.404H0-0UG20HAAbHBIT 6UJ:

~(3t)

ONPEAENEHUE 2.5.3. [Iycte W ~C V' — uHBapHaHTHOE NOANPOCTPAHCTBO JJIsl Onepa-
topa A: V — V. Torma oneparop AW = W, oupee/IéHHBIHA paBeHCTBOM Aw = Aw
g w € W, HassiBaeTcst ozpanuveruem omeparopa A Ha moanpoctpancTso W u gacto
obozuagaercs Al .

Juneitnntit oneparop A: V/W — V/W, onpenenéuubiii Ha KIaccaX CMEKHOCTH MO
upasuty A(v + W) = Av + W, naseiBaercs gaxmoponepamopom.

Onpenenenne akroporneparopa KoppekrHo. leiictBurenbro, ecaia v + W = u + W,
Tov—u€W, Alv—u) €W u mbl umeem

A +W)=A(u+v—u)+ W =Au+ A(v —u) + W = Au + W = A(u + W).

[IPEJJIOKEHUE 2.5.4. [lycmos W C V' — unsapuarnmmoe nodnpocmpancmaeo oas one-

pamopa A:V — V. lycmov ey, ..., e, — 6asuc 6 W u ey, ..., e, €i1,...,€, — 0a3uc
6 V. Tozda mampuya onepamopa A 6 amom bazuce umeem 6uod
Al x
A= — |,
0]A
ede A — mampuya ozpanunernus Alw 6 6asuce ey, ..., ey, a A — mampuya daxmopone-

pamopa 6 basuce e + W, ... e, + W daxmopnpocmpancmea V/W.

JIOKABATEJIBCTBO. DTO BHITEKAECT U3 OIPeaeeHuil orpaHundenusi, (pakKTopoIeparo-
pa M MaTPUIBI OTIEPATOPA. 0

ONPEAEJEHUE 2.5.5. Henynesoit BekTop v € V Ha3zbIBaeTCs cobcmseeHHbim sl Ole-
patopa A, eciim Av = \v 1151 HeKoToporo \ € k.

Yucno A € k HazbIBaeTcsa cobcmeentbimM 3HAYEHUEM, ECTH CYTIECTBYET COOCTBEHHBII
BEKTOD v, JIJIsT KoToporo Av = A\v.

[TPEATOKEHUE 2.5.6. Bce cobcmeenHbie SeKmopbl, OMEEYANULUE COOCMBEHHOMY
suaveruro A, u sexkmop 0 obpasyrom nodnpocmparncmso, komopoe coenadaem ¢ A0POM
onepamopa A — X - id.

JIOKA3ATEJIBCTBO. PaBencrBo Av = Av mMeer MeCTo TOrIa M TOJIBKO, KOTIA ¥ €
Ker(A — A -id). O

ONPEAEJIEHUE 2.5.7. [lycts A — cobersennoe 3nadenue jyig oneparopa A. [Tomgmpo-
crpanctBo V), = Ker(A — A -id) nazwiBaercs cobemeentvim noonpocmpancmeom, COOTBET-
CTBYIOIITUM .

[IPEI/IOXKEHUE 2.5.8. Cobemeennoe nodnpocmparcmsao Vy uneapuaHmHo.

JIOKABATEJIBCTBO. [leiictBurensno, ecan v € V), To Av = Av € V). O
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[TPUMEP 2.5.9.

1. s ToxaectBennoro omneparopa id: V' — V' Bce HeHyjieBble BEKTOPHI SABJISAIOTCS
COOCTBEHHBIMH C COOCTBEHHBIM 3HAaYeHHEM 1.

2. flnpo moboro omeparopa A: V' — V cocTouT 3 coOCTBEHHBIX BEKTOPOB ¢ COOCTBEH-
HBIM 3HadeHueM () U HYJI€BOIO BEKTOPA.

3. Bee coberBennbie 3nadenud npoekropa P: V — V cyrb 0 miu 1. [Tpuuém ecoim P —
npoekTop Ha U Broar W, 1o U — 310 cOOCTBEHHOE MOMIPOCTPAHCTBO, COOTBETCTRYOIEE
A =1, a W — cobcrBeHHOE MOATPOCTPAHCTBO, cCOOTBEeTCTBYOMEe A = (.

2.6. Xapakrtepuctnieckuii maorodyieH. Teopema 'amuastona—K»aim

ONPEJENEHUE 2.6.1. Muorowren Py(t) := det(A — ¢ - id) nassiBaetcs zapaxmepu-
CINUYECKUM MHO20YAEHOM OTlepaTopa A.

Tak Kak XapakKTepUCTHIeCKHII MHOTOUJIEH OIpe/IeIéH KaK ONpeaeuTeb onepaTopa,
€ro MOKHO BBIYHUCJIATH KaK OIIPeIeTUTE/Ib MATPHUIIBI STOr0 OIepaTopa B JI0O0M Oasuce:

al —t  al al
a2 ai—t .- a
Py(t) = det(A—tE) = | . : . R
ay ay - oar—t

rae A = (aj-) — marpuia ouneparopa A B sobom Oasuce, a F — eauHuYHAsg MaTPHUIA.
U3 s10it dhopmynst gcuo, 9to Py(t) = pt™ + pu_1t" "' + ... 4+ pp — MHOTOUWIEH CTEHeHH
n = dim V. Kpome Toro, Mel umeem p, = (—1)", p,_1 = (=1)" 1 tr A, py = det A.

[IPEAIOKEHUE 2.6.2. Cobemeennvie 3Haverus onepamopa A — 3mo 6 mounocmu,
KOPHU €20 TapaKmepucmuieckoz0 MHO204AEHA.

JTOKABATEJILCTBO. Ecau A — coberBennoe 3Hadenue, 1o omeparop A — A - id BbI-
poxen, T.e. det(A— \-id) = 0, a 3HauuT A — KOpens muorowiena Py (t). Obparno, ecan
A — kopenb MHoroustena Py(t), o det(A — A -id) = 0. [Tosromy Ker(A — X -id) # {0}, a
3HAYUT A — COOCTBEHHOE 3HAYEHHUE. Il

TEOPEMA 2.6.3.

a) Onepamop A:V — V & nempusuasvrom npocmparcmee nad nosem C umeem
UHBAPUGHIMHOE NOONPOCMPAHCMBEo pasmeprocmu 1.

6) Onepamop A:V — V & nempusuasvrom npocmparcmee wad nosem R umeem
unsapuanmmoe nodnpocmparncmao pasmeprocmu 1 usu 2.

JOKABATEJABCTBO. [Is1 J0KA3aTeIbeTBA a) 3aMETHM, 4To, Tak Kak mnoje C anred-
paMvyecKu 3aMKHYTO, XapaKTepucTudeckuii Muorowien P4(t) uMeeT KOpeHb A. 3HAUHT,
oneparop A umeer cobcrBeHHbI BekTOp v, T.€. Av = A\v u (v) — 0jlHOMEPHOE UHBAPU-
AHTHOE HOIIIPOCTPAHCTBO.

Hokazkem 6). Ecin xapakrepucriuaeckuit MEHOTOUYIeH Py(t) mMeeT BelecTBeHHBIH KO-
PeHb, TO MBI HOJIy9aeM OJHOMEPHOE MHBAPUAHTHOE NOAIPOCTPAHCTBO. [IPeImonoxuM, 910
P4(t) He umeer BemecTBeHHbIX KOpHeil. IlycTb A + iy — KOMILIEKCHBIH KopeHb, p # 0.
Torma A+ipu — coGcTBEHHOE 3HAUEHHEe KOMILTEKCH(DUIIMPOBAHHOTO onepaTopa Ac (Hamom-
HUM, 4TO B MOAXOIAIINX Gazucax MaTpuisl onepatopos A u Ac coBnagaior). Bospmém
COOTBETCTBYIOIIMIT cOOCTBEHHBINH BeKTOP u + 1v € V. Torma

Au +iAv = Ac(u +iv) = (A +ip)(u + iv) = (Au — pv) + i(pu + \v).
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Caenosarenbho, Au = \u — pv n Av = pu + Av, u juneiinasg obosouka (uw,v) C V
SIBJISIETCS] MHBAPUAHTHBIM TOMPOCTPAHCTBOM J1j1sT A. [

[Iycts V) = Ker(A — X - id) — cobcTBeHHOE TTOAIPOCTPAHCTBO.

[IPEI/IOYKEHUE 2.6.4. Pasmeprocms cobemeennozo nodnpocmpancmea Vy He npe-
80CTO0UM KPAMHOCTIU N KGK KOPHA TAPAKMEPUCTIUYECKO20 MHO20UAEHA.

JIOKABATEJIBLCTBO. Ilycrs dim V) = k. Boibepem Gazuc ey, ..., €, B NpoCTpaHCTBE
Vy m gonosnum ero go 6asuca B V. Tak xak Ae; = A\e; npu ¢ = 1,..., k, marpuna
oneparopa A B BeIOpannoM 6a3uce nMeeT BUJL

A 0

Torma Py(t) = det(A —tE) = (A — t)*det(A — tE) = (A — t)*P(t), rne A — daxrop-

oreparop. OTCIOA BHITEKAET, 9TO KPATHOCTH KOPHSA A He MeHbIre k = dim V). [

TEOPEMA 2.6.5 (reopema Tlamumibrona-Komm). Xapaxmepucmuueckul mmozounen
Pu(t) onepamopa A: V — V annyaupyem smom onepamop, m.e. P4(A) = O.

MpI npuBeiéM JiBa JT0Ka3aTeIbCTBA 3TOTr0 (pyHAaMeHTabHoro dpaxkra. [lepsoe mokasza-
TeJILCTBO OoJiee dJIeMEHTapHOe, HO UCIOJb3YeT ClelnaabHbIi TPIoK. Bropoe mokasaresb-
CTBO MJICHHO TPOIIe, HO MCIOJIB3YeT MOHATHEe (DAKTOPIPOCTPAHCTBA.

[IEPBOE JOKA3ATEJBCTBO. [ng kBagparHoit marpuisl M obo3HaumMm uepes M
MaTPHILYy TOI'O XK€ pa3mepa, Ha (i])-M MecTe KOTOPOH CTOUT ajJredpanveckoe JOLOJTHEHHe
(ji)-ro ssmementa maTpursl M. Kak u3BecTHO 03 Kypea aarebpbl, HMeeT MeCTO TOZK IECTBO

MM = det M - E.

Teneps BozbMéM B Kauecrse M marpuny A — tE, rne A — marpuna oneparopa A B
npousBoibHOM Oaszuce. Torga

—

(2.2) (A—tE)(A—tE) = det(A — tE) - E = P4(t)E.

—

[To onpenenennio 3aeMeHThl MaTPUIlbl A — tE aBASIOTCS MHOTOUYJIEHAMH OT © CTEIeHN He
Boitiie 1 — 1, e n = dim V. CiietoBaTeIbHO, 3Ty MAaTPUILy MOYKHO 3aIMUCATH B BU/IE

A—tE=DBy+tB +t*By+...+1t"'B,_,,

rae B; — 4YUCIOBBIe MATPUIBL. [I0ACTABHE 9TO pa3/IOKEHHE BMECTE ¢ PA3IOKEHHEM Xa-
pakrepucTudeckoro Muoroaiena Py(t) = ag+ait+. ..+ a,t" B bopmymy (2.2), noayaum

(A — tE)(BO -+ tBl + tZBQ + ..+ tnianfl) = (CLO —+ alt —+ a2t2 + ...+ Gntn)E
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[TpupapauBag K03 GUIMEHTH TPU PA3JIUIHBIX CTEIeHIX {, Oy INM
ABy = agF,
—By+ AB; = a, E,
—B1+ ABy = ayF,

_Bn—Z + ABn—l = an—lE
_Bn—l = anE

VMHOXKHIB ceBa 06e 9acTi BTOPOro paBeHcTsa Ha A, Tperbero — na A2, U T. 7. 1 CA0KHB
BCE TIOJTyYeHHbIE PABEHCTBA, MOJIY IUM

0= GOE+G1A+CL2A2+...+G7LA”.

B npaBoit 9acTu CTOUT Pe3y/IbTaT MOJICTAHOBKH MAaTPUIbI A B XapaKTepUCTHIECKU MHO-
rOYJIeH. O

BTOPOE JOKABATEJBLCTBO. Brauyane gokarkem TeopeMy HaJl ajreOpandeckKu 3a-
MKHYTBIM moJieM, Hampumep Hax moaeM C. [IpoBeaéMm MHAYKIHIO IO Pa3MEPHOCTH IIPO-
crparcTBa V. Ecaun V' ognomepno, o A = X - id — ymHOXKeHue Ha ckaggp A. Torma
Pu(t) =X —t, a3znaunr Py(A)=X-id—-A=0.

[Iycth Temeps dim V' = n, u mpeamoao:KuM, 9TO TeopeMa J0Ka3aHa I TPOCTPAHCTB
pasmeptroctu n— 1. Boibepem unBapuanTHOE 0jiHOMepHOE HospocrpancTso U s A; 310
MO POCTPAHCTBO TOPOKJIEHO COOCTBEHHBIM BEKTOPOM % C COOCTBEHHBIM 3HAYEHUEM .
Jlonomaum BekTop 4 j10 Oasuca. B srom Oasuce marpuna omneparopa A mmeer Bu

Ak

0olA4 )’

rie A~ Marpuia dakroporeparopa .Z, jeficrBytoniero B ¢pakropupocrpancrse V/U.
Orcroia BEITEKAET, ITO

Pa(t) = det(A — tE) = (A — t) det(A — tE) = (A — t) P4(t),
rae P;(t) — xapakrepucrudeckuii Morounen daxroponeparopa. Tak kax dim V/U =
n — 1, no npejnonoxenuio uuaykiun Pz(A) = O. Ilo onpenenennio dbakrop-oneparopa
9TO O3HAYAET, UTO I JII060ro BeKTopa v € V BhimoHeno skmodenue Pi(A)v € U, T.e.
P;(A)v = pu ama mekoroporo . Cregosarenbo,

Py(A)v = (A -id—A)Pz(A)v = (A -id —A)(pu) = 0,

tak KakK Au = \u. Utak, P4(A) = O ajst omepaTopoB B KOMILIEKCHBIX ITPOCTPAHCTBAX.

st loKa3aresibcTBa TeOpeMbl HaJl 1oJieM R Bocoib3yeMest KoMmiuiekcudukanmeii Ac
oneparopa A. Tak Kak B COOTBETCTBYIOIKUX Oazucax mpocTpancTs V u Vi MaTpuisr ome-
paropoB A u Ac cosBnanaior, Mbl umeeM Pa(t) = Pya.(t) u Pa(A) = P4 (A) = 0. O

2.7. /Imaronanm3upyemsbie onepatopbl. Kpurepnit muaroHann3mpyeMocTn

ONPEAEJNEHUE 2.7.1. Oueparop A HasbiBaercs Jua2oHAAUSUPYEMbLM, €CTU CYIe-
cTByeT 6a3uc, B KOTOPOM MATPUIIA 3TOTO ONEepaTopa JIMaroHaJIbHa.
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[To onpenesiennio MaTpUIlbl onepaTopa 6a3uc, B KOTOPOM MaTpPHUIA OIEpaTopa JUAro-
HaJIbHA, COCTOUT U3 COOCTBEHHBIX BEKTOPOB. [loaTOMY oneparop aumaroHaan3upyem TOTIa
1 TOJILKO TOTJIa, KOIJa Ji/id HEro CyIecTByeT 0a3uc u3 cOOCTBEHHBIX BEKTOPOB.

TEOPEMA 2.7.2 (KpuTepuil IHATOHATU3UDPYEMOCTH). Onepamop A 6 n-meprom npo-
cmpancmee Vo duazonasusupyem moz06 U moavko moz0a, Ko20a €20 Taparmepucmuie-
CRUT MHO20MAEH UMEEM 8 TNOYHOCTU N KOPHETD (¢ yuémom Kpamuocmell) U pasmepHocmoy
Kaotc0020 cobemeernnozo noonpocmpancmea Vy pasha Kpamuocmu KopHs .

Jlna nokazaTesibcTBAa TEOPEMbl HAM TOHAIOOUTCS JIEeMMA.

JIEMMA 2.7.3. Cobcmeennwvie nodnpocmpancmea Vy,, ..., Vy,, coomeememeyrowsue
NONGPHO PASAUMHOIM COOCTNGEHHBIM SHAMEHUAM A1, . .., A\p, onepamopa A, obpasyrom nps-
myro cymmy Vi, @ ... D Vy,.

JIOKABATEJIBLCTBO. [Iposeném nnayknuio 1o k. [lpu k = 1 yrBepxkpenne o4eBuIHO.
[To onpepe/ieHnIo TPAMOIT CyMMBI MbI JIOJIZKHBI TIPOBEPUTH, YTO U3 COOTHOIIEHUS

(2.3) vi+...+ v, =0,
e v; € V), caenyer, 9to v = ... = vy = 0. [Ipumenus k pasencrsy (2.3) onepartop A,
IOJIY YUM

)\1’01—|—...+>\k’vk20
YMHOXKHIM pPaBeHCTBO (23) Ha )\1C M BbIYTEM M3 IIpeJblAyHIero COOTHOIIeHUA:

()\1 — )\k)’l)l + ...+ <)\k71 — )\k)kal = 0.

[To mpeanoaoKeHuo HHAYKIUK moaydaeM (A — Ag)vy = ... = (A1 — A\p) w1 = 0. Tak
KaK 10 YCJIOBHIO A\ — A\, # 0,..., A1 — A\ # 0, mosmygaem v = ... = v = 0. Toraa
u3 coorHormenus (2.3) caeayer, uro u vy = 0. O

CdopMmyrupyeMm OTHO MOJIE3HOE CJAEJICTBUE ITOH JIEMMBI.

CHEACTBUE 2.7.4. Cobecmeentvie 8eKMOpbl 0ONEPAmMopa, 0mMeEewawue pa3susHbLM
cobCMBEHHBIM SHAYEHUAM, AUHETHO HE3ABUCUMDL.

JIOKA3ATEJIBCTBO TEOPEMBI 2.7.2. Ilpeamosoxkum, gro oneparop A mumaronaju-
supyeM. IlycTs Ha auaronaau marpunsl D oneparopa A crodar gmesaa Aq, ..., Ay, IPAIEM
TUCTO \; OpucyTCTBYeT 1; pa3. Torma mer umeem Py(t) = det(D — tE) = Hf:1()\i — )"
CaenoBatesbio, Muorowien Py(t) nmeer Zle r; = N KOPHEH M KaxKJIOMy KOPHIO \; CO-
OTBETCTBYeT 7; JINHEHHO He3aBUCUMBIX COOCTBEHHBIX BEKTOPOB, T.e. dim V), = ;.

[Ipeuosioxkum renepb, 4ro MEOrOUIeH Py (1) uMmeer pasjinunbie KOPHU Aq, . . ., Aj, HPH-
96éM KPATHOCTH KOPHS A; paBHA 713, Zle r; = n un dimV), = r;. Cornacuo 1emme 2.7.3
upocrpancrsa Vy,, ..., V), 00pasyioT npamMyio cyMMy, a II0 yCJAOBUIO CyMMa UX Pa3MepHO-
creit papaa n = dim V. Caenosarensno, V =V, @...® V), . Bebpas 6a3uc B Ka:KI0M 13
HOJIPOCTPAHCTB V), I B34B 00beIHHEeHNE 3TUX 0A3UCOB, MBI MOy YAM OA3UC IPOCTPAHCTBA
V', cocrosmuit u3 cobcTBeHHBIX BeKTOPOB. VTak, omeparop A auaroHajmsupyem. 0

CHEIOCTBUE 2.7.5. Iycmw xapaxmepucmuseckul mmozousern Pa(t) umeem n =
dim V' pasauunwx xopueti. Tozda onepamop A duazonasusupyem.

Habop cobcTBerHbIX 3HaUeHHIT onlepaTopa A 4acTo HA3bIBAIOT €10 cnexkmpom (3ra Tep-
MHHOJIOTUsSI OyIeT MPOsiCHeHA B Kypce (PyHKINOHAIBHOTO aHAJIN3a, KOraa OyIyT paccMmar-
PHUBATHCS OMEPATOPHI ¢ HENPEPBIBHBIM CIHEKTPOM B GECKOHETHOMEPHBIX MPOCTPAHCTBAX ).
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Ecyim Bce cobcTBeHHBIE 3HAYEHUS] UMEIOT KPATHOCTH 1 KaK KOPHH XapaKTE€PUCTUYECKOrO
MHOT'0OYJIEHA, TO TOBOPAT O npocmom cnexkmpe. TakuMm 00pa3oM, OMepaTopbl ¢ MPOCTHIM
CHEKTPOM JuaroHaju3upyemsbl. [logBiieHne KpaTHBIX KOpHEH ABJIAeTCI «OCOOCHHOCTBIO»,
KOTOpas YCTPaHAeTCA IPOU3BOJILHO MAJIBIM BO3MYIIEHHEM KOI(DMUIUEHTOB MATPHUITHI Olle-
paropa. [losromy naa mosiem C «ImodTu Bece» onepaTopbl IUArOHAJTH3UPYEMBI.

[TPUMEP 2.7.6.

1 0
He IHATOHATI3HPYeM, TaK KaK ero XapaKTepPUCTHIeCKHi MHOTOU/IeH t2 + 1 He mMeeT Betre-
cTBeHHBIX KopHeil. OmHako ToT ke oneparop B C? auaronamusupyem: B 6asuce f; = (114),

1. Oneparop, 3a/laHHbIil MaTpUIIEiH < ) B CTAHIaPTHOM Oasuce IpocTpancTBa R2,

fy = (1 —1i) ero marpuna ( 0 (3) JTaroHabHA.

11
2. Oueparop, 3aJaHHblil MaTpUIEit (O 1), He JIMArOHaJIM3UpyeM HU HaJi KAKUM I10-

JIeM TIO JIpYTOil MPUYHHE: ero XapaKTepucTuIecKuii Muorownen (¢ — 1)? umeer kopens 1
KPATHOCTH 2, HO IPU 9TOM PA3MEPHOCTH COOTBETCTBYIONIEIO COOCTBEHHOIO TIO/IIPOCTPAH-
crBa paBHa 1 (BekTop ey = (01) He siBIsieTcss COOCTBEHHBIM).

2.8. HunpnorenTusie onepatopsl. HopMaabHBIN BuL,

ONPEAEJIEHUE 2.8.1. Oneparop A massiBaerca nuivnomenmuvim, ecan A = O na
HEKOTOPOTo HaTypajabroro k. MunmmambHoe unco k, mis koroporo A¥ = O, naswisaercs
CTNENEHBIO HUABNOMEHMHOCTU OllepaTopa A.

[TPUMEP 2.8.2. Paccmorpum oneparop A, 3ajannbiii B 6asuce ey, ..., e, Marpurei
01 0
0
(2.4) 1
0 0

(Ha JMArOHAJBIO CTOAT €JUHUIbI, A HA OCTAJTBHBIX MecTax — HyJu). /leilcTBue 3TOTO0
oneparopa Ha 0DA3UCHbBIE BEKTOPbI OLUCHIBAETCS CXEMOM €, > €, 1 > ... €9 > e} —
0. Orcroma Bugno, uyro A" = O, T.e. oneparop A HUIBIOTEHTEH U UMEET CTEIEHb 7.

CdopMmymupyeM HECKOJIBKO MPOCTBHIX CBOUCTB HUJIBIOTEHTHBIX OIEPATOPOB.

[TPEAIOKEHUE 2.8.3. Ilycmv A: V. — V — nuavnomenmuwil onepamop, npu4ém
dimV = n. Tozda

a) eduHCMBEHHUM cObCMEEHHbIM 3Havenuem onepamopa A seasemes 0;

6) onepamop A duazonaausdupyem 6 mom u moavko mom cayuae, ecau A = O;

B) A" = O, m. e. cmenens HuabnOMEHMHOCMU onepamopa A He npesoczodum n =
dim V.

JIOKABATEJIBCTBO. [okaxem a). [lycts A¥ = O u A*~! # O. 3nauutr cymecrsyer
Taxoit BekTop v, uTo u = A¥ v £ 0. Torma Au = A*v = 0, T.e. u — cobeTBennLIit
BeKTOD ¢ cobcrrenubiM 3nadenueM 0. Ecyim renepb A # 0 — apyroe coOCTBEHHOE 3HAYEHUE,
TO MO OIpeJeNIeHNIo HalagTca Takoil BekTop w # 0, uto Aw = \w. Torma 0 = Afw =
MNew. Orcrona ciaegyer, aro 0 = ¥, 1.e. A = 0 — nporusopeune.
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Hokazkem 6). Ecin oneparop A nuaroHaausupyem, TO Ha AHATOHAJIN €10 JHaroHab-
HO¥i MaTPHIBI CTOAT COOCTBEHHBIE 3HAUEHMUSI, KOTOPhIe BCe PABHBI HYJIIO B cuiy a). Cire-
JoBarebHO, MaTpuia Hyaesas u A = O.

Hokazkem B). VI3 yTBep:KeHUsI a) BBITEKAET, YTO XapAKTEPUCTHIECKHI MHOTOUIEH
oneparopa A ectb (—t)". Torna A" = O 1o teopeme [amuaprona—Kam. O

Cuteytomasi TeopeMa MMOKa3blBaeT, 4T0 JI000H HUJIBIOTEHTHBIH OIePATOp SBJISeTCS
IpsAMO CyMMOiT onepaTopoB u3 mpuMepa 2.8.2.

TEOPEMA 2.8.4. IIycmv A:V — V — nusvnomenmmunti onepamop. Tozda 6 npo-
cmpancmee V' cywecmeyem bazuc, 8 KOMOPom mampuua onepamopa A umeem 6.404HO-
duazonarvuull 6ud ¢ baokamu uz mampuy (2.4) npouseosvrur pasmepos. Takol eud
MOMPUYUDBL ONEPAMOPE COUHCMEEH ¢ MOYHOCTIBIO J0 NEPECMAHOBKY OA0KOS.

Baswuc, cymecTBoBaHMEe KOTOPOTO YVTBEPXKIAAETCS B ITOH TeopeMe, HA3BIBACTCS HOP-
MAABHOLM, & MATPHUIA OIIEPATOPA B TAKOM 0a3UCe HA3BIBACTCH HOPMAAbHOM 6udom (M
HOPMAALHOT (HopMOTl) HIIBIIOTEHTHOIO OLEPATOPA.

JIOKABATEJBCTBO TEOPEMHI 2.8.4. Basnc, B KOTOPOM MaTpHIa OMepaTopa COCTO-
uT u3 6J10KOB Bijia (2.4), ya06HO n306pakaTh B BHJE JUAIDAMMBI

®O4—0 +—0 «——0
L]

*O4+—0 +——0o

*O4+—0 +——0o

.
l
B sroit qmarpamve TOUKH H300pakalOT 3JIEMEHTH HOPMAJBHOTO 0a3KMCa, a CTPEJIKH OIu-
CHIBAIOT JieiicTBre oneparopa A. DieMeHTbl HHKHEH CTPOKH OTlepaTop MEPEBOIUT B HYJIb,
T.e. B Heli cTosAT COGCTBEHHBIE BEKTODHI oneparopa (¢ cobcrBeHHbiM 3HadeHneM (), BXOJIsI-
mue B 6aszuc. Kaxkipiii cTon6e1; coOTBETCTBYET OJHOMY 0JIOKY Bujia (2.4), mpudaéM pasmep
6J10Ka paBeH BBICOTE COOTBETCTBYIOIIETO CTOJIONA (KOTHIECTBY TOUEK B CTOJIONE).

Mrak, HAM HY>KHO JOKa3aTh CyIIeCTBOBaHHe Dasuca, aeiicTeue omeparopa A Ha 31e-
MEHTBI KOTOPOT'O OIMCBHIBACTCS JUATPAMMO# yKa3aHHOro BuAa. IIpoBenéM MHIYKIMIO MO
pasMepHocTu npocrpancTsa V. Ecian dim V' = 1, To HuibnoTenTHbIH omepaTop A saBiser-
csl HyJIEBBIM, U JII000I HeHy/1eBOit BeKTOp B V' oOpasyer HopMaJibhbiil 6a3uc. [lycts Tenepb
dimV =n > 1, u nycts Jyisi pa3MepHOCTEH, MEHBIITUX 7, CYIIECTBOBAHUE HOPMAaJIbHOI'O
Hasuca yxe jokasano. [lycrs Vy = Ker A — moanpocrpaHcTBO COOCTBEHHBIX BEKTOPOB
st A. Tax kak dim Vy > 0, mmeem dim V/Vy < n.

Paccemorpum axToponepatop A: VIV = V[V, .Z(’v + Vo) = Av 4+ Vp. Tlo uuayk-
THBHOMY ITPEIIO0I0KEHUIO A umeer HOpMaJIbHBL Gasuc. MoKHO CIMTATh €T0 HEeIyCThIM:
unave V' = Vg n moboit 6asuc B Vy Oyner nopmasibubivm st A. Tlocrpoum juarpammy D
JIUTsE 9JIEMEHTOB HOPMAJIbHOTO Oa3uca oneparopa A, B KaxKa0M eé cToI0Ie BO3bMEM CaMblii

BepXHUI BEKTOp €;, i = 1,...,m (37ech m — KOJUIECTBO CTOJOIOB B D), W MOJIOKUM
e; =e;+Vy, e; € V. Tenepb nocrpoum juarpamMmy DD u3 BEKTOPOB NPOCTPAHCTBA V' Cie-
gytorum obpazom. st ¢ = 1,..., m crosber; ¢ HOMepoM ¢ jauarpaMmbl [ Oyj1eT cocTosaTh

(cepxy BHU3) U3 BeKTOpPOB €;, Ae;, ..., A" le;, Atie;, rae h; — BwicoTa i-ro cronbua B
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muarpammve D. Tak xkak A e; = 0, mbl umeem A"e; € Vy n A +le; = 0. Beibepem 6a3nc
B uneinol obosouke (AMey, ... Ahme,,) C Vj, momomaum ero 10 6aswnca TpOCTPaHCTRA
Vo ¥ HOCTAaBUM JIOTOJIHSIIONIME BEKTOPHI B KA4eCTBE HOBBIX CTOJOIOB (BBICOTHI OJMH) B
HIZKHER cTpoke nuarpaMmbl D; omepaTop A mepeBoIuT UX HYJIb.

Takum obpazoM, mocTpoeHHast AuarpaMma ) U3 BEKTOPOB IIPOCTPAHCTBA V' HMeeT B
TOYHOCTH TaKO# BHI, KAK TpeOyeTcs 11 HOpMaabHOTo basuca. Hy»KHO UL IPOBEPUTD,
4TO BEKTOPBI, COCTABJILIONINE JuarpaMmmy, jAeficrBuresibHO obpa3yior 6a3uc B V.

Crauana nokazem, 4ro BeKTOpbl n3 D nopoxator seé V. Ilycrs v € V. Tonoxum
v = v + Vj. ITo upeanonoxenuo v = » .-, 2?2—01 \ij Al €;. Torna

m h;—1

v — Z Z /\z-jAjeZ- e V.

i=1 j=0

Ho Bce sexropel A'e;, j < h; — 1, 1eskaT B cTpoKax auarpaMMbl [, HAuHHAS CO BTOPOi
CHHU3Y, & MOAIIPOCTPAHCTBO V) MOPOXKIEHO BEKTOPAMH M3 HUKHEH cTpoKu [ 1o mocTpoe-
Huto. [loaToMy v MOXKHO TpeACTaBUTh B BUJIE JIMHEHHOW KOMOMHAIMN BEKTOPOB u3 D.

Ocraércs nNpoBepUTh JUHEHHYIO HE3aBUCUMOCTDL BEKTOpoB u3 D). CHavaja JIOKazKeM,
YTO BEKTOPbI HUXKHEH CTPOKHU JIMHEeHHO He3aBHCHMBI. /leficTBUTE/IBHO, ec/ii HEKOTOpas
UX HeTpPUBHAJIbHASA JUHeHiHasd KOMOMHAIUsl paBHA HYJI0, TO OHA JOJ?KHA HMETh BH]L
Z;il \iAMe; = 0, nbo ocTaabHBIE 3JIEMEHTHl HUXKHeHl CTPOKH JOMOTHSIOT OA3HC JIHHEli-
noit o6ostouxu (A"ey, ..., A" e,.) no 6asuca V. Ho Bee h; He menbie 1, mosromy

A(; )\Z-Ahi_lei> =0,

TaK 49TO

m m "
D xA e e vy o Y NAMTE =0
i=1 i=1
I13 mocsieiHETO COOTHOIIEHUsI CIeJyeT, 9To BCe A; paBHbI (), TaK KaK BEKTODbI Ahi-lg,
COCTABJIAIOT HUYKHIOIO CTPOKY JjiMarpaMMbl [ U gBJISIOTCH 4acThbio 0a3uca HpOCTpaH-
crea V/Vj.

Haxkownerr, mokazkem, IT0 ecjn uMeeTcd Jodast HeTpuBHaJbHasT JUHeiHAasT KOMOUHAIIAS
BEKTOPOB W3 [, paBHas HYJIO, TO U3 HEE MOYKHO MOJYYUTh HETPUBUAJIBLHYIO JIMHEHHYIO
3aBHCHMOCTh MeXKJTYy BEKTOpaMU HIXKHell cTpoku aumarpammbl D. OTMeTnM caMyio Bepx-
HIOIO CTPOKY JHarpamMMbl [, B KOTOPOM HMeIOTCs HeHyJIeBble KOIMMUIUEHTHI 9TOU BOOO-
pazkaeMoil nuHeiitHoi KoMOuHauu. IlycTh HOMED 3TOi CTPOKHU (CcuuTas CHU3Y) paBeH h.
[Ipumenum K aToit kKomounanuu oneparop A"~!. Ilpu srom eé gacTb, jJexamas B h-if
CTPOKE, HePeiIéT B HETPUBUAJIBHYIO JIMHEHHY 10 KOMOMHALMIO JIEMEHTOB HUXKHEH CTPOKH,
a OCTaJIbHBIE CjlaraeMble 00PaTSTCs B HYJIb. DTO 3aBEPIIAET J0KA3ATE/IbCTBO CYIIECTBO-
BaHUS HOPMAJbHOI'O Da3uca.

Tenepb goKakeMm eIUHCTBEHHOCTH. Pa3zmepbl GJIOKOB — 3TO BBICOTHI CTOJIOIOB JTUa-
rpamMMbl. Pacnosiokum cToJilIbl, Kak Ha PUCYHKE, B IOPsIKe YOBIBAHUS, TOT/IA WX BHICOTHI
OJIHO3HAYHO OIPEIEJIAIOTCS, €C/IM U3BECTHBI JITMHBI CTPOK B JHarpaMme, HauuHas ¢ HUZK-
Heit, B mopsijake yoObIBaHus. 113 Ipeapayero paccyKiaeHus cjaegayeT, 9To JITHHa HuZKHed
crpoku paha dim Vy = dim Ker A n ne 3aBucut ot Beibopa Gasuca. [Jmuna BTopoii cHu-
3y CTPOKH paBHa pa3dMepHocTH sijipa (akroponeparopa A B npocrpancrse V/ Ker A, 1. e.
dim Ker A% —dim Ker A, 9T0 Taxzke He 3aBHCHT 0T BeIOopa 6asnca. [Ipomomkas qaree, Mbl
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BUJIIM, 4TO JJINHA k-if CHI3Y CTPOKH paBHA Pa3MepPHOCTH sjipa (haKTOponepaTopa B IpPo-
crpanctee V/ Ker A1 re. dim Ker A* — dim Ker A*~1. 9o 3aBeprraer nokazareaberTso
€/TMHCTBEHHOCTH. O

S3AMEYAHUME. Ha npakTuke a1 HAX0XK/I€HUS HOPMAJTHHOTO 6Aa31MCa HUIHIOTEHTHOTO
OTIepaToOpPa MCIOIB3YeTCs CJICYIONast MOANMUKAIINS TPOIETY P, U3JT0XKEHHONH B JOKa3a-
TeJibeTBe TeopeMbl. CHava/1a HAXOAUM CTeleHb HUIbIoTeHTHOCTH k oeparopa A, BO3BO1s
MaTpHILy B CTeNeHb, moKa He mojayuumM (. BeKTopbl u3 1mepBoii cBEpXY CTPOKHU JIHArDAM-
MBI D cOOTBETCTBYIOT 3ieMenTamM basuca daxrtoprpoctpanctsa V/ Ker A¥~L. Jlna ux na-
XOXKIAEHWS Mbl BHIOMpaeM MaKCHMAJIbHYIO JUHEHHO HE3aBUCHMYIO CHCTEMY BEKTOPOB V/,
me nexkamux B Ker A¥~1. Barem cmyckaem HaiifieHHBIE BEKTOPHI Ha OJHY CTPOKY BHHS3,
npuMendas K HuM oneparop A. [lonyuennas cucrema sexTopos Jjexut B Ker A¥7!, no ne
nexut B Ker A2, 1 MbI 3am0/1H58eM BTOPYIO CTPOKY, JOHOJIHSIA 9TH BEKTOPHI 10 Oa3Kca B
Ker A*~!/ Ker A*~2. 3aTem ciyckaeM Bce BEKTOPBI 13 BTOPOil CTPOKH eIé Ha, OJIHY CTPOKY
1 3alI0JIHIEM TPEThIO CTPOKY, JIONOJHAS BEKTOPDI, IPUIIE/IINe U3 BTOpoil cTpoku, J10 Oa-
suca B Ker A*2/Ker A*=3, u . 1. Ha nocsieinen 1mare Mbl 3a110JiHsIeM HIDKHIOK CTPOKY,
JIOTIOJTHSAST BEKTOPBI, MPUIIEAIIe cBepxy, 10 basuca B Ker A.

2.9. KopaeBble BeKTOpbI. TeopeMa 0 pa3/io>KeHUUW B NPAMYIO CYMMY
KOPHEBBIX IIOJANPOCTPAHCTB

Ecnu oneparop A B KOMIJIEKCHOM ITPOCTPAHCTBE UMEET BCEIO OJHO COOCTBEHHOE 3HA-
YeHHme A\, TO €ro XapaKTepUCTHIecKuit Muorowien nmeer Buj (—1)"(t — \)", a 3maduT
(A —X-id)" = 0 no reopeme lamuabrona—Ksimu. Crenosarensro, oneparop A — A - id
HUJIBIOTEHTEH U K HEMY MOYKHO MPUMEHHUTH TEOPEMY U3 MPEeJbIIYIIEro MyHKTA.

B ciyuae, xKorjga umeercst 60J1€e 0JHOTO PA3JIHIHOIO COOCTBEHHOIO 3HAYEHHUS A, COOT-
BeTCTBYyMOIIHE omepaTopsl A — A - id He OyIyT HUIBITOTEHTHBIMH.

ONPEAEJEHUE 2.9.1. BexTop v € V Ha3biBaeTcs KopHesbM 6EKMOPOM onieparopa A,
oTBedaONNM dncay A € k, ecaun cymecrsyer Takoe m, 9o (A — A -id)"v = 0.

Ob6o3nauuMm 4yepe3 Ry MHOXKECTBO BCEX KOPHEBBIX BEKTOPOB, OTBEYAIOIINX A.
[IPEJIOYKEHUE 2.9.2. Mnoowcecmeo Ry asasemcsa nodnpocmpancmeom 6 V.

JIOKABATEIBLCTBO. [lycrs u,v € Ry, Te. (A—)X-id)u = (A - \-id)™v = 0 qis
nekoropwix [, m. Torma (A—X-id)!(pu) = 0 a4 moboro i € k. [onoxkum p = max{l, m}.
Torga (A — A-id)?(u + v) = 0, T.e. Ry — ACHCTBATENHHO MOAMPOCTPAHCTBO. O

IToanpocrpancrBo Ry C V' Ha3bIBAETCS KOPHESHILM NOINPOCTPAHCTNGOM IS OIePATO-
pa A, orBegaronum \.

[TPEAMOMKEHUE 2.9.3. Iodnpocmparcmeo Ry mempusuasvio moeda u mosvko mo-
2da, xo2da N\ — cobcmeennoe 3navenue onepamopa A. Ilpu smom Vy C Ry, m.e. xopresoe
NOONPOCMPAHCMEO COOEPHCUM cOOCMBEHHOE NOINPOCTPAHCMEO.

JTOKABATEJIBCTBO. [leiicTBuTe/IbHO, €cain A — COOCTBEHHOE 3HAYEHHUE, TO CYIIECTBY-
eT HeHyJIeBoil BeKTop v, mis kotoporo (A—A-id)v = 0, T.e. v € Ry u R) HETPUBHAJIBHO.
Otciona Ttak:ke ciaeayer, 9to Vy C R).

O6parHo, mycrb Ry cojepKuT HEHYIEeBON BEKTOD U, JJjist KoToporo (A —\-id)"u = 0,
npnuém m MEHEMAIBHO, T.e. v := (A — X -id)™ 'u # 0. Torma nveem (A — X - id)v =
(A—X-id)™u = 0, T.e. v — COGCTBEHHBIN BEKTOD, OTBEYAIOIIUIT A. O
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Hastee 6yiem paccMaTpuBaTh TOJABKO HETPUBHAJILHBIE KOPHEBBIE MOITPOCTPAHCTBA ).

TEOPEMA 2.9.4. Ilycmv A — onepamop 6 npocmpancmee V Had anzebpausecku 3a-
MEHYMBLM NOAEM, U NYCMD A1, . .., Ay — 6ce cobemeennvie snavenus onepamopa A. Tozda
V' asaaemcea npamot cymmoti 6Cex KOPHEBLIT NOINPOCMPAHCME, M. €.

V=R\®...0R,,.
JlokazaTebCcTBO TEOpeMbl OYIeT OMUPATHCA HA TPHU JEMMBI.

JIEMMA 2.9.5. ITodnpocmparcmeo Ry uneapuaHmmo omuocumenvto A100020 0nepamo-
pa A—p-id, p €k (6 wacmnocmu, Ry uneapuanmmo ommocumenvro A). Ozpanuuenue

(A—p-id)|g,: Ry — R»
npu A # [ ABAAEMCA 00PAMUMBIM, G NPU A = [I — HUAGNOMEHMHYLM ONEPATMOPOM.
JOKABATEIBLCTBO. Ilycts v € Ry, T.e. (A — X-id)™v = 0. Torza
(A=A id)"(A—p-id)v=(A—p-id)(A—X-id)"v = 0,

tak Kak (A—p-id) u (A—\-id)™ gBisrorcss MHOTOU/IEHAMH OT onieparopa A, a jobble 18a
MHOTOUJIEHA OT omepaTopa KoMMyTupyior. Utak, Ry sBasercs (A — i -id)-nHBapranTHbBIM
LOJIIPOCTPAHCTBOM, U Mbl MOKeM paccMmorpers orpanudenue (A — g -id)|g, .

[Tycts v € Ker(A — p-id)|g,, Te. v € Ry u Av = pv. Torma (A — X -id)™v = 0 gz
uwekoroporo m u (A — A -id)v = (u — \)v, a 3Ha4uT

(p—=AN"v=(A-X-id)"v =0.

Cnenosarenbuo, eciun A # 1, 1o v = 0. Takum obpazom, npu A # (1 MBI MOJYyIaeM, ITO
a1po omeparopa (A — - id)|g, TpHBHANIBHO, a BHAYAT TOT OIEPATOD OOPATHM.
Haxowner, ecin ey, ..., e, — 6asuc B Ry u (A—\-id)™e; =0, 10 (A—X-id)"v =0
JUTsT JTI0O0TO BeKTOpa v € Ry, 1716 m — HauboJIbIllee U3 9UCeT My, . . ., M,y. ITO O3HATALT,
qr0 omepatop (A — A -id)|g, Hmibnorenten. O

JIEMMA 2.9.6. Kopneswvie nodnpocmpancmea Ry, , ..., Ry, , coomeemcmeyrowsue pas-
AUMHBM COOCTMEEHHBIM SHAYEHUAM A1, . . ., A\, 00pasyrom npamyro cymmy Ry, ©.. . O Ry, .

JTOKABATEJBCTBO. I[Iposeném unayknuio 1o k. Ilpu k = 1 yrBep:KieHne 04eBUIHO.
[IpeammoioKuM, 9T0 yTBEp2KIeHUEe TO0Ka3aHo Jjisd k — 1 MoAIpoCTpaHCTB.
JokazkeM, 94TO U3 COOTHOIIECHUS

(25) ’U1+...—|—’Uk20,

rie v; € R,,, crenyer, uto v; = ... = vy = 0. Umeem (A — N - id)Pv, = 0 mia
HekoToporo p. Ilpumenus kK pasencrBy (2.5) omeparop (A — Ay - id)P, mostyunm

(26) (.A—/\kld)p’vl—i-—l—(A—)\kld)p’Uk,l =0.

Tak Kak moampocTpancTBa Ry, ..., R, , WHBAPUAHTHBI OTHOCHTETBHO A — )y - id, MBI
mveeM (A — A -id)Pv; € Ry, @ = 1,...,k — 1. Torga 10 npeoN0KEHUIO HHILYKITHH
u3 coornomenus (2.6) Beirekaer, 4t0 (A — A; -id)Pv; = 0, @ = 1,...,k — 1. Tak kax
o mpegbLayieit semme omneparop A — Ay - id B mpocrpancrsax Ry, ..., Ry, _, obparum,
OTCIOJIA CJIEJIYeT, 9TO vy = ... = Vj_1 = 0. Torma u3 coornomenus (2.5) moaydaem, 9410
n v = 0. O

JIEMMA 2.9.7. Pasmeprocms kopHesozo nodnpocmpancmea Ry pasha kpamuocmu A
Kak KOPHA TAPAKMEPUCTNUNECKO20 MHO204AeHA onepamopa A.
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JIOKABATEJIBLCTBO. OGo3naunym 4epes ry KparHocts Kopust \. Ilycts A = Alg, —
orpanudenne oneparopa A va Ry u A: V/Ry, — V/R, — daxroponeparop. Torma ajst
XapaKTePHCTHICCKUX MHOTOYICHOB MBI HMEeM

(2.7) Pa(t) = Pg(t)P5(t) = (A — )™ ™ Py(t)

(em. mpegiokenne 2.5.4), orkyaa caemyer, 9to dim Ry < 7).

[Ipeanosnoxkum, aro dim Ry < ry. Torna u3 pasencrsa (2.7) cienyer, 910 \ ABIAETCS
KOpHeM MHOTo4/IeHa Pz(t), T.e. cOOCTBEHHLIM 3HAYEHHEM OIlepaTopa A. Ilycts v + Ry —
COOTBETCTBY IO (HEHYIEBOI) COBCTBEHHBIH BEKTOD, T. €.

A<U+R)\) = )\(U+R>\>, HJIn .A’U—f—R)\ :)\’U—FR)\.

Otciona Bortekaet, 9to Av —Av = (A—X-id)v € R,. Ilo onpegesrennio moampocTpancTsa
Ry 310 oznauaer, uro 0 = (A — X -id)"(A—A-id)v = (A= X-id)" v, re. v € Ry. Ho
torya v + Ry — HyJeBoii Bekrop npocrpanctsa V/Ry. [Iporusopedue. [

JTOKABATEJIBCTBO TEOPEMBI 2.9.4. [lycrs dim V' = n u nycThb r; — KpaTHOCTH KOP-
HaI \;, © =1...,k. Torma Zle r; = n (37eCh MbI MOJIH3YEMCs ATTe0PAnIeCcKOil 3aMKHY TO-
CTDIO TOJIsT) M U3 JBYX HPEIBIAYIIUX JeMM BbITeKaeT, 9ro dim(Ry, @... O R, ) = Zle r; =
dim V. CrenoBarensno, V = Ry, @ ... ® R,,. ]

Paznoxkenune V' = Ry, @...® R, Ha3blBaeTCA KOPHEGHIM PA3N0NHCEHUEM JIJIA OLIePATOPA
A B npocrpancrse V.

2.10. 2KopnaunoBa HopMmaJsibHasg popMa omeparopa

JaBaiiTe IOCMOTPUM, KaK BBITVISTUT MaTpHIa oneparopa A|g, (orpammdenus omepa-
Topa A na KopHeBoe moanpoctpanctBo Ry). Tak kak (A — A -id)|g, ABIs€TCS HUIBIO-
TEHTHBIM omeparopom (semMma 2.9.5), B nmpocrpaHcTBe Ry MOKHO BbIOpATh HOPMAJIbHbIMH
Gazuc gyis sroro oneparopa. Torma marpuna oneparopa (A — A-id)|g, B 9TOoM Gaszuce Oy-
JeT COCTOATE U3 O10K0B BuAa (2.4), a 3HadnT Marpuia oneparopa A|g, B ToM ke bazuce
Oyaer cocToaTh U3 OJIOKOB BHIA

Al 0
(2.8) Jy = -
0 A

(Ha JIIATOHAJIM CTOUT A, HAJ JUATOHAJBIO — €JIMHUIIBI, 8 HA OCTAJbHBIX MeCTax Hy.)m).

ONPEAEJNEHUE 2.10.1. Marpura (2.8) Hazsiaercs swcopdanosoti kaemrot. Ecau mat-
puna oneparopa A B HEKOTOPOM 0a3uce sABJISETCH OJIOYHO-/INArOHAJIBHON ¢ OJI0KaMn BH-
Ja (2.8) (BO3MOXKHO, COOTBETCTBYIOIMIMMH PA3JUYHBIM \), TO TaKas MaTPHUIA HA3hIBAETCS
otcopdarnosoti nopmanvrotl gopmoti oneparopa A. Bazuc, B KOTOPOM oneparop uMeeT KOp-
JTAHOBY HOPMAJIBHYIO (DOPMY, HA3BIBACTCS HCOPIGHOGHLM.

TEOPEMA 2.10.2. Jlasa mwobozo onepamopa A 6 npocmparcmee V Had anszebpaurecku
BAMEHYMBLM NOAEM CYULLCTNBYEM HCOPIaHo6 6a3uc (8 KOMopom Onepamop UMeem Hcop-
darnosy wopmaavryro dopmy). 2Kopdanosa wopmanvras Gopma onepamopa eQUHCMEEHHA
¢ MOYHOCIBI0 JO NEPECMAH08KY, 6A0K08 (KAEMOK).
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JIOKABATEJIBCTBO. CyIecrBoBanne KOpAaHOBOH (hOPMBI SIBJIIETCS TPSIMBIM CJIeI-
CTBUEM TeopeM O Pa3JIOZKEHUN B CYMMY KOPDHEBBIX IIOJANPOCTPAaHCTB W CYIIECTBOBAHUA
HOPMAJILHOI'O BHJIA /I HIJIBIOTEHTHBIX OIePaTOpPOB. JlefCTBUTEIBHO, IIYCTh Aq, . . ., Ay —
Bce cOOCTBeHHBIE 3HadUeHHs omeparopa A. BoibepeM B KaxKI0M KOPHEBOM IPOCTPAHCTBE
R, HOpMaJIbHBIH 6a3uUC /I HUJIBIOTEHTHOro oneparopa (A — A; - id)| Ry, - Torma obben-
HEHUe YTUX 0Aa3MCOB JACT YKOPJAAHOB 0a3uc st oneparopa A B CuIy HaJIWIWs KOPHEBOTO
pazioxkenus V = Ry, @ ... D Ry, (31ech MBI MOIb3yeMCs aarebpandecKoil 3aMKHY TOCTHIO
OJIsT).

JlokazkeM eIMHCTBEHHOCTH KOpAaHoBoi ¢dopMmbl. Hamo mokazarb, 9TO KOJIHMIECTBO
JKOPJAHOBBIX KJIETOK (DHKCHPOBAHHOI'O pa3Mepa ¢ OIHMM U TeM YK€ A He 3aBHCHT OT
criocoba mpuBeieHnst K KOpJAaHoBoit dbopme (r.e. or BeIGOpa KOpJanoBa Gasuca). Bbi-
H6epem nmpou3BoJbHBIN KOpHaHOB Oasuc. Ilycrs W), — nmmeiinas 000/109Ka 9acTH 3TOrO
Oa3zuca, orBevaloleil BceM KJjeTKaM C \; Ha Juaronaju. 1orjga orpanmdeHue orneparo-
pa (A — \; -id) na W), — HunbnorentHbIil oneparop, a suadur Wy, C R,,. Kpome Toro,
V =W, &...@W,, no onpeenennio )kopaanosa 6asucaun V = Ry, &...@R,, (kopuesoe
pasznoxenue). Crenosaresnbro, dim Wy, = dim Ry, u W), = R,,. UTak, moAnpocTpaHcTBa,
OTBeYAIOIINE KJIeTKaM ¢ COOCTBEHHBIM 3HAYCHHEM J\;, HE 3aBUCAT OT CIIOCODa IPUBEICHUS
K JKODJaHOBOIl (popMe U paBHBI R),.

Takum 00pa3oM, MBI CBEIH ITOKA3ATENbCTBO €IUHCTBEHHOCTH YKOPIAHOBON (hOpMBI K
cay4alo, Korua oneparop A umeer oaH0 codcTBenHoe 3HadeHue \. JIo0oii »Kopganos 6a3uc
JITsT TAKOTO OmepaTropa OyaeT TakzKe HOPMAaJIbHBIM 0a3UCOM [I/1sT HUJIBIIOTEHTHOTO OMepa-
topa A — X - id. /I HWIBHOTEHTHBIX ONMEPATOPOB MbI YZKe JIOKA3a/i €IHHCTBEHHOCTh
HOPMAaJIbHOrO Buja (T.e. JKOpAaHoBoit hopmbl) B Teopeme 2.8.4. O

Ha sa3pike MaTpuIil maHHas TeopeMa O3HAa4aeT, YTO J0bas KBaJIpaTHas KOMILIEKCHAS
marpuna A € Mat,(C) momobua marpure J, cocTosmell U3 KOPJAHOBLIX KJIETOK, T.€.
J = C71AC nna HekoTOpO#t HeBBIPOKAeHHOi MaTpuibl C.

SAMEYAHMA. B ommmune or Kop1aHoBo# (popMbI, »KOPIAHOB 0Oa3uc oneparopa Ja-
JIEKO He eamHcTBeH. Hampumep, 1 ToxKaecTBeHHOro omnepartopa id Joboit 6asuc oyaer
YKOPJIAHOBBIM.

Teopema 2.10.2 ne umeer mecrta naj nosem R. Hanpumep, oneparop, 3ajanublii MaT-
. (0 —1 9 .
puriei (1 0 ) B R?) He nmpuBOIUTCS K KOPAAHOBON GopMe (JJOKaKHUTE).

Ha mpaxTuke s HaXOXKJIEeHUs KOPAAHOBOH (DOPMBI U KOPJAAHOBa Oa3mca omnepa-
TOpa, 33JaHHOTO MaTpuieil A, MOXKHO HCIOJIB30BATH Caeyiomuit ajaropurm. CHadaa
HAXOJUM XaPaKTePHCTUICCKHH MHOTOYWICH W ero KOPHH A, ..., Ay (COOCTBEeHHBIE 3HaUe-
HUsI) ¢ KPATHOCTSMHI. 3aTeM HaXOIUM KOPHeBble nomanpocrpancrsa Ry,. Tns sToro Bos-
BoguM Mmarpuiy A — \;E B cTemnens 10 TeX mop, MOKa HE HACTYIUT CTAOWIN3AIUs PAHTa!
tk(A — NE)™ = rk(A — \;E)™ T Torna Ry, = Ker(A — \;E)™, a uucio m; Gyjer pas-
Mepa MaKCHMaJbHOM »KOP/IAaHOBOM KJIETKHU, oTBevalonieir \;. Jlajgee B KaxK1oM mpocTpaH-
crBe R), HaXOAUM HOPMAJbHBIN Ga3uc il HUILIOTEHTHOrO omeparopa (A — \; - id)] Ry,
(kak omucaHo B KOHIIE T1. 2.8); oObeinHeHre 3TuX 6a3ucoB 1 OyIeT KOPJAHOBBIM 6a3UCOM
g A.

BHas xKopaAaHoBy (opMy, JIETKO BBIYUCIUTH MUHIMAJIHHBI MHOTOMIEH ONePaTOpa.
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[TPEAMOKEHUE 2.10.3. Munumasvhoil annysupyrousut mmozousen onepamopa A
nad nosem C ecmo P(t) = [Ti_ (t — \)™, 2de My, ..., \x — 6ce cobemeentnie 3HAUEHUA
onepamopa A, a m; — pasmep MAKCUMAAYHOT HCOPOGHOBOT KAeMKU, 0meewawel \;.

JIOKABATENBLCTBO. Mbr umeem Ry, = Ker(A — \;id)™, mosromy muorowien (¢ —
Ai)™ ABgeTcas MHHAMAJIBHBIM aHHYTUPYIONMM Jyid onepatopa A|g, . B cuiy Teopemb
0 KOPHEBOM Da3JIO’KeHHN JII000iT BeKTOp v € V mpeacraBisieTcss B BUie ¥ = y . U;, TJ€
v; € R),. Tak kax P(A) conepxkut muoxurens (A — \;id)™, mor umeem P(A)v; = 0, T.e.
P(A)v = 0 u muorousien P(t) arnyaupyer oneparop A. C apyroii cTOpoHsI, JH060H MHO-
rowren ()(t), annyaupyommit onepatop A, mesmTcs HA MEHUMAJIbLHBIA aHHYTHPYIOMIAI
MHOTOYJIEH I OIeparopa A|in7 T.e. HA (t — A\)™, mist Kaxkaoro A;. CiemoBarenbHo,
Q(t) nemurcst wa P(t) u P(t) — MUHUMAJIbHBII MHOTOUJIEH. O

2.11. BpryumciieHne MHOTOYWJIEHOB U (DYHKIHIT OT MAaTPHUIl. DKCIOHEHTA
JuHellHOro omeparopa

O HMM U3 BazKHbBIX IPUMEHEHUH KOPAaHoBOl (popmbl siB/stercs 3(pPeKTUBHOE BhIYUC-
JIEHIe MHOTOYJIeHOB U (DyHKIMi 0T onepaTopos (MaTpuir).
[Tpex e Bcero moayunm hOPMYJIy [/ MHOTOUICHA OT KOPJAAHOBON KJIETKH.

[TPEMVIOKEHUE 2.11.1. ITycmw f(t) — muozounen. Tozda e2o0 3nauenue wa sHcopda-
nosotll kaemwxe (2.8) pasmepa n éviuucasemes no gopmyae

oy e
2.9 Jy) =
(2.9) f(In) oy I
0 fN)

JIOKABATEJBbCTBO. BHagase 110 HHAYKIUH IPOBEPUM 3Ty (DOPMYJIY /1S MHOIOUICHA,
f(t) =™, T.e. ana m-it crenenn wopaanosoit kaerkn. [lyers (Jy)™ = (af}), T e. (ij)-it
sement marpunpl (Jy)™ ectb aj} . Ilo npeanonoxennio unaykmun s f(t) = tm—1

m—1 f(j_l)()\)

. = — = J—1 m—1—j+i
WO Gy O

— OGurOMHUATBHBIH Kodbdunment; Mbr cauraem, uro Ch = 0 mpu i < 0

nMeeM

] k!
rae Ci = oy

i i > k. Torga w3 coornomenns (Jy)™ = (Jy)™ 1J, 10 npaBuly yMHOXKEHASA MATDPHIL
BbIUYUCJI4dEM

n n
mo_ m-1_1 _ G—i ym—l—jtivk—jy1—k+j _
Qi = E Qj; Qg = § Cri A Cy oA =
=1 i=1

— C«?I%—_ll—z)\m—i—z—k + CTI;;—_zl/\m-‘rz—k — Cs’b—z)\m—k—&-z’

970 1 TPeGOBATOCH JoKazaTh. OcTasoch 3aMeTuTh, 4To dopmyna (2.9) nuueiitna o f, a
SHAYUT OHA BepHA JJis J060ro Mmuorowiena f(t). O

Ha ocuore dopmyiasl (2.9) MbI MOkKeM TaKzKe BBIYUC/IATH MHOTOYJIEHBI OT MATDHIL B
JKOpanoBoit hopme J, TaK KaK MHOTOYJIEH TIPUMEHSACTCA K TaKO# MaTpPHILE TOOJ0YHO.
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Teneps eciu A — TPOU3BOIBHAS MATPHUIA, TO MBI MOYKEM TIPUBECTH €€ K YKOPIAHOBOIH
dbopme, T.e. HaiiTn KopaaHoBy MaTpuiy J, nasa xoropoit A = CJC L. Tlpu BosBegeHnn
MATpHIBl A B CTEleHb MBI OJTydaeM

A" = (cjohm =cJjctcgoTt . cJjcTt = came.
Torma anajgoruunast popmysia BepHA H /Il TPOU3BOJIHLHOIO MHOTOWIEHA f(t):
(2.10) fA) =cfo .

[Ipu momoru 3Toit (GOPMYJIBI MBI MOYKEM BBIYHC/IHTD JIFOOOH MHOIOW/IEH OT MATPHUIBI A,
3Has €€ KOPJAHOBY (POPMY H »KOPJIAHOB Da3uC.

OnPEJAENEHUE 2.11.2. Tlycrs A — oneparop B KOMILIEKCHOM IIPOCTPAHCTBE ¢ COO-
CTBEHHBIMH 3HAYEHUSAMHA Aj, ..., A, KDATHOCTEH 7y , ..., T, COOTBETCTBEHHO. ['0BODAT, 9TO
nasa Muorowrena f(t) u g(t) coenadarom wa cnexmpe onepamopa A, ecan

(2.11) FON)=gV(N) mpui=1,... k j=0,...,7r — L.

[IPEAJIOZKEHVE 2.11.3. Ecau dea mmozousena f(t) u g(t) cosnadarom wa cnexmpe
onepamopa A, mo f(A) = g(A).

JTOKABATENBLCTBO. [Ipu Berauciaennn muorowiena f(A) no dopmynam (2.9) u (2.10)
HCIOJIb3YIOTCST TPOM3BOHBIe MHOTOWIeHa f(1) B ToUKax \; mopsiika we Boime 7y, — 1. [0

D10 yTBEpK/EHHUE MO3BOJsIET HAXOMUTHh MHOrowIeH f(t) GonbIIol cremeHn or mat-
putiel A (Hanpumep, BO3BOJUTH MATPHUILy B OOJIBIIYIO CTENEeHb), BOBCE HE BBIUUC/SS €6
JKOP/IaHOBO# (POPMBI, BOCIIOIBL30BABIIUCH CJIEYIONIAM YTBEPK/ICHIEM.

[TPEAIOYKEHUE 2.11.4. Ilycmos A — onepamop 6 n-meprom npocmparcmee. i aro-
6020 mHozouaena f(t) cyugecmeyem mmozouner g(t) cmenenu menwvuie n, co8nadAOUUY
¢ f(t) na cnexmpe onepamopa A.

JIOKABATENBCTBO. Ilycrs Py(t) — xapakrepuctudeckuii Mmaorowren s A. Torna
Pa(t) = [T, (A — t)™ — muorounen crenenn n, mpuaém Pa(A) = O. Pazgerum f(t) na
P4(t) ¢ octaTkoM:

f(t) = a(t)Pa(t) +g(t),
rae g(t) — MHOrOWIEH-OCTATOK, CTeNeHb KOTOPOrO MeHbIle, 4eM n. [1ojcTaBus \; B IpH-
BeJICHHOE BBINIE COOTHOIIEHNEe 1 auddepeHiupysa TpedyeMoe Yucao pas, MOAYUUM COOT-
womenust (2.11). Kpome Toro, nojcrapiisis B NpUBEJIEHHOE BBIIIE COOTHOIIEHUE OEPATOD
A, nonyaum f(A) = g(A). D10 nokaszwiBaer, uro ¢(t) — TpebyeMblii MHOIOUIEH. O

Ha npakTuke MHOTOUIeH ¢(t) crenenn He BBIIE 1 — 1, yAOBAETBOPSIONHIT COOTHOIIE-
HusiM (2.11), HaxoauTCst TpH TTIOMOITH (HbOPMYJT HHTEPIOIAAN WK METOIOM HEOIPe e 6H-
ubIx Ko durmenton. Torga mbr umeem f(A) = g(A). Eciu ke HaM u3BeCTHA YKOPJIAHOBA
dopma Marpunbl A, TO MOXKHO €MI¢ CHU3UTH CTEIIeHb MHOTOYJICHA ¢, 3AMEHUB B COOTHO-
menusx (2.11) gucna ry, HA YHCIA M), — PA3MePbl MAKCHUMATBHBIX YKOPIAHOBBIX KJICTOK
¢ \; Ha JquaroHanu (KOpJAHOB GA3MC JJIsl TOTO 3HATH He 00S3aTeTHHO).

Ha camom geste bopmysint (2.9) 1 (2.10) MOKHO HCIIONIB30BATH TAKIKE 15T BEITHCTICHHUST
6ostee obmux dbyskumiit f or onepaTopos mwian Marpur, (a He TOJIBKO MHOTOY/IEHOB). Ecian
dbyuknua f raagkas u Xopomo TpubInzKaeTcs MHOrOWIeHaMu (Takne (byHKIMH HA3bIBa-
I0TCS GHAAUMUYECKUMU) B OKPECTHOCTH COOCTBEHHBIX 3HAYEHUHT MATPUIHI A, TO MOXKHO
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onpenesuth f(A) Kak mpees MOCIeJ0BATEIBHOCTH MHOIOUJIEHOB, MOJTydaeMbIX obpe3a-
aueMm psina Teitytopa g f. Ilpu 3ToM, 01HAKO, HEOOXOIUMO ODOCHOBBIBATH CXOIUMOCTH
[OJIyYaeMbIX TTOCJIe0BATEIbHOCTEH (Ml PsifioB) u3 Marpui. Msl 9Toro jaenarb He 0y-
JeM, a CKasKeM JIHIIb, 9T0 TAKHM 00pa3oM MOYKHO OIpeeInTh e, sin A, cos A, a Taxkxe
VA i In A 1J1s MATDPHIL ¢ TOTOKHTEBHBIME COOCTBEHHBIMA 3HATeHIAME. MOXKHO TakzKe
ncnon308ath opmyasr (2.9) u (2.10) B Kavectse onpedesenus f(A) mas byuxumit f,
KOTOPBIE OIMPEIETeHBI Ha CIIEKTPe MaTPHUILT A.
Mg paccMOTPHEM 3KCIIOHEHTY OoJiee TOAPOOHO.

ONPEAEJIEHUE 2.11.5. Jxcnonenmoti oneparopa A Ha3biBaeTcs oneparop

pu —_— d —_— —
E:o’f!A d+A+ -+ T

[IPE/UIOYKEHUE 2.11.6. Hmeem mecmo coommowenue det et = et A,

JIOKA3ATEJIbCTBO. IlpuBeném maTpuily omeparopa K zKopaaHoBoit dopme: A
CJC™. Ucnonbsysa dbopmyast (2.9) u (2.10) ma f(t) = €', orameasem

k
det e = det(Ce’C™!) = dete’ = He”iAi L O

OCHOBHOE CBOFICTBO UNCI0BOI SKCIOHEHTH e’ = e, BoobIie roBops, Hapyuiaemca

JAJId IKCIIOHEHTDhI OIlepaTOpPOB. O,ZLHaKO €CTh BazKHBINA Cﬂyqaﬁ, KOr'lia OHO BBIIIOJIHCHO.

[TPEJTOYKEHUE 2.11.7. Ecau onepamopw, A, B: V — V' gommymupyrom, m.e. AB =
BA, mo eteB = A58,

JIOKA3ATEJIBCTBO. MBI nMeeMm

eheB = <'OOO Zl‘.AZ> <i0 %[3’9) =2 z'j'AZBJ = ZZ T AZBk i

1= - 7/

_Zklzl' Asz Z_Z%<A+B)k:€'4+8.

k>0 =0 k>0

KommyTarusHOCTD omepaTopos A u B ucmonbsyerca B Tom mecte, e (A + B)F packra-
JIbIBaeTcs 1o popmysie obmHoma HuioTona. [



Tnasa 3

FeOMeTpI/ISI €BKJINJOBbIX N 9PMUTOBBIX ITPOCTPAaHCTB

3.1. Addunubie npocTrpancTsa, CUCTEMbI KOOPAMHAT, IOAIPOCTPAHCTBA

B reomerpun Ha ILIOCKOCTH WJIK B IPOCTPAHCTBE PACCMATPHBAIOTCS TOYKH U BEKTO-
pol. s popMaan3anun 9THX MOHATUN W B3aMMOCBSA3€H MEXKIYy HUMH CJIYKUT IOHSITHE
ahPUHHOTO TPOCTPAHCTBA.

ONPEAENEHUE 3.1.1. Adpunnvm npocmpancmeom nasviBaercs napa (A, V), cocro-
Smrasi 13 MHOXKeCTBa, 2, 9J/eMeHTHI KOTOPOT0 HA3BIBAIOTCS 1O4KAMU, U BEKTOPHOTO MPO-
crparcTBa V Hasx mosieM K, ¢ IOTOJHUTETBHO onepanueil CJI0zKeHnst

+:AxV =>2A, (Pv)—P+v

st P € A uwv € V. (ToBopst HedopMaIbHO K TOUKE P MOXKHO «[IPUIOKHUTH» BEKTOD U U
TOTJIA €ro «KOHel» — 910 Touka P+ v.) I[Tpu a3roM Tpebyercs, 9To0bl Onepalus CJI0KeHHs
TOYEK ¥ BEKTOPOB YIOBJIETBOPSIA CACIYIOMINM YCJIOBUAM:

1) P+ 0 = P nasg soboit touku P € 2;
2) (P+u)+v=P+ (u+v) nusg mobeix P €A, u,v €V;
3) st mobbix P, Q) € 2L cylecTByeT e IMHCTBEHHBIN TaKo# BeKTOp v € V', uro P+v =

Q.

YacTo adpduHHBIM IPOCTPAHCTBOM HA3BIBAIOT IPOCTO MHOYXKECTBO TOYEK 2 U3 JaHHO-
ro BBIIIE onpesenerusi (0COOEHHO KOTJa U3 KOHTEKCTa MOHITHO, KAKOe BEKTOPHOE MPO-
crpaHcTBo V' mmeercst B BuIY). BekTop v, OJHO3HAYHO COMOCTABISIEMBI Hape TOYEK
P,Q € A B cuny cpoiictpa 3), obozmauaerca PQ. Torma m3 cBoiicTBa 2) BBITEKACT, UTO
PQ+ QR = PR.

3AMEYAHUE. CeoificTa 1)-2) u3 onpeesenns abUHHOrO MPOCTPAHCTBA O3HAYAIOT,
9TO Ha MHOXKecTBe 2 3azaHo deticmeue abeneBOi I'PYIIBI BEKTOPOB MpocTpancTBa V.
CBoiicTBO 3) MO ONpEJEJIEHUI0 O3HAYAET, YTO ITO JACHCTBUE €60000H0 U MPAH3UMUBHO.
MHOZKeCTBO, Ha KOTOPOM 3aJIaH0 CBODOJHOE U TPAH3UTUBHOE JelicTBre Ipylibl (G, HA3bI-
BAETCS 2A48HbIM 00HOPOOHBIM npocmparcmeom rpyunbl G. Takum obpaszom, addunHoe
IPOCTPAHCTBO 2 — 3TO IJIaBHOE OJHOPOJHOE MPOCTPAHCTBO abeseBoil rpynnbl V.

[TPUMEP 3.1.2.

1. Touku WIOCKOCTH U (TPEXMEPHOT0) MPOCTPAHCTBa 00pasyor adduHHBIE MPOCTPaH-
CTBa. 3aMETHM, UTO TOUKH «He IIOMHST» Hada/ia KOOPJIUHAT: BCe TOUYKH HA IJIOCKOCTH HJIH
B IIPOCTPAHCTBE PABHOIPABHBI, IIOKA MBI HEe BBEJM TaM CHUCTEMY KOOPIUHAT.

2. PaccMoTpuM cOBMECTHYIO HEOIHOPOIHYIO CHCTEMY JUHeHHBIX ypaBHeHuit Ar = b,
rae A — marpuna, a x 1 b — croaomsl. [IyeTh A — MHOXKECTBO peleHunii £ 3TOi CHCTeMBI, a
V' — BEKTOpHOE IPOCTPAHCTBO pertenuii y ognopoanoii cucrembr Ay = 0. Torma (A, V') —
addbunnoe mpocrpancTo. JleficrBurenbho, ecn x € Any € V, 10 A(x+y) = Ar+ Ay =
b u noatromy = +y € 2.

49
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3. I3 BCIKOTO BEKTOPHOI'O TPOCTPaHCTBA V' MOYKHO MOJYYUTh adPUHHOE MPOCTPaH-
CTBO, B35IB B KauecTBe 2 MHOKECTBO BEKTOPOB V'; IPK 9TOM CJIOKEHHE TOYEK U BEKTOPOB —
9TO MPOCTO CJIOZKEHHE BEKTOPOB B MCXOAHOM IpocTpancrse V. AddunHoe mpocTpaHCTBO,
Oy 9aeMoe IIpU IOMOIIH TOi mpoteaypsl u3 R, Mbl OyiaeM obo3HadaTh depe3 A”.

ONPEAENEHUE 3.1.3. Addunnoti cucmemoti Koopdunam (unu penepom) B abdbuaHOM

npocrpancree (A, V') maswiBaercs nabop (O, ey, ..., e,), cocrogmuii u3 Toukn O € 2,
HA3BIBAEMOW HA%AA0M KOOPIUHGM, U DA3UCA €1, ..., €, B BEKTOPHOM MPOCTPAHCTBE V.

Koopdunamamu toukn P € 2 B cucreme koopjausar (O, ey, . .., €,) HA3BIBAIOTCI KO-
opaunatsl ', ..., 2" Bextopa OP B 6azuce e1,. .., €,, T.e.

OP =zte; + ...+ a"e,,.

ONPEAEJIEHUE 3.1.4. Apdurnvm noonpocmpancmeom B adOUHHOM ITPOCTPAHCTBE
(A, V) mazwiBaerca mapa (B, W), cocrosimas u3 mojaMHoxkecTBa B C 2A U BEKTOPHOTO
noanpocrpancrea W C 'V, rmakaga, aro (B, W) sasasercs adduHHBIM MPOCTPAHCTBOM
oTHOCHTENIbHO omeparwmit B (2, V).

DkBuBaJeHTHBIM 0GpasoM, (B,W) HasbiBaercs adUHHBIM TOANPOCTPAHCTBOM B
(2, V), ecm

1) st s06bix P € B u w € W touka P + w sexur B B;

2) nra mobex P, Q € B pexrop PQ nexut B W.

[TPUMEP 3.1.5. Addunnse noxmpocrpanctsa (B, W) B A" MOKHO 3a1aBaTh ABYMs
CTIOCODAMM:

1. Penepom, T.e. Toukoit P € ‘B u 6asucoMm f,,...,f, BEKTOPHOIO HPOCTPAHCTBA
W C R™. Ilpu srom obas apyrasg touka P’ € B npeacrapiagercs B Buge P =
P+ a2'f, + ...+ a2Ff,. lna Takoro cnocoba 3aJaHus UCHOIb3YeTca 0003HAUEHHe

B=P+(f,.... n-

2. Kak MHOXKeCTBO pelieHnit cOBMeCcTHOH HeOHOPOIHON cHCTeMbl YpaBHEHMH:
B ={zrecR": Az = b}.
[Ipu 3ToM W — 5T0 mpOoCTpaHCTBO pelneHuil omHOpoaHoM cucteMbl Ax = 0.

[IepBolil ciocod obobIIaeT mapaMeTpUIecKoe 3adaHue MPSIMBIX U ILToCKocTeil. Bropoii
crocod 06001aeT 3a/aHne TPAMbIX U ILJIOCKOCTEH YypaBHEHUSIMH.

[Tepexom ot BTOpOTO Ccrocoba 3aaHus MOAMPOCTPAHCTBA K MEPBOMY 3aKJII0YAETCI B
peIeHnn HeOMHOPOMHON cucreMbl Ax = b: Touka P — 3T0 wacTHOe perierune, a HAOOP
fi,-- -, fr — 910 dbyHmamenTanabnas cucrema perenuit onnopoanoii cucremsbr Axr = 0.

[l 151 mepexo/1a 0T MepBOro CIoco0a 33 JaHusl IIOAIIPOCTPAHCTBA KO BTOPOMY HEOOXOIIMO
3aJ1aTh JUHEHHY0 0607109KY (f, ..., ;) oaHOpOaHO# cucteMmoii Ax = 0; Torma crosber b
IPaBBIX YacTeil HEOTHOPOTHON cucTeMbl Az = b MOIy9aeTcs IpHU HOACTAHOBKE KOODINHAT
Touku P B ypaBHeHus cucremel Az = 0.

3.2. EBKJIMI0BBI U 3PMUTOBBI ITPOCTPAHCTBA, mpumepbl. HepaBencTBO
Komu-ByHaKOBCKOT0, HEPABEHCTBO TPEYTOJbHUKA

ONPEAEJEHUE 3.2.1. JluneitHoe mpocTpaHCTBO HaJ mojeM R Ha3bIBAeTCs e6KAUIO-
6bLM, €CJIM Ha Tapax ero BeKTopos onpesesena dyukimus f: V x V — R (oboznagaemast
(a,b) := f(a,b) u HA3BIBAEMAS CKAAAPHOLM NPOUIBEICHUEM ), YIOBIETBOPSIONIAS CJETYI0-
UM CBOHMCTBAM:
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1) buaunetnocmo, T.e.
(Mg + Aatto, v) = A (w1, v) + Ao(ug,v) u
(u, vy + p2v2) = pa(u, v1) + p2(u, vo)

JUTS JIIOOBIX A1, Ao, i1, g € R m w, wq, us, v, v, v € V;

2) cummempuunocmsv: (v, u) = (u,v) 1 aOOIX w, v € V;

3) noaosicumenvras onpedeaénnocmo: (v,v) = 0 aag moboro v € V, npuuém
(v,v) = 0 Tonbko mpu v = 0.

CBoiicTBO OMJIMHEHHOCTH BBIPAXKAELT JUHEHHOCTH CKAJISPHOIO HPOU3BEJICHUS 10 KAZK-
JIOMY W3 apryMeHTOB. BBHJy Ha/Jm4us CBOHCTBa CHMMETPHYHOCTH OMJIMHEHHOCTH, Ode-
BHIHO, BBITEKAET N3 JHHEHHOCTH 1O JIOO0MY N3 ABYX apTyMeHTOB.

B KoMTIIeKCHOM MPOCTPAHCTBE CKAASPHOE TPON3BeIeHNe He MOYKeT ObITh OHOBPEMEH-
HO OUIHHEHHBIM U MOJIOZKUTEIBHO ONpeIeIeHHbIM. [leficTBUTeIbHO, ecu (U, V) — MOJ0KHI-
TeJIbHOE BelllecTBeHHoe 4uciio, To (iv,iv) = i2(v,v) = —(v,v) orpunarenbno. Ecrecrsen-
HOe ollpeJiesIeHne CKaJIAPHOro IPOU3BeIeHUd B KOMIJIEKCHOM IIPOCTPAHCTBE 3aK/II04aeTCd
B CJICAYIOIIEM.

ONPEAENEHUE 3.2.2. Jluneiinoe nmpoctpancTo Haj mosiem C HA3BIBAETCS IpMUMO-
6biM (MM YHUMAPHBIM ), €CTTH Ha TTapax ero BeKTopos onpejesena dbyukmus f: V xV —
C (oboznauaemast (a,b) := f(a,b) u Ha3BIBAEMAS CKAAADHULM NPOUIELIEHUEM ), YIOBIIE-
TBOPSIONIAs CJIEIYVIONTUM CBOMCTBAM:

1) noaymopasunetinocmo, T.e.
(/\1U1 + )\2’!1,2, ’U) = X1<’U,1, ’U) +X2(’U,2, ’U) u
(u, vy + pav2) = pa(w, v1) + po(u, v2)
JUTST JTIOOBIX A1, Ao, i1, po € C 1w, Uy, Ug, v, 01,9 € V;
2) apmumosocmo: (v, u) = (u, v) aus 00X u, v € V; B yacraocru, (v, v) Bere-
CTBeHHo g Jjioboro v € V.

3) noaoswcumenvran onpedeaénnocmu: (v,v) = 0 ans awoboro v € V, npuuém
(v,v) = 0 Tonbko mpu v = 0.

CBOIICTBO MTOTYTOPATHHEHOCTH BBIPAYKAET JTUHEHHOCTH CKATSPHOTO TPOU3BEIEHUS IO
BTOPOMY apryMeHTY U GHMUAUHETHOCMS 110 iepBoMy. BBujy Hajimuus csoiicTBa 3pMuTO-
BOCTH IOJIYTOPAJMHEHHOCTh, O4€BU/IHO, BbITEKAET U3 JIUHEHHOCTH 110 BTOPOMY apryMeHTY.

[TPuMEP 3.2.3. 1. Ckansgpuoe mpouspeienne BekTopo u = (u',... ,u") nm v =
(vl,...,v") B mpocTpancTBe R MOKHO 3a1aTh (bOPMYIOit
(3.1) (w,v) :=u'v' +u*0® + ..+ u™",

a ckansproe npomssejenne ekTopos B C" — dbopmysioit
(3.2) (w,v) :=u'v! +T@0% + ... + 7"
DTO HA3BIBACTCS CMAHIAPMHHLM CKATAPHBIM POU3BEICHUEM.
2. CkaJgpHOE TpoU3BeieHue B pocTpancTBe Mate(n, n) KBaJpaTHBIX KOMILTEKCHBIX
MATPHIL pa3Mepa N 3aJaéTcd ¢ TOMOITbIo hOpMyIIbI
n
—t -
(A, B) = TI‘(A B) = E Q5045

1,7=1



52 3. TEOMETPI EBKJIMAOBBIX 1 9PMUTOBBIX ITPOCTPAHCTB

[Ipu oroxmectBiaenun mpocrpanctsa Matc(n, n) ¢ C™ 9710 CKATAPHOE MPOU3BEICHHE TIe-
PEXOINT B CTAHIAPTHOE CKAJIAPHOE IIPOU3BEIeHNe U3 IIPEIbIIYIIEero MpuMepa.

3. Pacemorpum nipoctpanctBo Cla, b] BelecTBeHHO3HAUHBIX (DYHKIHI, HETPEPHIBHBIX
Ha oTpe3ke [a,b]. 3agamanm ckansaproe npoussenenne byuxmi f g mo dopmyse

(f.g) = / f(@)g(z)dz.

Torma croiicTa 1) 1 2) CKAJIIPHOTO MPON3BEICHUsT OYEBUIHBI, & 3) BHITEKAELT U3 TOTO, UTO
b ro o o 2
UHTErpaJl fa f*(x)dx or Heorpunare bHOil HenpepbIBHON QyHKuK f*(x) HEOTPULIATE IEH
u obparaercsa B HyJIb TOABKO tpu f(z) = 0.
AHajIornuHO, CKAJISIPHOE MPOU3BEJEHHE B HPOCTPAHCTBE KOMILIEKCHO3HAUHBIX (DYHK-
. b7 7N
it MOzKHO ompeennts no opmyne (f,g) == [ f(z)g(x)dz.

ONPEAENEHUE 3.2.4. [lycts V' — eBKIWIOBO WJIM 3PMHUTOBO MPOCTPAHCTBO. [yist v €
V Bennmunua \/(v, v) Ha3BIBaeTCd dAuHOU BEKTOpA v W 0003HAYAETCS |v|.

BekTopsl u,v € V, cKaagpHOe NpOM3BeJeHHe KOTOPHIX PABHO HYJIO, HA3BIBAIOTCS
nepnenduKYAAPHLLMY I 0PMO20HaAbHbLMY. B 3TOM ciydae nnmyT uw L v.

[IPEJJIOKEHUE 3.2.5. [lycmv u — nenysesoli 6ekmop eskaudosa Uil IPMUMOBH
npocmpancmea V. Tozda daz arwbozo sexmopa v € V' cywecmeyem eduncmesertoe pasdao-
JHCeHUE V = V1 + Vo, 20€ BEKMOP V1 KOAAUHEAPEH BEKMOPY U, & BEKMOP Vg OPMO20HAAEH U.

JIOKABATEJBCTBO. CHavaJa J0KayKeM e HHCTBEHHOCTD. [IycTh v = v+ v — Takoe
paznoxkenune. Torga nmeeM v, = A\u, v9 = v — Au. V3 yciaoBust u L vy caeayer, 910
0= (u,vy) = (u,v — A\u) = (u,v) — A\(u, u).
Orcroga moaysaem A = (u,v)/(u, u) u
(u, v)
(u,u)

Tem caMbIM BEKTOPBL ¥ M Vg = ¥ — ¥ OOpeIeneHbl ogHo3HauYHO. C Ipyroil cTOpOHDI,
ONpEIeJIUB ¥ TO ITOM hopMyJIe, MBI OJYINM Ve = (v — v1) L u. O

(33) V1 =

ONPEIEJIEHUE 3.2.6. BekTop (3.3) Ha3bBaeTcst 0pmo20HaavHol npoexyueti BEKTOpa
v Ha HallpaBJIeHHe BEKTOpa u W 00O3HAJaeTcs pr, ¥, a BEKTOD ¥ — Pr, U HA3BIBAETCH
OPMO20HANLHOT COCTNABAANULET, BEKTOPA ¥ OTHOCUTEJILHO % U 0003HAYAETCH OTt, v.

Jlnuna opToroHa /IbHON MPOEKIINHA BBIYUCILIETCI 0 (hOpMY.Ie

el = v o) = (L)

(u, w)

S

TEOPEMA 3.2.7 (HepasenctBo Kouru—ByHsaKOBCKOro). Jas a06wx deys eexmopos
U, V e6KAUIOBA UAU IPMUNOBA NPOCTNPAHCMEA UMEEM, MECTMO HEPABEHCNEO

|(w, v)| < Jul - |0,
NpUYeEM pPaceHCINEo UMEE, MECITO TNOABKO 6 CAYHAE, xo2da GEKMOPH, U, UV KOANUHEAPHDL.

JIOKABATEJILCTBO. FEcimm uw = 0, yreepxaenne ouesuguo. [lycts u # 0. 3anumtem
v = v] + vy, e V1 = pr, v U vy = ort, v. Torma (v, v2) = 0 u MBI HMeeM

] = (v,v) = (v1+ 09,01 +v2) = (v, 1)+ (v1, v2) + (v, V1) + (V2, v2) = |v1 >+ |va]*.
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Orcrona crenyer, 9ro |vq| < |v|, IpHYéM paBeHCTBO JTOCTHIAeTCs TOJIBKO Ipu vy = 0, T.e.
KOT/Ia BEKTOD ¥ KOJTHHEAPEH BeKTOpY . OCTasoch 3aMeTHTb, 94T0 |v1| = | pr, v| = %,

TaK 4TO HEPABEHCTBO |v1| < |v| 9KBUBATEHTHO TpebyeMOoMy. O

OIIPEAEJIEHUE 3.2.8. Yenom MeXIy ABYMs HEHYJIEBBIMU BEKTOPAMU U, ¥ €BKJIHI0BA
IPOCTPAHCTBA HA3bIBAETCS BEJIMUNHA

(u, v)

€ [0, 7.
|ul|v]

Z(u,v) := arccos

HepaBenctBo Komm—byHIKOBCKOTO TapaHTUPYeT, YTO YTOJI MeXKITY HeHYJIeBHIMHU BeK-
TOpaMu BCerJa Olpe/iesieH.

CHEJICTBUE 3.2.9 (HepaBeHCTBO TpeyroabHUKA). /las a0bvr deyr eexmopos u, v

e6KAUOBG UM IPMUMOBE NPOCMPAHCNEA BHINOAHEHO HEPABEHCMEO
|u+ o] < Juf +[v].

IIOKA3ATEJIBCTBO. B 00enx 4acTax HepaBeHCTBA CTOAT HEOTPUNATETbHBIE BEJTUIU-

HBI, TIOSTOMY MPU BO3BEJIEHUH B KBAJIPAT MOJTYyYaeTCsS PAaBHOCHIBHOE HEPABEHCTBO
(u+v,u+v) < (u,u) + (v,v) + 2[ul|v].
[locste packpbIThs CKOOOK B JIEBOM YACTH W COKPAIEHUs MOMOOHBIX YJIE€HOB MBI MTOJTydaeM
ceyrollee HepaBeHCTBO:
(u,v) + (v, u) < 2ul|v],

KOTOpOE cjeayer u3 nepapencrsa Komm—bByHgakoBckoro. 0

3.3. OpToroHajbHbIE CUCTEMBI BEKTOPOB, OPTOHOPMUPOBAHHBIE DA3UCHI.

Oproronanuzanuga I'pama—ITImuara

[TPEATOKEHUE 3.3.1. ITycmov vy, ..., v — HGOOP NONAPHO OPMO2OHAALHBLL HEHY.AE-
BHLT BEKMOPOS EBKAUIOBG UMY IPMUMOBG npocmpancmsa. Tozda smu eexmopv, AUHETHO
HE3ABUCUMDL.

JTOKABATEJIBCTBO. IlycTh HekoTopad JiMHeiiHasd KOMOMHAIMSA JIAHHBIX BEKTOPOB

PpaBHa HYJIIO:
k
Z )\ivi =0
i=1

YMHOKIM 00€ 4acTH 3TOTO PaBEHCTBa CKAJAPHO Ha ¥; U BOCIOJb3yeMCd JUHEHOCTHIO
CKaJSIPHOTO MPOU3BEAEHNS 110 BTOPOMY apTryMeHTY:

k k
0= <’Uj7z)\ivi> = Z/\i(vj7 vi) = A;(v5,v5),
i=1 i=1

TaK KaK 110 YCTOBHIO OCTAJILHBIE CaraeMble B 3TOH cymMMe paBHBI Hys0. [ToCKOIBKY v #
0, U3 HOJIOZKUTEIBHOIT OLIPe IeIEHHOCTH CKATAPHOTO IIPOU3BE IEHUST CIIE/LYeT, IT0 (v, v;) #

0, a 3HauuT, \; = 0. D10 BBHIIOJHEHO [14 JiIoboro j = 1,..., k, ciaeoBaTebHoO, nHeliHad
k

KOMOUHAIMS ) ., A\;U; TPHBHAJIbHA. O]

ONPEAEJEHUE 3.3.2. Basuc ey, ..., e, eBKINI0Ba I 3PMUTOBA IPOCTPAHCTBA Ha-

3BIBACTCH OPMO20HAADHLM, €CJU €r0 BEKTOPBI MONAPHO OPTOrOHAJBHBI. [C/Iu TpU 3TOM
JUTMHA KazKJI0r0 BeKTOpa paBHa 1, To 6a3UC HA3BIBAETCH OPMOHOPMUPOCEHHDIM.
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TEOPEMA 3.3.3. ITycmov aq,...,ar — HaOOP AUHETHO HE3ABUCUMDBLET SEKMOPOS NPO-
cmpanemea V. Toeda cyuecmeyem maxol Habop NONAPHO 0OPMO0HAALHBIL SEKMOPOS
bi,..., by, wmo daa kascdozo i = 1,... k aunetinas obosouxa (by, ..., b;) coenadaem
c (al,...,al).

JIOKABATEJBCTBO. Ilpu k£ = 1 yTBep:KJeHHe OYEBUIHO: MOXKHO B34Th by = a.
[IpeamonoKuM, ITO yTBEp:KIECHHE BEPHO M1 HADOPOB U3 i BEKTOPOB, M JIOKAYKEM €ro

Jutst nabopos u3 ¢ + 1 Bekropa. [lycts by, ..., b; — oprorona/ibublii HaOOP, MOCTPOEHHBI
o HAOOPY @1, ..., @;. MBI XOTHM, 4TOOBI /s HOBOTO BeKTOpa b;,q JuHeiinas 060109Ka
(by,...,b;,b;11) coBnagana ¢ (ai,...,a; a;1) = (by,...,b;, a;11), n modTOMYy Oymem

uckarh b; 1 B BUjE
biv1= a1 +Mbi+...+N\b,.
Koadpdunmentsr Ay, ..., \; OyaeMm mogdouparh Tak, 9T00bI BeKTOP b;, 1 OBbLI OpTOTOHAJICH
BCEM IMPEJIbIAYIIEM BeKTOpaMm by, ..., b;. YMHOXHUB CKaJAPHO IPEJbIAYIIEe PaBEHCTBO
ciaeBa Ha b; n ucnoap3osas 1o, 4t0 (b, by) = 0 mpn j # ¢, noaydaem
0= (bj, bit1) = (b, @i1) + Aj(b;, bj),
OTKYJa cJIejlyeT, 9To \j = —% g j = 1,... 4. OKoHIaTeIbHO 1 BeKTOpa b, q
VR
OJTy YaeM

b' 1= Qjr1 — (b17 ai+1) bl _ (b2’ ai‘i’l) o (bla a’i+1>
(34) i+ i+ <b17 bl) (bQ7 b2> (b“ bl)

= Qi+1 — Plp, Gip1 — Plp, Git1 — - - — Pr'y, Qit1-

b2_ bl:

[Ipu stom b; 1 # 0 (tak Kak by ..., b;, a;y1 JuHediHO He3aBUCHMBL), b; 1 OPTOrOHAJEH
BekTOpaM bi,..., by a (b1,...,bi,bip1) = (b1,..., bj,aip1) = (a1, ..., @i, @ita). U

NuaykTuBHAs Mpoleaypa ITepexoja oT Habopa a@i...,ar K OPTOrOHAJIHLHOMY Ha-
)
oopy bi,..., b, HazbIBaeTcd npoueccom opmozonasusavuy I'pama—Illmudma. Yciaosue
(by,...,b;) =(ay,...,a;) mpui = 1,... k o3Ha4aer, YT0 MATPUIIA IEPEXO/IA OT @1 . . ., A
K by,..., by aBiseTcsa sepruempey2oavHoil.

CHEACTBUE 3.3.4. B eskaudosom unru spmumosom npocmparcmee V. cywecmsyrom
OPTOHOPMUPOBAHHBLE OA3UCDL.

JIOKABATEJBLCTBO. /JleficTBuTe ibHO, BO3BMEM TPOU3BOJBHBIN OA3WC ITPOCTPAHCTBA
V' u npumenum K wHemy oprorounanunzanuio ['pama—IIImuara. B pesynbrare nogaydum op-
by by

TOroOHaJbHBIN O6a3uc by, ..., b,. Torna 6asuc, cocrognuii u3 BEKTOPOB B T oyaer
n

OPTOHOPMHUPOBAHHBIM.

[IPEAIOKEHUE 3.3.5. ITycmo eexmopo, w u v umerom woopdunamo, u', ..., u" u

vh L, 0" 6 HEKOMOPOM OPMOHOPMUPOGAHHOM bA3UCE e6KAUO0EA UAU IPMUMOBH NPO-

cmpancmea V. Toeda ux ckasaproe npoudsedenue SuUUCAAEMCA N0 POPMYAE
(u,v) = a'o' +a*® + ... + @™o

JTOKABATENLCTBO. [lycts ey, ..., €, — oproHopmupoBanusiii 6aszuc. Torna (u, v) =
(u'e;,vie;) = uv’(e;, e;) = uv?dy; = ulot + w?o? + .. 4 a"0", O
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3.4. OpToroHajbHbIE U YHUTAPHBIE MATPHUIIbI. () R-pa3/ioykeHne

OTNPEAENEHUE 3.4.1. Marpuma mepexoga OT OJHOIO OPTOHOPMUPOBAHHOTO 0a3mMCa
eBKJIH/I0BA (COOTBETCTBEHHO SPMUTOBA) MPOCTPAHCTBA K APYTOMY OPTOHOPMUPOBAHHOMY
Ga3ucy HA3BIBACTCS 0PMO20HaALHOT (COOTBETCTBEHHO YHUMAPHOT).

[IPEATIOXKEHUE 3.4.2. Caedyrwuwjue yeaosus sK6USAAECHITIHDL:

a) mampuya C' 0pmo2onasvHa (COOMBEMCMEEHHO YHUMAPHA);

6) C'C = E (coomsemcemeentio c'c= E);

B) cmoabuyvt mampuys. C' 06pasyrom opmonopmuposarnul bazuc npocmparcmea R™
(coomeememsenno npocmpancmea C");

r) CC* = E (coomsememesenno CC* = E);

) cmpoku mampuys, C' 06pasyrom opmonopmuposarnuil bazuc npocmpancmsa R™
(coomeememsenno npocmparcmea C").

JIOKABATEJIBLCTBO. YcioBus () U I') 9KBUBAJEHTHBI, TAK KAK KarKJ10€ U3 HUX IKBU-

—t
BasentHo pasencrey C' = C~! (coorsercreenno, C° = C'~1). DkpubasenTHocT 6)< B) 1
)< 1) BBITEKAIOT U3 TIpaBUia yMHOKeHust MaTpuil u dhopmyna (3.1) u (3.2) st craxap-
unoro npoussegerus B R” u C".

Jokaxkem mmvimkanuio a) = 6). [lycts ey,...,e, u €y, ..., €, — JBa OPTOHOPMH-
POBaHHBIX 0a3mca B 3pMUTOBOM mnpocrpanctse u C' = (ci,) — MaTpuna mepexoia, T.e.
ey = c,e;. Torna (e;, e;) = 6;; u (ey, ;) = dyjr, OTKyHa CJEYET, 9TO
(35) 5i’j’ = (6i17 ej/) = (cﬁ,ei,cj-,ej) = Eg;C};(GZ‘, ej) = 6;16’;-/(52']‘ = E;/(SijC’;-/.

CortacHO TpaBUIIy YMHOXKEHUSI MATPHIL, 3TO SKBHBAJEHTHO MATPHUYHOMY COOTHOIICHUIO
—t it .

E =CFEC um CC = E. Cayyaii eBKJINI0BA TPOCTPAHCTBA PACCMATPUBACTCS aHAJIO-

THYHO.

—t
Ocrasiock jokasarh UMIUIHKaImo 6) = a). Ilycts umeer mecto Toxaectso CC = E,
WA, B 000O3HAYCHUSIX DIHIITENRHA, Eﬁ,(sijc;, = 0y;. Bo3bMEéM NPOU3BOJILHBINA OPTOHOPMH-

. —t
poBaHHBI basuc eq, ..., e,. I3 coornomenus C' C' = F BeiTekaet, 9o MaTpuia C' HeBbI-
POXKJEeHHA, W MO3TOMY MOZXKHO PAacCMOTPeTh HOBBIH 0asuc ey, ..., e, , Ijle ey = c,e;.
Torga anagorndso BeIKIaAKe (3.5) Mbl mostydaeM (e, ej) = Ej/éijc;, = dyjr, T.e. Gasmc
ey, ..., e, TaK:Ke OPpTOHOPMHUpPOBaH, 1 C' — MaTpHUIA Iepexoa OT OJHOTO OPTOHOPMHUPO-
BaHHOI'0 Da3uca K JIpyromy. O

TEOPEMA 3.4.3 (QR-paznoxkenue). Jas s0600 Heewposcdennol seuecmeennot (co-
0TEEMCNEERHO KOMNACKCHOT) MATNPUYBL A UMEEM MECTNO PA3AOHCEHUE

A=QR,
2de () — opmozonasvhas (coomsememeenno ynumaphai) mampuua, a R — eeprrempe-

YZ20ADHAA MATNPUUA C NOAOHCUMEAOHBIMU HYUCAAGMU HA duazonanu.

JJOKABATENBLCTBO. Ilycth aq, ..., a, — 6a3uc npocrpancrea R" (wmu C"), cocro-
it 13 croaomos Marpunsl A. Ilpumenus K Hemy oproroHaam3anuio I'pama—IlIvunra,
LOJIy YUM OPTOTOHAJIbHBIN Oa3uc by, ..., b,. Ilyctb C' — marpuna nepexoja, T. e.

(by ... by)=(ay...a,C

wm B = AC, rne B — marpuiia, ¢ToadI1sl KoTropoit ¢yt by, ..., b,. IIpu aTom marpuna
C' BepxXHeTpeyTOJbHAS ¢ eIUHUIIAMH Ha JHAarOHaIn (3TO cJemyeT u3 cooTHomeHui (3.4)).
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[Tpu mepexoge or oproroHasbHOro 6aszmca bq,...,b, K OpTOHOPMUPOBAHHOMY Oa3uUCy
1,-.., bl tue b, = %, Mbl iostydaem B = B'D, tie B’ = (b, ..., b)) — oproronanbuas
marpuia, a D — auaroHajbHasg MaTpuiia ¢ qucaaMu |b;| Ha nuaronamu. V3 cooTHOMEHMi
B = AC u B = B'D mub nonyuaem A = B'DC~!. Torma monoxus Q = B'u R = DO,
MBI ToIy9uM Tpedyemoe pasiokenne A = QR, Tak Kak R — BepXHeTpeyroJbHas MaTpPH-
A, Ha JHATOHATN KOTOPOI CTOSIT MOJIOKUTEIbHBIE Yucaa |b;l. O

SAMEYAHUE. () R-pa3jioykeHne mMeeT MeCTO TaKKe U JJis BRIPOKIEHHBIX MaTpui, A
(pu aTOM Ha JEaroHaJu R MOTYT CTOSATD HYJIH), a TAKZKe JJIs1 TPAMOYTOJIBHBIX MaTpuI| A
IPOU3BOJILHOTO pa3mepa (3a1ada).

3.5. OproronanbpHOe monosHeHne. [Ipoeknmusa n opToroHaabHad
COCTaBJIAIOMIAsA. YTOJ MeXKJIYy BEKTOPOM UM HMOAIIPOCTPAHCTBOM

OHNPEAEJEHUE 3.5.1. Ilycte W C V — noampocTpaHCcTBO €BKJIHJIOBA WX SPMHTOBA
npocTpancTBa. Opmozonanvrvim donoanenuem K W HasbIBaeTca MHOZKecTBO WL, cocto-
dlee U3 BEeKTOPOB, OPTOTOHAJBHBIX BceM BeKTopaM u3 W, T.e.

WH={veV:(v,w)=0 nnascex wc W}
JIerko BUJETH, 9TO OPTOrOHATbHOE JonoaHenne W gpjigerca moampocTpancTBOM.

[TPEAMOMKEHUE 3.5.2. /laa arbo20 nodnpocmpancmea W C V' umeem mecmo pas-
nooicenue V. =W @ W+,

JTOKABATEJBCTBO. Ilycth aq,...,a, — 06azuc B W. [lomonnum ero o Gasmca
BCEro MPOCTPaHCTBA V' BEKTOpaMU Qjiq, ..., A,. lIpuMenus oproronanuzamuio ['‘pama—
[[IMuaTa, TOTYyINM OpTOTOHANBHBIH Oasuc by, ..., bx, bri1,..., b, BV, mpuuém ero nep-
Bbie k BekTOpoB OyiuyT Gasucom B W, tak kak (by,...,bx) = (ay,...,ar) =W. B 1o xe
BpeMs bjy1,...,b, gexar B W 1o onpemeseHHI0 OPTOrOHAILHONO A0TOIHeH::A. TaK,
JUIst JTIOO0TO BeKTOpa v € V MBI HMeeM pas3/iozKeHnue 1o Dasucy

v = \)\11)1 + ...+ )\kblg+ /\k+1bk+1 + ...+ )\nbm

-~

~
eEW ewd

Te. V=W+WH

OcraJoch 10Ka3aTh, 9To 3Ta cymMMma npsimas. Ilyers v € W N W, Tak kak v € W,
Mbl uveeM (v, w) = 0 st Beex w € W. Tak kak v € W, B KadecTBe W MBI MOXKEM B3sITh
cam BekTop v. Torga (v, v) =0, T.e. v = 0 u cymma — mpsimasi. O

ONPEAENEHUE 3.5.3. Ilycte W C V — nmoampocTpaHCTBO €BKJINI0BA WM SPMUTOBA
npocrpancTia. g npou3BosibHOTO BeKTOpa v € V 3anurieM pasjokeHune v = v + Vs,
e v1 € W, a vo € W', Torna BeKTOp v HA3bIBAETCH 0PMO2OHAALHOT Npoexyued
BeKTOpa v Ha nojnpocrpanctso W u obo3HavaeTcst pry, v, a BEKTOP Uy = ¥ — Pry, U Ha-
3BIBACTCS 0OPMO20HAALHOT COCMABAAIOUET BEKTOPA ¥ OTHOCUTEIBHO IorpocTpancTsa W
n 0bo3HaYaeTcda orty, v.

fcno, uro orty v = pryy. v.

[IPEJ/IOKEHUE 3.5.4. IIycmo nodnpocmparcmeo W C V' zadano kak auretinas 060-
aouka cucmemos sekmopos: W = (ay, ..., a). Tozda npoexyus eexmopa v € V. na W
eCcmb AUHETHAA KOMOUHAUUA

Pry v =A@y + ...+ \pay,
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%oagﬁgﬁuuueHmbL %omopmi HAXOOAMCA U3 CUCTNEMBL NUHETIHBIL prLGHeHUﬁ
((11, al))\l + ((11, (12))\2 + ...+ ((117 a'/c))\k: = ((11, ’U),
(a2, @)\ + (ag, az) Ao + ... + (@2, ap) A, = (a2, v),
(ak, al))\l + (ak, ag)/\g + ...+ (ak, ak))\k = (ak, ’U).

JIOKABATEJIBLCTBO. 3amuiem v = pry, v + orty v. Torna Bekrop orty v = v —

A1@1 — ... — A\p@jp OPTOTOHAJIEH KAXKJIOMY U3 BEKTODPOB @1, .. ., Gk. B34B CKaasIpHOE MPO-
u3BeJIeHNE @; C Ortyy v, MBI MOJIyUaeM

(a;, v —MNa; —...— \ay) =0,
9TO 9KBUBAJEHTHO i-My YPaBHEHUIO CHCTEMBbI. 0

ONPEAEJEHUE 3.5.5. Ilycts V' — eBKINI0BO MPOCTPAHCTBO. Y2.40M MEXKIy HEeHYJIe-
BBIM BeKTOpoM v € V u nommpocrpanctBoM W C V Ha3biBaeTcsd TOYHAS HUXKHAS TDaHb
YTJIOB MEKJY ¥ W MPOU3BOJIBHBIM BeKTOpoM w € W:

L(v, W) = u}relgvé(v,w).

Tounas HmKHAs rpab infyuew Z(v, w) cymecTByer, Tak Kak MHOXKECTBO YIJIOB
Z(v,w) orpanndeno cHuzy HyJaém. Ha camom mesie TOYHAs HUKHSASI IPDAHb JOCTHIAET-
Csl HA BEKTOPe W = DIy, U, KaK MOKa3aHO B CJIC/YIONEM YTBEePZKICHUMN.

[IPEJIOYKEHUE 3.5.6. Yeoa meowcdy eexmopom u nodnpocmpaHcmeom Paser y2aly
MENHCOY BEKMOPOM U €20 NPOEKUUET HG IMO NOINPOCTPAHCMBO:

L(v, W) = Z(v,pry v).
JTOKABATEJBCTBO. Ilycts w € W — npousBosibHbI# HeHYIeBOi BeKTOp. ODO3HAYNM
a = Z(v,pryv), § = ZL(v,w) u v; = pry, v. Heobxoaumo nokasarb, uto o < 3. Tak
kak 0 < «, 8 < 7, HepaBeHCTBO (v < [ 9KBHBAJEHTHO HEPABEHCTBY COS (v > COS 3, T.e.
(v,v1) _ (v, w)
> .
o] [v1] ~ [v] |w]

(3.6)

Barmmiem v = v + vy, Te vy = ortyy v € W, Torma (v, v) = (v1 + v9,vy) = |v1* m
(v,w) = (v] + vy, w) = (v, w). [ogcrarus 31u BEIpaxkenus B dhopmyny (3.6), moayanM

lvy| > ("‘11"77”), 4TO BBITEKaeT U3 HepaseHcTBa Kommu-ByHakoBekoro. O

3.6. Adbdunnbie eBKIANOOBLI IpOCTPaHCTBA. PaccTogHne OT TOYKU A0
MOAIIpOCTPaHCTBA. PaccrosgHne MeXK 1y MOAIpPOCTPAHCTBAMU

ONPEIEJIEHUE 3.6.1. Addunnoe npocrpancrso (2, V') HasbiBaeTcs e6kaudosuim, ec-
JIM JIMHEHHOE 1TPOCTPAHCTBO V' SIBJISIETCSI €BKJIN/IOBBIM.

Pacemosnuem mexmy toukamu P u @ addunnoro eBkiaumosa npocrpancrsa (A, V)
Ha3bIBAeTCs [IHHA BeKTOpa PQ):

d(P,Q) = |PQ)|.

Pacemosnuem mexkay Toukoii P u abdurabiM noampoctpancTsoM (B, W) HassiBaeT-
¢ TOYHAS HUXKHASA IPAHb PACCTOSHHM MexKIy P U Mpou3BOJILHOM TOUuKOi () € B:

d(P,*B) = érelf% d(P,Q).
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Pacemoanuem mexny adbdunabivm nognpocrpancrsavu (€, U) u (9B, W) HasbiBaercs
TOYHAsT HUKHSISI TPAHb PACCTOsTHUi Mexkay Toukamu P € € u () € B:

d(€,*B) = Peglcge% d(P, Q).

Crenyioniee yTBep:KJIeHHE 000DIIAET YTBEPKICHUSA O PACCTOSHUU MEXKJIY TOUYKOH u
OPAMOI WM ILIOCKOCTBIO M3 aHAJTUTHICCKON TeOMETPHH.

TEOPEMA 3.6.2. Paccmoanue mearcdy moukoti P u addurnvm nodnpocmparcmeom
(B, W) pasno daune opmozonasvroti cocmasaaowets sexkmopa PQ, coedunsowezo P c
nPou3sosvHotll moukol Q) € B, omuocumesvho npocmpancmea W :

d(P,B) = |orty PQ| dns a0607 mouku Q) € B,

JIOKABATEJBLCTBO. BrHauaje Mbl JIOKaykeMm, YTO OPTOTOHAJIbHAS COCTABJISIONIAS
ortyy PQ) me zaBucur ot BhiGopa Toukn QQ € B. Iycrs Q' € B — apyras touka. Mur
umeeM PQ = pry PQ + ortyy PQ u PQ' = pry, PQ' + orty PQ’. C apyroif cTOpOHH,
PQ' = PQ+ QQ', rtne QQ' € W. Torna

PQ" = pry, PQ' +orty PQ" = QQ' + PQ = QQ’ + pry, PQ + orty PQ.
y N ~~ " N——

ew ewd ew cewt

OTcrofa B CHJIY eMHCTBEHHOCTH DA3/IOKEHUs] BEKTOPa B NpsiMoii cymme V = W @ W+
nosydaeM orty PQ) = orty P(Q), 9To u TpeboBajoch.

Tenepb joKazkeM, 4TO JJis J0O0H Toukn Q € B Ml umeem |PQ| > |orty PQ).
HeiicTBATEIBHO,

1PQ|* = (PQ, PQ) = (pry, PQ + orty PQ,pry, PQ + orty PQ) =
= (pry PQ,pry, PQ)+(orty PQ,orty PQ) = | pry PQ|*+|ortw PQ|* > |orty PQ|?,

e B IPEIIIOC/IEHEM PABEHCTBE Mbl BOCHOJIB30BAIUCH TeM, uto (pry, PQ, orty PQ) = 0.
Crenosarensao, d(P,B) = infgep |PQ| = |ortw PQ)|.

OcTanoch M0Ka3aTh, 4T0 3Hadenne |orty PQ| mocturaercsa, T.e. |[PQ'| = |orty PQ)|
A1t HekoTopoit Touku Q' € B. Jlnst sToro BosbméM B Kauectse (' Touky P + orty PQ).
Torma o onpenenennto paccrosiaus |PQ)’| = |orty PQ|. C apyroii ¢toponsi,

Q' = P +orty PQ = P + PQ — pryy PQ = Q — pryy PQ,
rie Q €B u pry, PQ € W, re. Q' € B. O

B anajuTndeckoit reoMeTpHu PaCCTOSTHUE MeKy CKPeIINBAIOIINMICS MPAMBIMA B
IIPOCTPAHCTBE BBIUUC/ISAIOCH KAK JINHA UX 00IIEro mepueHIuKy/asapa. AHAJOIrTIHbIM 00pa-
30M BBIYHCJIACTCA PACCTOAHIE MKy adpPUHHBIMI HOANPOCTPAHCTBAMHU B 0DIIEM CJIydae:

TEOPEMA 3.6.3. Paccmosanue wmeocdy deymsa apdurnnvmu nodnpocmparncmseamu
(€, U) u (B, W) pasro daune opmoeonarvhoti cocmasasoweti eexmopa PQ, coedum.-
touLezo npoussosvruyto mouky P € € ¢ npouseoavrotli moukot (Q € B, omuocumesvHo
npocmparncmea U + W :

d(€,B) = |ortyw PQ ona mobuz movex P € €,Q € B.
JIOKABATEJBLCTBO. Jloka3aresbCTBO aHAJOIMYHO HpejblayiieMy. Buadase mgoka-

JKeM, 9TO OpPTOrOHAJbHAs COCTaBJaAOmas orty,yw P He 3aBUCAT OT BLIOOPA TOYEK
P e @ € B Ilyets PP e € Q € B — apyrue Toukn. Mo mveem PQ =
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prUJer + ortyyw PQ n P'Q = pPryw P'Q" + ortyw P'Q. C apyroil cToponsl,
PQ=PP+PQ+QQ, rne PP U nQQ € W. Toraa

P'Q = pry .y P'Q +ortyw P'Q = PP+QQ +pryyw PQ +ortyw P_Q.
cU+W cUrw): CU+W cUrw):

OTcioa B CWJIy €JIMHCTBEHHOCTH PA3JIOKEHUs BEKTOpPA B MPSIMOMl cymMMe MOJIydaeM
ortyw P'Q) = ortyw PQ, 9T0 1 TpeboBaIOCH.
Tak ke Kak B mpeablIyIeil Teopeme, 10Ka3biBaeTcs, 910 st P € € u () € B BoIno-
HeHO HepaBeHCTBO |PQ)| > |ortyw PQ|. CaenoBarenbHo,
d(€,B) = inf |PQ|= |ortyiw PQ)|.

Pec,Qe®B

Ocrasiock 10Ka3aTh, 9T0 3HaUeHHe | orty 1y PQ)| mocTuraercs B HEKOTOPOii mape TOYeK,
T.e. |P'Q'| = |ortysw PQ| anst Hekoropbix Touek P € € Q' € B. Bamnuiem BeKTOp
pryw PQ € U+ W B Bule cyMMBbI:

(3.7) pryyyw PQ = u 4 w,
rme u € U n w € W. Tenepp Bo3bMEM P = P + u, rorna, ouesunno, P’ € (€ U).

Hamee, BozpMém ) = P’ + ortyw PQ. Torma mo ompenenenuio paccrosiaust |P/Q)'| =
| orty 1w PQ|. C apyroii cToposi,

Q =P +ortyyw PQ =P+ u+ PQ —pry .y PQ=0Q —w,
e @ eBuweW, re. Q € (B, W). O

Ecmu d(€,B) # 0, 1o rouku P’ u )/, HaiijieHHbIe B IPEIBLIYIIEM T0KA3ATEIbCTBE, PA3-
auanel. [psamas, conepxkamasg P u (), nepueHIMKyJISpHa KaXKJI0OMY U3 HOIIPOCTPAHCTB
(€, U) u (B, W) n nazpiBaerca ux obujum nepnendukysapom. Takas mpsmast e THHCTBEHHA
TOTJIA M TOJBKO TOTJIA, KOIJIA BEKTOPHI % U W B pa3oxkenuu (3.7) onpeesieHbl 0JHO3HAY-
uo, T.e. Korga U NW = {0}. Hanpumep, 910 TaKk B ciydae CKPENIUBAIONMXCS NPSIMBIX B
3-MepPHOM TIPOCTPAHCTBE.

3.7. Onpepennrens MmaTpunsl I'pama m MHOrOMepHBIHT 06bEM

ONPEAENEHUE 3.7.1. Mampuued ['pama cucteMbl BEKTOPOB @1, . .., G) HA3BIBAETCS
MaTpHIA
(a1,a1) (a@i,as2) ... (a1,ap)

G=Clar... ap= | @) (a0 .. (aza)

(ak;al) (ak;ag) (ak,.ak)

—t
Marpuna G cummerpuuna (GY = G) B eBKJIMIOBOM NPOCTPAHCTBE U 3pMuTOBa (G =

G) B 5PMHUTOBOM.
Marpuna ['pama yzKe mosiBjisiiach Kak MaTpPHIA CUCTEMbI JJIsl HAXOXKIeHus Koahbu-

[IMEHTOB MPOEKIUH BEKTOPA HA MOJNPOCTPAHCTBO (@1, . .., @) (cM. mpemioxenune 3.5.4).
[TPEATIOXKEHUE 3.7.2. ITycrmv G — mampuya I'pama cucmemsv, 8eKmopos a, . . . , Qy,
a A = (a}) — mampuya, 6 cmoabywl KOMopotl 3anucanvl KOOPIUHAMDL, 6EKMOPOS @1, . . . , Gk

6 HEKOTNOPOM OPMOHOPMUPOEAHHOM basuce. Toeda umeem mecmo coommoutenue

G=AA (G = A'A 6 esxaudosom npocmparcmee,).
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JIOKABATEJBCTBO. JTO CjeayeT W3 3aKOHA YMHOZXKEHUsI MATPHUI, U (DOPMYJIBI JJIsT
CKaJISIPHOTO TIPOU3BEJIEHNsI B OPTOHOPMUPOBaHHOM Gasuce (mpejoxkenne 3.3.5). [

OnPEAENEHUE 3.7.3. Ilycte P € (A,V) — Touka B adPUHHOM TPOCTPAHCTBE, a
ai,...,a;, — Habop BEeKTOPOB B JJUHEHHOM mpocTpanctse V. [lapasresenunedom ¢ Bepiin-
HOI B TOUKe P, HATIHYTHIM Ha BEKTOPHI @1, ..., G), HA3BIBACTCA CACIYIOIIEe MHOXKECTBO
Touek adduHHOrO IpocTpancTsa 2A:

I(P;ay,...,a) ={QeA: Q=P+a'a +... +2"a;, 0<2' <1}

ONPEAEJEHUE 3.7.4. Omnpenenum k-mepnoii 0b6sém  vol, mapaJieenunesa

II(P;ay,...,a,) B addUHHOM €BKJIMJIOBOM HPOCTPAHCTBE UHJLYKTUBHO:
1) omromepubiii 00béM voly II(P; ay) := |a;| — 9T0 jauHA BEKTODA;
2) vol, II(P; aq,...,a;) :=voly_1 (P aq,...,a5 1) |0rtia, e, ) Gkl

Dro onpenesnerue 0600IaeT ONpejieIeHNe MIOMATM Hapaliesorpamya (M obbéMa
3-MepHOTO HapaJlleIenune/a) Kak PON3BeIeHnst ITUHBl (MM TJIOIA M) OCHOBAHUS HA
BeicoTy. 13 onpenenenust o6béma volg II(P; ay, .. ., a;) BUIHO, 9TO OH HE 3aBUCHT OT Bep-
muHbl P; 1103roMy jajiee Mbl Oy/ieM HCII0/ib30BarTh 0003HaueHue vol, [l(aq,. .., ay).

TEOPEMA 3.7.5. Keadpam obséma pasen onpedeaumento mampuive I'pama:
(VOlk II(ay,..., ak))2 =detG(ay,...,a).
B wacmnocmu, 06sém voli I(ay, .. ., a;) He s3asucum om nopadka 6exmopos.

JTOKABATEJBCTBO. Unaykuusa no k. [pu k = 1, ogesmano, |a1|> = (a1, a1).

[IycTh yTBepKIeHHE JOKA3aHO JIJIsT VOl _1, JJOKazKeM ero s vol,. Paccemorpum pasiio-
KeHHe A = Plig,  a, ) @ktTOTa, ay 1) @k DAE DI, o 1) Gk = A1G1+. ..+ Ap1851,
1 0003HaUNM b = OIt(q, _q, ,) Gk Torma (a;,b) = 0mpni=1,....k—1u (axb) =
(b,b). Mbl umeem

(a1,a1) ... (a1, ag) (a1,a1) ... (ai,ar-1) (@, a1 +...+Ag—1ap_1+b)
detG=| 0= 5 =
(ag,a1) ... (ap,ag) (ak, 1) ... (ap,arp—1) (ag,Aia1+...+X —1a5,-1+0b)
(a1, a1) ... (@1,ax-1) (a1, a1) (ar,a1) ... (a@1,ap-1) (ai,ar 1)
=\| N e RS
(ak7a1) (akaakq) (ak,(h) (ak,a1) (akvakfl) (ak,akq)
(al,al) (ahak,l) (ahb) (al,al) (ahak,l) 0
+ : : : _ : : S
(ag—1,a1) ... (@g—1,ak-1) (@r—1,b) (ap—1,a1) ... (@p—1,ar_1) 0
(ak,ar) ... (ak, ar—1) (ak, b) (ak,ar) ... (ax,ar—1) (b, b)
(ay,ay) (a1, ar_1)
= (b,b): (volk_lﬂ(al,...,ak._l))2|b|2: (volkH(al,...7ak))2.
(ag—1,a1) ... (@g—1,ax-1)
Ol
CHEACTBUE 3.7.6. Bexmopot aq, . .., G AUHEGHO 3G6UCUMBL 0204 U MOABKO M020a,

koeda det G(ay, . .., a;) = 0.
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JIOKABATEJBLCTBO. JleficTBuTe IbHO, TPEIIIOJIOKUM, YTO BEKTOPHI @1, . . . , G} JUHEH-
HO 3aBUCUMBI. MOXKHO CYUTATDH, 9TO @) JIMHEIHO BhIPAXKACTCA 4epe3 @, ..., G,_1. 10T/1a
Ort(q,....ay_,) @k = 0 U, ciie0BaTEIIBHO,

2 2 2
det G = (VOlk [I(a,..., ak)) = (volk_l II(ay,..., ak_l)) | ortiay,...ax_y) @r|” = 0.
O6parho, nycrs det G = (volg I(ay, ..., a;))? = 0. Torjga B cuTy UHIyKTHBHOTIO OTIpe-
nejenns oobema Mbl mmeeMm vol; II(aq,...,a;) = 0, a vol;_1II(ay,...,a;1) # 0 mig
nexkoroporo i. Tak xax vol;Il(aq,...,a;) = vol,_11I(a1,..., a;—1)|orta,, a, ,) @i|, 31O
O3HAYAET, ITO Olt(q, . a; 1) @i = 0, T.e. @a; THHEHHO BBIpAXKaeTcs 4epe3 a@q,...,a;—1. L]

CHAEACTBUE 3.7.7. ITycmo dimV =n u A = (aé-) — KB8a0PAMHAA MAMPUUL U3 KOOP-
duHam 8EKMOPOS G, . . ., Ay 8 HEKOMOPOM OPMOHOPMUPOsaHHom basuce. Tozda

vol, [I(ay, ..., a,) =|det A.
JIOKABATEJILCTBO. 3 upemioxenus 3.7.2 u npebliyineii TeOpeMbl 0Ly 9aeM
(vol, T(ay, ..., ay))” = det G = det(A'A) = (det A)2.

3.8. MeToa HauMeHbIITUX KBaJApPaTOB

YacTo Ha NpakTHKe IPU UCCJIeTOBAHUE KAKOTO-HUOY/b TPUPOTHOTO UJIH COIHATHLHOTO
SIBJICHUS JIeJIAeTCA JIONYIIEHNE, YTO 3TO sIBJICHUE OMMUCHhIBACTCS JTuHEiHoit (popmynoit. Tou-
Hee, MbI IIpeJIIoJiaraeM, YTo0 HEKOTOpas BeJnInHa b TUHEIHO 3aBUCUT OT IPYTUX BEeJTUIUH
ai,...,0n, U XOTUM HAUTHU 3Ty 3aBUCUMOCTDH

1 n
b=ax" +...4+ a,x",

T.e. HATH Hem3BeCTHBIE KO3DdumuenTsl 21, ..., 2" (370 HAZBIBACTCA MOJeAbIO Aunelinoti
peepeccun). st HAXOXKICHUST 3aBUCUMOCTH b OT @y, . . . , Gy J€JAETCsE BOJIBIIOE YHCIO M
u3MepeHuii (Kak MpaBujio, m > n) W 10 Tab/auie U3MEPEeHHBIX 3HAYEHU T 3alnChIBAeTCS
cucreMa JUHEHHbIX YpaBHEHUN

1.1 1 n _ 31
ar + ... +a,x" =b,

(3.8)
al's' + ... +aa" =b",

B KOTOPOJ YHCJI0 HEM3BECTHBIX MEHbIIe YHCIa ypaBHeHnit. Takas cucreMa, Kak IPaBuIIo,
HeCOBMECTHA. [103TOMY HAXOMUTCS «HAMTYIINee TPUOINKEHHOE» DeTTenne &1, . .., x™, Jist
KOTOPOrO OTK/IOHeHHe 3Hadennii b or a’z’/ = ajz' + ... + alx™ Gyner manvenbimM.

Meros, HAMMEHBIINX KBAJIPATOB DEINIaeT 3aJady HaXOXKJICHHs HAMJIYYINEro IpUuO/Iu-
KEHHOTO PENIeHns B NPENON0KEHAH, 9TO B KAYECTBE MEPBl OTKJOHEHHS GEPETCs CyMMa
KBaJpaToOB PA3HOCTEN BEJIMINH aixl + ...+ a;x” u b

ONPEJENEHUE 3.8.1. Ilcesdopeweruem cucremsr (3.8) HaspiBaeTcd nadop ', ..., 1",

KOTOPBIA MUHUMU3UPYET CYMMY KBa/IpaTOB PAa3HOCTEH JIeBBIX W IPABBIX dacTell ypaBHe-
HUN CUCTEeMBI, T.e. MUHUMU3UPYET BEJIUIUHY

(3.9) (a7 —b')? + (afz? — b*)* + ...+ (af'a? —b")?

no Beem (z',...,2™) € R". Dra BenInHA HA3BIBACTCS KE6AOPAITNUNHVLM OTNKAOHEHUEM.
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[Iycrs A = (@) — marpuna cucrems! (3.8), aq,...,a, € R™ — BeKTOPHI-CTOIOILI
j ) ) )
3Toit MaTpuipl, a b € R™ — BeKTOp MpaBbiX YacTeii.

TEOPEMA 3.8.2. Ilcesdopewenue cucmemuv (3.8) narodumea kax pewenue cucmemo

(al, &1).151 + ...+ (al, (ln)I'n = ((11, b),

(@, a))z + ...+ (an, a,)1" = (a,, b).

Lpyeumu crosamu, ncesdopeuwenue — amo Habop KoIGHUUUEHMOE 6 PASAOHCEHUL NPOEK-
YUU DT (g, 4y b 10 6EKMOpPAM @1, . . ., @y, G K6AIPAMUNHOE OMKAOHEHUE NCEEIOPEUEHUS —
omo keadpam OauNv, 6eKMopPa ort(q, . a.) b.

JTOKABATEJIbCTBO. Kpagparuunoe orkionenue (3.9) mabopa z', ..., 2" — 310 1O
ONPe/IeJIEHUTO KBAJIPAT JIIMHBL BEKTOPA @ ;17 — b, T.e. KBaJpAT PACCTOSIHUS MKy TOUKA-
mu b u a;2’ € (ay,...,a,) abdburnoro npocrpancrea A™. Ml 3HAeM U3 Teopembl 3.6.2,
4To paccrosHue Mexy b u rToukofi a;x’ nojupocrpancrsa (@q,. .., a,) MAHUMAJIbHO,
Korna a;z7 — 9ro npoeknus Bekropa b Ha (ay, ..., a,). Kosbdunuenrs B pasnoxennn
IPOEKITHH [0 BEKTOPAM MOAMPOCTPAHCTBA HAXOMSTCSA U3 YKA3AHHON CHCTEMBI (pe/TozKe-
Hie 3.5.4), a MEHNMAJILHOE DACCTOSIHIE PABHO |OTt(q, . 4. b|. O

AHaJIOrm9HO, METOIOM HAMMEHBIINX KBaIPAaTOB MOKHO HAXOIUTH HOJIee CJIOXKHBIE 3a-
BHCHUMOCTHU BEJIMYUHBI b OT aq,...,a,. Hanpumep, B ciiydae HeoaHopoaHoi JuHeiinoit 3a-
pucnmocT b = 2° + az! + ... + a,2" MoxHO HaxoAuTh Kodddunuentsr z°, xt, ..., 2"
B ciyuae, kormga npejmnosiaraemMasi 3aBUCUMOCTB b OT OJIHON BEJIMYHMHBI @ BBIPAZKAETCS
MHOTrOWIeHOM n-it cremenn b = 2° + ax! + a?2? + ... + a"a"™ ¢ HeussecTHBIME KO3 duIH-
eatamu 2, xl, ..., 2™, MeToJ HaMMEHLIINX KBaJPAaTOB TO3BOJALCT HAXOMUTL HAMIYUIICe

NpUOIMKEHNE JII1 ATUX KOIMDUITHEHTOB.

n

3.9. NMzomopdu3mMbl €BKJINAOBIX 1 3PMUTOBBIX IpocTpaucTs. KanoHnyeckmnii
n30MOp(dU3M €BKINI0BA IIPOCTPAHCTBA M €TI0 CONPAKEHHOTO

ONPEAEJIEHUE 3.9.1. JIBa eBKJIUIOBBIX MJIM IPMUTOBBIX TpocTpancTsa V u W HazbI-
BAIOTCS U3OMOPPHLLMU, €CTH CYIIeCTBYeT H30MOP(MU3M JTHHEHHBIX TpocTpancTs A: V —
W, coxpangiomuii cKaJisipHOe 1IPOU3BEJIEHUE, T.€.

(Au, Av) = (u,v) JIs JIIOOBIX U, v € V.

[IPEIJIOKEHUE 3.9.2. /lsa eskaudosu uasu spmumosuir npocmparcmea V. u W uso-
MOPPHBL Mo20a U MOALKO Mo2da, K020a UX PA3MEPHOCMU COBNAAAIOM.

JIOKABATENBCTBO. Eciin V' u W u3omopdHBl KaK €BKJIUJOBBI (3PMHUTOBBI) IIPO-
CTPAHCTBA, TO OHH U30MOP(MHBI KaK JHHEHHbIe MPOCTPaHcTBa, a nmoroMy dim V' = dim W.

JlokazarebcTBO 0OPATHOI'O YTBEPXKICHUS aHAJOTHYHO JOKA3ATEJIHCTBY COOTBETCTBY-
IOIIEr0 YTBEP:KICHUS JIJIsT JIMHEHHBIX MpocTpaHcTs (Teopema 1.7.3): uzoMopdusM Mex Iy
eBKJTHIOBBIMHA (SPMUTOBBIME) TPOCTPAHCTBAMHU N YCTAHABJIUBACTCS TPH TOMOIIYM B3aUM-
HO OJIHO3HAYHOI'O COOTBETCTBUS MexK/1y Oazucamu ey, ...,e, B V u fi, ... . f B W. lia
TOTO 9TOOBI TOJIydaeMblit n3oMopdu3M JuHelnbx npocrpancrs A: V. — W coxpansit
CKaJIAPHOE MPOU3BeJIeHre, 0a3nCchl HEOOXOIUMO BHIOPATH OPTOHOPMUPOBAHHBIMU. B 3TOM
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ciydae mer umeeM f, = Ae; u (e;, e;) = (f;,f;) = dij. Tlosromy ns moGBIX BEKTOPOB
u =u'e; 1 v =1’'e; u3 V BBHIIOJIHCHO PABEHCTBO

(Au, Av) =T (Ae;, Aej) =T (f, f;) =T/ = > 10" = (u,v),
=1

T. . uzoMoppusm A coxpaHser CKaJasspHOe IPOU3BEICHUE. Il

Tak kak mpocrpancrBa V' u V* umeror onHy pasmMepHOCTh (B KOHEYHOMEDHOM CJIy-
qae), orn n3oMopdHbl. OHAKO TOCTpOeHIHe H30MOPGU3Ma MeK 1y HIMH TpeOyeT BIOopa
6a3mMCoOB U B 9TOM CMBICIe HEKAHOHUYIHO. OKA3BIBAETCSI, B MPUCYTCTBUN CKAJSIPHOTO TPO-
U3BEJICHUS MOXKHO YCTAHOBUTL u3oMmopduzm V' — V* kanonmdeckuMm oOpa3om, T.e. He
npuberasi K BEIOOPY 6a3HCOB.

[Iycts V' — eBKIMIOBO MpocTpaHcTBO. KaKkoMmy BeKTOpy © € V' comocTaBuM JIHHET-

ayio Gyakimo &, = (u, - ), 3amanuyio no dopmyie &, (v) = (u, v).

TEOPEMA 3.9.3. Ilycmv V — eskaudoso npocmparcmso. Omobpasicenue u +— £y =
(u, - ) yemanasausaem xanonuseckud usomoppusm A: V. — V*.

JIOKABATEJBLCTBO. Jluneitnocts orobpaxkenus u — &, BbITEKAeT U3 JIMHEHHOCTH
CKAJIAPHOTO MpOU3BeJieHud 1o mnepBoMy aprymenty. Tak kak dimV = dim V*, urobnr
nposeputh, uto A: V — V* — uzomopdusm, gocraroano nposeputs, uro Ker A = {0}.
[Iycts v € Ker A, re. Av = &, = o. CaenoBaresnnio, &,(w) = (v, w) = 0 mag maoboro
w € V. Ho torna u (v,v) = 0, 3uagut v = 0 u sapo orobparkenus A mymnesoe. O

AnasornaHeiM 00pa30M I 9PMHTOBA MPOCTPAHCTBA V' YCTAHABIMBACTCS KAHOHH-
wecknit m3oMopdusm V. — V* u > (u, - ), e V — KOMIAEKCHO CONpAdCENHOE Npo-
cmpancmeo (€ yMHOMKEHHEM Ha CKaJispbl, OUpeAe éHubiM 110 dopmyae A - v = Av). Do
II03BOJIAdEeT OTOXKACCTBUTL ABa IIOHATHA «COHpH}KéHHOFO» IIPOCTPpaHCTBa AJid 3PMHUTOBaA
npoctpancTsa V.






Tnasa 4

OHepaTOpr B €BKJINJOBbIX 1 3PMHUTOBBIX IITPOCTPAaHCTBAX

4.1. Coupsk€HHbIE OIIEPATOPHI B €BKJINAOBBIX U IPMUTOBBIX HPOCTPAHCTBAX

[lycrs A: V — V — juHeiiHbIil omepaTop B eBKIXI0BOM mpocTpancTrse V. B m. 1.11
MBI OIpEeIEIUIN CONPAKEHHOe TuHeitHoe oTobpaxkenne A*: V* — V* mo dopmyie

(A*E)(v) :=&(Av) g EeViveV.

[Tpu kanonuveckoMm oroxkjuecrsienun V < V* u < &, = (u, - ), oueparop A*: V* — V*
nepexouT B oneparop A*: V — V' (KoTopblil Mbl JiJIsi TPOCTOTHI OyeM 0003HAYATH TeM
Ke CHMBOJIOM A*), yI0BATBOPSIIONHIT COOTHONEHUIO & gy, = A&, 1yt 106010 BEKTOpA
u € V. 9T0 ONUCHIBALTCS CAEAYIONEH qruarpaMMOii:

VAL u ! A*u
o
- fu’_>'A5u—§A*u

Yr10o06b! ycTaHOBUTH CBA3b MexKay A: V — V u A*: V — V HemocpeacTBeHHO, BBITHC-
JINM 3HAYeHUs JTUHEHHBIX DYHKIUH & 4 1 A*E, Ha BekTOPE v € V:

Sau(v) = (A"u,v),  (A'&)(v) = Su(Av) = (u, Av).
Tak KaK & gy = A*Ey, Mbl momyaaem (A*u, v) = (u, Av) aaa mobbix u,v € V.

OnpPEAENEHUE 4.1.1. Ilycts A: V — V — omepaTop B €BKJIHI0OBOM WJIH SPMUTOBOM
npocrpancTee V. Jluneitnerit oneparop A*: V — V| yIoBIeTBOPSIOMNi COOTHOIIEHUIO

(A*u,v) = (u, Av)
JUIST JTIOOBIX 4, v € V., Ha3bIBaeTCsT conpancénmvim K A.

Coornomenne (A*u,v) = (u, Av) onpenensier onepatop A* omnoznaqno. leiicrBu-
tesibro, ecn (A'u, v) = (u, Av) aaa apyroro onepatopa A': V' — V| To mMbI monydaem
(A* — A)u,v) = 0 pag mobbix w, v € V. B wyacrnocru, ((A* — A)u, (A* — A)u) =0,
re. (A* — A)u = 0 gya oboro u € V. Cnenosaresnbho, A* = A'.

[TPEOIOKEHUE 4.1.2. IIycmv A — mampuua onepamopa A: V. — V' 6 opmonop-
MUPOBAKHOM basuce eskaudosa (coomsememeenio apmumosa) npocmpancmea V. Tozda
mampuua conpaccénnozo onepamopa A*: V. — V' 6 mom osice basuce ecmo At (coomeem-

—t
cmeenno A ).

JTOKABATEJIBCTBO. D10 cjejyer u3 npeoxkenus 1.11.2 (o MaTpuile ConpsizKeHHOTO
0T06pa>KeHHﬂ), HO MBI TaKzKe JIaJIUM LpsiMOe JloKa3areabcTBo. [lycts eq,..., e, — opro-

HOpMUpOBaHHbI Oasnc, A = (a’) — marpuna oneparopa A: V' — V B sTom 6asuce, a

J
65
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A= (Zi;'-) — marputa oneparopa A*: V — V. Torma mber numeem

(Aej, ex) = (ale;, er) = (e, ep) = Tio, = @y,
(e, A'ex) = (e5,a,e,) = Gy (e;, €;) = a1y = Gy,

L o~
Tax xak (Ae;, ex) = (e, A*ey), Mbl noayugaem af = @y umm A = A. O

[IPEIIOYKEHUE 4.1.3. Hmetom mecmo caedyoujue pasencmea:
a) (A+B) = A"+ B*, (AA)* = \A*;
6) (AB)* = B*A*.

JIOKABATEJJBCTBO. DTO CjejiyeT u3 CBOUCTB OHEpallnd TPAHCIOHUPOBAHUSA MATPHIL
Oa1arogapst npejioxkennto 4.1.2. O

JlokaskeMm KJIOYEBYIO JIEMMY, KOTOpas HaM He pa3 MOHAA00UTCs B JajbHeRTeM.

JIEMMA 4.1.4. Ecau W C V' — unsapuarmmoe noonpocmpancmseo omuocumenvro A,
mo W+ — uneapuanmmoe noonpocmparcmeo ommocumenvho A*.

JIOKABATEIBLCTBO. [lyers u € W. Torna g moGoro w € W nveem (A*u, w) =
(u, Aw) = 0 tak xak Aw € W, a u € W+. Cneyosaresnvno, A*u € W O

4.2. Camoconpsk€éuabie onepaTopbl. Kanonnyeckuii Bum,

OnPEJAENEHUE 4.2.1. Oneparop A: V — V B €BKJIUJIOBOM UM IPMHUTOBOM IIPO-
CTPAHCTBE HA3BIBACTCS CAMOCONPAHCEHHbIM, ecin A* = A, T.e. BBIIIOJIHEHO COOTHOIICHIE

(Au,v) = (u, Av)
JIJIs1 JIIOOBIX U, ¥ € V.

[TPEAIOKEHUE 4.2.2. Mampuua A camoconpasicénrnozo onepamopa A 6 opmonop-
MUPOBAHHOM ba3uce e6KAUI06aG (COOMBEMEMBENHO IPMUMOBA) NPOCMPAHCMEE, CUMMEN-
puuna (coomeememeenno spmumosa), m. e. At = A (coomeememeernno A = A).

Ecau mampuya onepamopa A 6 HEKOMOPOM 0PMOHOPMUPOSAHHOM BA3UCE CUMMEM-
PUYHA (COOMBEMEMBEHHO IPMUMOBG), MO onepamop A camoconpatcen.

JTOKABATEJILCTBO. IlepBoe yTBep:KieHNe BHITEKaeT U3 Mpetokerns 4.1.2: Tak Kak
MaTpuna omneparopa A* ecrb Aw A= A, MBI TIOJTyYaeM A=A

loxaxkem BTOpoe yrBep:xkiaenue. Ilycts eq, ..., e, — OPTOHOPMUPOBAHHLIN Oa3uc, B
KoTopoM Marpuna A omepatopa A 9pMHTOBa, T.e. A=A Torma u3 mpemnoxkenns 4.1.2
CJIEJLYeT, 4TO MaTPHUIA A oneparopa A* B Tom ke bazuce coBnajaer ¢ A. CieoBare/bHO,
A* = A u oneparop A caMOCONPSAKEH. O

B cBa3u ¢ 3THM caMOCONpAZKEHHBIE OIIEPATOPhl B €BKJINUJIOBOM IIPOCTPAHCTBE TAKKe
HA3BIBAIOT CUMMEMPUMECKUMU, & B IPMATOBOM IIPOCTPAHCTBE — IPMUITLOSbLMIL.
Bot ocHOBHOE CBOICTBO CaMOCONPAKEHHBIX OTIEPATOPOB.

TEOPEMA 4.2.3. Camoconpancérnnviii onepamop 0uG2OHAAUSUPYEM 6 OPMOHOPMUPO-
sarHom basuce. JIpyzumu cA06aMuU, OAf4 CAMOCONPANCEHHO20 ONEPATNOPG CYULECTNEYEM Op-
MOHOPMUPOBAHHBLT 0a3UC U3 COOCMBEHHBLT GEKMOPOE.

JlokazareibeTBO Oy/IeT ONUpaThCd Ha JIeMMY, KOTOpas BaXkKHa cama 1o ceode.
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JIEMMA 4.2.4. Bce xopHu xapaxmepucmuyeckoz0 MHO20YAEHA CAMOCONPANCEHH020
onepamopa A eewecmeermot.

JIOKABATEJBCTBO. BuauaJjie jokazkeM jieMMy JIJIsl 3PMUTOBA IPOCTpaHCTBaA. B 31om
cydae KOPHHU XapaKTepPUCTHYECKOTO MHOTOYJIEHA CYTh COOCTBEHHBIE 3HAYEHUS ONMEPATO-
pa A. Ilycts A € C rakoii koperb u v # 0 — cOOTBETCTBYONHI COOCTBEHHBITT BEKTOD,
r.e. Av = \v. Torna

AMv,v) = (v, v) = (Av,v) = (v, Av) = (v, \v) = \(v, v).
Tak xak (v,v) # 0, moaygaem A = A, T.e. A € R.

Cuty4ail eBKJInI0Ba NPOCTPAHCTBA CBOIUTCS K SPMUTOBOMY CJIy9alO IIPH TOMOIIU KOM-
miekcugukanuu. [lycrs A — mMarpui@a camMoconpsizkEHHOTO oneparopa A B OpTOHOPME-
posarHOM Oasmce eBkangaoBa mpoctpancTsa V. Torma marpura A BermecTBeHHA W CHM-
verpudra. Ta ke marpuna A Oyger marpurneil KoMIIeKCuuIupoBaHHOTO oneparopa Ac
B COOTBETCTBYIOIEM 0a3mce 3PMHUTOBA MPOCTpaHcTBA V. DTOT Ga3Mc TakyKe OPTOHOP-
MHpOBaH, a MaTpuna A, Oyaydn BelrecTBEHHONH M CUMMETPHYHOM’, sIBISETCS SPMUTOBOIA.
CremoBarenbno, oneparop Ac caMOCONPsKEH, a KOPHH €r0 XapaKTePUCTHIECKOTO MHO-
rovujIeHa BeIeCTBeHHBI U COBIAIAIOT ¢ KOPHSIMH MHOIOWIeHa omeparopa A. O

JIOKABATEJILCTBO TEOPEMBI 4.2.3. Vcnosib3yeM MH/YKIHIO 110 PA3MEPHOCTH IIPO-
crpanctBa V. Ilpu dimV = 1 nokazbiBarb nedero. IIpemnosiokum, 4910 yTBEpKIEHUE
JIOKA3aHO JIId ONEePaTOpOB B IMPOCTPAHCTBAX PA3MEPHOCTH 1 — 1, W JIOKAXKEM ero Jijis
MPOCTPAHCTBA V' PasMepHOCTH M.

B cuy mpeabiayineit JIeMMBL Y CaMOCONIPSzKEHHOrO omeparopa A mveercsa coOCTBeH-
HBIl BEKTOp ¥, T.e. OJHOMEDHOe HHBapUaHTHOe momanpocrpancreo W = (v). B cuy
aeMMbl 4.1.4 oproromanbHoe momosHeHne WL HHEBAPHAHTHO OTHOCHTENBHO ONEPATOPa
A* = A. Tak kax dim W+ = n — 1, B mpoctpanctse W+ mMeeTcs opTOHOPMUPOBAHHBIIT
6aszuc ey, ..., e, 1 u3 cobcrBeHHbIX BeKTOPOB oteparopa Aly 1. Torua ey, ..., e, 1, % —
OPTOHOPMHUPOBAHHBIN 6a31c U3 COOCTBEHHBIX BEKTOPOB omeparopa, A.

Jlnarona bHbIA BHJI MaTPHILI CAMOCOIPIAXKEHHOr0 oneparopa A B OpTOHOpMHUPOBaH-
HOM 0Oa3mce n3 COOCTBEHHBIX BEKTOPOB HA3BIBACTCH KGHOHUYECKUM 6UJOM CAMOCOTPSIKEH-
HOTO OTIepaTopa.

[IpakTudyeckuit MeTO/ HaXO0XKJIEHHS OPTOHOPMHPOBAHHOrO Oa3uca U3 COOCTBEHHBIX
BEKTOPOB OCHOBaH Ha CJIeIYIONIEl JieMMe.

JIEMMA 4.2.5. Cobcmeentvie 6eKmMopvl, 0MEEUGHULUE PABAUNHBM CODCTNEERHbIM 3H-
YEHUAM CAMOCONPANCEHH020 onepamopa A, 83aumH0O 0PMO20HAALHDL.

JTOKABATEJBLCTBO. Ilycts Au = Au u Av = pv, tae A # [ — BEIIECTBEHHbBIE
coOcTBeHHbIe 3HAUeHnd. Torga

A, v) = (A, v) = (Au, v) = (u, Av) = (u, jiv) = p(u, v),
oTKyza caeayer, uto (u,v) = 0, Tak KaK A # p. O

s HAXOXKAeHWS OPTOHOPMHUPOBAHHOTO Oa3uca U3 COOCTBEHHBIX BEKTOPOB CaMOCO-
IPSKEHHOTO oTepaTopa A HaXoIaTcs Bce ero cOOCTBEHHBIE TOATPOCTPAHCTBA, & 3aT€M B
KasK/IOM U3 HUX BBIOMPAETCs OPTOHOPMHUPOBaHHBIH 6asuc. O0bepuaenne 3Tux 6A3MCOB U
Oymer HyzKHBIM Oasucom s A.

B eBKIMIOBOM IIPOCTPAHCTBE BEPHO yTBEpkKIeHue, ooparnoe K Teopeme 4.2.3:
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[TPEMIOKEHUE 4.2.6. Ecau onepamop A 6 eskaudosom npocmpancmee duazoran-
3uUpyem 6 OPMOHOPMUPOSaHHOM basuce, mo A camoconpatcen.

JIOKABATEJBCTBO. JleficrBuTeibHO, JUaronajbHas MaTpUIla CUMMETPUYHA, a OIle-
paTop, MMEIONINil CUMMETPUYHYIO MATPHUILy B OPTOHOPMUPOBAHHOM 6a3uce eBKJINJI0BA
TPOCTPAHCTBA CAMOCOMPSXKEH COTJIACHO TIPeTOKeHn o 4.2.2. O

B 3pMHUTOBOM IPOCTPAHCTBE KJIACC ONEPATOPOB, JIMArOHAJU3UPYEMbBIX B OPTOHOPMUPO-
BAHHOM 0asuce, IHPe, 9eM KJIACC CAMOCOIPSKEHHBIX OMePaTopoB (TaK KakK Ha TUArOHAJH
MOTYT CTOSITh He BEIIeCTBEHHBbIE THCJIa). Takue omepaTopbl Mbl H3YIUM MO3KeE.

4.3. Camocomnpsa>KéHHble TPoeKTOpbl. CIeKTpaIbHOE pa3JIoXKeHue
CaMOCONPSAXKEHHOTO omepaTopa

[Iycts mpocTparncTBO V' mpencTtaBiaeHo B Bue npamoit cymmel V' = U @ W. HamomanMm
(em. 1. 2.2), uro oneparop P: V — V| nepeBoasmuit v = u+w B u (tae u € U, w € W),
HazbiBaeTcd mpoekTopoM Ha U Baoab W. llpu stom ImP = U n Ker P = W.

ONPEAEJEHUE 4.3.1. IIpoekTop P: V — V ma U Baoab W Ha3BIBACTCS 0PMo20HaND-
nowm, eciin W = U+, Takoii npoekTop OyneMm 0603HAYATL Yepe3 Pry .

D70 0603HAYeHNe BIOJHE COTMIacyeTcsd ¢ mpeasyaymmmm: ecan V = U @ U™, To nia
Ja0boro v € V' Mbl umeeM v = pry v + orty v.

[IPEATTOXKEHUE 4.3.2. Ilpoexmop P: V — V asasemca camoconpastceHnbm onepa-
MOPoOM o206 U MOALKO M020a, k0206 0H 0PMO20HANEH.

JTOKABATEJILCTBO. Ilycth P = pr; — OpTOroHaJbHBIH TpoeKTOp. Bribepem opro-
HOPMHUPOBaHHBINH 6a3uc B U U JAOMOJHUM €ro 10 OpTOHOpMEpoBaHHoro daszuca B V. Torma
B 9TOM OPTOHOPMUPOBAHHOM 0a3mce MaTPHUIIA OIEepaTopa Pry; ANArOHAJbHA (C eJIMHUTIAME
U HYJSIMH Ha JUArOHAJN), & 3HAYUT OIEPATOD DIy CAMOCONPSIZKEH.

Ob6paruao nycts P — camoconpsizkénnbiit mpoekTop #Ha U Bross W. Bo3bmém mpoms-
BosibHBIE BeKTOpHl 4 € U = ImP nu w € W = KerP. Torna v = Pv 1151 HEKOTOPOTO
v €V uPw = 0. Mb1 nmeem

(w,w) = (Pv,w) = (v,Pw) =0,

orkyia notyqaem W = UL u P = pry;. O
[TPUMEP 4.3.3. Ilycrs u = (u',...,u")! € R™ — HeHy/IeBO# BeKTOp-cTOMGEN, W
U = (u) — ojHOMEpHOE HOJANPOCTPAHCTBO. Torja Marpuuna oneparopa pr, = pry B

craniapraom Gasuce R™ ecth

u! (u' w? o um) wul wlu? oo wlu

1 . 1 u? 1 wul wPu? - wPun
PIERSTTEN  JuP

u” uut uMu? -

Harmomuum, 9410 CrieKTpom oneparopa A Ha3bIBAETCs MHOKECTBO €0 COOCTBEHHBIX 3HA-
genuil. /g KazxKa0ro coOCTBEHHOI'O 3HAYEHUsI A PACCMOTPUM OPTOTOHAJBHBIN MPOEKTOP
pry, Ha COOTBETCTBYIOIIEe COOCTBEHHOE TOANPOCTPAHCTBO V).
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TEOPEMA 4.3.4 (cnekrpanbHoe paznoxkenne). [Tycmo A — camoconpascénnond one-
pamop. Tozda umeem mecmo pasnroscenue

A= Z/\prvk,
By

2de cymma bepémes no 6cem cobemeenrvim snadernuam. Hpu smom npoexmopul pry, ydo-
6AEMNMGOPAIOM. COOMHOWEHUAM DTy, A = Apry, = Apry, u pry, pry, = O npu A # .

JOKABATENBCTBO. Coornomenns pry, A = Apry, = Apry, u pry, pry, = O npn
)\ 7£ M BBITIOJIHEHBI, TaK KaK OHHW BbINOJHEHBI JIJId MAaTPUI[ BXOJAANNUX B HUX OLIEPATOPOB
B OPTOHOPMHPOBAHHOM 0a3mce u3 COOCTBEHHBIX BEKTOPOB omeparopa A (B sTom Gasmuce
MATPHUIBI BCEX BXOJSIIUX B COOTHOIIEHUS ONEPATOPOB JINATOHATHHBI).

Paznoxennio V = @, Vi B npaMyo cyMMy COOCTBEHHBIX HOJIPOCTPAHCTB COOTBET-
CTBYeT Pa3JIOXKeHUe TOXKJIECTBEHHOTO ONEePaTopa B CYMMY OPTOTOHAJIBHBIX TPOEKTOPOB

id = ZprvA .
A

YMHOXKHB 3TO COOTHOMeHUe cyiesa Ha A 1 HCrmomb30Bas cooTHOMeHue Apry, = Apry,,
HOJIYyINM TpedyeMoe pas3JIoKeHHe. 0

4.4. KococumMmeTprdeckne n KOCOIPMUTOBHI oliepaTopbl. Kanonmyeckuii Bum.
DPMHUTOBO Pa3JIOXKEHUE

ONPEAENEHUE 4.4.1. Oneparop A: V — V B eBKINI0BOM (COOTBETCTBEHHO SPMU-
TOBOM) TIPOCTPAHCTBE HA3BIBACTCS KOCOCUMMEMPUUECKUM (COOTBETCTBEHHO KOCOIPMUMO-
ebim), eciim A* = — A, T.e. BBIIIOJHEHO COOTHOIIEHHE

(Au,v) = —(u, Av)
JIs1 TI00BIX u, v € V.

[TPEJIIOXKEHUE 4.4.2. Mampuya A Kococummempuieckozo (coomseememeenno koco-
apmumosa) onepamopa A 6 opmonopmuposartom bazuce eskAudosa (CooMeememeento
IPMUMOBa,) NPOCMPAHCMEE, KOCOCUMMEMPUUHG (COOMEEMCMEERHO KOCOIPMUMOEA,), M. €.
At = — A (coomsememeento A = —A).

Ecau mampuya onepamopa A 8 HEKOMOPOM OPMOHOPMUPOBAHHOM BA3UCE KOCOCUM-
MEMPUYHA (COOMBEMCMBEHHO KOCOIPMUTNOBA), Mo onepamop A Kococummempuuen (co-
OTNBETNCMBERHO KOCOIPMUMOE).

JTOKABATEJIBLCTBO. To ke, 9T0 U sl CAMOCOTIPSIZKEHHBIX OMEPaTOpPOB (TpeiozKe-
Hre 4.2.2). O

TEOPEMA 4.4.3. Jlas xocoapmumosa onepamopa A cywecmeyem opmonopmuposat-
Hoil 6a3uc, 8 KOMOPOM €20 MAMPULE OUAZOHAALHA C YUCTNO MHUMBDLMU YUCAAMU HG QUG20-
HaAu. JIpyeumu cao8amu, 048 KOCOIPMUMOBH ONEPAMOPE CYULECTNEYEM, OPIMOHOPMUPOBHH-
HuLl 6a3UC U3 CODCMBEHHBLT BEKMOPO8, G 6CE COOCMBEHHBLE SHAYEHUA — YUCTNO MHUMDLE.

JIOKABATEJILCTBO. Jloka3zaTenbcTBO, KaK W B CJIyYae CAMOCONPSZKEHHOTO OTepaTo-
pa, ocHoBano Ha Jjiemme 4.1.4. Byjem BecTn MHIYKIUIO 110 Pa3MEePHOCTH HpocTpancTBa V.
[Tpu dimV = 1 nokaswiBaTh Hedero. lIpemanonokum, 9T0 yTBEp:KJIEHUE JIOKA3AHO JIJIsI
OTIEPATOPOB B TPOCTPAHCTBAX PA3MePHOCTH 1 — 1, W JJOKaKeM ero Jjisd pa3MepHOCTH N.
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Breibepem cobcTBeHHBI BeKTOp v Jjuist A, T.e. OJHOMEPHOE WHBAPUAHTHOE IO/IIPO-
crparcteo W = (v). B ey nemmnr 4.1.4 oproromanbroe aonoanenne W napapuanTho

OTHOCHTEJIbHO omeparopa A*, a 3HaYNT OHO MHBApHAaHTHO M OoTHOocHTenbHO A = —A*.
Tak kax dim W+ = n — 1, B npocrpancrse W+ mMeeTcd opTOHOPMUPOBAHHBIH Gasnc
€1,..., €, 1 U3 cOOCTBEHHBIX BeKTOPOB onepatopa Al|y .. Torma eq, ..., e, 1, % — opTo-

HOPMHUPOBAHHBIH 6a31uc U3 cOOCTBEHHBIX BEKTOPOB omeparopa A.

Ilycrs D — nmaroHajbHas MaTpHIA KOCOSPMHUTOBA omeparopa A B OPTOHOPMHUPOBAH-
HOM Dasnce U3 cOOCTBEHHBIX BeKTOPOB. Tak kak A* = — A, monyuaem D'=-D. Cneno-
BATEJILHO, JMAIOHAJIBHBIE 3JeMEeHThl MarTpuilbl D (coOGCTBEHHbIE YHC/IA) YIOBJIETBOPSIOT
COOTHOIIEHMIO \ = —\, T.€. SIBJISIOTCS TACTO MHUMBIMH. |

Kococummerpudeckue onepaTopbl B €BKJINJJIOBOM MPOCTPAHCTBE, KAK IIPABUJIO, HE JIha-
0 —a
roHaan3upyeMbl. HanpumMep, Kak Mbl BTN paHee, OIepaTop ¢ MaTpPHIei o 0 ) e

a # 0, He TUATOHATU3UPYEM B BEIECTBEHHOM MPOCTPAHCTBRE.

TEOPEMA 4.4.4. /las kococummempuueckozo onepamopa A cywecmeyem opmonop-
MUPOGAHHIT 6A3UC, 8 KOMOPOM €20 MAMPULL OAOYHO-0UAZOHANOHAA C DAOKAMU PA3MEDQ

1 uau 2, npuuém baoxu pasmepa 1 nyaesovie, a bAoKu pasmepa 2 umerom 6ud (2 —a> c

0

Hneryaesvmu a € R.

JIOKA3ATEJIBCTBO. B mpocrpancrBe pasmepHocTs 1 win 2 10Ka3bpIBaTh HEYEro, TaK
KaK KOCOCHMMETpHUYEeCKas MATPHUIA W TaK mMeeT TaM Tpebyemblit Bui. Ilpemmosroxkum,
YTO YTBEPKJIEHUE JTOKA3AHO JJIsi ONEPATOPOB B MPOCTPAHCTBAX PA3MEPHOCTH HE 0OJIbIIe
n — 1, u moKazxKeM ero s npocrpancrsa V' pasmeprocru n (tae n > 3).

B cuiy Teopembr 2.6.3 6) mas oneparopa A CyIiecTByeT OJHOMEPHOE WJIH JBYMEePHOe
nHBapuanTHOe moanpocrpancteo W C V. Kak u B ciiydae KOCOIPMUTOBBIX ONEPATOPOB,
13 JeMMBI 4.1.4 cieqyeT, 9T0 OpTOroHAIBHOE AomosHeHne W TakKe HHBAPHAHTHO.

Ilo mpeanosokKeHno NHAYKIAE B IIpocTpancTBe WL mMeerca TpebyeMblii 6asuc 11a
oneparopa Aly 1. BeiGpaB npou3BoIbHBI OpTOHOPMUPOBaHHbIH Gasuc B W 1 B3siB 00b-
equHenue 6a3mucos B WL 1 W, MBI HOTyIHM OPTOHOPMHPOBAHHDIH 6a3HC MpoCcTpaHcTBa V,
B KOTOPOM MarTpuia omeparopa A cocTonT n3 GJOKOB TpeOYeMOTO BHIA U €INé OTHOTO
60ka pasmepa 1 uiu 2 — marpuipsl oneparopa Ay . Dror nocseauii 610K — KOCOCHM-
MeTpuyecKkas MaTpullia pa3mepa 1 win 2, T.e. OHA TOXKe uMeeT TpedyeMblil BU/I. 0

Bua Marpunbl KOCOCHMMETPHYECKOT'O WU KOCOIPMHTOBA OIEPaTopa, ONUCAHHBLIN B
MPEeIBIAYIINX TEOPEeMaX, HA3BIBAETCA KAHOHUYECKUM 8UJOM OTIePATOPA.

Bamerum, uto ecan A — spMuToB omepaTop, To oneparop i.A Koco3pMuUTOB 1 HA0OOPOT.
[losTomy Teopemy 4.4.3 MOzKHO OBLIO cBecTH K Teopeme 4.2.3.

TEOPEMA 4.4.5 (spMuToBo paszioxkenue). Jlas awbozo onepamopa A 6 spmumosom
NPOCMPAHCMEE CYUWECTNBYEM EOUHCMBEHHOE NPEICTNABACHUE 6 BUde
A=R+ 1T,
2de R u — apmumosvl onepamopot.
JIOKABATEJIBCTBO. CHauasia JoKaykeM eJuHCTBeHHOCTh. Eein A = R +iZ — spmu-
TOBO pasjoxkenue, 70 A* = R* —iZ* = R —iZ. I3 arux AByX COOTHOIIEHUI TOJIyIaeM
7

R = %(A* FA), T LA A,
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T.€. OIIepaTOPbI R n I onpegesjiedbl OJJHO3ZHAYHO U 3PMHUTOBO pPa3JjiozZKeHune e JMHCTBEHHO.
C apyroit croponsl, ortepatopsl R u Z, 3a/1aBaeMble MPEAbLIYIITIMI (HOPMYJIaAMUI, OUTe-
BUJIHO, SPMUTOBBI (CAMOCOIPSIZKEHBI ), TAK YTO IPMHUTOBO PA3JI0KEHHE CYIIECTBYET. OJ

B ognomeproM 3pmuToBOM mipocTpancTBe C 3pMHUTOBBI OTIEPATOPHI — ITO BEITECTBEH-
HbI€ YUCJIA, & olepaTopbl R U Z B 3pMUTOBOM pa3JI0zKEHUU — ITO BellleCTBEHHAas 1 MHUMAS
JaCTH KOMILIEKCHOT'O YHUCJIA.

4.5. OpTOoroHajbHBIE U YHUTAPHBIE oneparopbl. Kanonnyeckuii Bui.
I'pynast O(n) u SO(n), Un) n SU(n)

[IPEOTOXKEHUE 4.5.1. Caedyrowue ycaosua daza onepamopa A:V — V' 6 esraudo-
BOM UAU IPMUMOBOM NPOCTPAHCNEE IKEUBANCHITIHDL:

a) onepamop A coxpansem daunv, eexmopos, m. e. |Av| = |v| das moboeo v € V;

6) onepamop A coxpansem cxanrsproe npouseedenue, m.e. (Au, Av) = (u,v) das
A1000x u, v €V ;

B) onepamop A nepesodum opmoOHOPMUPOSaHIBLE 0A3UCHL 6 OPTMOHOPMUPOBAHHBLE,
m.e. ecau ei,..., €, — Opmonopmuposarnui 6asuc, mo Aey, ..., Ae, makoice
OpMOoHOpMUPOSaHbLl basuc;

r) mampuya A onepamopa A 6 0pmoHOPMUPOBAHHOM ba3uce 0pmo2oHasvHa (COom-

—t
sememeenno yrnumapna), m. e. A'A = E (coomeememeenno A A = E);
n) A*A =id, m. e. conpascéunni onepamop x A asasemca e20 06pamuuiMm.

JTOKABATEJIBLCTBO. MbI JoKakeM HMIUIHKAINK a)<> 6) u 6)= B)=1)=> 1)=0).
a)=0). B eBkauaoBom npocrpanctse umeeM (u+v, u+v) = (u, v)+2(u, v)+ (v, v),
OTKY/Ia CJIeIYeT, 4TO

(u,v) = %((u—kfv,u—kfv) — (u,u) — (v,v)).

[TosTomy ecm onepatop A COXpaHsgeT JJIMHBI, T.e. CKAJIAPHbIE TPOU3BeIeHns Bua (v, v),
TO OH COXPAHSIET U BCE CKAJSAPHBIE TPOU3BEICHNUS.
B spmuroBom npocrpancrse umeem (u+v, u+v) = (u, u)+ (u, v)+ (u,v)+ (v, v) =
(u,uw) +2Re(u, v) + (v, v), oTKyAa CIeayeT, 4TO
1

Re(u,v) = 5(('& +v,u+v)— (u,u) — (v, v))

1 aHaAJIOTUYIHO
1
Im(u,v) = —5((11, +iv,u +1iv) — (u, u) — (v,v)).

[Tostomy ecaiu oneparop A coxpaHgeT JJIMHBI, TO OH COXPAHAET U CKAIIPHOE IPOU3BE/Ie-
Hue (U, V), TaK KAK COXPAHIET ero BEUECTBEHHYI0 U MHUMYIO YaCTH.

6)=-a). OgeBuaHO.

6)=8). Ilycts (Au, Av) = (u,v). Torna ecm ey, ..., e, — OPTOHOPMUPOBAHHBIII
6asuc, To (Ae;, Ae;) = (e;, €;) = 0;j, r.e. Gasuc Aey, ..., Ae, TakKe OPTOHOPMEPOBAH.

B)=T1). [Iycrb A nepeBouT OPTOHOPMHUPOBaHHKII Ga3uc e, ..., €, B OPTOHOPMHUPO-
BaHHBI Oasuc Aeq, ..., Ae, u A= (a;'.) — MaTpHIa ollepaTopa B ba3uce €1, ... ,e,. Torma

6@' = (Aei,Aej) = ( fek,aﬁeg) = 6fa§(ek, 6[) = Efa§5k(g = Efék(gaﬁ.

—t —t
DTO SKBHUBAJIEHTHO MAaTpUIHOMY cooTHomernnio K = A FAuwm A A= F.
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r)=11). D10 caepyer u3 npeanoxenns 4.1.2.
1)=06). Ilycts A* A = id. Toraa (Au, Av) = (A*Au,v) = (u,v), T.e. A coxpamsier
CKaJIsIpHOE IIPOU3BeJIeHNe. [l

ONPEAENEHUE 4.5.2. Oneparop A: V — V B eBKJINI0BOM (COOTBETCTBEHHO SPMU-
TOBOM) MPOCTPAHCTBE, YAOBJIETBOPSIONINI OJTHOMY W3 SKBHBAJEHTHBIX YCJIOBHUH U3 Mpe/-
Jozxenust 4.5.1, HA3BIBAETCST 0PMO2OHAALHYM (COOTBETCTBEHHO YHUMAPHBIM ).

uora oproroHaabHble U YHUTAPHBIE OMEPATOPHI HA3BIBAIOT U30OMEMPUYECKUMU.

Kak m B cirygae caMOCONpSKEHHBIX OMEPATOPOB, /I MPUBEIEHUA OPTOTOHATBHOTO
WIA YHUTAPHOT'O OIlepaTopa K KAaHOHMYECKOMY BHU/Y HAM IOHAJ0OUTCHA YTBep:KJeHHe 00
MHBAPUAHTHOCTH OPTOTOHAJBHOTO JIONMOJTHEHUS.

JIEMMA 4.5.3. Ilycmo A: V. — V' — opmozonasvhoil uiu yHuUmaphoil onepamop,
W C V. — unsapuarnmmnoe ommuocumesvho A nodnpocmparcmeo. Tozda opmozonanvHoe
donoanernue W+ maworce uneapuanmmuo ommuocumenvro A.

JIOKABATEJILCTBO. Ilycts w € W+, Ham Hano gokasarsb, uto Au € W+, te., uro
(Au, w) = 0 gya moboro w € W. Mur 3naem, aro A(W) C W. ITockonbky oneparop A
obpatum, A(W) = W. Torga maiinércs takoil Bektop v € W, uro w = Awv, a 3HauuT

(Au, w) = (Au, Av) = (u,v) = 0. O

JIEMMA 4.5.4. Cobemeernvie 3HaUeRUA 0PMO20HAALHO20 (YHumaprozo) onepamopa A
no MOOYAI0 PABHDL eOuHUYe.

JIOKA3ATEJIBCTBO. /leiictBurensho, nycrs Av = \v mias v # 0. Torna
(v,v) = (Av, Av) = (A\v, A\v) = M\(v,v) = |A*(v, v),
oTKyIa cremyer, ato |2 = 1. O

TEOPEMA 4.5.5. Jlaa ynumaprozo onepamopa A cywecmeyem opmoHOPpMUPOSaHHbLT
6a3uc, 6 KOMmopom €20 Mampuya 0ua20HAAbHA, 0 6CE UAZOHANDHBLE INCMEHMBL 70 MOOYAI0
pashbvl eduruye.

JTOKABATEJILCTBO. [lomHocThI0O aHATOTHYHO JOKa3aTeabcTBY TeopeM 4.2.3 m 4.4.3
JIJIS1 CAMOCOIPSZKEHHDBIX UM KOCOIPMUTOBBIX otieparopos. Ilar nniyKiun npoBoiuM, Bbl-
Oupasi cOOCTBEHHbIH BEKTOD ¥ M yCTAHABJIMBAs NHBAPUAHTHOCTDH MOIpPOCTpancTBa (v)+
npu moMoru Jemmer 4.5.3. [

TEOPEMA 4.5.6. Jlas opmozonaavhozo onepamopa A cyuiecmeyem opmoHopmuposa-
HoLli 6a3uc, 6 KOMopom e20 Mampuua 6A04HO-0Uua20HaAbHAA ¢ Orokamu pasmepa 1 uau 2,
npuswém baoku pasmepa 1 umerom eud (1) usu (—1), a baoku pasmepa 2 umerom eud

cosp —sing
(singp cos ), 2de p # mk ¢ yeawm k.

JIOKABATEJIBCTBO. B mpocTpascTBe pasMepHOCTH 1 OpTOroHAIbHAsT MATPUIA U TAK

umeer By (1) mwam (—1). B mpocrpancrse pasmepnoctu 2 siobast OPTOrOHAJIbHAS MAT-
cosp —siny cos@  siny

sinp  cosp siny —cosp
(ecm ompenmennTesb paBen —1). B mepBom ciydae mMbl yKke mmeeM Tpebyembiii Buj (a
onepaTop IpescTaBaseT coboil TOBOPOT HA YIOJ ¢ B MOJOKUTEIbHOM HampaBjieHun). Bo
BTOPOM CJIy4ae OHepaTop MpeIcTaBiseT co00i CMHMMETPHIO OTHOCHTETHHO MPSIMOI MO, yT-
70M £ K ocu abemuce. Taxoil omepaTop mMeerT J1Ba OPTOTOHAIBHBIX COOCTBEHHBIX BEKTOPA:

pHUIA UMEeT BH/I (eciu ompejieTuTeN b paBeH 1) win (
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(cos £,sin ) (BekTOp BAOTL ocH cuMMeTpun) # (—sin £, cos £) (BeKTOD, TepHeHIHKyIAD-
HBIT OCH cUMMeTpHH). B OPTOHOPMHUPOBAHHOM (Gas3uce M3 ITUX COOCTBEHHBIX BEKTOPOB
<Cosgp sin ¢ ) N (1 0 )
omepaTop | . IpUHUMAaeT TpebyeMblil B .

sing —cosp 0 —1

anee peficTByeM IO MHAYKIUH, KaK W IPU J0Ka3aTeTbCTBe TeopeMbl 4.4.4 m1d Koco-
CUMMETPUIECKHX OTepaTopoB. [Ipeamomoxkum, 910 yTBepKIeHne TOKA3aHO I OlepaTo-
POB B IIPOCTPAHCTBAX Pa3MePHOCTH He 0oJibille 7 — 1, U JOKayKeM ero JIJis TPpOCTPAHCTBA
V' pasmepnoctu n (tae n > 3).

B cuiy Teopembr 2.6.3 6) mist oneparopa A CyIniecTByeT 0JHOMEPHOE WU JIBYMEPHOE
unBapuanTHoe nojnpocrpanctso W C V. U3 jgemmbl 4.5.3 cjiejiyer, 4T0 OpTOTOHAJILHOE
nonosnuenne W TakyKe HHBAPUAHTHO.

[To mpeAnosoKeHnio HHAYKINN B TpocTpancTse WL mMeercs TpeGyembrit 6asmuc s
opToroHasbHOro omeparopa Aly . BbibpaB opTOHOpMEpPOBaHHBI 06a3uC B MPOCTPAH-
cree W, Kax ommcaHo B Hadaje JIOKa3aTelbCTBa, W B3AB o0benuHeHne Gasucop B WL
u W, MBI TOJIyduM TpeOyeMBblii OPTOHOPMUPOBAHHBIN Ha3uc mpocrpancTsa V. O

Matpunpl, onucannbie B Teopemax 4.5.5 u 4.5.6, Ha3BIBAIOTCA KAHOHUYECKUM SUIOM
VHATAPHOTO W OPTOTOHAJIBLHOTO OIlepaTopa.

[TPUMEP 4.5.7. 1. Kak yka3zaHO B J0oKa3aTeJIbCTBe MPebIyIIeil TeopeMbl, OPTOro-
cosy  sing N 1 0
. nMeeT KaHOHWMYECKUN BH/I .
sinp —cosp 0 —1
Tor ke KaHOHHYECKUI BUJI OY/IET, €C/Id OlepPaTop pacCMaTPUBATh KAK YHUTAPHBIM.

HaJIBHBII OIepaTop ¢ MaTpHUIlEl

sing  cosp

9TO Ta Ke caMmasg MaTpuiia. B To ke Bpems KaHOHHYECKHUH BHUJ 3TOTO OllepaTopa, pac-
e¥ 0
0 e

. . [Ccosp —sinp
2. Kagonudeckuii BUI OPTOTOHAJBLHOIO Oleparopa ¢ MaTpuileit

CMaTPUBAEMOIr0 KaK YHUTAPHBIN ollepaTop, €cTh , TIIe e = cos @ + isin .

3. B TpéxmMepHOM TpOCTpaHCTBE KAHOHUYECKNH BUJI OPTOTOHAJBHOTO OIEpaTOpa ecTh

cosp —sing 0
singp cosp 0
0 0 +1

riae B JIEBOM HUZKHEM YTIJIy CTOUT 1 njm —1 B 3aBUCUMOCTH OT 3HaKa OllpeaejJmTe/id Oolnepa-
topa. (Oneparopsl, KAHOHUYeCKUil B KOTOPBIX uMeeT Tpu 610Ka (1) mwiu (—1), moayda-
10Tcs pu ¢ = wk.) Ecau onpejieuresb MOI0KUTETEH, TO TAKOH OMEpATOp IPEICTABIISET
co00ii MOBOPOT (BOKPYT OCH TPEThero BEKTOpa KaHOHWYeCKOro Gasuca). Ecim ke onpe-
JIEIATEIb OTPUIATEICH, TO OMEPATOP — 3TO «IIOBOPOT C IIEPEBOPOTOM», T. €. KOMIIO3UIAS
HOBOPOTA U CUMMETPHI OTHOCHTEIBLHO IIOCKOCTH, HePIeHIUKYISPHONA OCH IOBOPOTA.

Orcrofa, B 4aCTHOCTH, CJICyeT, 9TO KOMIIO3UIMs JBYX HOBOPOTOB — 3TO CHOBA IIO-
BOPOT BOKDYI' HEKOTODOii OCH (TakK KaK B KAHOHHYECKOM BHJE BCETJa MPOUCXOIUT BCErO
OJIMH TIOBOPOT).
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4. B 4eThIpEXMEPHOM TIPOCTPAHCTBE yrKe ObIBAIOT «HE3ABHUCHMBIE IIOBOPOTHI>. A MMeH-
HO, KAHOHWYECKUIl BUJI OPTOrOHAHLHOTO OMEpaTopa 0bIIEro B ¢ OJOKUTETHHBIM OMpe-
JlesTATesIeM MpeJicTaBasgeT coboil MaTpUIly U3 JBYX OJIOKOB pa3Mmepa 2:

cosp —sing 0 0
singy  cos 0 0
0 0 cosy —siny
0 0 siny  cos

DTO KOMIIO3UIHUS JIBYX HE3aBUCUMBIX TTOBOPOTOB: HA YTOJ (¢ B ILIOCKOCTU TIEPBOTO U BTO-
poro 0A3UCHBIX BEKTOPOB M HA YIOJ 1 B IJIOCKOCTH TPETHErO0 M YeTBEPTOTO OABUCHBIX
BeKTOPOB. Takoil onepaTop He CBOAUTCI K OJHOMY IIOBOPOTY.

[IpousBeieHre OPTOTOHANBHBIX OIIEPATOPOB OYEBHIHO ABJISIETCSI OPTOTOHAIBHBIM OIIe-
PATOPOM, H TIOITOMY OPTOTOHAJIBHBIE ONEPATOPHI B €BKJIMI0BOM IPOCTpAaHCTBe V' 00pasy-
10T MOArpyIIy B obmieit junedinoit rpynne GL(V). Dta moarpymnma Ha3BIBAETCS 0pmozo-
naavnot epynnot u obozuadaercss O(V). Eciu dim V' = n, o rpymna O(V') uzomopdna
Ipylilie OPTOrOHAJIBHBIX MaTPUI, pasMepa n; 3ra rpyiua oboznadaerca O(n).

AHa/JIOrU9IHO, YHUTAPHBIE OMEPATOPHI B 3PMHUTOBOM HpocTpaHcTBe V' 00pa3yior yHu-
mapryto epynny, Koropas obosuadaercsa U(V). Ecaun dimV = n, to rpynna U(V') uzo-
MopdHa IpyTiiie YHUTAPHBIX MATPHI] pa3Mepa n; 3ta rpymna obosznadaercs U(n).

Haxowrerr, oprorosajibhbie (YHHTADHbBIE) MATPHILL ¢ Ompe/eaureseM 1 0Opasyor moj-
rpyumny B O(n) (coorsercrsenno B U(n)). 9Ta MOArpYIIIa HA3BIBACTCS CNEYUAALHOT 0PMO-
20HaabHOT 2pynnoti (COOTBETCTBEHHO CREYUasbHOl YHumMaprot epynnoti) 1 0003HAYALTCS
SO(n) (coorsercrBenno SU(n)).

4.6. ITomoxkuTeJbHBIE CAMOCOIIPS>KEHHBIE onepaTopbl. [loigspHOEe pa3joykeHue

ONPEAEJEHUE 4.6.1. CamoconpszKEHHBII omepaTop A HA3BIBAETCI MOAOHCUMEND-
nom, ecan (Av,v) > 0 1 11060ro HEHyIeBOro BeKTopa v € V.

JIEMMA 4.6.2. Camoconpascénnuiii onepamop A noaroscumener mozda u mosvko mo-
2da, K020a 8cE €20 COOCMBEHHBIE 3HAYMEHUS NOAOHCUMEALHDL.

JOKABATENBLCTBO. llycrs (Av,v) > 0 npu v # 0. Paccmorpum coGcTBeHHBIT BEK-
TOp v ¢ cobeTBeHHBIM 3HaueHneM A. Torma A\(v, v) = (Av,v) > 0, crenoBarenbuo, A > 0.
O6parHO, ycTh BCe COOCTBEHHBIE 3HAUEHWSA N\; MOJIOKHUTE/IbHBI. BbibepeM OopToHOP-

MHPOBAHHBIH 0a3uc U3 COOCTBEHHBIX BEKTOPOB €1, ..., €, C COOCTBEHHLIMU 3HAYCHUSIMU
AL, ..., Ay. Tora juta HEeHyJIEBOT'O BEKTOpPa ¥ = v'e; Mbl UMeeM
n
i j —i ] Z =i, j Z 02
(A’U, ’U) = (./4.(?] ei),v]ej) =7 UJ(ABZ‘, €j> = AU Uj<€l‘, ej) = )\Z|U | > 0. O
ij i=1

TEOPEMA 4.6.3. /laa noaostcumenvrozo onepamopa A cywecmseyem edurncmeermviil
noaosicumenrvrwl onepamop P, ydoeaemeoparowyuti coommowenuto P? = A.

JTOKABATEJILCTBO. Ilycth Ay,..., Ay — pa3audable cOOCTBEHHBIE 3HAYCHUS OIepa-
topa Au Vi, ..., Vi — coorBercrByIomue coGCTBEHHBIE TOANPOocTpanHcTBa. CoracHo J1eM-
Me 4.6.2 Bce \; moaoxkuTeabHbl. [lomoxum j1; = o Pacemorpum onepatop P, 1eficTBy10-
muit B npocTpancTse V; ymMuHoxkenneM Ha ji;. Torga P? = A. Oneparop P caMoconpszKén
(Tak Kak OH 3aJaéTCs AMATOHAILHON MaTpHIeli B OPTOHOPMHPOBAHHOM 0a3mce U3 €o0-
CTBEHHBIX BEKTOPOB omeparopa .A) i moJoKuTeNeH B CUTy JeMMbl 4.6.2.
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Ocrajioch 0Ka3arTh eIUHCTBEHHOCTHL omeparopa P. Ilycrs omeparop P ymoiersBo-
pder ycjgoBusaM TeopeMbl. IIycTb fi1,..., ) — €ro pazjandnbie COOCTBEHHBIE 3HAYECHUS
u Wiy, ...,Wr — cooTBercTByIONHe COOCTBEHHBIE IOAIpOCTpaHcTBa. Torjaa omeparop
P? = A geiicrByer B mpocTpaHcTBe W; yMHOKeHHEeM Ha p2, T.e. ji? fBjsgercd coOCTBeH-
upiM 3HadenneM aid A. ClieoBaTeIbHO, NPH MOAXOAANICH HyMepaluy UMeeM 2 = \; U
W; = V;. 910 nmokasbIBaeT, 4To omeparop P ompeneséH OJIHO3HATHO. O

Oneparop P, HOCTPOEHHBIN B IIPEJIbIAYINEH TeopeMe, HA3bIBACTCA NOAOHCUMENOHbIM
KOpHeM U3 HOJIOKUTEILHOro oneparopa A u oGosnasaercs v/.A.

CamoconpsizkéHHbIi omeparop A Ha3biBaeTcs Heompuuamenvrom, ecan (Av,v) > 0
JJIsE JTI000ro BekTopa v € V. Bee npuBenéHHbIe BBINIE YTBEPXKICHUA IepeHocaTcs 6e3
W3MeHeHn Ha HeOTPHUIATETbHBIE OMEePATOPHI.

TEOPEMA 4.6.4 (moasipHoe pasjioxkenue). s 100020 HESbPOHCIEHHO20 ONEPAMOPQ
A 8 e6KAUIOBOM UAU IPMUMOBOM NPOCMPAHCMEE CYULLCTNBYEM, e0UHCMEEHHOE NPEICTNAG-
AeHue 8 sude

A ="PU,

ede P — noaoscumenvronl, a U — opmozonasvhul (ynumapuod) onepamop.

JTIOKABATEABLCTBO. Eciu A = PU, o A* = U*P u AA* = PUU*P = P?. Oneparop

AA* 09eBHIHO caMOCONIPKEH; KPOME TOT0, OH SIBJISETCS IIOJOKATETbHBIM:
(AA™ v, v) = (A"v, A"v) >0

npu v # 0, rak kKak A*v # 0 B cuty HeBbIpoKAeHHOCTH onieparopa A. [Tosromy mo/oxku-
TeJLHLIH omepaTop P, yaosaeTopsomuii cootnomennio AA* = P2, eamHcTBeH B CIITY
teopembr 4.6.3, a mmenno P =  AA*. Torna omeparop U = P~'A takxe onpenenén
onHozHauHO. MBI mMeem UU* = P LAA*P~! = P~1P2P~! = id. Crenosarensuo, U —
OPTOTOHAJIBHBIN (yHUTAPHBI) onepaTop u A = PU. O

ARaJ0rnYHo, PaccMOTpEB IMOI0KUTeILHLIN omeparop A* A, MOXKHO 10Ka3aTh Cyle-
CTBOBaHMe BTOPOro mosspHoro paziaoxenus A =U'P' (tne P’ = v A*A).

SAMEYAHUE. [I1s1 mpon3BOJILHOTO Omeparopa A CYLIECTBYET HOJdPHOE PA3JI0rKeHNe
A = PU, e P — HeoTpullaTe bHBINH oniepaTop, a U — OPTOrOHAIbHBIN WM YHUTAPHBII
oneparop (3agada). OJHAKO TAKOE PA3JIOKEHHe He €THHCTBEHHO.

B oxroMepHOM 5pMuToBOM npocTpancTBe C M0I0KUTEIbHBIE OIIEPATOPBI — ITO IOJI0-
JKUTeJIbHBIE BellleCTBeHHbIE YNCJ/a, & YHUTAPHBIE OIePAaTOPhl — ITO KOMILJIEKCHbIE YUCJIa,
10 MOJLYJTIO paBHbIe 1, T. e. mMeromue i €. IloaToMy T0JIpHOe Pa3jIozKeHne — 3TO Mpe/i-
cTaBIeHHEe KOMILIEKCHOTO 4HCJa 2 B IIOASPHBIX KOOpAMHATAX: 2 = pe'¥, 4ro oObacHaer
Ha3BaHUeE.

4.7. HopmajJabHBIE OIEPATOPHI

ONPEJEIEHUE 4.7.1. Oneparop A B €BKJIUI0BOM WM SPMHTOBOM [POCTPAHCTBE Ha-
3BIBACTCHA HOPMAALHBIM, €CJIH OH KOMMYTHPYET ¢ CONpszKEéHnbM, T.e. A* A = AA*.

Bee crenmanbHbIe KJIACCHT OMEPATOPOB, PACCMOTDEHHbBIE BBIIIE B 3TOH TaaBe (0T caMo-
COTIPSIZKEHHBIX JI0 YHUTAPHBIX ), SBJISIIOTCS HOPMAJTBHBIMH.
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JIEMMA 4.7.2. ITyemv v — cobemeennnill sekmop Hopmarvrozo onepamopa A ¢ cob-
cmeennoim 3navenuem A. Tozda v makoce ABAAEMCA CODCMEEHHbIM BEKMOPOM OAS CO-

npascénnozo onepamopa A* ¢ cobemeennvm 3Hanenuem \.
JIOKA3ATEJABCTBO. Ecim oneparop A nopmasen, To
(Av, Av) = (A" Av,v) = (AA™v,v) = (A"v, A™v),

T.e. |[Av| = |A*v| ana moboro Bekropa v. TTockobKy BMecTe ¢ oneparopom A HopMaseH
u KaxKipiil oneparop Buja A — \id, orcioga ciemyer, 94To

(A= Xid)v| = |(A* — Xid)v]|
s JmoGoro . [osromy ecaun (A — Nid)v = 0, 1o (A* — Xid)v = 0. O

B spMuTOBOM 1IpOCTPAHCTBE KJIACC HOPMAJbHBIX OIEPATOPOB — 3TO B TOYHOCTHU Olle-
paTopkbl, AUATOHAJIU3UPYEMble B OPTOHOPMUPOBAHHOM Da3muce:

TEOPEMA 4.7.3. Onepamop 6 apMumosom npocmparcmee dua2oHasuU3UPYem 6 0pmo-
HOPMUPOBAHHOM basuce mo2da u Mmoabko moz2da, k0206 OH HOPMANEH.

JIOKABATEJBCTBO. Ilycrh marpuna oneparopa A B HEKOTOPOM OPTOHOPMHUPOBAH-
HOM Da3mnce JuaroHajgbHa ¢ IUCJAAMH Aq, ..., \, Ha JUAroHa/n. TOraa CONpSKEHHBIN Orre-
patop A* B TOM ke 6a3uce HMeeT IHArOHAIBHYI0 MATPUILY C UHCJIAMH Af,. .., A,. 12K
KaK JIUaroHaJIbHbIe MATPHIBI KOMMYTHPYIOT, Mbl moaydaem A*A = AA*, T.e. oneparop
A HOpMAaJIeH.

Oobparno, nycts A*A = AA*. Jloka3aTeabCTBO IUATOHAIUZUPYEMOCTH B OPTHOPMH-
poBaHHOM Oaszuce OyJaeM BeCTH 10 MHAYKIHH 10 pa3MepHocTu mpoctpancrsa V. Ilpu
dimV = 1 nokaswiBarb Hewero. [Ipejrnoiokum, 4T0 yTBEPIKIEHHE T0KA3aHO JJIsi I1PO-
CTPAHCTB PAa3MEpPHOCTHU He 0oJibiie n — 1, U JT0KaYKeM ero Jjisi pa3MepHOCTH 7.

Bribepem coOCTBEHHBIN BEKTOP ¥ ¢ COOCTBEHHBIM 3HaUYeHneM A jiuist A, T.e. 0JJHOMepHOe
WHBapHaHTHOe mojnpocrpanctBo W = (v). /lokazkeM, 4TO OPTOrOHAJIBHOE JIOHOJHEHIEe
W+ raxzxe unpapuanTHo orHocuTeabHo A. Ilyers uw € W, 1e. (u, v) = 0. Torua

(Au,v) = (u, A*v) = (u, A\v) = A(u,v) =0

(rme MBI BocToJIb30BasHCh Jemmoit 4.7.2). Coemoparensno, Au € W+ u npocTpancrso
W+ uEBApHAHTHO OTHOCHTEILHO omepaTopa A.

C apyroit CTOPOHLI, IPOCTPAHCTBO W' MHBAPHAHTHO OTHOCHTEILHO omeparopa A*
B cuay jgemmbl 4.1.4. Tak xkak W' mHEBapmanTHO H OTHOCHTEIBHO A, U OTHOCHTEILHO
A*, orpammuenne Ay . sBAsieTcss HOpMaTbHBIM orepaTopoM. Tak xak dim W+ =n — 1,
0 TPEeIOI0KEHNI0 WHAYKINHA B MPOCTpaHCTBe WL mMeeTcs opTOHOPMEDOBAHHEIT Oa-
3UC ey,..., e, 1 U3 COBCTBEHHBIX BeKTOpOB omepatopa Aly 1. Torna ey, ..., e, 1, |Z—| —
OPTOHOPMUPOBAHHBIN 6a31C U3 COOCTBEHHBIX BEKTOPOB omeparopa A.

B eBK/AMIOBOM IpOCTPAHCTBE aHAJOI 3TOH TeopeMbl HEe HMeeT MeCTa: OIepaTop
a —b
b
u3 1. 4.2, 4T0 B €BK/AUJOBOM IIPOCTPAHCTBE KJIACC ONEPATOPOB, AMAIOHAIUZUPYEMbIX B
OPTOHOPMHUPOBAHHOM 06a3uCe, — 3TO B TOYHOCTH CAMOCOIPSIKEHHBIE OIIEPATOPHI.

HOpMaJIeH, HO He auaroHanausupyeMm mpu b # 0. Ha camom mesre MBI 3HaeM



4.7. HOPMAJIBHBIE OIIEPATOPEI 7

SAMEYAHUE. MoKHO J0Ka3aTh, 9TO JJIsi HOPMAJBHOTO OIEPATOPA B E€BKJIHUIOBOM
MPOCTPAHCTRE CYIIEeCTBYeT OPTOHOPMUPOBAHHBIN 6a3mc, B KOTOPOM €ro MaTpPHIA COCTO-

. a
uT u3 6;10K0B pasmepa 1 wian 2, npudéMm GJIOKH pasmepa 2 UMeT BUL (b a ) (3amava).

Cobepém B o1Hy TabaHIYy BCIO HWHAOPMALHIO O CHEIUATBLHBIX KJIACCaX OMepaTOpoB U3
9TOM TIaBbl (OTAEIBHO JIJI €BKJINJI0BA U SPMHUTOBA TPOCTPAHCTRA).

CsoiicTBO MaTpH-

HasBanue Ompegenenne | it (B opronop- | Kanonudeckuii Buj

MHPOB. ba3muce)
Camoconpszkénnniii | A* = A At=A JIMarOHAJIBHBII
(cumMeTpuUIecKuii ) (cummeTpuuHas)

0 —a
Koco- A =-A At =—A 6sroku (0) u (a 0
CUMMEeTPHIECKHIl (kococmvmerp. )
. . COS ¢ —sin

OproroHa/bHbIif A" A =id A'tA=F 6ok (£1) n (sin v cos 80)

(opToronasbHast) 14 ?

. a —b
HopmasbHbrii AA = AA* | ATA = AA Gsioku (a) u <b a )

. = "
Camoconpsokénnnrit | A* = A A=A JIMATOHAJILHBIA C BeIeCTBEeH-
(spMuTOB) (spmuTOBa) HBIMH YUCJIAMH HA JTIHATOHAIH
Kocospmuros A =—-A A=-A IMArOHAJBHBIN ¢ YUCTO MHH-

(KOCOIPMHTOBA) | MBIME YMCJIAMH HA HATOHAJIN
” , —
YHUTApHBI A*A =id AA=F Ha JIMArOHAJIM — YHCIA, PaB-
(yHuTapHast) HbIE 110 MOJIYJIIO 1
. —t —t .
HopMmaibHbrit A*A=AA* | AA=AA JINArOHAILHBII







Tnasa 5

Bununneitable 1 mosryTOpasmHeiinbie (pyHKITAN

5.1. BusnHeliHble U HOJIyTOPaJNHENHbIE DYHKINN, UX MAaTPHUIlbl. 3aKOH
U3MEHEeHUs MaTPuIlbl npu 3amene b6a3uca. Kanonundeckuii nzomopdusm
npocrpancTBa oununHeiinbix pyHkmit n npocrpancrsa Hom(V, V*)

OnPEAEJEHUE 5.1.1. Ilycts V' — numnueiiHoe mpocTpancTBO HaJ moaeM k. OyHKus
B:V xV — k naseiBaercsa ousureinoli gynkuyuet, ecam OHA JUHEHHA 110 KarKIOMY
ApryMeHTy:

B(Mzi+ Aoz, y) = MB(x1,y) + \aB(z2,y) u
B(x, iy, + paoys) = Bz, y,) + peB(z, y,)

JIst JHOOBIX A1, Ao, fi1, o € KW @, &1, T2, Y,Yq, Yy € V.
Mampuueti burunetinot gynryuu B B 6asuce eq, ..., e, NIPOCTpAHCTBA V HA3BIBAETCS
KBaIpaTHas Marpuna B = (b;;) pasmepa n, rae b;; = B(e;, e;).

[TPUMEP 5.1.2. CraJyisipHOe PON3BeIeHNEe B €BKINI0BOM TPOCTPAHCTBE SBJISIETCS Ou-
JmHeiHoM dyHkimeit. Takum obpaszom, nondTue OUInHEeRHON (PyHKIIE 06001IaeT HOHATHE
CKAJISIPHOTO IPOU3Be/IeHusT (BMECTO TPEX yeaoBuil Ha dbyHKIm V X V' — R Tpebyercs BbIi-
[OJIHEHHE JTHIIB IePBOTo, T.e. OuauHeiHOCcTH ). Marpuia GunnHeiiHoil HYHKIUN SIBIsIeTCST
0bobImeHneM MaTpHUIbl ['pamMa cKaasapHOrO MpOM3BeIeHHS.

Bnag marpuny B = (b)) 6HﬂHHeﬁHoﬁ (bYHKHHH, MOKHO BOCCTAHOBUTDH 3HAUEHHE
s — (2 N .
B(x,y) Ha y06oit nape BEKTOPOB £ = z'e;, u Yy = Y’ e;:
i j i i) g ¢
B(z,y) =B(z'e;, v’ e;) = z'y’Ble;, e;) = bjx'y’ = ' By.
Bripaxenne B(z,y) = bjz'y’ = x'By naswBaerca 6Guaunetinot; gopmoti (31ech, Kak
0OBIYHO, MBI IpenoaaraeM, uto = (xl, ... 2")! — 310 cTONGEI BHICOTH 1, TAaK 9TO 1! —
9TO CTPOKa JmHbl 1). Busuneiinas dbopma npencrasisier coboii 0JHOPOJAHBI MHOIOUIEH
cremenn 2 oT ABYX HaOOpOB IepeMenHBIX xl, ..., 2" w y', ..., y", KOTOpLIl JHHeeH 1O T
npu (PUKCUPOBAHHBIX § W JIMHEEH 110 Y PN (DUKCUPOBAHHBIX .

TEOPEMA 5.1.3 (3akoH u3MeHeHus1 MaTpullpl busnneiinoilt dyukun). HUmeem mecmo
COOMHOWEHUE

B =C'BC,
ede B — mampuuya busunetinot gynkuuu B: V xV — Kk 6 6basuce ey,...,e,, B —
mMampuua 6 basuce ey, . .., e, u C — mampuua nepexoda om 06a3uca €, ..., €, ¥ basucy

€1/,...,€Ey.
JOKABATENLCTBO. Iycrs B = (b;;), B' = (b);), C = (c},). Ml umeenm
b;j = B(ei/, ej/) = B(c;,ei, C;,ej) = C;C},B(ei, ej) = C;/bijC;-,,
4T0 SKBHBAJICHTHO MaTpuanoMy coornomennio B’ = C*BC.

79



80 5. BUJIMHENHBIE U TTOJIYTOPAIMHENHBIE OYHKIINN

To ke paccyX)aeHrne MOXKHO MPOBECTHU, MCIOAb3yd MATPUUIHYIO 3AINCH OMJTHHEITHBIX
dbopm. BHauvenne B(x,y) MOXKHO 3amucarh B Buje OHIHHEHHBIX (HDOPM OT HOBBIX WJIH
CTapBIX KOOD/IMHAT:

t Nt /!
B(z,y) =2'By = (2')'B'y.
Mpbr umeem x = Cx' u y = Cy'. Torna
(2')'B'y = 2'By = (2/)'C"BCy/.
Tak Kak 3TO BepHO JIs JIIOOLIX Habopos x', vy, noaygaem B’ = C'BC. O
CJHEACTBUE 5.1.4. Pane mampuun, busunetinotl gynkyuu He 3asucum om 6a3Uca.

JOKABATENBCTBO. Tak xak marpuna C' obparuma, tk B’ = rk(C*BC) =1k B. O

OIPEJAEJIEHUE 5.1.5. Panezom ounuueiinoit dyuxmuu B (o6o3nadaercs rk B) naspiBa-
eTcsl pAHT €€ MATPHUIB B TPOU3BOJIBHOM Oasuce. Bumuneitnas Gyuxius B B mpocTpancTBe
V' naswiBaercs Hesuipootcdennoti, ecan rk B = dim V.

Muoxkectso B(V') Bcex Oumuneiinpix dbyuknuit B mpocrpanctse V' obpasyer Juneii-
HOE TTPOCTPAHCTBO OTHOCUTETBHO OTePAIuil cJI0KeHns DYHKINI 1 YMHO)KeHusd QyHKITit
Ha ckajspol. Comnocrapyenne buymuaeitnoit hyuknuu B eé maTpunsl B B pukcnpoBannom
6azuce ey, ..., €, ycranapjusaer u3oMopdusm Mex iy npocrpancrsom B(V') u npocrpan-
cTBOM KBaIpaTHBIX Marpuil Maty(n). Kak u B cygae npocTpancTBa AMHEHHBIX OnepaTo-
pos Hom(V, V'), aror nzomopdu3m HeKaHOHHYEH, TaK KaK OH 3aBHCHT OT BbIOOpa Hasmca.

Hapany ¢ B(V) pacemorpum npoctpancrso Hom(V, V*) nuneiinbix oroOparkenuii u3
V' B ABolicTBEHHOE TPOCTPAHCTBO V' *.

TEOPEMA 5.1.6. Omobpasicenue @: B(V) — Hom(V,V*), conocmasamowee bunu-
wetinotl pynkuuu B aunetrnoe omobpascenue B: V — V* | 3adasaemoe dpopmyrot

B(x)=B(z, -) daazeV,

ABAAECMCA KAHOHUMECKUM usomopPusmom. (3decy B(x, - ) € V* — aunetinas dynryua,
gnavenue Komopol na eexmope y € V. ecmo B(z,y).)

JIOKA3ATEJIBCTBO. OTobpazkenue ¢ JUHEHHO, TaK Kak OwinHeinas byHKIUL JTU-
nefina 1o nepsomy aprymenrty x. Kpome Toro, orobpazkenue ¢ GuekTusno: obparhoe
oTobpazkeHne @ ! CTaBUT B COOTBETCTBHUE JHHEHHOMY orobpaxenuto B: V — V* Gunn-
Heitnyo dyuknuo B, 3amannyio no dopmyne B(z,y) = B(z)(y). CrenoBarensHo, ¢ —
u30MOpdU3M. DTOT U30MOPPU3M KAHOHUYEH, TAK KAK B €10 KOHCTPYKIIMU HE UCIIOJIB30-
BaJics 6asmuc. O

B komiiekcHoM npoctpancTse Vo Hapsly ¢ OminHefinbiMu (hyHKIUSIMEA PACCMaTpUBa-
I0TCA IIOJIy TOPaJuHelHbIe:

ONPEAENEHUE 5.1.7. Ilycts V' — nuneiinoe npocrpancrso waj nojgem C. Oyukius
S: V xV — C naswsiBaercs nosymopasunetinot @yrnkyued, ecin OHa JHHEHa 110 BTOPOMY
aApryMeHTy W aHTHIMHeHHa (WJIH noAyAuHedHa) o MepBOMY apryMeHTY:

Sz + \axy,y) = X13(5131, Y) +X25($27 y) u

S(@, Yy + pays) = mS(z, y1) + Sz, ys,)
JUISE JIIOOBIX A1, Ao, py, 2 € Cu @, xq, T2, Y, Y1, Y, € V.
Mampuuya noaymopasunetlinot gynxyuu S B 6aszuce ey, .. ., e, OUpeleIseTcd Kak S =
(sij), rme s;; = S(e;, €;).
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3nadenne S(z,y) BeIpazkaercsa depe3 mMarpuiy S = (s;;) # KOODAHHATH BEKTOPOB
T =12'e; u Y =y e; ciaepyomuM odpasom:

i j i j S
S(z,y) =S(z'e;, v’ e;) =7y S(e;, €;) = 5Ty =7 Sy.
Boipaxkenne S(z,y) = s;; Ty’ = 78Sy HazbIBACTCSH N0AYMOPAAUHEiHot Bopmot.
) j

[Mpumep nosyTopaamHeiHOl (DYHKINA — 3PMHTOBO CKAASAPHOE HPOU3BEICHIE.

Marpuner S u S" nonyropanuneiinoit pyHkiuun S B pasHbIX 6a3ucax CBI3aHbl COOT-
HOIITCHUEM

—t
S'=(C SC,

KOTOpOE JOKA3LIBACTCS AHAJIOTHYIHO COOTHONICHUIO MTd Ommumaeidnbx dynknuii. OTcoma
cJIe/lyer, 4TO PAHD MaTPULLL IOy TOPaJuHeiinoil (pyHKumum ne 3aBucut 0T BoIOOpa Hasuca.

5.2. CumMeTpudyeckne, KOCOCUMMETPUYECKNE U SPMUTOBBI (DYHKIIUMN.
KBagpartuunbie ()OpMbI.

ONPEAENEHUE 5.2.1. Bununeitnas dyukuusa B: V x V' — k nazbiBaercsa cummem-
puneckoti, ecnn By, ) = B(x,y), u xococummempuueckot, ecmu By, z) = —B(z,y),
JuIst o0bIX T,y € V.

[Tonyropamuueitnas dyakims S: V' x V — C B KOMIZIEKCHOM ITPOCTPAHCTBE HA3bIBa-

ercs apmumosot, eciu S(y, ) = S(x,y), u kocoapmumosoti, ecu S(y,x) = —S(z, y).

Marpuiia ciMMeTpHYECKO# (COOTBETCTBEHHO KOCOCHMMETPHYIeCKOil ) GrinHeiiHoil ¢y HK-
AU B JIIOOOM Gasuce cuMMeTpHYIHA (COOTBETCTBEHHO KOCOCHMMeTprYHa). Marpuia spMu-
TOBO (COOTBETCTBEHHO KOCOSPMUTOBOI) MOJyTOpaTuHeidHol dbyHKIun B J060M Gasuce
SPMHUTOBA (COOTBETCTBEHHO KOCOIPMUTOBA). KpoMme Toro, moayropaiuneiinas pyHkius S
SBJIIETCS IPMUTOBON TOTJIA U TOJTBKO TOT/A, KOTJAa PYHKINS ¢S ABISIeTCs] KOCOIPMUTOBOII.

Jlastiee MBI OyIeM TpeanoaaraThb, 9T0 XapaKTepUCTUKA MO K oTan4Ha or 2.

ONPEAEJIEHUE 5.2.2. Keadpamuunot gopmoti Haa K Ha3bIBaeTCS OTHOPOIHBINA MHO-
rOYJIeH BTOPOil CTEMEHH OT N mepeMeHHbx x = (x!, ... z"), T.e. MHOTOWICH BHIA

n
Q@") = Q(fCl, e ;l’n) = Qijxixj = Z Qii(xi)2 + Z QQijfl?i«%’j,
i=1 i<j
rae ¢;; = ¢i; € k. Cummerprnunas marpuma () = (g;;) pasmepa n X n Ha3bIBAETCI MAMPU-
uet xKeadpamuHot Popmul.

Ecin B(z,y) = bjjz'y’ — cuvmmerpuyeckada oumneiinas dbopma, to B(x, z) = byjz'e?
sIBJIsieTCS KBajpaTuaHoit popmoit ¢ marpureit B. Takum obpa3om, KBajaparudnas (popma
B(x, x) MOJHOCTBIO ONpejiesisieT CHMMeTPIHIecKy o ouinaeiinyo dopmy B(z,y), a 3HA4UT
U CUMMETPHYeCKYo OunuHeiiny o dbyHkiuo B(z, ¢). 9T0 MOXKHO YBHIETH U He Ipuberas
K BBIOOpY Oa3uca: JIijis CAMMeTPUYecKoil OmTnHeiinoit (yHKIUE UMeeT MEeCTO COOTHOIIICHHIE

Bl.y) = (Ble + v, +y) ~ Blz.z) ~ Bly,v)).

T.e. 3HaUeHUe 3 Ha IPOM3BOJILHOI Hape BEKTOPOB MOYKHO BOCCTAHOBUTL, 3HAH JIUIIL 3HA-

gennus B na mapax copnagaomux sektopos. (Hammiune 5 B npuseaénmnoit soime popmyse

IOKA3bIBAET, UTO OHA BEPHA TOJIBKO HAJ II0JIEM XapAKTEPUCTUKH, OTJIUIHON OT 2.)
Oynknuio V — k, ¢ — B(z, x), HazpBaior keadpamuunol dynryued.
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5.3. HopmaJsbHBIIl Bua cuMMeTpUYecKoil OunnHeitHO hyHKINN HA,
PA3JIMYHBIMU MOJIAMU

TEOPEMA 5.3.1. Jlaa cummempuueckoti busunetinot gynxuyuu B nad nosem xapar-
MEPUCTUKY, OMAUNHOT 0m 2, cyuecmsyem 0a3uc, 6 Komopom e€ Mampuya duazoHaAbHA.

Apyeumu caosamu, aobyro xeadpamuuryro gopmy Q(x) aunetinol 3amernoti xKoopdu-
nam x = C'y Mooicno npusecmu K 6udy

Qly) =y +... + rn(y™)*

MpI npuBeiéM IBa JTOKa3aTeIbCTBA 3TOro ¢dakra. B mepBom ciaydae 6yjgaem paboTarh ¢
KBaIPATUIHBIMU (DOPMAMU U KOOPAHHATAMH, a BO BTOPOM — € CHMMETPUIECKAMH OMJIH-
HefiHBIMU DYHKIHAME U OasmcaMu. Kakmoe m3 HOKA3aTeIbCTB OYIeT IPOBEIEHO TAKIM
00pa3oM, 9TO €ro MOXKHO Oy/JeT HCIOJIb30BATh KAK AJTOPUTM, & HE HPOCTO KaK J0Ka3a-
TeJILCTBO CYIECTBOBAHMS HYYKHOIO MPEOOPA3OBAHMSI.

[TEPBOE JIOKABATEJIBCTBO (METO/, JIATPAHXKA). Iycrs Q(z) = ¢;a'07 — xBas-
paruaras dopma. JloKa3aTespCTBO 3aKI0YACTCS B OCJIEI0BATEIHHOM yiporieHnn Q(z),
UCIIOJIB3YIOIEM OCHOBHOE U JBa BCIIOMOTaTE/JIbHBIX HpeO6paSOBaHI/IH.

Ocrosrnoe npeobpazosarue TPOU3BOAUTCS, €CAH B KBaJparudHoit dhopme Q(xr) =
qz-jxixj nepBbIilt Koaddunuent g7 He paBen nyaio. Torna umeem

Q(.Tl, e ,{En> = qll(l'l)Q + 2qlg.fll'2 —|— e + 2q1nx1$n ‘I— Z qul'zxj =

ij>1
2 2
12 1 12 1 o
- q“<$l + a2y 4 Q_nmn) - Q11(q—$2 +...+ q—“x") + Z gijv'r! =
q11 q11 qi1 d11 s
2
12 1
= QI1<JJ1 p B2y q—":z:") +Q'(2?, ..., a"),
q11 q11

e Q'(2%,...,2") — nekoropas KBajparuunas dpopma or n — 1 nepemennbix. Tenepb
caeaeM 3aMeHy KOOPIUHAT

ulle—i—qﬂxQ—i—...—l—ql—nzx”,

q11 q1
U2:$2, cel u = ™.

B pesynbrare dhopma (Q(x) npeobpasyercs K BHILY
Qu',...,u") = qu(u')? +Q'(u?, ... u").

Ecim B dopme Q'(u?,...,u") neppoiii koadbdunuent (T.e. ¢hy) He paBeH HYJTIO, TO MBI
CHOBA MOXKEM MPUMEHUTH OCHOBHOE Hpeobpa3oBaHue, u T.1.

IIepsoe scnomozamenvhoe npeobpasosatue NPOUSBOIUTCH, el ¢i1 = 0, HO cymecTBy-
er q; # 0. B aToM caydae MBI gesmaeM 3aMeny u' = z¢, u’ = !, a ocTaJbHBIC KOODANHATLI

. /

ocrasjisieM Oe3 u3Menennit. B pesysibrare nosydaem ¢p; # 0.

Bmopoe scnomozamennvroe npeobpasosarue MPOU3BOIUTCH, €CJIH Bee KO3DDUIUEHTHI
(¢i; TP KBaJIpaTax paBHBI HYJIIO, HO IIPH 3TOM €CTh XOTs Obl OJMH HEHYIeBOi KodddunueHT
(B mporuBHOM cayuae QQ(x) = 0 yxke mmeer HyKHbl Bun). Ilyers ¢;; # 0, rae @ < j.
[TpousBeném 3aMeHy KOOpIUHAT

=, 2 =u+!, 2P =u" mpmk £,



5.3. HOPMAJIBHBIII BIIJO CUMMETPUYECKON BUJIMHENMHO O®YHKIINN 83

B pesynbrare dbopma @Q(x) npeobpasyercs K BHILY
Q(z) =2qx'e’ + ... =2qu' (v’ + ) + ... =2q;(u')* + ...,

r7e ... O3Ha4JaeT YJIeHBl, He cojepzKallue KBaJpaToB. /lajee MBI MOXKeM NpPUMEHUTH
IpeIBIyIIne Tpeodpa3oBaHud.

[ToceqoBaTeIbHO MPUMeHsIsi OCHOBHOE NpeobpasoBaHue W (ec/qd HYKHO) BCIOMOTA-
TeJIbHBIE TTpeodpa3oBanusi, Mbl TpUBOAUM (dhopMy ((x) K THATOHATLHOMY BHUILY. [

BTOPOE JOKA3ATEJBCTBO (METO/ TIOUCKA BA3UCA). DTOT METOJ MOKHO Pac-
cMaTpuBaTh Kak 060bmienue merosna oproronanusamnuu ['pama-IlImuara. Bazuc, B Koro-
poMm Mmarpuna ounuHeiHoit pyukmun B auaroHajibHa — 3TO «OPTOTOHAJBHBINY 0a3uc B
CMBICJIE «CKAJSIPHOTO ITPOU3BEICHU », 38/1aBAEMOT0 CUMMETPHIECKON Onnneinoit pyHk-
et B. 3yech TakyKe UMEIOTCH OCHOBHOE M BCIIOMOTaTeIbHbIe ITPeodpa30BaHusl.

Ilycrs B = (b;;) — marpuna 6uinneitnoit dbynknun B B ucxonHoM 6asuce ey, . .., €,.

OcHoBHOe mpeobpasoBanue TPoU3BoAUTCs, ecn by; = B(eq, e;) # 0 (910 Beera Tax,
ecIM cUMMeTpudeckas OunuHeitHas (BYHKIUA B 3a7aéT CKaIsgpHOE NPOW3BeJIeHHe, T.e.
ABJISIETCS OJIOYKUTEIHLHO ONpPeIeéHHOl ). BoibepeM HOBBIH Ga3HUC CIEAYIONUM 00PA3OM:

€1 = €1,

€y = €2 — —B(el’ 62)61 = €2 — @617
(5.1) B(ey, er) b1t

e/:e—melze—bl—nel.

" " Blei, e) by

B pesyabrare mbl nosyuaem B(ey, ey) = 0 npu ¢ > 1. Takum obpaszom, marpuna B’
ounuHeitHOH DyHKINN B B HOBOM 0a3nce IPUHIMAET BHLT

bn‘ 0 --- 0

rae B — mMatpura pasmepa (n—1) x (n—1) 6ununeiinoit dyHkuuu B Ha HOANPOCTPAHCTBE
(eor, ..., ey). Jamee Mbl paboTaem yke ¢ 9TONH MaTpUIei B
[lepBoe BcromoraresibHOe peodpazoBanue Mpou3BogauTcs, ecan by = 0, HO uMmeercs
bi; # 0. Torna nemaem 3aMeHy, MEHSAIONIYIO MECTAMU HEPBbI U i-if GA3UCHBITT BEKTOPHI.
Bropoe BcriomoraresbHOe npeoOpa3oBaHue MPOM3BOIUTCA, €C/IU Bce b;; paBHBI HYJIIO,
HO Tpn 3ToM Onnmueitnas Gbynknma B He aBAdeTCS TOXKIECTBEHHO HYJIeBOH, T.e. b =
B(e;, e;) # 0 prsa mexoropsix ¢ < j. [Ipomsseném 3ameny Gasnca

er=e,+e;, eyp=e;, ey=e;, upunk#ij.
Torma B HOBOM Oasnce Mbl IMeeM
b;z = B(ei/, ei,) = B(ez + €;, €; + 8]‘) = 28(61, ej) = 2bl] # 0.

Jlamee MBI MOYKeM NIPUMEHUTDH MPEIbIIyIINe Tpeodpa30oBaHmsI.

[TocJietoBaTe/ IbHO IPUMEHSS OCHOBHOE IIpeo0pa30BaHue U JIONOJIHAS er0 B He0OXO0/ -
MBIX CJIy4YasX BCIIOMOTATEJIHLHBIME MPeobpaszoBaHusgMu, Mbl ojtydaeM 6asuc f,...,f, ., B
KOTOPOM MaTpuia OnanHeiHOi (GpyHKIuN B nMeer quaroHaJ bHbBINH BHIL. ]
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Ob6paruM BHUMaHUE Ha TO, 9TO OCHOBHOE WJIM BCIOMOTATEe/IbHOE Mpeodpa3oBaHue B
000MX JIOKA3aTe/JIHLCTBAX — ITO OJIHO U TO Ke Npeobpa3oBaHue, TPOCTO B IEPBOM CJIyUae
OHO 3aIMCAHO Yepe3 KOOD/WHATHI, & BO BTOPOM — depe3 0a3uchl. Tak 4To AuaroHaIbHBIE
MAaTPHIIBI, OJTydaeMble TIEPBBIM U BTOPBIM METO/I0M, COBIAJIAIOT, KAK U BCe IPOMEKYTOY-
Hble MATPHUIIBI.

S3AMEYAHUE. Ecan npu npusefeHnn MaTpuilsl OnanHeiHOH GyHKINH (KBaIpaTnd-
HO¥ HOPMBI) K JMArOHAJIBLHOMY BUY HCHOJIB30BATIOCH JHIIb OCHOBHOE Mpeobpa3oBaHue,
TO MaTpHIIA MEPEX0a OT UCXOTHOro Hasmca K H6a3ucy, B KOTOPOM MaTpPHIA UMeeT Juaro-
HAJbHBIA BU, SIBJISIETCS BEDXHETPEYTOTBHON (KaK U B CJIydae MPOIecca OPTOrOHATU3AINN
['pama—IIImuara). Ecin ke X0Th pa3 MPUMEHsIIOCh BCIOMOTATEIBLHOE TTPe0dpa3oBaAHUE, TO
MaTPHIA TEePEeX0Ia MOXKeT He ObITh BePXHETPEeYTOJIbHOIA.

[IPUMEP 5.3.2. Hajx monem Z, cuMMeTrpudecKas OuiuHeiinasg (PYHKIUSA ¢ MAaTPUICH

01
(1 O> He MPUBOJUTCSA K JHATOHAJIBHOMY BHJY 3aMeHOil 6asuca (3amada).

Han nmosem R kBajparudnyio ¢hpopMy MOXKHO Jajee YIPOCTHTD:

[TPEOIOYKEHUE 5.3.3. s a0601 cummempuneckots busunetinot dyrnkuyuu B 6 npo-
cmpancmee nad nosem R cywecmeyem basuc, 6 Komopom e€ mampuya umeem Juazorans-
Houlh 6ud ¢ 1, —1 u 0 na duazonanu. Apysumu caosamu, sewecmeenHyo K6adpamuiHyo
dopmy Q(x) aunetinoti 3amenots xoopdunam x = Cy Mo2CHO npusecmu k 6udy

W 4+ W = P - )
JIOKA3ATEJILCTBO. CHadasa Mbl ¢ OMOIIBIO TeopeMbl 5.3.1 mpuBeéM KBaApaTd-
Hy10 (OPMY K BHJLY
Qu) = riy(u')? 4+ ...+ rpn(u™)?

Ecoa ry; > 0, To 3amena y' = |/r;u’ IpUBOAUT caaraemoe 74 (u’)?

K suay (y')?. Ecam wxe
ri < 0, To 3amena y' = \/|ry|u’ npusoguT caaraemoe ri;(u')? k By —(y')%. B pesyabrare
nojrydaeM Tpebyemblii BujI KBaapaTudnoit (popmbl ¢ koapdpunumentavu 1, —1 u 0. 0

Buj, onvcauubiil B peioykeHnn H.3.3, HA3BIBALTCS HOPMAALHOIM 6UJOM BEITEeCTBEeH-
HO¥ cuMMeTpudeckoil GunuHeitnoit ¢hopmbl (BemecTBeHHO KBaapaTudHoii dhopmbl). Kak
MBI YBUJIUM HUZKe, 3TO HauboJjiee IPOCTOM BHJI, K KOTOPOMY MOKHO IIPUBECTU KBaIpaTUd-
nyio ¢popmy nag moem R.

Han nostem C kBajparudnyio ¢popMy MOXKHO eIié 00JIbIe YIIPOCTUTD:

[IPEOIOYKEHUE 5.3.4. [laa a10600 cummempuueckoti busunetinotd dynrxyuu B Had
nosem C cywecmesyem basuc, 6 KOmMopom e€ mampuuya umeem Juazonasvhoid eud ¢ 1 u 0
Ha duazonat. JIpyeumu cao8amu, Komniekcryto keadpamuunyro gopmy Q(x) aunednod
aamenotl xoopdunam x = Cz ModcHo npusecmu % 6udy

() 4.+ ()

JTOKABATEJIBCTBO. CHauaaa MbI C IIOMOIIBIO IPeII0KeHus 5.3.3 IpUBeIéM KBaJ-

parwanyio dbopmy K Bumy (y')? + ... + (yP)? — (yPT)? — ... — (yPT9)2. Barem cuemaem
sameny xoopaunar y* = 2* npu k < p u y*¥ = i2F npu k > p. B pesyabrare noayunm
Tpebyembiit Bu, Tae 1 = p + q = rk Q. O

Bua, onncanubiit B npesioxkennn 5.3.4, Ha3bIBACTCA HOPMANOHOM 6UJOM KOMILIEKC-
HO¥I cuMMeTpruYeckoii GuinneiiHoit GopMbl (KOMILUTEKCHON KBaApATHIHON (DOPMBI).
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5.4. HopmaJibHBIiT BUJ 9PMUTOBBIX IOJIyTOPAJINHENHBIX (DYyHKINH

TEOPEMA 5.4.1. Jlasa 410601 5pmumosots nosymopasunetnot gyrurkuyuu S cyuecmesy-
em basuc, 68 KOMoPom e€ mampuua umeem duazonarvrutl eud ¢ 1, —1 u 0 na duazonaiu.

JIOKABATEJBCTBO. /lokazareabcTBO aHAJOIMYHO JIOKA3aTEJLCTBY TeOpeMbl 9.3.1
AJId CUMMETPUYIECKHUX 6HﬂHHeﬁHbIX beHKL[HfI oT/InYne mMeeTcd JIMIIb BO BCIIOMOI'aTEJIb-
HOM npeobpasoBannu. Mbl mpoBeéM J0KA3aTEIHCTBO METOIOM TOUCKa Ha3uca.

Ilycts S = (s;;) — Marpuna mosyropaanHeiinoi GyHknnn S B HCXOTHOM Oasmce.

OcHoBHOE IIpeobpa3zoBaHue MPOU3BOJIMTCS, €CJAU MEPBLIN IUArOHAJBLHBIH JI€MEeHT OT-
JUYeH oT Hyqs, T.e. s11 = S(eq, e1) # 0. 3amena 6a3uca TPOU3BOAUTCS IO TeM ke Hop-
mynam (5.1), 94To u st cuMMeTpUYecKoil OuanHelHoi hyHKIUN (HAJO JIUIIb 3aMEHUTH
b;; na s;; u B ua S B dbopmyax).

[TepBoe BCcoMoraTe /ibHOE TTPEOOPA3OBaHNE TPOU3BOAUTCS, ecin S11 = (), HO CYIIeCTBY-
er s; # 0, U 3aK/I09aeTCa B MEPECTAHOBKE MEPBOTO U -T0 HA3MCHBIX BEKTOPOB. Bropoe
BCIIOMOTATeIbHOE TPeobpa3oBaHie MPOM3BOANTCS, ecan Bee s; = S(e;, ;) paBHbI HYJO.
[Iyctb s12 = S(eq, ex) # 0. 3aech Bo3aMoxkHBL JBa ciaydas: Resjs # 0 uw Res;p = 0.
B nepBoM ciiydae npou3BOJMM TY K€ 3aMeHy, 9TO M JJIsd CAMMETPUICCKUX OUJIMHEHHBIX
dbyHKIHIIL:

ey = e + eog, €9 = €9, cey €, — €.

Tormga B HOBOM 0a3nce MBI HUMeeM
8/11 = 8(61/, 61/) = 8(81 + eg, e + 62) = S(Bl, 62) + 8(62, 61) = 2R6512 # 0.

Jlasiee MBI MOKeM IIPUMEHUTH OCHOBHOE IpeoGpa3oBaHue.
Eciu ke Resip = 0, To Imsjp # 0 (1ak Kak s1p # 0 mo npeamnonoxenuto). B srom
caydae JieIaeM 3aMeHy

ey =e;tiey, ey =¢e€y ..., €y =e,.
Torna B HOBOM 0a3uce MBI HMeeM
/ . . . .
sy =S8(er,ep) =8(e; +ieqy, 1 +iey) =1S(eq, e3) —iS(eq, 1) = —2Im s15 # 0,

1 MbI CHOBa MO2KEM IIDUMEHUTH OCHOBHO€ HpeO6pa3OBaHHe.

[TocsiemoBaTeIHLHO MPUMEHSsT OCHOBHOE TTPEOOPA3OBAHNE U JIOTO/IHSSI er0 B HEOOXO0/I1-
MBIX CJIy4asiX BCIOMOTATEJLHBIME TIpeoOpa3oBaHueM, Mbl noaydaem 6asuc fi,...,f,, B
KOTOPOM MaTpPHIA SPMUTOBON (byHKIMK S MMeeT nuaroHaJIbHBII BHI.

IIycts S(f;, f;) = 7. DTH 4ncIa BENECTBEHHBI B CUITY 3pMHTOBOCTH. Jlasee mokasa-
TEJILCTBO 3aBeplIaeTcs TaK Ke, KaK H JIjId CUMMeTpudeckKux (byuknmii Haa R. [

DPMUTOBA TOJIyTOpaIHHEHAsT (hopMa, COOTBETCTBYIONIAS INATOHAJIHHON MATPHUIE U3
npeapLayieil TeopeMbl, IMeeT BHU/I

11 _ —pt1 ptl _
Tyt 4+ Py — Pyt PPt

DTOT B, HA3BIBACTCHA HOPMAADHIM BUIOM SPMUTOBOM MMOTyTOpATUHEHHO (POPMEL.

5.5. 3akoH mHepnun. EAMHCTBEHHOCTh HOPMAJIBHOTO BHAA

B ciayuaae cummerpudeckoit Omnnneiinoir (opmer Hag C HOpMaIbHBINR BUJ 3aBHCUT
TOJIBKO OT €€ paHra, U IMO3TOMY MBI IIOJIy4aeM CJeAylolee.
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[IPEJIOKEHUE 5.5.1. /lee womnaiexchovie cummempuueckue Ousunetinve @dopmot
(KomnaexcHve keadpamuswnsie Gopmos) noaywatomes dpye ud opyea auneldnol 3amerot
Koopduram mozda u moavko mozda, Kozda ur paHau cosnadarom.

B ciydae BelecTBeHHBIX CAMMETPHYECKUX OMIMHEHHBIX (DOPM U B CJIyUAE SPMHUTOBBIX
HOJIy TOpaJIMHETHbIX (DOPM CHUTyallUs CJIOXKHEe: UX HOPMaJbHBIF BUJ| HE OIPEIeadeTCs
OTHUM JIUIITb PAHTOM, a 3aBHCHT €I¢ OT KoymdecTBa 1 m —1 Ha AmaroHaam MaTpHITHI.
Oxa3biBaeTcs, 9T0 HOPMAJIBHBIN BHJT TaKOH (POPMBI HE 3aBHCUT OT CIIOCODA TTPUBEIEHUS
K HOPMAaJIbHOMY BH/LY:

TEOPEMA 5.5.2 (3akon unepunu). Koauuecmneo 1, —1 u 0 na duazonaiu nopmanivrozo
B8UJA MAMPUUDL BEULLCMBEHHOT cumMmempuyeckoli bururetnot dynkuyuu B ne sasucum
om cnocoba npusedenus ¥ HOPMaAALHOMY 610Y.

Jpyeumu caosamu, ecau keadpamuunan dopma Q(x) sewsecmeennod asunelinot 3ame-
Hoti x = C'y npusodumca ¥ sudy

1y2 2 1\2 2
W)+ WP = PP~ (),
a sewecmeennoli aunetinot samenot x = C'z — x 6udy
1\2 \2 /412 /+q'\2
P4+ + (P = (P — = (2P,
mo 6uwnoaHens, pasencmea p =p uq=('.

JTOKABATEIBLCTBO. Ilycts (x!,...,2") — KoopauHaThl B HCXOAHOM bazuce €y, . . ., €,
npocrpanctea V, (yl,... y") — koopuunars B 6azuce fi,...,f,, a (z!,...,2") — xoop-
JIMHATHI B Oasnce g, ..., g,. PaccMOTpUM HOANPOCTPAHCTBA

U+:<f17"'7fp>7 U—:<.fp+1a"'7fp+q>7 U0:<.fp+q+1)"'7fn>7

WJr:(gla"'agp’)? W*:<gp’+17"'7gp’+q’>7 WO:<gp’+q’+17'-'7gn>'

Hst menynesoro Bektopa & € Uy Mbl nveeM € = y' f+. . .+yPf , m mostomy B(z, z) =
(y")2+ ...+ (y*)* > 0. Amanoruuno, eciu x € U_ & Uy, 10 B(z,z) < 0. [ng uenyiesoro
BekTOopa £ € W, mbl umeem B(z, z) > 0, a nug x € W_ & Wy umeem B(z, z) < 0.

[Ipeanoaoxum, aro p > p'. Torma

dim Uy + dim(W_ @ Wy) =p+ (n —p') > n =dimV,

suaant, U, N (W_ @ Wy) # {0}. Bo3bMéM HeHy/IeBoii BEKTOp & B 9TOM mepecedeHnn. Tak

kak ¢ € Uy, mmeem B(z,xz) > 0. C apyroit cropoust, uz € W_ & W, caenyer, aro

B(z,z) < 0. [IporuBopeune. AHATOIHYHO TPUBOIUTCS K MTPOTHBOPEUHIO Caydait p < p'.
Crnenosarensno, p = p'. Kpome toro, p+ ¢ =p + ¢ =rkB, a ssaunr u ¢ = ¢'. OJ

meeT MecTo TakkKe 3aKOH UHEPIHMH JJIsi SPMUTOBBIX IOJIYTOPAIUHERHBIX (DYHKIINIA,
KOTOPBIN JIOKA3BIBAETCS TOJTHOCTHIO aHAJOTUIHO:

TEOPEMA 5.5.3. Koauvwecmeo 1, —1 u 0 na duazonasu HOPMAALHO20 8UAG MATMPULDL
IPMUMOB0T NOAYMOPANUHETHOT GYHKUUY HE 3as8ucum om cnocoba npusedeHus K HoOp-
MANOHOMY 6UDY.

ONPEAEJEHUE 5.5.4. Pa3zHocTh p — ¢ MEXKIy YHCIOM MOJOKUTETbHBIX U OTPUILA-
TeJbHbIX JUAl'OHAJIbHBIX 3JIEMEHTOB B HOPMaJIbHOM BHJC Ha3bIBaCTCA CueHamypOfZ nJjim
UHOEKCOM UHEPUUY BEIeCTBEHHON CHMMeTPHUIeCKON OunnHeiiHol dyHKImn (SpMUTOBOI
nosyTopaanneiinoit GyHKknm).
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13 Teopemsbl 5.5.2 cielyeT, 4TO CUTHATY Pa, KaK U PAHT, ABIGeTCd MHBAPUAHTHOM Belle-
CTBEHHON CHMMeTpHYIecKoii GrimaeiiHoi dhyHKIuu (3pMUTOBOH MOy TOpaTnHeHON dyHK-
[UK), T.€. HE 3aBUCUT OT Ha3uca.

CHEACTBUE 5.5.5. /lse sewecmseennvie cummempuieckue ouisumetnoe Hopmos uiu
d6e IPMUMOBHL NOAYMOPAAUHETHBIE GYHKUUL NOAYHaOMCs dpye us opyea suHeliHotl 3a-
MeHOT KoopAuHam mMo2da U moavko mozda, K020a UX parau U CUHAMYPL, COBNAAAIOM.

Bce pesyabTaThl 3TOTO MyHKTA MOXKHO CBECTH B OJIHO YTBEPXK/IeHHe: HOPMAJIbHBIN BU/T
CUMMETPHUIECKON OMInHeRHON (DYHKINHM WX SPMUTOBON HOJIYTOPAJIUHEHHONE (DyHKIHH
€ TUHCTBEH.

5.6. Teopema fkobu. Kpurepuit CuabBecTpa

Teopema k06U m03BOJIsIET (TIPU BBIMOTHEHUN HEKOTOPOTO JOMOJHUTEIBHOIO YCIOBHUS)
HailTu HOPMaJIbHBII BU/I KBaApaTUIHONH (hOpMbl 0€3 HAXOXK/IEHUs [IPe0dpPa30OBAHMSI.

Hamomunm, 910 y2.406vim Munopom nopadka k MaTpuipl () HA3BIBATCsT MUHOD (OIpe-
JIeJTUTEh TIOJMATPHILBI ), COCTABIEHHBIIl U3 TEPBBIX k CTPOK ¥ MEPBHIX k ¢TOAOIOB. Y TJI0-
BOil MUHOD TopsiziKa k Oynem obo3Hadarh depes |Qyl.

TEOPEMA 5.6.1 (dxo6u). IIpednososicum, wmo ece yaaoevie MuHOPpb, Mampuys: ¢

KkeadpamuuHnot Gopmolr omauwHb, om Hyas do nopadkae r = tk Q. Tozda cywecmeyem
3aMENA KOOPOUHAM, NPUGOIAULGA DAHHYI0 KEAOPAMUHYIO hopMY K 6UY
Qo] 212 Qe (2
(@Qul(2')? + 55 (@) + . o ()
Q1] Q1]

Cuauana gokaxkem JiemMmy. CKazkeM, 9TO /s KBaJIpPaTUIHON (HOPMBI MMEET MeCTO
pe2YAApHuLL cAYyvati, €CIU OHA MPUBOIUTCI K IHATOHAJILHOMY BHIY MOCJIEI0BATETBLHBIM
HPUMEHEHUEM HCKJII0YUTEIbHO OCHOBHOI'O 1peobpas3oBanust Merojia Jlarpanzxa.

JIEMMA 5.6.2. Jlaa xeadpamuyunol gopmo, Q(x) umeem mecmo peeyispholil cay4al
mozda u moavko moada, k0204 8Ce Y2A06ble MUHOPBL €€ MampPuub, () OMAUNHDL O HYAA
do nopadka r =1k Q).

JIOKABATEJBCTBO. [lycTh yrimoBbie MEHOPBI 10 MTOPSAKa 1" OTJUYHbBI OT HYyJd. Torma
11 = |Q1| — yruoBoit MuHOp TOpsimKa 1, KOTOPHIN He PABEH HYJIO TI0 MPE/ITOJ0KEHHIO.
3HauwT, HA TIEPBOM IIare MPUMEHNMO OCHOBHOe mpeobpas3oBanme MeToaa Jlarpanixa.

IIpennosoxkum Temneppb, 4TO mocyie k-KpaTHOTO MPUMeHeHHs OCHOBHOTO Mpeo0pa3oBa-
Husd MeToja JlarpaH:Ka MaTpua KBaJpaTUIHON HOPMBI TPUHIMAET BU]

/

q11 0

/ /

(5.2) Q=10 Tk

/
To+1,k+1
0 .
3aMeTuM, 4TO MaTPHIA 3aMEHbl KOOPJAUHAT JIJII OCHOBHOTO IIPeoOPA30BaHUsl €CTh

1 42 ... _Qn
q11 q11

C:
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(em. dopmyant (5.1)). st yroossix nogmarpur, Qp Mbl umeeM Q) = CLQyCy, rie Cf, —
yrioBast noaMarpuia Marpunst C. Tak kak det C = 1, Mot mosmyqgaem Q)| = |Qxl, Te.
VIJIOBBIE MHHOPBI MATPHUIIBI KBAAPATHIHON (POPMBI HE MEHSIOTCS IIPU OCHOBHOM IIpeodpa-
30BaHNM MeToja Jlarpan:ka.

Bosppamasch x Marpute (5.2), Mpt nomygaeM Q1| = [Qp 1| = @1y - Gl pr 7
0 mpn k < r mo mpemnonokenuo. CregoBaTenbno, Gy, 7 0, © MBI CHOBa MOKeM
IPUMEHUTH OCHOBHOE IPeodpa3oBaHue.

[Tocsie T-KpaTHOrO IpPUMEHEHUsI OCHOBHOIO HPEOOPA30BaHUsl Mbl [OJIYYAEM MaTpH-
ny (5.2), tae k = r u MaTpura B NpaBOM HUKHeM yriy papHa Hy/0. ClienoBaTesbHO,
KBaJparndnas popMa NpUBEJIEeHa K JAHATOHAJLHOMY BHJLY MOCJEJI0BATEALHBIM MPHUMEHE-
HEEM OCHOBHOTO Ipeobpa3oBaHusi MeTOa JlarpaHnzka, U Mbl IMEeM PEry/IsapHBIH CJIydaii.

[IycTh Tenepb UMeeT MeCTO Pery/spHbIi ciaydail, T.e. ¢popMa IpUBeIeHA K IUATOHAIb-
HOMY BUJLY C HEHYJIEBBIMU YUCJIAMHU ), - - - , (., HA JHATOHAJH MOCIE0BATETbHBIM TIPHMe-
HeHHeM OCHOBHOIO TpeobpasoBanusd. Toraa, Tak Kak yrJOBble MEUHOPBI HE MEHSIOTCS TpPH
OCHOBHOM TpeobpazoBannu, Mbl umeeM |Qx| = |QL] = ¢y - ¢ 7 0 upu k < 7. O

JIOKABATEJBCTBO TEOPEMBI SIKOBU. B cuity npeapljyiieit jieMMbl, Mbl MOYXKeM
IPUBECTH KBaIPATHYHYIO (POPMY K JUATOHAJTHLHOMY BHJLY

au(u')’ +.. 4 g, W)’

HCIOJIb3Ysl JIHIIb OCHOBHOE mnpeobpasoBanune meroma Jlarpamxka. Torga |Qx| = |Q%] =
Q- Qg TPE k<7, Tl gy = IQlfszLI’ 9TO U TPeOOBAIOCH. 0

ONPEAENEHUE 5.6.3. Cummerpudeckasi buinaelinas Qyakius B HA3bIBACTCS N0OAO-
orcumenvro onpedesérunod, ecan B(x,z) > 0 nupu & # 0. CooTBeTcTBYIONAS KBaIPATHY-
Has dbopma Q(x) ynomrersopsier yeaosuio Q(z) > 0 npnm x # 0 u TakyKe Ha3bIBAETCS
TTOJIOZKUTEJILHO OTIPeIe/IEHHOM.

[Too:kuTeIbHO ONpeie/IEHHAsT CHMMeTpHYecKas OnInHeiHas (DYHKINA 331a6T B IPO-
crpancrse V' ckajgpHOe lpousBejieHue, T.€. npespamaer V' B eBKJINI0BO IIPOCTPAHCTBO.

TEOPEMA 5.6.4 (kpurepuit Cubpectpa). Cummempuueckas busunelnas Gyrkyus
(keadpamuunan dopma) nososcumensvro onpedesena mozda u Moavko mozda, Kozda ece
Y2A08ble MUHOPDL €6 MATMPUUDLL 6 HEKOMOPOM 6A3UCE TLOAOHCUMEADHDL.

JOKABATEABLCTBO. [lycTh Bee yrioBbie MEHODBHI | Q)| MaTpuIibl KBaApaTuIHoil $hop-
Mbl Q(x) monoxureapHbl. Torga B cuity Teopembl flkobu kBagparndHast dhopMma ITPUBO-

mures K Buay Q(u) = ¢y (u')? +...+ ¢, (u")} tnen =1k Q =dimV, a ¢}, = ‘gﬁf‘ﬂ > 0.
Takag kBajapaTudHas dhopMa MOJOKUTENbHO ompejienena, Tak Kak Q(u) > 0 npu u # 0.

O6patHo, mycTh KBaaparudHas dpopma () MOJOKUATENBHO onpeeseHa. Tak Kak B
aiobom Gazmce MBI umeeM ¢; = B(e;, e;) > 0, Bcerja NpuMEeHIMO OCHOBHOE MPeobpaso-
BaHne Metoga Jlarpanzxka. Torma mocieaoBaTe/bHO IPUMEHsISI OCHOBHOE IpeoOpa3oBaHue,
Mbl 1IpuBeIEM KBajparuanyio dopmy K suiy Q(u) = ¢i;(u')?+. ..+, (u")?, tue ¢}, > 0.
Caenosarenbho, Q| = |QL = q11 - - ¢4, > 0 aust ar06010 K. O

5.7. Cummerpudeckue OuinHeliHble (PYHKIIUY B €BKJIUAOBBIX ITPOCTPAHCTBAX.
Kanounueckuii B

[Iycts V' — eBkauaoBo npoctpancTBo. Mbl 3naem u3 Teopembl 3.9.3, 4To oTobpazxKe-
e T — &, = (x, - ) ycranapauBaer KaHoHudeckuii uzomopduzm Vo — V* mexay V ou
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€ro JIBONCTBEHHBIM MPOCTPAHCTBOM V' *. DTO MO3BOISIET HAM OTOZXKIECTBUTH TPOCTPAHCTBA
suHedHbIx orobpaxkenunii Hom(V, V) nu Hom(V,V*). C npyroii cropons, Hom(V, V) —
510 npocrpancTBo End(V) sumeiiHbIX omepaTopoB, a u3 TeopeMbl 5.1.6 ciemyer, d9To
Hom(V, V*) — s10 npocrpanctso 6uuneitnbix dbyukuuit B(V'). Ecin BHUKHYTb B TOCTPO-
€HUe YTHX U30MOP(MU3MOB, TO MBI YBHIUM, UYTO B SBHOM BHJIE KAHOHUYCCKUH H30MOPMH3IM
MeZKJIy TPOCTPAHCTBOM OIIEPATOPOB M MPOCTPAHCTBOM OMIUHEHHBIX (DYHKIINH B €BKJINJIO-
BOM IMPOCTPAHCTBE OMUCHIBAETCS CJAETYIONUM yTBEPIKIECHNEM, KOTOPOE JeTKO JT0Ka3aTh U
HEIIOCPEJICTBEHHO:

[TPEAIOYKEHUE 5.7.1. Ilycms V' — eskaudoso npocmparcmeo. Omobpasrcenue A >
Ba = (A, ) yemanasausaem uzomoppusm : End(V) — B(V) meorcdy npocmpan-
CMBOM ONEPAMOPOS U NPOCMPAHCMEOM busunelinur Gynryul. 3deco By = (A, ) —
burunetinan Pynryu, sadasaemasn Gopmyrot Ba(z,y) = (Ax, y).

JTOKABATENBLCTBO. Tak kak npocrpancrsa End(V) u B(V') umeror onunakoByio pas-
MEepPHOCTh N2, JIOCTATOMHO NPOBEPUTH MOHOMOP(HOCTL oTobpazkenus 1. Ilycrs (A) = 0,
T.e. B4 — ToxaecTBenHo HyneBas Gynkuusa. Torna (Az, y) = 0 nas awobbix x, y. B gact-
wocry, (Az, Az) = 0 nag moboro x, 1.e. Ax =0 u A = O — Hysesoii onepaTop. O

DTO YTBEpPXKJICHHE UMEET BazKHbIE CJICJICTBULA: OHO ITO3BOJISET NMEPEBOJUTDL YTBEPKIe-
Hug 00 omepaTopax B YTBEp:KJIEHHUS O OMIUHEHHBIX (DYHKIUIX U HA000poT. OIHO U3 OC-
HOBHBIX IPUJIOKEHHUIT 3aK/JII0IAETCHA B CJIELYIOMEM:

TEOPEMA 5.7.2. Jlas 6usunetinoti cummempuyeckots Gynryuu 6 eskaudosom npo-
CMPAHCNGE CYULLCTNEYEM, OPTNOHOPMUPOSAHHBLT 6a3UC, 68 KOMOPOM €€ Mampuua Juazo-
HAALHG. JIpyeumu caosamu, KeadpamMuUYHaA HOopma NPusodumca x oua20HaAALHOMY 6UJY
OPMO2OHANDHIM NPEOOPAZ0EAHUEM.

[TEPBOE JOKA3ATEJILCTBO. Ilycts B — cummerputdeckast OunnHeiinast pyHKIUs U
A — coorBercrByomuii eit oneparop, T.e. B = B4. Torna u3 pasencrsa B(z, y) = B(y, ©)
caenyer, uro (Az,y) = (Ay,z) = (z, Ay), 1. e. oneparop A camoconpsizkén. BriGe-
peM OPTOHOPMHPOBAHHEI 0a3ucC €1, ..., €, U3 COOCTBEHHBIX BEKTOPOB omneparopa A, T.e.
Ae; = \;e;. Torna nna marpuist B = (b;;) dyakuun B B 3T0M Gasuce nveem

bij = Bl(ei, e;) = (Ae;, ej) = (\ie;, €5) = Ny,
T.e. Marpunia B auaroHanbHa (M cOBIagaeT ¢ Marpureil oneparopa A). O

BTOPOE JOKABATEJBLCTBO. [locmorpuMm, Kak mpeodpa3yioTcd Marpuiia OujimHeii-
HOIl (PYHKIIMU M MaTpHUIla oleparopa Npu OPTOroHAJABLHOM IpeobpaszoBanuu. [lycth B —
MaTpuia ouanHeiinoit (pyHKIuu B HEKOTOPOM OpTOHOpMEUpOoBaHHOM Oazuce. [Ipu oproro-
HAJIBHOM Ipeobpasopanuu ¢ Marpuneiit C' marpuna B nepexonur B Marpuny B’ = C'BC.
Tak kak mMaTtpurna C' OpTOTOHAJBbHA, TO Ke Mpeobpa3oBaHUe MBI MOXKEM 3aMUCATH B BU/JIE
B' = C7'BC. Ho 310 — 3aKOH Ipeobpa3oBaHud JJId MaTPHILI ollepaTopa. 1Tak Kak olle-
paTop ¢ CUMMEeTPUIHON MaTpuneil B B OpTOHOPMHPOBAHHOM 0a3nce CaMOCOTPIKEH, €ro
MOZKHO TIPUBECTU K JIMATOHAJTHHOMY BUJIY OPTOTOHATLHBIM TTPEOOPA30BAHUEM. OJ

JInaronaibHbBIH BUJ, K KOTOPOMY IPUBOJUTCS CUMMETpHYecKasd Oumnneitnas pyHKIus
(kBaspaTnaHas (HoOpMa) OPTOrOHATBHBIM TTPEOOPABOBAHNEM, HABBIBACTCS KAHOHUYECKUM.
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[IPEJIOKEHUE 5.7.3. Kanonuueckuti 6ud cummempuyeckol busunetinot dynxyuu
(keadpamuunotll popmuvi) eduncmeer ¢ MOUHOCMbIO 00 NEPECTNAHOEKY JUAZOHANOHOLT INe-
MEHMOB. MU INEMEHMBL NPEICTNABAAIOM COOOT CODCTNBEHHBIE 3HAYEHUA MATNPULDL KEA0-
pamusHot Gopmbl 8 A000M OPMOHOPMUPOBAHHOM basuce.

JIOKABATEJABLCTBO. Ilycth () — MaTpuma KBaJIpaTHUHON (POPMBEI B OPTOHOPMHUPO-
BanuHoM Gasuce. Torna AuaroHabHBIE 3JEMEHTHl KAHOHHYECKOrO BHJA — 3TO COOCTBEH-
HBble 3HAYCHHS CAMOCONPAKEHHOrO Oleparopa ¢ Marpuieil (Q, T.e. KOpHH ypaBHCHHS
det(Q —tE) = 0. B apyrom oproHOpMHPOBAHHOM 0a3nce MaTpPHUIA KBaAPATHIHOH HOPMBI
ecth Q) = C*'QC' u eé cobcTBEHHBIE 3HAYEHUsT HAXOAATCA U3 ypaHenus det(Q)' —tE) = 0.
Tak kax

det(Q' —tE) = det(C'QC — tC'C) = det(CH(Q — tE)C) =
= det(C'C) det(Q — tE) = det(Q — tE),
cobcTBennble 3Hadennd Marpul, Q u () coBnagaor. O

CobcTBeHHbIe BEKTOPBHI MATPHUIIBI KBAAPATUIHON (DOPMBI TAKKe HA3BIBAIOT €€ 24a6Hbl-
MU OCAMU, & TIPUBEJICHIE K KAHOHUYECKOMY BHIY — NPUSCIEHUEM K 2AABHBIM OCAM.

5.8. IIpuBenenue nmapsl bopM K amaroHaabHOMY Buay. CoOCTBEeHHBIE
3HaYeHUsd U COOCTBEHHbIE BEKTOPHI Naphl (popm

Moaudukaiysa TeopeMsl .7.2 M03BOJIIET OJITHOBPEMEHHO MPUBOIUTH K JTHATOHAJIHLHOMY
BHJLY Cpa3y JiBe KBaJpaTHUHbIe (POPMbBI, OJHA U3 KOTOPBIX IOJOKUTEJILHO OIpe/e/IeHa;

TEOPEMA 5.8.1. [lycmov danw dse keadpamuunvie gopmus Q(x) u B(x), npuuém dop-
ma Q(x) nosootcumenvro onpedenena. Tozda cywecmseyem aunelnas 3aMena KOOPOUHGM
r = Cy, npusodawas popmy Q(x) x nopmarvromy sudy (y*)* + ...+ (y™)?%, a dopmy
B(x) — % duazonasvromy eudy i (y') + ... + \.(y™)%

JTOKABATEJBCTBO. [lojsoxkurenbno omnpejenénnas CUMMeETpHYeCKas OuIuHeinas
dbyukms, coorBercTBYyIOMAag KBaIpaTudHoil (opme Q(r), npespamiaer V B eBKJIHIO-
BO IIPOCTPAHCTBO. B MCXOAHBIX KOOpAMHATAX MaTpHUIa ['pamMa CKaJIApHOrO IIPOU3BeIeHUS
ectb (). B yo6oM opTOHOpMHpPOBAHHOM Gasuce MaTpuna ['pama (oHa yKe MATPHIA KBaJl-
paruanoii dbopmbl Q(x)) Gyaer eauuuanoii. CoracHo Teopeme 5.7.2 cyuecTByer opTo-
HOPMUPOBaHHbI 6a3uc, B KoTopoM Marpuiia dhopmbl B(x) umeer nuaronaabHbiii Bug. [

Obparum BHEMaHUE HA TO, 4T0 Marpuna C 3aMeHbl KOOPIUHAT U3 MPE/bILYIIel Teo-
peMbl He SBJseTCs OpTOroHaabHOi: BMecTo coornomenuss C'C' = E ona ynopiersopser
coornomenuto C'QC = E. Ipyrumu cjaosamu, cToa01bl Marpunsl C' 06pa3yoT OpTOHOP-
MUPOBAHHBIN 0a31C OTHOCUTEIHHO CKAISIPHOTO TTpou3Beaenns B R™ ¢ marpureii ['pama ().

Ecnu MBI mombiTaeMcst IPEBPATHTh TOKA3ATEILCTBO TeopeMbl 5.8.1 B IpakTUIecKuii
AJITOPHTM, TO HAM HPHIETCA JTeHCTBOBATE B JBa Iara: cHadasa Haiitu marpuity C', npu-
Boasmyto ( K equauaHOMY Buay (T.e. (C')'QC’ = F), a marpuiy B K HEKOTOPOMY BHULY
B’ = (C")!BC’; 3arem waiitu oproronaabayo Marpuily C”, npusoggmyn B’ K KaHo-
HIYECKOMY (JMaroHAJIbHOMY) BHIY, T.e. Takyio, uro (C")!B'C" = D — nnaronanbHas
marpung; Torga s C = C'C"” mut umeem C'QC = E u C*BC = D.

Ha npakTuke, oJHaKo, 3170 MeTO He 04eHb 3dexTuen. boaee acpdbexkTuBHbI METOT,
OCHOBaH Ha CJIEJIYIOIIEM ONpe/eJeHIN:
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ONPEAENEHUE 5.8.2. Tlycte manbl nBe kBaapatuuanbie dopmvbl Q(z) u B(x), npu-
9ém @Q(z) mosoxkuTeabHO onpesenena. Kopun ypasuenns det(B — tQ)) = 0 Ha3bIBAIOTCS
cobemeernbmu 3Havenuamu napvs opm Q(x) u B(x).

[Iyctb A — coberBenHoe 3Hadenune napsl hopM Q(x) u B(z). HenyneBoit BEKTOD Y, y/10-
BJIETBOPAIONTHIA crcTeMe ypaBHenuii (B —\Q)y = 0, HA3BIBALTCS COOCMBEHHBIM GEKMOPOM
napvl Hopm, COOTBETCTBYIONNUM COOCTBEHHOMY 3HAUEHUIO .

TEOPEMA 5.8.3. IIpednoaootcum, umo aunetinas 3amena r = CyY npusodum noasoxHcu-
meavho onpedeaénnyro dopmy Q(x) x nopmarvromy eudy (y)* + ...+ (y")?, a Ppopmy
B(z) — % duazonasvrnomy eudy M (y')? + ... + X\, (y")?. Tozda wucaa Ay, ..., N\, cymo
cobemeennvie snavenus napv gopm Q(x) u B(x), a emoabuve mampuyn C' obpasyrom 6a-
3UC U3 CODCMBEHHBLT GEKMOPOS NAPYE POPM, KOMOPLIT AGAAEMCA OPTIOHOPMUPOEEHHBIM
OMHOCUMEABHO CKAAAPHO20 NPOU3GedeHUa, 3a0a6aemo20 dopmoti Q(x).

JJOKABATEABCTBO. Mur nmeem C'QC = E, a C*'BC = D, tae D — nnaronanbHas
MaTpHIa ¢ YUCJIAMU Aq, ..., A\, Ha auaronaysw. Torma s Jjirodboro ¢ marpuia D — \E
BBIPOZKIEHHA, CJIEI0BATEIBHO,

0 = det(D—M\E) = det(C'BC — \,C'QC) = det(C'(B—\Q)C) = det(C)2 det(B— Q).

Tak kak marpuna C HeBbIPOXK/eHHA, OTCIO/a cieayer, uro det(B — \Q) = 0, 1.e. \; —
COOCTBEHHOE 3HAUYEHUE TApPbl (POPM.

[ycro ¢; — i-it cronGen marpunpt C. U3 coornomenns C'(B — \;Q)C' = D — \E mnt
nostyaaem, 9to i-it croabern marpuupbt C*(B—)\;Q)C nynesoii, 1.e. C'(B—\;Q)c; = 0. Tax
kak Marpuia C' obparnma, orcona ciaeayer, arto (B — \;Q)c; = 0, T.e. ¢; — cobGCTBeHHBIT
BEKTOP Mapbl (pOpM, OTBEYAIONIHII COOCTBEHHOMY 3HAYCHHIO ;.

Haxkoner, coornomenue C*QC = E poipazkaeT TOT (pakT, 4TO ¢TOAOIB MaTpuinl C
00pa3yoT OPTOHOPMUPOBAHHLIH 0a3UC OTHOCHTEIBLHO CKAJISPHOIO HPOU3BEJICHUA ¢ MAT-
puneit I'pama Q). O

5.9. HopmaubHBIiT B KOCOCUMMETPUIECKNX OMJIMHEWHbBIX (pyHKIUA

[Tycts B — xococmmMmerpudeckas OuanHeiHast (PYHKIHsT B ITPOCTPAHCTBE HAJ TOJEM
XapaKTepPUCTUKH, He paBHOit 2. COOTBETCTBYIONIYIO eif KOCOCUMMETPUIECKY 0 ONIMHEHHY 0

dbopmy B(z,y) = bj;z'y?, tae bj; = —b;j, MOXKHO IPeJCTABUTD B BUJIE
B(z,y) = Z bij(xiyj —aly").
i<j

TEOPEMA 5.9.1. Jlas #10600 xococummempuueckots burunetinot gynryuu B nad no-
AEM TAPAKMEPUCTIUKY, HE PacHOT 2, cywecmsyem ba3uc, 6 KOmopom e€ Mampuya 6A04H0-
duazonarvras ¢ baokamu pasmepa 1 usu 2, npuwém 6aoxu pasmepa 1 nyreswie, a 6a0KU

0 1
pasmepa 2 umerom 6ud 1 0/

Apyeumu caosamu, a06y10 Kococummempuueckyro buaunetnyto dopmy B(x,y) au-
HetUHOU 3amenoti KOOPOUHAM MOAHCHO NPUBECU K BUDY

(2'y? — a2y') + (BBy* — ahP) + ..+ (Izk—lka _ x2ky2k—1)'
JIOKABATEJBLCTBO. [IpoBeaém nHAYKIHUIO 110 Pa3MEPHOCTH IIpOCTPaHCTBa V.

[Ipu dim V' = 1 noka3biBaTh HEYEro, TaK KaK KOCOCUMMeTpUYecKas (DyHKIUS HyJIeBasd
(31eCh MBI TIOJIB3YEMCsI TEM, YTO XapaKTePHCTHKA MOJIsA He PaBHA 2).
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[Iycts dim V' = 2. Torga marpuiia KOCOCUMMETPHUYIECKO (DYHKIUU B MPOU3BOJIHLHOM

0 b
bazuce e, ey UMeeT BUL (—b o) Tae b= by = B(ey, ey). Ilyctb b # 0 (wHAUE MBI yIKe
nMeeM JBa OJ0Ka u3 HyJeil). Torma B HOBOM Oasuce e = €1 U ey = %
COOTHOIIICHHE

€y BBIIOJHEHO
/ 1 1
b, = Blev, ex) = B(e, 562) - 55(61, ez) =1,

0 1
T. €. MATPHUIA KOCOCUMMETPUIECKOiT (popMBbI nMeeT Tpebyemblit BHT (_1 O)‘

Tenepb NPEAIIOJIOKIM, UTO yTBEPKIEHUE YKe JOKA3AHO I TPOCTPAHCTB Pa3MEPHO-
CTU MEHBIIE N, U JI0KAYKeM ero jijisgd pazMmepaoctu n. Moxkuo caurtars, ato (Gyukius B ne
ABJIFCTCA TOKIECTBEHHO HY/IeBOIl (MHAYe TOKa3bIBATH Hewero). Ilycts by = B(ey, e2) # 0

JIJIsI HEKOTOPOT'O Da3uca e, . . ., €,. IlonbiTaemcs 3aMeHUTh Oa3UCHBIE BEKTOPHI TaK, 9TO0bBI
HOBBIE BEKTOPHI €1/, . . ., €,/ YAOBJIETBOPSIN COOTHOITEHUSIM
(5.3) B(ey,ex)=1, B(ey,ey)=DB(ey,ey)=0 mupui=>3.

Hosplit 6a3uc O6y1emM UCKaTh B BHJIE
ey =e€;, ey =cey, ey=e;+ czl,el + c?,eg opu ¢ = 3.

[MogcraBuB 5TH cooTHOIEHNS B ypaBHeHue (5.3), MOXyYInM ¢ = ﬁ n

1 2 2
0=DB(ey,er) =B(er, e +cyer+cres) = by + cibia,
OTKYJIA CIIEMYeT, 9TO ¢ = —%. Amnanornvuo,

0= B(ey, er) = B(ces, e; +che; +chey) = c(by — chibra),

bo;

. OxoHuaTeIbHO HaIlla 3aMeHa Oa3uca nMeeT BUI

OTKYJIa CJEJLYeT uTo ¢l =

1 ba; by .
ey =e;, ey=-—ey €ey=¢e +-—e —-—ey Tpui=J.
b1z b1z b1z
Beuny coorrorrennii (5.3) B HoBoM 6a3uce Marpuna OuanneiiHoi dyHKImn B nveer Bu
o 1,0 --- 0
-1 0!l0 --- 0
B' = 0 0
0 0
rae B’ — marpuna 6usmneitnoit Gynknuu B Ha noanpocTpascTse (eg, ..., €,). Tak Kak
9TO MPOCTPAHCTBO MMEeT PA3MEPHOCTb N — 2, 10 MPENOJOKEHNI0 WHIAYKIINH B HEM CY-
IECTBYeT TpeOyeMblit Da3uc egr, ..., e,r. Torma B bazuce €y, €y, €31, ..., €, UCXOTHOTO

npocTpancTBa V' MaTpuiia KococumMmeTpudeckoit (pyukiun B umeer tpebyembrit Bug. [

Buz, onucannsbrii B Teopeme 5.9.1, Ha3bIBAETCS HOPMAALHBM 8UIOM KOCOCHMMETPHUe-
CKOIT OunHeinoit (popmabr.

CJIEOICTBUE 5.9.2.

a) Pane xococummempureckols busunelinotl Gynrkyuu — 4Emmoe wucao.
6) Kococummempuueckas buiunelnas GyHKyus 6 Npocmpancmee Hewemmol pas-
MEPHOCTU 6Ce2da 8uPOHCIEHHA.
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fcHo, YTO HOpMAJILHBIN BHJI, KOCOCUMMETPUYIECKON OrInHeiinoit (popMbl 3aBUCUT TOJTh-
KO OT €€ paHra, W MO3TOMY MBI MOJIyJaeM CJeAYIONil pe3yIbTar.

[IPEJIOKEHUE 5.9.3. /J[ee kococummempuveckue busunetinoe Gopmvl NOAYHAIOMCA
dpye u3 dpyea suneldnoti 3ameHott KoopouHAmM mo20a U MoAbKo Mo20a, k0206 UL PaH2U
co6nadarm.

Ob6paruM BHUMaHHUE HA TO, YTO, B OTJIMYHE OT CAydYasi CHMMETPHYECKUX (DYHKITHIA,
HOPMAJIBHBIN BUJI KOCOCHMMETPHIECKON (DYHKITUU HE 3aBUCHT OT MOJIsl (P YCJIOBUH, UTO
ero XapakTepHCTHKA OTJHYHA OT 2).

5.10. CuMmnjekTn4YecKue mpocTpaHcTBa. Jlarpau>keBbl MOAIIPOCTPAHCTBA.
Cy1ecTBOBaHu€e JOMOJHUTEIBHOIO JIAarPaH2KEBA IO/IIPOCTPAHCTBA.

EBK/IMI0BO IPOCTPAHCTBO MOXKHO OIPeIe/IUTh KaK BEIeCTBeHHOe JTHHEHHOe IPOCTPaH-
CTBO ¢ (PUKCHPOBAHHON HEBBIPOXKICHHONH CHMMETPHYECKON OuinHeinoi pyHknuein. Axa-
JIOTHYIHO BBOIUTCS CJIEAYIOIIee OMpeaeIeHme.

OnPEAEJNEHUE 5.10.1. Cumnaexmuseckum npocmpancmeom HA3BIBAETCI BeIle-
CTBEHHOE MPOCTPAHCTBO V' ¢ (bUKCHPOBAHHOI HEBBIPOXKIEHHONK KOCOCUMMETPUYIECKOil Ou-
JUHeRHo# dyHKImeii, kotopasa obozHadaercs w: V X V — R (u, v) — w(u, v).

13 crnencTBug 5.9.2 BHITEKaET, YTO Pa3MEPHOCTb CUMILIEKTHICCKOTO TpOCTpancTBa V'
Bceryia 4érHa; Mbl pukcupyeMm obosnadenue dimV =n = 2m.

ONPEAEJEHUE 5.10.2. OpTOroHaJ bHBIM JOMOJHEHHEeM ToanpocTpancTsa U B cuM-
IJIEKTUYECKOM IIPOCTPAHCTBe V' HA3bIBAETCS TOJIPOCTPAHCTBO

Ut={vecV:wu,v)=0 mmseex uc U}

CsoiicTBa OPTOTOHAJILHOT'O AOTMOJIHEHNA B CUMIIJIEKTUYIECKOM IMTPOCTPAaHCTBE BO MHOT'OM
IIOBTOPAIOT COOTBETCTBYIONIHE CBOICTBA B eBKJINJOBOM IIPDOCTPaHCTBe.

[TPEAMOYKEHUE 5.10.3. Jlaa awbwvr nodnpocmpancme U u W cumnaexmuueckozo
npocmpancmea V. 8ulnosHensl paseHcmea

a) dimU+ =n — dim U;

6) (UJ_)J_ — U,'

B) (U+ W)t =Utnw;

r) (UNW)t=U++Wwt.

JIOKABATEJIBLCTBO. a) Beibepem Gasuc ey, ..., e, B U u jgonosnum ero o b6asuca
ey,...,e, B V. Ilycrb B 3TOM Oa3uce kococumMeTpuydeckas PyHKIUA W 331a6TCHd MaTPH-
neit B = (b;;), r.e. w(e;, ;) = by;. Torma aia Bekropa & = 17 €; yCJI0BHE NPHHAJIEIKHO-
cTH HoanpocTpancTBy U+ 3amuceiBaerca k AMHEHHBIME yPaBHEHAAMH

w(e;, ) = w(ei,xjej) = bijfl?j =0, 1=1,...,k

Marpuria 37oit cucremMbl ypaBHeHHil npeacrapisger coboit (k X n)-MaTpHILy, COCTABICHHYIO
u3 nepBbiXx k cTtpok marpuiiel B. Tak kak Marpuna B HeBBIPOKJEHHA (HMeeT paHr n),
PAHI MATPUIBI CUCTEMBI paBeH k, a 3HAYMT Pa3MEpPHOCTH MPOCTPAHCTBA peIleHuil paBHa
n—k=n—dimU, 9ro u TpedoBaaoCh.

6) Tak kak w — Kococmmmerpudeckas GyHKIws, paBeHCTBO W(w, v) = 0 mis Jo-

obix u € U n v € Ut osnauaer, aro U C (UL)t. Uz yreepaaenns a) BoITeKaer, 9TO
dim(U+)* =n — (n —dimU) = dim U, nosromy U = (U+)*.



94 5. BUJIMHENHBIE U TTOJIYTOPAIMHENHBIE OYHKIINN

B) Jokawxem, ato (U + W)t c UtNWL. Tlyers v € (U+ W)+, re. w(u+w,v) =0
qutst moobix u € U nw w € W. Tlojrarasgs w = 0 u w = 0 MBI MOJIyYUM COOTBETCTBEHHO
v e Ut uve W orkyna crenyer, uto v € Ut N W,

Teneps gokazkem, uro UMW+ C (U+ W)L, Ilyers v € UtNW. Torna w(u, v) =0
st moboro w € U n w(w, v) = 0 g moboro w € W. CrenoBarensno, w(u+w,v) = 0,
T.e. v € (U+ W)

r) deno, uro U C (UNW)*+ u Wt C (UNW)*, orkyna cnenyer, uro U+ + W+ C
(UN W)L, danee, umeem

dim(U* + W) =dim U+ + dim W+ — dim(U- N W) =
=dim U+ + dim W+ — dim(U + W)+ =
=n—dimU +n —dimW — n + dim(U + W) = n — dim(U N W) = dim(U N W)*.
Mostomy (U NW)+ = U+ + W+ O

SAMEYAHUE. [Ipennoxenue 5.10.3 BBINOJIHEHO s TPOU3BOILHONR HEBBIPOXK ICHHON
omanHeHoi DYHKIIUN, HO IPH 9TOM HEOOXOIUMO Pa3IUYIaATh A€60€ U NPaeoe OPTOTOHATh-
HOE JIOTIOJTHEHHE.

B oTamume oT eBKJANJOBBIX IPOCTPAHCTB, paBencTBo V = U @ UL MoxkeT He nMeTb
MeCTa B CUMILIEKTHYECKOM ITPOCTPAHCTBE.

OnPEAENEHUE 5.10.4. Tlomgmpocrpancteo U C V' HazuiBaeTCs U30MPONHLLM, €CTIH
wlp =0, .e. w(u, u') =0 mia mobeix u,u’ € U.

Hpyrumu ciosamu, U uzorponno, ecan U C UL, JI1a m30TPOIMHOTO TPOCTPAHCTBA, MBI
umeeM dimU < dimU+ =n — dim U, oTKya caeayer, uro dimU < m = %

U3zorponHoe moanpocTpaHcTBO L MaKCUMAIbHOI Pa3MepHOCTH M = % HA3bIBAETCH
AG2PaHHCesbiM. 1T TAKOTO MOAIPOCTPAHCTBA nMeeM L = L.

3 Teopembr 5.9.1 0 HOpMAJIBLHOM BUJIE KOCOCUMMETPHIECKON (DYHKIINN BBITEKAET, YTO

CYIIECTBYET OA3UC €1, ..., €y, I KOTOPOTO
1, ecom i HewéTHO M J =1 + 1,
w(e;, e;) = S
0 1 BceX OCTAJBHBIX ¢ U ] > i.
PaccmorpuMm HOBBIN Oa3uc, MOJIyYaeMblil IepeHyMepalieil BEKTOPOB €1, . . . , €a,:
a; = €g9;_1, bi:egi, 2:1,,m
Takoit 6a3uc aq, ..., an,, by,..., b, y1ioBjierBopsier COOTHOIIEHUIM

w(ai, bj) = 51']‘, W(G,i, aj) = (,d(bi, bj) =0
U HA3BbIBACTCH CUMNACKMUYCCKUM WA 20MUALTMOHOEbM DA3UCOM. ManHHa d)yHKILHH w

0 FE
B CHMILIEKTHYECKOM Oa3mce MMeeT BU/T ( .

—-E 0
13 cymiecTBOBaHUsI CHMIUIEKTHYECKOTO 0A3MCa CPa3y BBITEKAET CYyIECTBOBAHHE Jia-
IPaH’KeBbIX MOANPOCTPAHCTB. [lJis Kaykaoro mogaMHoKecTBa nHIekcoB I = {iy, ... ix} C
{1,...,m} (BO3MOXKHO, IIyCTOr0) MOJOKUM

L[:<ai1i€I, bj]¢l>
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flcno, uro dim Ly = m u Ly — narpanzeso noJupocrpancrso. B wactnoctu, Ly my =
(ay,...,am) u Ly = (by,...,by,). JlarpanxkeBbl mpocrpaHcTBa Buga L Ha3bIBAIOTCS
cmardapmusmu IS JAHHOTO CHUMILIEKTHYecKoro 6asuca.

Caenyionue JaBa yTBEPzKJICHHS IMOKA3BIBAIOT, YTO JAI'PAHZKEBBIX MOIIPOCTPAHCTB JI0-
CTATOYIHO MHOTO.

JIEMMA 5.10.5. Jhoboe uszomponnoe nodnpocmparcmeo U codepotcumea 6 HEKOMOPOM
AAPAHHCESOM.

JTOKABATEABLCTBO. [lycrs dim U = k. Paccmorpum w|yi — orpaHnveHmne KOCOCHM-
MeTpuHeckoii byHKIEn w Ha noanpocrpancTBo UL, Tak xak w|y = 0 u U C U™, koco-
cummerprdeckast hyHKIusa w1 Beipokaerna (ecam U # {0}), a eé panr paBen

dim U+ — dim(UH)* = dim U+ —dimU =n — k — k = 2(m — k).

[puens GYHKIUIO w|;1 K HOPMAJIBHOMY BHIY, HOJYYdUM, 9TO B HEKOTOpOM Oa3suce
0 E 0

ai,..., 0y, b1,..., bk, cC1,..., ¢, eé marpuna Oymer umerb Bug | —F 0 0 ). Ilpnm
0 0 0

srom U = (ey,...,¢cg). Pacemorpum L = (by,..., by g, €1,...,¢;). Torma U C L m

dim L = m. Hakoner, mojaupoctrpancTtBo L jarpaHzKeBo, TaK KaK MaTpPUILA OIPAHUYEHUS

w|L ecTh NpaBbIii HUKHUA KBAJAPAT U3 HyJell B MATPUIE OTDAHUYIEHHST WL . [

TEOPEMA 5.10.6. Jlas arwb020 aaepanstcesa nodnpocmpancmsa L C V' cyuwecmsyem
Makoe AG2paHiHceso nodnpocmparncmeo L, umo
V=L&L.
Hodnpocmpancmeo L mooico eévlbpams cpedu cmandapmunx nodnpocmpancms Ly, om-

BEYANOULULT NPOUBOALHOMY HANEPED 3a0aHHOMY CUMNAEKMUYECKOMY 0A3UCY.

JIOKABATEMBLCTBO. Paccymorpum noanpocTpanctBo L,y = (@1, .., @p) ¥ IyCTh
I — rTakoe IOJMHOXKECTBO MHJIEKCOB, YTO BEKTOPHI @;, ¢ € I, HOPOXKIAOT B Ly . m)
MO POCTPAHCTRO, JOTOMHATEBHOE K Ly my M L:

(L{l,...,m} N L) D (ai: 1 € I) = L{l,..‘,m}
(U1t TOrO HYKHO BHIOpaTh 6a3uc €1, ..., €5 B L,y N L 1 3aTeM BHIOPOCUTH M3 Ce-
MeiiCcTBa BEKTOPOB €1, ..., €y, A1,..., G, BCe BEKTOPHI, JHHEIHO BBIPAKAIOIINECT Yepes
npespurynme). Tak kak L,y N L C L = Lt u(a;:i€l)C Ly = Li, mbl umeem
Lo,y =Ly, .mNL)@®(a;:i€l)C Lt + Ly =(LNLp)"

Craenosarennno, L N Ly C L{L1 my = L1, my. Torna

LNLr=(LNLa, my) N (LiNLy. )= (LN Ly, )N {a;:i€I)={0}.
Tak xak dim L 4+ dim L; = dim V', Mbl moydaem, ato V = L & L. 0

5.11. IIpocTpancTBa c 0600HIEHHBIM CKAJIAPHBIM OIpou3BejeHuneM. I'pynnb:
orreparopos. IlceBmoeBKINI0OBBI IPOCTPAHCTBA.

ONnPEAEJEHUE 5.11.1. Ilycts V' — BermecTBerHOe mpocTpancTBo. CKaxkeM, uTo Ha V
3aJIaHO0 0000WEHHOE cKaaapHoe npoussedenue, ecan Ha V 3amaHa (pUKCHpOBaHHAST HEBbI-
poxennas OununeitHast ¢gpyuknus B. [lo anasorum ¢ o6bIYHBIM CKATSIPHBIM MPOM3BEIe-
HIeM Oymem 0603HauaTh 0G0OIEHHOE CKAISIpHOE Tpon3Beenne depes (,y) = Bz, y).



96 5. BUJIMHENHBIE U TTOJIYTOPAIMHENHBIE OYHKIINN

[Ipumepamu sIBIISIFOTCST €BKJIHIOBO MTPOCTPAHCTBO (CKAJISIPHOE TPOU3BEIEHHE — CHM-
MeTpHYeCKas MOJOKHUTETHHO ONpeieéHHas OnanHelHas DYHKIHN) 1 CHMILIEKTHYECKOe
IPOCTPAHCTBO (CKAIAPHOE MPOM3BEIeHNe — HEBBIPOXK IEHHAST KOCOCUMMETPUIECKas OIIn-
HeitHast QYHKIHUA).

llcesdoesraudosvim npocmpaHcmeom HA3BIBAETCS IIPOCTPAHCTBO ¢ ODOOIIEHHBIM CKa-
JIIPHBIM IIPOU3BEIEHIEM, 33aBAeMbIM HEBBIPOXKIECHHONH CHMMETpPHIECKOH OMIMHERHON
dbyukmmei (He 06s13aTETHEHO TOJOKUTETBHO OMpeneséHHOM ). [TceBIoeBKINI0BO TPOCTPaH-
CTBO Pa3MepHOCTH P + ¢ C CUMMETPUUecKoi Ouimneiinoit gpynxiueit curuarypsl p — ¢
obozragaerca R4, TIpocrpancrso RY? maswiBaerca npocmpancmeom Munkosckoeo, oHO
ABJIAEeTCAd MOJAEJ/IbIO IIPOCTPaHCTBA-BpEMEHU B CHeHI/IaﬂbHOIU/I TeoOpuu OTHOCUTEJILHOCTH.

Omneparop A: V. — V' coxpansem o0b6obuiennoe crasaproe npoudsedenue, ecim
(Az, Ay) = (z,y) nost m00bix z,y € V.

[IPEJIOKEHUE 5.11.2. Ilycmb 06006uiénnoe crasaproe npousdsedenue 3adaémces
mampuuet G 6 Hexomopom 6basuce. Tozda onepamop, zadannviiti mampuueti A 6 mom
oice baauce, corpanaem 0000ULEHHOE CKAAAPHOE NPOU3BEICHUE 8 MOM U THOALKO MOM
cayuae, ecau sunoaneno coommowenue A'GA = G.

JIOKABATENBCTBO. Ilycts B Gasuce ey, ..., e, BbIOIHCHB pasencTBa Ae; = ale; u

gi; = (€;, €;). Torna pia marpun A = (aj) u G = (g;;) umeem

(ei,€j) = gij = (G)ij, (Ae;, Ae;) = (afek,aé-el) = afag(ek, e) = afgklaé- = (A'GA),;.

[Tosromy coornomrenus: (Ae;, Ae;) = (e;, ej) IJis BcexX ¢, j SKBUBAJIEHTHB MATPUIHOMY
coornommenuio A‘GA = G. O

[IPEI/IOYKEHUE 5.11.3. Onepamoput, coxpanaroujue 0600wEntoe craraproe npousse-
derue, 00pasyom 2pynny oMHOCUMEALHO KOMNOZUUUY.

JIOKABATEJIBCTBO. O4eBuHO, 9TO TOXKIECTBEHHBII OMepaTop coxpaHseT 0000mEH-
HOE CKAJISPHOE TPOU3BEICHNEe U KOMITO3UIUS OMEPATOPOB € ITHM CBOHCTBOM TaKzKe 00Ja-
JlaeT 3TUM cBoiicTBoM. Kpome Toro, eciu oneparop A, coxpansiorniuii 0600IéHHoe cKa-
JApHOe IIpou3BeaeHne, oopaTuM, To A~! Takzke coxpaHsdeT CKaJIdpHOe POU3BeIeHHUe:

(A'z, Ay) = (AA 'z, AA 7 y) = (2, y).

CymecTsoBanre 0GpaTHOTO oneparopa BeiTekaeT n3 coorHomenna A'GA = G. JeiicTsu-
TeJIbHO, BBIYUC/IAA OlpejeauTeb, noaydaem (det A)%det G = det G; u3 HeBBIPOXK IEHHO-
ctu matpuiel G cenyer, aro det A # 0. OJ

B opronopMupoBannoM da3uce eBKJIMIOBA HpocTpaHcTBa uMeeM G = E u coorHOIIe-
mue npunuMaer sujg A'A = E,| 4To BBIEIACT OPTOTOHAMLHBIE MATPHILL. 1o amamorum
HA30BEM Da3uC €y, ..., €pq ICEeBIOEBKINI0Ba IpocrpancTsa RPY opmonopmuposarvim,
ecn (e;,e;) =0upui # j, (e;,e;) =lupul <i < pu(e;, e;) =—1lupup+l <i < ptg.
B opronopmupoBanHoMm Oasuce 0OOOIIEHHOE CKaJsipHOE NPOU3BEIEHWE B MPOCTPAHCTBE
RP-9 3agaércst popmyiioit

(z,y) =aly' + .. 4 aPyP — aPTyPtt — PPt

Cpynma omeparopos, COXPAHAIOIINX eBKJANI0BO CKAJIIPHOE NpOU3BeJeHne B R”, yxe
M3BECTHA HAM KaK OPTOroHatbHas rpymmna O(n).
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['pynmna omeparopoB, COXPAHAIONUX IICEBIOEBK/IMIOBO CKAJIsIPHOE I[POU3BEICHUE
B RPY, HasbiBaercst ncesdopmozonasvrol epynnot n obosuadaercs O(p, q). B opronop-
MHPOBAHHOM 0a3uce MaTpuna A ICeBI0OPTOrOHAJIBHOIO OIIEPATOPA YIOBIETBOPSIET COOT-
nomennio A'GA = G, tne G = (E
0 —F
HA3BIBAIOTCA NCEBIOOPMO20HANOHBLMU.
['pynma omepaTopoB, COXPAHAIONIAX CUMILIEKTHYIECKOe CKaJdpHOe IPOU3BeIeHUe
B R?™ maspiBaeTca cumniekmuyeckoti epynnot m obosnadaerca Sp(2m). B rammibTo-
HOBOM Oasuce marpuna A CUMILIEKTHYECKOTO OHEPaTopa yAO0BJECTBOPSET COOTHOMIICHUIO

A'GA = G, rae G = 0 B

—-E 0
CUMNAEKMUYECKUMU.

> ¢ OJIoKaMu pa3mMepoB p U q. Takue MaTpuibl

) ¢ Osiokamu pazmMepa m. Takue MaTpHIlbl HA3BIBAIOTCS

[TPUMEP 5.11.4. OproroHa/ibHbIe MATPUITLI Pa3Mepa 2 X 2 pacna anTcs B JIBa ceMeii-
CTBa, KayK10€ U3 KOTOPHIX Mapamerpusyercsa yriaom ¢ € [0, 27):

cosp —siny cosp  siny
sinyp cosp )’ singp —cosy)/ "’

a b
[TceBmooproronaabHbie 2 X 2-MaTPUILHI (C d) € O(1, 1) onpenensiroTcst COOTHOTTEHHEM

(o) 506 0)

T.e.a?—c*=1,0*—d>=—1uab— cd = 0. 31ech uMeeTcs 4eTbIpe ceMeiicTBa:

chvy shy —chy —shvy —chy —shy chy shy
shy chvy )’ —shy —chvy )’ sh chy )7’ —shy —chy /)’

rae ¢ € (—00,+00) — yroi runepboandeckoro moBopota. MaTpHikl U3 mepBhIX JIBYX
CeMEHCTB MMEIOT ONpeIeJIUTENb 1, a U3 HOCJIeTHEX ABYX — OUPEJCTUTENb — 1.

[TPUMEP 5.11.5. Cuvmutektuaeckue (2 X 2)-marpursl A = (CCL Z) € Sp(2) ompese-

(o) (o) ()= (o).

970 KBUBaTEeHTHO cooTHomennio det A = 1. Takum obpasom, Sp(2) = SL(2,R). MoxHo
J0Ka3aTh (3a/a4a), 4TO OIPeJIeJUTeIb JI060H CUMIIEKTHIECKOR MATPHUITBL PABEH €/THHU-
ne. Oxnako Sp(2m) # SL(2m,R) mpu m > 1.

JIAIOTCA COOTHOHIICHUEM






Tnasa 6

Tenzopsr

[longarue Ten3opa 06001IaeT 0O bLEKTHI, pacCMaTpPUBABIINECS HAMHI paHee: BEKTOPbIL, KO-
BEKTODHI (JuHeiiHble DYHKINK), JUHeHbIe onepaTopbl, bunuHeiinbie Gynkunun. veercs
JBa TOJIXO/A K ONMpPEeJIeTeHHI0 TeH30pa: GeCKOOPAMHATHBI (depe3 nosnanHeidHble hyHK-
[IUU) U KOOPJAUHATHBIN (cOBGCTBEHHO TeH30phl). Hauném ¢ mepBoro.

6.1. IToarununeiinvie pyHKINN

[Tycts V' — smHeiitHOe MpOCTPAHCTBO HAJL OJIeM K Hy/1eBoil XapakTepucTuK (00BIIHO
k = R umu C) u V* — apoiicTBeHHOE TPOCTPAHCTBO. DIeMeHTH v € V — 370, Kak 00bIYHO,
BEKTOPHI, a djeMeHThl & € V* 3/1ech MbI 0y/IeM Ha3bIBATH KOBEKMOPAMU.

ONPEAENEHUE 6.1.1. Ioauaunetinot gynryuets muna (p,q) HasviBaeTcs dyHKIUs
T: V' x. .. xV'xVx...xV =k

- -~

p q

OT P KOBEKTOPHBIX U ¢ BEKTOPHBIX apryMeHTOB, KOTOpad JUHEHHA 110 KarK/IOMY apTyMeHTY,
T.€. YJIOBJETBOPAET COOTHOIIECHUAM

TEY, . NG NG e oy, vy =

!/

= NT(E & e vy, v+ NTEY, . &7 e vy, vy,

T(€17...,£p7’017...”u,'l);-+,U///'U;/7...,‘Uq> -
:,u’T(&l,...,fp,'vl,...,'v;,...,'vq)+,u”7'(§1,...,fp,vl,...,v;’,...,vq).

[Monunuueitabie Gyukun THIA (P, ) 00PA3yIOT JTHHEHOE MPOCTPAHCTBO, B KOTOPOM
CyMMa ¥ yMHOXKEHHE Ha CKaJSPbI OTpeJeaeHbl 1m0 hopMyJie

(/\T_'_:U'S)(gla s ’gp’ V1,-- -, vq) = AT(§1> s 7£p7 L P vq) +MS<517 s ’gp’ V1,0, vq)'
Mpr Gysiem 06o3HAMATE 3TO MPOCTPaHCTBO Yepes PP(V).

[TPUMEP 6.1.2. Jluneitnpie dbyHKIuE (KOBEKTOPDI) SIBJISIIOTCS MOJTUIAHEHHBIMEA TH-
ma (0,1), a 6ununeiinsie — tuna (0,2). BBuay Haaundns KAHOHHIECKOTO H30MOPGhU3Ma

(V*)* = V BekTOpBI aBIAAI0TCS noNmnHeiinbiMu dbyakmusyu tana (1,0): 3Havenne Bek-
Topa v Ha KoBekTOpe & oupejessiercs 110 gopmysie v(€) = &(v).

Caenyioliee yTBep:K/IeHHE IIOKA3BIBAET, YTO ONEPATOPHI TAKKE MOKHO PACCMATPUBATH
KaK MOJIUInHeHbIe DYHKIUH:

[TPEATOYKEHUE 6.1.3. Conocmasaenue aunetinomy onepamopy A nosusunelinot
dynrxuuu To muna (1,1), sadasaemots gopmyaot Ta(E, v) = £(A(v)), yemanasausaem
ranonueckuti usomopdusm End(V) — PL(V).

99



100 6. TEH3OPEL

JTOKABATEJBLCTBO. [Ipexne Bcero 3amernm, uro manuoe orobpaxkenne End(V) —
P1(V) mumeiino. Iycrs dim V' = n. Torga pasmepunocts npoctpanctia Pi(V) pasna n? —
9TO JIOKA3bIBAETCs MPH MOMOIIK BLIOOpa Oa3uca, Tak »Ke KaK H i OUINHEeRHBIX (DyHK-
mmit (em. takxke m. 6.4). [lostomy pasmeproctn npocrparcts End(V) u P1(V) pasas,
4 3HAYUT JOCTATOYHO aoKasarh, uro End(V) — P1(V) — monomopdmsm. Iycrs T4 —
TOXKIECTBEHHO HyseBas noamtunelinas dyukmus, T.e. £(A(v)) = 0 aasg awobbix v € V u
¢ € V*. loayuaem, ato Jrodast auHeiiHast DyHKINs 00paIaeTcs B Hy/Ib Ha BeKTope A(v),
re. A(v) = 0. Tak Kak 3710 BepHO Jyist 06010 v, nosydaem A = O. Vrak orobpaxkenue
A — T4 monomopdHO, a 3HAYUT 3a0a6T U30MOPQDU3M. Il

6.2. TeH30pHI: KOOPJAUHATHOE ONPEAETIEHUE

Badukcupyem 6azuc eq,...,e, B npocrpancrse V. B mpocrpancrse V* mmeercs
n

apoiicrpennbiii Gasuc €',..., ", rae '(e;) = 0%, Torma mobas momummneiinas byKus
T € PP(V) zamaéres cBouMu 3HaueHUsAME Ha 0a3UCHBIX BEKTOPAX U KOBEKTODAX:

1 1 i ]
TE v, vy =T e, 8 e e o] ej, ... v0e;,)

11

— .. I d i1 @ . :
—fzj ipvl ’quT(g 7"'75pve]17"'783q)'
ComnocraBum nomuanHeinol GynKkum T € P?(V) u 6asucy e, ..., e, nabop n3 nP*
_ 117
ancen T = {1,/ }, e
11, 717 J— i1 1 . .
(6.1) T =T, g7 e, €5,).
()
[TocmoTpuM, Kak mpeobpasyercs 3ToT Habop pu 3amenax Gasuca. Ilyers C' = (cl)
ManHHa Hepexogpa oT 6asuca eq,..., e, K dasucy ey,...,e,. Torma Mpl uMeem e, =
c] ej, e =clem
Tillv---vi; o T( i) i; ] ] ) _ T( i iy i/p ip le ) Ja ) _
gt = T(ET e ey, egy) = Tlee™, o cpe e, cjleg,) =
_ 1/1 7‘;) 1 Jq 71 ip il p J1 ]q 1,..
—cl-1~~cipc;.£--~cjé7'(8 Lo ET €, €5) = ¢ chil- ]qT]h e

ONPENENEHUE 6.2.1. Tenszopom tuna (p,q) HA3BIBAETCS COOTBETCTBUE

Gasucet BV —  mabopst u3 n?t wncen T = {70!

J1, Jq
-/ -/
) 5 Z U geeesl
npu Kotopom Habopwt 1" = {71} f;} u'l = {Tj,1 jf’}, COOTBETCTBYIOIIME PABTHIHBIM
FXXXX) 10:Jg
fasucam eq,...,e, U €y, ..., €y, CBI3aHBI COOTHOIICHHEM
Z/1 sl i;le CJq 0150
Jlreondy c“ G, 71 74 317 7]

DTO COOTHOIIEHHE HA3BIBAETCH MEHIOPHUIM 34KOHOM npeobpasosarus. ducia T;f;f; Ha-
3BIBAIOTCA KOMNOHEeHMamy Tersopa 1.

Tenzopwr Tuna (p, q) obpasyror muHeiHOE MpocTparcTso TP(V) orHOCHTETHHO OMEpa-
i TOKOMIIOHEHTHOT'O CJI0ZKE€HHS M YMHOXKeHHs Ha IUCJIA.

Hommunetinas dbyuknus 7T € PH(V) onpenenser rensop T € TH(V) no dopmy-
e (6.1). ObparHO, TeH30p ONpeesieT TOMHINHEiHYI0 QYHKIHIO 10 hbopMmyre

1 1 ] ] 01 4eeeyl
T(€ 7"'7€p7v17" ’Uq) i Z,U{I ”.UéqT'jll,...,jS'



6.3. TEH30PHOE ITPOU3BEJAEHUE, CBEPTKA, [IOJHATUE 1 OIIYCKAHUE MH/IEKCOB 101

Takum obpazom, MPOCTPAHCTBO NOMUJIMHEHHBIX (DYyHKIHI Pg(V) MOYKHO OTOYKJIECTBUTH
¢ TPOCTPAHCTBOM TEH30POB T{I’(V). DTO €OOTBETCTBHE O0DOOIIAET COOTBETCTBHE MEKIY
OunuHeHbIMI DYHKIUAME (MU JTHHEHHBIMH OMEPATOPAME) W UX MATPUIAMH.

Jlaee MBI He OyAeM pa3IudaTh HOJUIHHEHHbIe (DYHKIUT U TeH30pbl. MBI OyaeM ro-
BOPHUTH, HALIPUMED, 4TO Oneparopbl — 310 Ten3opbl Tuna (1,1). Bosee Touno, rensop,
COOTBETCTBYIOITHUIT OTIEPATOPy, — ITO COMOCTABJIECHUE KAZKJIOMY 0OA3UCYy MATPHUILI OMEpa-
TOpa B 3TOM Dasmuce.

[IPUMEP 6.2.2.
1. Cransipbt A € k ecrecrBenno cuntarh rerzopamu Tuna (0,0): OHH He MEHSIOTCS P
3aMeHe 6asmuca.
-/

-/
2. Bekropsl — 310 Tensopsl tuna (1,0). Tensopubiii 3akon npeodbpaszoBanust v° = ¢

OIMCHIBAET W3MEHEHHe KOODJMHAT BEKTOpa Npu 3aMene Gasuca (teopema 1.6.3).

Vi
3. Kosekropsl (nuueiinbie dyukmun) — s1o Tenzopsr Tuna (0, 1). TensopHsrii 3akon

npeoGpasosanus & = cl,&; — 9T0 3aKOH Npeobpa3oBaHust KOOPAUHAT JuHefinoil hyHKInn
npu 3amene 6asuca (cMm. 1. 1.9).

4. Bwmneitasie dbyuknun — 1o Ter3opsl tuma (0,2). Temsopmprit 3akoH mpeobpa-
3oBanusa Ty, = C;;C?/Ej — 9TO 3aKOH M3MEHEHUsI MATpHUIbl OunuHelHoit dbynkuun (B
marpuanom Buge: 17 = C'T'C, ¢m. Teopemy 5.1.3).

5. Jluneitubie omepatopbl — 510 TeH30pbl Tuna (1,1). Tenszopubiii 3aK0H Peobpazo-
1 T :
Barus T, = ¢; ¢}/ T} — 3T0 3aKOH U3MEHEHHS MATDHUIIBI ONepaTopa (B MATPHIHOM BHJIE:
T' = C~'TC, em. Teopemy 2.1.2).

6.3. TeH30pHOE TTPOU3BEJIEHNE, CBEPTKA, ONMMYCKAHUE U TTOJHATHE WHIEKCOB

TenzopHOE mpou3BeaEHUE.

ONPEAENEHUE 6.3.1. TeuzopHuvim npouseederuem IBYX NOJUJIUHEHHBIX (DyHKITHIT
T € P2(V) n S € P(V) naswiBaercss nonnmmneiinas dyukmus 7 @ S € PHIL(V), 3a-
JlanHas 1o gopmysie

T®$(£1,...,§p,£p+1,...,fp”,'ul,...,vq,vq+1,...,vq+s) =
— 7'(51, &P v, y) '8(§p+1, S T v, V)

[Honnmuneitnoit dynkmun T ® S coorBercTByer Ten3op 1T @ S € T’;ig(V), KOMIIOHEHTHI

KOTOPOro 3aJai0Tcsd HhopMyJIoit

(T ® S)il1'-'7ip7ip+17“'7i13+7‘ — Tilywzlip . S?p+1»---1ip+r

J1seodq:Jq+1sJq+s J1s2Jq Jq+1s-Jg+s”

Tenzop T'® S Ha3BIBaETCS MeEH30OPHLLM Npoudsedenuem Ten3opoB T u S.

Omneparysi TeH30PHOTO POU3BeIeHUs, 09eBUIHO, acconnaruHa (T.e. (T ® S) ®@ R =
T®(S®R)) u qucrpubyrusaa (T.e. (AT+puS)@R = \T® R+ uS®R), HO He KOMMYTaTHBHA
(BooG1tie roBopst, T'® S # S T).

CyMMa ¥ TEH30pHOe TPOM3BEJIEHNE TMPEBPAIIAIT «ITPOCTPAHCTBO BCEX TEH30POB»
T(V) = D,,T5(V) B xobuo (rounee, anrebpy najx nojiem k), koropas HasbiBaercs
mena3opHotl arzebpoti uan asrzebpoti I'paccmana.
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[TPUMEP 6.3.2. Tlycts &£, € V* — nuneitubie dbynkuuu, T.e. Terzopsl Tuma (0, 1). x
TeH30pHOe Mpou3BeieHne £ ® 1 apisiercs: Tenzopom Tuma (0,2), T.e. GuanHerHOH dyHKIN-
eit. Ilo onpenesienuio 3nadenue 3Toit OuaMHEHON (DYHKIMU Ha Iape BEKTOPOB 3a1aéTCs

bopwmymoit (£ @n)(u, v) = E(u) - n(v).

. _ 1 ‘p
Cséptka. llycts Tenepns T = {le i } — TEH30p € XOTs Obl OJITHUM BEPXHUM U HUZK-
HUM HHJeKcoM, T.e. p > 0 u q > 0. Ba(bHKCpreM OJTNH BePXHUI W OJAWH HWKHHI WHJIEKC
(ImycTh JiIg TPOCTOTHL 5TO OY/IyT TEPBbIEe WHIEKCH) U CHOPMUPYEM CJIEIYIONINHA HOBBIH

Habop u3 nPr12 gucesr:
k "
oI = {T) 2

7]27 7]q
rae, Kak O0BIYHO, IT0 HOBTOPSIOMEMYCS HHICKCY k IMOApasyMeBaeTcs CyMMUIPOBAHUE.

kig,

[TPEATONKENNE 6.3.3. Habop wucea T = {T) "

(p—1,q—1).

JIOKA3ATEJBCTBO. Heobxoammo mpoBepuTh TEH30PHBIH 3aK0H. MBI mMeeM

”’} ABAALMCA MEHZ0POM MUNG

L O N ) 2 itz _
<CT)J2, WA Tk’,jé,.._vj& = GGy C’jf’cy 11 J2renda
22 P 2 k' 1 1177'27 ) p _ ’L,Q Zp A2 q ]1 lei27 7'17 _
Ciy CJ qucll k’le,JQ: wJg Ciy CipC]' C] 6 J1:d2s0da
_ ’2 X pJ2 Jq kyig,...ip i' p > ]q i2,enip
B ZpC;Q T k,j2,.. 7] B C] ]q< T)j27---7jq’
9T0 U TPebOBAIOCH. O
kzz,

ONPEAEJIEHUE 6.3.4. Tensop I’ = {1} : } Ha3bIBaCTCA ceépmkoli Tensopa T =

7]27

11,02,
{75 ]q} 0 (MEepBBIM) BEpXHEMY H HI/I}KHeMy unekcaM. CBEpTKa, OUEBHIHO, 33/[a8T

smHeftHoe oTobpazkenune TH(V) — qul(V).

Omnepanuio ¢BEPTKH MOXKHO MPOBOJUTH HECKOJIBKO Pa3 JI0 UCUCPHAHUs BEPXHHX WA
HUKHUX UHJEKCoB. [locsientsis BO3MOXKHAs CBEPTKaA (MOCTIe KOTOPOi HEe ocTaéTes Jubo
BEPXHUX, JTUOO HUKHUX UHJEKCOB) HA3BIBACTCS NOAHOL 6EpmKod.

ITPUMEP 6.3.5.

1. Mycrs A — omeparop, T.e. Tenzop Tumna (1,1). Pesyasrarom ero cBéprku Oymer
tersop Tuna (0,0), T.e. cKangp. ITOT CKAIAD — ITO CYMMA @ TUATOHAIBHBIX JEMEHTOB
MaTpuIiibl omeparopa A B moboM Gasuce, T.e. ciaen omeparopa: c¢A = tr A. Ilposepka
TEH30PHOTO 3aKOHA sl CBEPTKH B JAHHOM CJIyYae CBOAUTCS K MPOBEPKE HE3ABUCHMOCTH
caena ot G6azuca (remma 2.1.3).

2. Ilycre B = {bj,;,} — Onmuneitnas dbynxuus (remsop tuma (0,2)), a u = {u},
v = {v2} — Bexropsl (Tenzopnl Tuna (1,0)). Pacemorpum Tenzop BRu@uv = {bj, j,u"v™}
tuna (2,2). Ero nosmag cséprka ectb ckanap byufv! = B(u,v) — 3nadenue Guinneiinoii
dbyHKIME HA JAHHOI 1Ape BEKTOPOB.

Onyckanme u mogHATHE UHAEKCOB. [lycTth V — eBkianmoso npocrpancTso. Torma
cooTBeTCTBHE ¥ — (v, - ) 3amaéT Kanonmdeckuii mzomopdusm V. — V* 1.e. mo3Bosser
OTOXKIECTBUTH TeH30psl Tuma (1,0) ¢ Tenszopamu tuna (0, 1). B koopaunaTtax 310 BHITIS-
aut crepyomum obpasom. Ilycrs G = (g;;) — marpuna ['pama cKaIsipHOrO HPOU3BEICHUS.
Tak Kak cKaJasipHOe NMpOU3BeIeHHEe — 3TO OuanHeiinas GyHKus, G ABIIETCS TEH30POM
tuna (0,2). Torna npu uzomopduzme V — V* ekrop T ¢ xoopaunaramu T mepexoaur
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B KOBEKTOD ¢ Koopanaatamn Tj = g;;T". Takum 00pa3soM, Mbl «OIYCTHJIH HHIEKC» Y TeH-
3opa T mpu momorn dbukcuposanroro Tenzopa G tuna (0, 2). Drta onepanus 06001aeTCsS
CJIEIYIONUM 0Opa30M:

ONPEAEMEHUE 6.3.6. Onycxanue undexca — 3to muneiinoe orobpaxkenue TH(V) —
Zl:

ip
T, P 1(V) Temsopos B eBKMI0BOM npocTpanctse V, kotopoe Tensopy T = {T o} Tana

(p,q) craBur B coorsercraue Tenzop {g;; 1} T ’p} tuna (p—1,q + 1).

[TPUMEP 6.3.7. Paccmorpum uzomopdusm ¢: End(V) — B(V) mexay HpOCTpaH—
CTBOM OIIEPATOPOB M MPOCTPAHCTBOM GrinHeHHBIX byHKIM (M mpemioxerue 5.7.1), co-
nocrapJsgonmil oneparopy A Gununeiinyio dyuknuio By = (A, -). B koopauHaTax 310
BBIIJIAUT TAK: omeparopy ¢ marpureit A = (al) conocrapngercs Gununeiinag dbyHKIAs
¢ marpuneii By = (g;;a},). Takum o6pasom, By — 910 Tensop tuna (0,2), mosydaemblii B
pe3y/ibTaTe OMyCKaHus WHeKca y Ten3opa A tuma (1,1).

Jng Toro 4ToObI OIpeACIUTh OIeparyio, OOpATHYI0 K OIYCKAHHIO HMHIEKCA, pPac-
emorprm Habop {gM}, cocrosmuit 3 saeMenHTOB 06paTHON MaTpuUIB K Marpute ['pama

G = (gi5), re. g*gy; = 5}“.
[IPEI/IOKEHUE 6.3.8. Habop wucen {gkl} aeasemcs menzopom muna (2,0).

JIOKABATEJIBCTBO. Heobxomumo npoBepuThb TeH30pHBIH 3aKoH. B HOBOM 6a3uce BbI-

151 /
noJHeHo pasencTBo g g = 5;3. Tak xak {g¢;;} — Temsop ruma (0,2), Mbl HMe-
eM gy = CyCjgij- llomcTaBup 310 BBHIpazkeHHe B HPeABLIyNIyIo hopMysTy, MTOTyTHM

1iros g ’ .
g~ CirCiGij = 0% . Temephb yMHOZKIM 06€ TaCTH STOro PABEHCTEA Ha KOMIOHOHTEL oGpaTHOI

MaTpuIpl ¢ (u mpocymmupyenm 1o j'): gk'i'cj,c;,c,i/gij 0% ol TaK KaK 07 d = 5k7 OTCIO-

10 /
aa nosydaem g~tch gy = cr. ﬂaﬂ(/a? yMHOKIM 06e wacru Ha ¢*: ¢V Z»,gikg = ck gk /
Tak kak gzkgkl = 5f~, nostyuaem g~icl, = ck g". Hakomer, ymHOXKAM 00e HacTu Ha C :
kil 11 T Ll st KU ok gkl Dy
g~ ol g". Tax kak cyC; = 0;/, OKOHYATEIBHO HOJIydaeM ¢°° = cj ¢; g™, D10 n
eCTh TeH30PHBIH 3aKOH Mpeobpa3oBanug /s TeH3zopa tuna (2,0). O

OIPEAEJEHUE 6.3.9. [odnamue undexca — 3T0 nuHeitHOe oTOOpazKeHUe T{I’(V) —
Tfl’fl(‘/) TEH30POB B CBKJIMIOBOM IPOCTPAHCTBE V', kotopoe Temsopy T = {7} T 5} THIA,

(p,q) cTaBUT B COOTBETCTBHE TEH30D {gZJTZf]’% Aq} rana (p+ 1, —1).

Ounepanus onyckanusi (MM HOJHATHS) WHJEKCA SBJISETCS KOMIO3HUIHE TeH30PHOr0
npoussegenns ¢ reasopom {g;;} (uwm {¢”}) u cBéprku.

6.4. ba3uc B mpocTpaHCTBE T€H30POB

Baszuc B mpocTpaHcTBe TEH30POB Tg(V) MOXKHO 33JIaTh IMPU TTOMOIIHN OMepaluu TeH-
30PHOIO IIPOU3BEICHUS.

Paccmorpum monununeiinyio Gynknuo e; ®...Qe; @' ®...®e’. Ilo onpenenennio
€€ 3HaYeHNe Ha P KOBEKTOPAX M ¢ BEKTOPax 3aJaércs popMyJIoii

(€i1®...®6¢p®€jl® 83(1)(51, L vy, ry) =

e (§1) - e, (&) M (v1) €M (vg) =&, - & vf gy,

ip
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a COOTBETCTBYIONIHI TeH30p THNA (P, ) UMeeT KOMIOHEHTHI

ki,okp g1 J k1 k _ sk kp o1 Ja
Iy =(en®..®e, Q" @...@e)(e™,....e7 e, ... €,) =0 670

(ApyruMu CIOBaMM, KOMIIOHEHTA 9TOTO TEH30pPa ¢ BEPXHUMI HHIEKCAMH i1, . . . , 1, 0 HAXK-
HOMHJ WHIEKCAMHA J1, .. ., j, — €IUHHAIA, & OCTAIbHBIE KOMIOHEHTHl — HYJIH).

TEOPEMA 6.4.1. Tensopo €, ®...®€;, Qe @...Qek, omeeuaiousue 6ce603MONCHLIM
3HAYEHUAMU UHODEKCOB 11, ...,y U J1,. .., Jq, 00pasytom ba3uc 6 npocmparcmee TZ(V).

JIOKABATEJIBCTBO. CHadasa Jg0KazKeM JIMHEHHYI0 He3aBUCHMOCTH JAHHBIX TEH30-

pos. IIpe/io/i0:KumM, 410 CynecTBy0T Yuc/ia, /\jl1 ]?; JIJIsl KOTOPBIX JIMHEHHAs KOMOUHAIIHST
1 5ensip j ; ..

/\jl,...,jq €e,®...0€;, ®ReN®...®el papua nyso. [[pumenuB 31y nosiminHeiHy 10 QyHKIUIO

K apryMeHTam 5k1, .. ,5’“?’, €l -, €], NOIYyIUM

(6.2) 0= ()\i»l""’ii’“ ey ®..0e, @@, @), . e, e,) =

J15-450q
_ \eeotp sk skpeit o sda YRk
- )\.]'17--~7.jq6i1 51’1) 511 5lp - >\l17~--’lq ’

T. €. Bce KO3(DUIueHTs JHHEHHON KOMOMHAIIME PABHBI HY.JIIO.
" 1505t P
Tenepn jokazkem, aro moboii rersop T' = {1} v} TIpeJCTaBIseTCs B BUJe JINHEHHOM
KOMOMHAIINK JAHHBIX TEH30POB. A HMEHHO, JIOKayKeM, 9TO

S AR A J1 Ja
T=T;"7€,Q..0€,0e"®...0",
T. €. KOOp/JHUuHAaTbl TEH30Pa B JJaHHOM baszuce CyTb €I'0 KOMIIOHEHTBI. B CuJy HOJUJIMHEAHO-
CTH 3TO PABEHCTBO JIOCTATOYHO MIPOBEPUTH HA HADOpaxX 0a3UCHBIX BEKTOPOB U KOBEKTOPOB,
k k
T.€. Ha apryMeHTax BHIA €', ..., &7, €;,..., ilq. ’{[pl/l NOJCTAHOBKE 3TUX aprYMEHTOB B
JEBYIO YaCTDh MBI II0 OIIPEIC/ICHUIO IOy YaeM Tlll.’.'."l’q”, a IpH IOACTAHOBKE B IIPABYIO 4aCTh
MBI IIOJIy4aeM TO YKeé CaMOe B CUJY BBIKJIAKU, aHAJIOTTYHOMN (6.2). 0

CHEICTBUE 6.4.2. Pasmepnocms npocmpancmesa T{]’(V) pacna NPT,

6.5. CumMeTpuYeckne u KOCOCUMMETPUYECKNE T€H30Pbl, CUMMETPU3AIU 1
aJbTEPHUPOBAHUE

3mech Mbl Oy/eM paccMaTpPUBATH TOJHKO TEH30DBI C HUMKHUME uHaekcamMu. Mbr Oy-
JeM 0003HAYATh Yepe3 Y, IPYIILY MepecTaHOBOK MHAEKCOB 1, ..., q. Hepes (—1)7 Gyaem
0003Ha4YaTh 3HAK IIEPECTAHOBKH 0 € X.

ONPEJAENEHUE 6.5.1. Tlonunnueiinas gyuknus 7T € PS(V) HA3BIBAETCA CUMMEMPU-
yecKkotl, ecan

T(’Ug(l), ceey ’Ug(q)) = T(’Ul, ceey ’Uq),

U KOCOCUMMEMPUYECKOl, eC/ln

T(voq), - Votg) = (=1)°T (v1,...,vq)

JIId JIIOOBIX BEKTOPOB V1, ..., ¥, U HEPECTaHOBKU 0 € Y.
Kowmmonents Terzopa T € T%(V). cooTBETCTBYIONMEr0 CUMMETPUUCCKON MO THHEH-
q ?
HO# (DYHKIIMH, YIOBJIETBOPSIET COOTHONIECHUAM

Ty =T

J15--3Jq ja(l)v--wjo'(q)’
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a KOMIOHEHTBI TEH30Pa, COOTBETCTBYIOIIET0 KOCOCUMMETPUYECKOH moininHeiinoi pyHk-
IIUU, — COOTHOIICHUAM
f— j— o . .
El:"'vjq - ( ]') ]}U(l)vna.]d(q)'
Takne TeH30PBI HA3BIBAIOTCS COOTBETCTBEHHO CUMMEMPUUECKUMY U KOCOCUMMEMPULE-
ckumu. B 9acTHOCTH, Y KOCUMMETPUYECKOT0 TeH30Pa MOT'YT ObITH OTJTUYHbBI OT HYJIS JIUIITh
KOMIOHEHTBI T3, ;. Yy KOTOPBIX BCE MHICKCBHI DA3/IUHBL.
CuMmMeTprudeckne W KOCOCUMMETPUYIECKHE TEeH30Phl 00pa3yI0T MOANPOCTPAHCTBA B

0
npocrpancTse Ten3opos To(V), koTopsie obosmagatorca Sy(V) m Ay(V') coorseTcTBenHO.

[Ipu ¢ = 2 cuMmMeTpuIecKre 0 KOCOCUMMeTPUIecKHe TeEH30PBl — 9TO CUMMETPUYeCKHe
1 KOCOCHMMeTpHUYecKrne OuIuHeHbIe (DYHKIIME COOTBETCTBEHHO.

3AMEYAHUE. Xors moaupocrpanctsa S,(V) u A (V) un o6pasyior npsmyio cymMmy B
mpocrpancrse TH(V), npu g > 2 paznoxenne T(V) = S,(V) @ Ag(V) ne umeer mecra, B
OTJINYUe OT Caydast OMIMHEHHBIX (DYHKITNIA.

OIPEEJIEHUE 6.5.2.

Cummempusayued HaspBaeTcs anneiinnii oneparop Sym: To(V) — T0(V), koropsrii
rensopy T € T)(V) craBut B coorercrBme Ten30p Sym T’ ¢ KOMIOHEHTAMH

1
(Sym T)jlr'qu = a Z j}v(l)»"'vja(q)'

o€,

Asvmepruposaruem Ha3bIBACTCS TUHEHHBIA omepaTop Alt: TS(V) — TS(V), KOTOPBIiA
rensopy T € T)(V) craut B coorercBme Ten3op Alt T ¢ KomMmomenTaMmIT

1 o
(Alt T)jly---vjq = a Z (_1) Tja(l)v---vjo@'

o€y
Jlerko BujeTh, aTo Sym’ T — cummerpudeckuii Ter3op, a Alt T — kococummeTpute-
ckuit Tersop mist moboro T' e TY(V).

[TPEAIOKEHUE 6.5.3. Onepamopu, Sym u Alt asasromes npoexmopamu Ha noonpo-
ecmpanemsa Sq(V) u Ay(V) coomeememeento.

JIOKABATEJIBCTBO. Oba yTBepkK/IeHus JOKA3bIBAIOTCS anajorn4dno. Jlokaxkem BTO-
poe. B cuny Teopembr 2.2.2 moctarodHo moKazaTh, 9To AltT = T s 1106010 Kococum-
Merpuueckoro Tenzopa 1. Mbr umeem

1 i 1
(Alt T)jlwn:jq = Z <_1) 7—:’7'0'(1)7~~~7jc7(q) =7 Z le,m,jq = Tjh--~Jq’
T 0ES, T oES,

IJIe BTOPOE PABEHCTBO BBHIIIOJHEHO B CHJLY KOCOCUMMETPUYHOCTH TeH3opa 1. 0

6.6. Bueminee npousBeaeHne KOCOCIMMETPHUYECKNX TE€H30POB,
BHeNTHUE (POPMBI

[LJ'IH KOCOCUMMETPHYIECKHUX TEH30POB NMEeTCd aHaJIO' TEH30PHOI'O IIPOU3BECICHHNA:

ONPEAEJEHUE 6.6.1. Brewnum npoussederuem KOCOCUMMETPHUECKAX TEH30POB
PeA,(V)u Qe Ay(V) HazpiBaeTcst KOCOCHMMETPHIECKHIT TEH30D

Prg=2T0 \ P

plq!
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(ponb xKoabdunmenTa Oy 1eT 00bICHEHA HUKE).

TEOPEMA 6.6.2. Buewnee npouseederue KoCoCUMMEMPULECKUL MeH30P08 0baadaem,
caedyrowumu ceoticmeamu: daa amobwx P e Ay(V), Q € Ay(V), Re Ay(V) u\pek
BHNONHEHDL PABEHCMEA,

a) AP+ uQ)ANR=AP AR+ puQ A R (ducmpubymusrocms, npu p = q);
6) QAP =(—1)PIPAQ (anmurkommymamuerocmn);
B) (PANQ)ANR=PA(QAR) (accoyuamusrocmy).

JIOKABATEJ/BLCTBO. a) JucTpubyTHBHOCTH BBLITEKACT U3 JUCTPHOYTHBHOCTH ONepa-
mn ® u JuEHeiiHocTH omeparopa Alt.

6) st mokasarebeTBa AHTHKOMMYTATHBHOCTH JOCTATOYHO MPOBEPHTDH, UTO HMEET
MecTo cooTromenne Alt(Q @ P) = (—1)P Alt(P ® Q). Beaém nepectanoBky

L 1 ... p p+1 ... p+gq
q+1 ... g+p 1 q '

Torma (—1)7 = (—1)P4, Tak Kak T — pe3yJbTaT KOMITO3UIUK PG FJTEMEHTAPHBIX MepecTa-
HOBOK. MBI nMeem

1 g
A(Q ® P)iy,.iprg = m Z (=) Qiy iy ivig Piotgirymiogin) =
0€Xp+q
1 T agT
- (p+q)! Z SO0 By iori Qior iy osioriora) =
0€Xp+1q
o1
=(=1) W Z (_1)wpiv(l)v---viw(min(pﬂ)v--vi(pmq) = (=DM AL(P @ Q)i iy

PEYptq

Tem cambiM yTBep:K/IeHue 0) TOKA3aHO.
[amee Mbl OyeM HCIOIB30BATh cieayiomue obo3Hadenud. g o € ¥, u P € Tg(V)
obo3HaInM depes o P ren3op ¢ koMmmnoneHTaMu (o0 P);, e Piam,---,ig(p)- Ilo onpenenenuio
_ 1 e
anprepunposanus Alt P = 3" o (—1)70P 1 mMeeT MeCTo COOTHOIIEHHE

o(Alt P) = Alt(cP) = (—1)7 Alt P.
Jist TOKA3aTeIbCTBA YTBEPKICHNS B) HAM MOHATOOUTCS JIeMMA:
JIEMMA 6.6.3. Jaa aobvz mensopos P € TS(V) TAONS TS(V) BYINOAHEHDYL PAGEHCTEA
Alt((Alt P) ® Q) = Alt(P ® Q) = Alt(P @ Alt(Q)).

JTOKABATEJIBLCTBO. JlokazkeM JIMIh [IePBOe PABEHCTBO (BTOPOe TOKA3bIBAETCS aHa-
gorngno). [TockoapKy onepanus ® aucTpubyTHBHA, a oneparop Alt juHeen, nmeem

Alt((Alt P) @ Q) = Alt((% 3 (—1)0013) ® Q) = % Y (-1 Alt(eP ® Q).

o€y o€Xp

Kazki0ii 1epecraHoBke 0 € X, COLOCTaABUM 1IePeCTaHOBKY 0 € . KOTOPas HA IEePBbIX
P p+q>s
P MHJAEKCAX JIefiCTBYeT KaK 0, a OCTaJIbHbIE OCTABJISIET Ha MECTe, T.e.

5:(1 .. p p+1 ... p+q>
oll) ... olp) p+1 ... p+q)’
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[Ipu sTOoM, oueBHIHO, (—1)5 =(-1)uocP®Q=0c(P®Q). Torna nmeem

At (Al P) 2 Q) = - Z TAG(P® Q) =
'erp
= Z )T AP ® Q) = —~ Z Alt(P ® Q) = Alt(P ® Q).
o€X)p o€y
OJ
Tenepb BepHEMCsI K JOKA3ATEIBCTBY TeopeMbl 6.6.2 B). Mbl numeem
(P+q+r7)
PANQ)ANR=~———""Alt((PANQ)® R) =
(PAQ) ST A(P A Q)@ )
|
_pEatnty, ((p”) A(P® Q)@ R) = MAM(P@Q@R)
(p+a)!r! plq! plglr!
IJe B HOCJIEJHEM DPAaBEHCTBE MbI BOCIOJIb30BAJINCH HMPEIbIAYIIEH JeMMOR. AHAJIOIHIHO
nposepsiercs, uro P A (Q A R) = pfgtj A(P® Q ® R). O
Bribepem Temepns 6asuc e,...,e, B V, u myctb €', ...,e" — nBOHCTBeHHDIH 0a3mC

B V* =TYV) = Ay (V). PaccMoTpuM KOCOCHMMETPHIECKHE TEH30PBI

(6.3) ETNLLANEP =P AK(E" ® ... ) = Z (—1)7e"M ®...Q oW,

oY)y
B cuity teopembl 6.6.2 6) umeem e A ... g = (—=1)7e%° 0 AL A® s o €D,

(p+q)!
plq!
B OIIpeJie/IeHUU BHEIHEI'0 IIPOU3Be/IeHnsT BhIpakKeHue €' A ... A €'? 0Ka3aJ0Cch JUHEHHOH

KoMOUHaIUel BhIpazKeHuil () @ ... ® £'o® ¢ yeavmu xospduyuenmamu. Takum obpa-
30M, KOCOCHMMETPHYECKHE TeH30PBI €1 A ... A € ompeje/eHbl HaJl KOHCYHBIME IIOJAME
(XapaKTepHCTHKH, OTJMYIHONU OT JIBYX) WM JazKe HAJ MEJbIMU YHCIAMHU, 9TO VAOOHO € aj-
rebpanvdecKoil TOUKN 3pEHus.

SAMEYAHME. OOpaTuM BHUMaHHe Ha TO, YTO BBHJY BbIOOpa Ko3dhpduiumenta

TEOPEMA 6.6.4. Kococummempuueckue mensopv, {em A AN 1y < ... < ip} 0bpa-
syrom basuc 6 npocmpancmee Ny(V'). B wacmuocmu, dim A, (V') = CP.

JIOKABATEJIBCTBO. CHadasa J0KaxKeM, 49T0 JI000i KOCOCHMMETPUIECKUN TEH30D
T e Tg(V) [IPEJACTABJISIETCS] B BHUJE JIMHEHHOW KOMOWHAIIMM JIAHHBIX TeH30poB. Paszsio-
xuM T 1o Gasucy €' ® ... ® e:
T=T,. " ®..Qc".

Tenepb npumenum K obeum vactsm omneparop Alt. Tak kak T — KOCOCHMMeTPUYECKH
rerszop, Alt T = T. C apyroii croponbi, Alt(e"®. ..Qe") = ﬁe“/\. . ./A€" 110 ompeIe/IeHII0
e A ... A\e'. Urak, norydaem

o E Ty if€ A NEP = g Ty, i€ N NE™,

' i1, :Zp i1<.. <7,p

9710 1 J1aéT TpebyemMoe peicTaBlIeHe B BU/Ie JUHEHHON KOMOMHAINN.
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[Ipeamosozxum, 9o Ter3opsl {e A ... Ae", i) < ... < i,} IUHEIHO 3aBUCUMBL, T. €.
/\i17.4.,7;p5 ALUAE?P =0.
11<...<ip

Tora u3 coornommenus (6.3) mosydaem
E /\i1,...,ip E (—1)062"(1) R... & glor) = ().
i1<...<ip oEL,
B ar0if cymMMe Bce TeH30pHI £0() @ ... ® () pasamYHb, CJeI0BATEILHO OHHU JHHEHHO

HesapucuMbl. OTciofa moaydaeM, 4ro Ay, . i, = 0. O

ONPEAEJIEHUE 6.6.5. Breipaxenne T = 37,
asomee coboit passoxenne Kococummerpudeckoro temnzopa 10 € A, (V) mo 6asucy
{e" N.UNEP i < ... <ip,}) HasbiBaeTCa enewnels p-Ppopmot.

Ty Ao A €™ (npescras-

Bremiane popMbl CKIaIBIBAIOTCI ¥ YMHOXKAIOTCA aHAJOTHIHO MHOTOYIEHAM OT 70 IIe-
peMeHHBIX. Pazindue 3akiodaeTcd B TOM, 4TO <«IepeMeHHble» €1, ..., " aHTUKOMMYTH-
PYIOT, T.€. YAOBJIETBOPSAIOT COOTHOMeHuAM €' A g/ = —&/ A ' (B wactnocrn, €' A ' = 0).
9TO NpegoCTaBIsgeT OYeHb YAOOHBIN (popMaIu3M I PadOTHl ¢ KOCOCHMMETPHYICCKUAMU
TEH30PaMH.
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15.

Teopernueckue 3agaun

. JlokaxkuTe, 9T0 MPOCTPAHCTBO, JABOWCTBEHHOE K IpocTpaHcTBy R[] Bcex MHOrO-

WIEHOB OT OJIHOI mepeMenHoit Haa R, He u3omopduo mpocrpanctsy R[E].

. Jokaxkure, 9ro npocrpanctso (Vg)c xKanounvecku uzomopduo V & V) rae V —

KOMILJIEKCHO CONPSIZKEHHOE TTPOCTPAHCTBO, B KOTOPOM CJIOYKEHHE TO 7K€, 9TO U B V/,
a YMHO>KE€HHe Ha KOMILIEKCHBIE YUC/Ia OIpeJie/ieHo 1Mo gpopMyie A - v := \v.

. HafiniuTe Bce mHBapmaHTHBIE MOJAMPOCTPAHCTBA ONEpaTOpa, MATPHUIA KOTOPOTO

eCThb KOPIAHOBA, KJeTKa J)y.

. Hokazkure, uro mas moboro omeparopa A cymecTByer omeparop B, Takoii, IT0

ABA = A.

. Jlokaxkure, 94TO0 B KOHEYHOMEPHOM HPOCTPAHCTBE HAJ, TOJIEM HYJIEBOW XapaKTe-

PUCTHKHN He cymecrByer onepatopos A m B, yaoBAeTBOPAIONUX COOTHOUIECHUIO
AB — BA = id. CyiuecTByoT Jii TakKue OnepaTopbl HaJ MOJIeM HOJIOKHUTEILHOI
XapaKTePUCTHKU?

. [locTpoiiTe mpuMep onepaTopoB B OECKOHEYHOMEPHOM IIpOcTpaHcTBe Hatd R, yio-

BJIeTBOpAIoNuX coorHonenuo AB — BA = id.

[Iycts A, B — oneparopsl. JJoKazKHUTe, 9TO XapaKTEPUCTUICCKIE MHOTOYJICHBI OIIe-
paropos AB u BA coBnanaor.

. Hokazkure, aro oneparop id +.AB obpatum TOIjIa U TOJBKO TOT/A, KOIJIA ONEePATOP

id +BA obparum.

. Joxaxkwure, uro ecan tr A¥ = 0 g moGoro k > 0 HaJ mojgeM HyaeBoil XapakTe-

PUCTHUKH, TO Ooneparop A HUJIBIOTEHTEH.

Jokaxkure, uro ecau omneparopbl A u B Haj mojeM HYJEBOW XapaKTepHCTHKN
yaosjierBopsioT coornomenuio A4 = AB — BA, to onepatop A HUJIBIOTEHTEH.

[Iycts oneparopsl A u B B mpocrparcTse Hag C kommyTupytor, T.e. AB = BA.
JlokazkuTe, 9TO0 OHM UMEIOT OOl COOCTBEHHBII BEKTOP.

JlokazKuTe, 9TO MPOEKTOP Prp, Ha KOPHEBOE NOJANPOCTpaHcTBO [y oneparopa A
SIBJIS€TCS. MHOTOUYJIEHOM OT omeparopa A.

Hokaxkure, uto Jjio60it oneparop A naj nosem C MOXKHO NIPeJICTABUTL B BUJE
A =D+ N, rne D — auaronanusupyemsbiii oneparop, a N — HHJIbIOTEHTHbII
oneparop, npuaém oneparopbl D u N KOMMYTHPYIOT.

JoxazxxuTe, 9T0 oneparopbl D u N u3 npeaplayiieii 3a/1a9u aBIsS0TCS MHOIOYJIe-
gamu oT A.

JlokazkuTe, 94T0 ecjiu omeparop B KOMMYTHPYET ¢ JIOOBIM OIEPATOPOM, KOMMYTH-
pytommum ¢ A, To B ectb MHOTOWIEH oT A.
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Jokazxkure, aro () R-pa3jokenne nuMeeT MeCTO s JIIOObIX MPSIMOYTOJTBHBIX MaT-
puil. A UMeHHO, JIOKAXKUTe, 9TO JI00YI0 BEIeCTBeHHYI0 MaTpuIly A pazmepa m X n
MOXKHO IIp€JICTaBUTh B Buje A = QQR, rje () — opTOoroHaabHAs MaTPUIA pa3Mepa
mxm,a R = (r;) — BepXHETPEYroIbHAsA MATPUIA PasMepa 1m X N ¢ HeOTPHIla-
TEJBHBIMEI YHCIAMA HA «THATOHATH> (T.e. 7“?- =0mpui>jur >0).

JlokazkuTe, 9TO JJjIsI JIIOOBIX JIMHEHHO HE3aBHCHUMBIX BEKTOPOB @1, ..., Gj €BKJIH-
JOBa MPOCTPAHCTBA HafinéTcst Takoii BekTop b, ato (a;, b) >0 mai=1,... k.
[Iycts V' — mpocTpancTBo u 7y, ..., Vm € V* — #abop jmueitnbx gynkmuii. /lo-

KazKuTe, YTO OTOOpazKeHue

V_>V*a v <717’U>71+'--+</7m7v>7m7

ABJIAETCH MOHOMOP(PU3MOM TOIJA U TOJBKO TOIJA, KOIJA Y1, . .., Vm ITOPOKIAIOT
IPOCTPAHCTBO V' *.

[Iycrs mopmpocrpancrso W B R™ 3amano kak JimHeiinass 000J109Ka BEKTOPOB:
W = (ay,...,ar), Ipu9éM BEKTOPHI-CTOJIONBI A1, ..., Q) JTUHEHHO HE3ABUCHMB.
HaitinTe MaTpuIly OpTOrOHAJIBHOIO IPOEKTOPA PIy; B CTAHAAPTHOM Oasmce.

Jlokaxkure, 9TO CHMMETPHYHAS HMOJOKUATEIBHO ONpeenéHHas Marpuna A mpe-
craBigerca B Buze nponspenerns A = LR, rme L u R — cOOTBETCTBEHHO HUXKHE-
TPEyroJibHas U BePXHETPEyToJbHAs MaTPHUILA.

Hokazkure, aro st jioboro (He 00s3aTebHO HEBBIPOKIEHHOTO0) oneparopa A
nMeeT MecTo moJigpHoe pasioxkenne A = PU, rie P — HEOTPHIATEIHHBII caMO-
CONPsIZKEHHBIIT onepaTop, a U — OpTOrOHAJILHBI (YHUTADHBII) OmepaTop.

Hokazkure, 9410 B HOJIAPHbIX pasiaokenusx A = Pildy = UsPy HEBBIPOKIEHHOIO
oneparopa A oproronajabible (yHHTapHBIE) onepaTopbl Uy u Us cOBIAIAIOT.

[Iycts A: V' — V — HopManbhsiii oneparop (r.e. A* A = AA*) u W — unBapuant-
HOE TI0JIIPOCTPaHCTBO. Bepro jin, uro W+ Tak»Ke HHBapUAHTHO OTHOCHTEJNLHO A7

okaxkuTe, 9TO JIJIT HOPMAJILHOTO OIlepaTopa B €BKJIHJI0BOM IMPOCTPAHCTBE CYIITe-
CTBYeT OPTOHOPMHUPOBAHHBINA 6a3HUC, B KOTOPOM €r'0 MaTPHUIIA COCTOUT U3 OJOKOB

. a —b
pasmepa 1 uwin 2, mpuuéMm OJ0KH pa3Mepa 2 UMeIoT BHU/I boa )

[ycrs Gunnneiinast dynkuus B ynopaerBopsier yeaosnio B(z,y) = 0 Torga n
ToabKo Torma, koraa B(y,z) = 0. Hokaxure, uro B naubo cuMmMerpudHa, Jubo
KOCOCHMMETPHYHA.

[IpuBeuTe NpuMep CUMMETPUIECKON OnInHeiHoi (PyHKIUKM HAJL T10J1eM Zg, KOTO-
pasd He MPUBOJUTCA K JUATOHAJIBHOMY BUJY 3aMeHOi Oasmca.

[IpuBeuTe mpuMep napbl CAMMETPUYECKUX OMIMHEHHBIX (POPM, KOTOPBIE HEJIb3s
NPUBECTH K JUATOHAJIHHOMY BUJLY OJTHUM TPeoOpa30BaHUEM.

[lycts &, — Henysnesbie jyimHeitHbie pyukimu. Haiigure panr oununeitnoit hopmbr
£ 1.
Haitaure pasMepHOCTH HPOCTPAHCTBA CUMMETpHIecKX TeH30poB S,(V).

[Tycrs & ... &P € V* = Ay (V). Hokaxure, uto 1 A ... A EP = 0 Torma u TOIBKO
TOT7Ia, KOrAa KOBEKTOPHL &L, . .., &P MMHeHHO 3aBUCHMEL.
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Buemmnsa 2-gopma T'= 3,
JTsl HEKOTOPBIX JinHedHbIX byHKuuii (1-popm) & u 7. Jokazkure, 9TO BHEIIHsSI
2-opma paszmoKuMa TOTJA U TOJIBKO TOTJA, KOT/Ia PAHT COOTBETCTBYIONIEH KOCO-
CUMMeTpUYeCKOl OnjinHeitHol (PyHKIUU He IPEeBOCXOAUT 2.

T;je* A€’ naspBaercs pasaostcumot, ecmn T = § A n

Joxazkmure, 110 onpegenurens det B kococummerprndeckoil marpuupl B = (b;;)
KaK MHOTOYJIEH OT e 3JIeMeHTOB b;; sIBJIsieTcsl KBaJPaTOM JPyTrOro MHOTOYJIEHA
pf B ¢ ueabivu kosbdunuentamu: det B = (pf B)?. Muorousen pf B nassipaercs
ngagpduarom marpunsl B.

Hokazkure dopmyny usmenenus ndadduana npu 3amene baszuca: ecan B =
C'BC, 1o pf B' = det C pf B.
Haiigure asubrit sujg muorodsrena pf B ot aseMeHToB b;.

[Iycte B: V x V. — R — HeBBHpOXKIeHHAas KOCOCHMMeTpHUUYecKas OHJHHEeH-
Hag dysknus, a A: V. — V — omeparop, coxpaHSOmui 31y (GyHKIHIO, T.e.
B(Au, Av) = B(u, v). Jokaxwure, aro det A = 1.
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