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6.6. Âíåøíåå ïðîèçâåäåíèå, âíåøíèå ôîðìû

Íàïîìíèì, ÷òî àëüòåðíèðîâàíèåì íàçûâàåòñÿ ëèíåéíûé îïåðàòîð

Alt : T0
q(V )→ T0

q(V ), êîòîðûé òåíçîðó T ∈ T0
q(V ) ñòàâèò â

ñîîòâåòñòâèå êîñîñèììåòðè÷åñêèé òåíçîð AltT ñ êîìïîíåíòàìè

(AltT )j1,...,jq :=
1

q!

∑
σ∈Σq

(−1)σTjσ(1),...,jσ(q)
.

Äëÿ êîñîñèììåòðè÷åñêèõ òåíçîðîâ èìååòñÿ àíàëîã òåíçîðíîãî

ïðîèçâåäåíèÿ:

Îïðåäåëåíèå

Âíåøíèì ïðîèçâåäåíèåì êîñîñèììåòðè÷åñêèõ òåíçîðîâ P ∈ Λp(V ) è
Q ∈ Λq(V ) íàçûâàåòñÿ êîñîñèììåòðè÷åñêèé òåíçîð

P ∧ Q :=
(p + q)!

p! q!
Alt(P ⊗ Q)

(ðîëü êîýôôèöèåíòà áóäåò îáúÿñíåíà íèæå).
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Òåîðåìà

Âíåøíåå ïðîèçâåäåíèå êîñîñèììåòðè÷åñêèõ òåíçîðîâ îáëàäàåò

ñëåäóþùèìè ñâîéñòâàìè: äëÿ ëþáûõ P ∈ Λp(V ), Q ∈ Λq(V ),
R ∈ Λr (V ) è λ, µ ∈ k
à) (λP + µQ)∧R = λP ∧R + µQ ∧R (äèñòðèáóòèâíîñòü, ïðè p = q);

á) Q ∧ P = (−1)pqP ∧ Q (àíòèêîììóòàòèâíîñòü);

â) (P ∧ Q) ∧ R = P ∧ (Q ∧ R) (àññîöèàòèâíîñòü).

Äîêàçàòåëüñòâî

à) Äèñòðèáóòèâíîñòü âûòåêàåò èç äèñòðèáóòèâíîñòè îïåðàöèè ⊗ è

ëèíåéíîñòè îïåðàòîðà Alt.
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå)

á) Äëÿ äîêàçàòåëüñòâà àíòèêîììóòàòèâíîñòè äîñòàòî÷íî ïðîâåðèòü,

÷òî èìååò ìåñòî ñîîòíîøåíèå Alt(Q ⊗ P) = (−1)pq Alt(P ⊗ Q).
Ââåä¼ì ïåðåñòàíîâêó

τ =

(
1 . . . p p + 1 . . . p + q

q + 1 . . . q + p 1 . . . q

)
.

Òîãäà (−1)τ = (−1)pq, òàê êàê τ � ðåçóëüòàò êîìïîçèöèè pq
ýëåìåíòàðíûõ ïåðåñòàíîâîê. Ìû èìååì

Alt(Q ⊗P)i1,...,ip+q =
1

(p + q)!

∑
σ∈Σp+q

(−1)σQiσ(1),...,iσ(q)
Piσ(q+1),...,iσ(q+p)

=

=
1

(p + q)!

∑
σ∈Σp+q

(−1)τ (−1)στPiστ(1),...,iστ(p)
Qiστ(p+1),...,iστ(p+q)

=

= (−1)τ
1

(p + q)!

∑
ϕ∈Σp+q

(−1)ϕPiϕ(1),...,iϕ(p)
Qiϕ(p+1),...,iϕ(p+q)

=

= (−1)pq Alt(P ⊗ Q)i1,...,ip+q .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå)

Äàëåå ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ. Äëÿ σ ∈ Σp è

P ∈ T0
p(V ) îáîçíà÷èì ÷åðåç σP òåíçîð ñ êîìïîíåíòàìè

(σP)i1,...,ip := Piσ(1),...,iσ(p)
.

Ïî îïðåäåëåíèþ àëüòåðíèðîâàíèÿ, AltP = 1
p!

∑
σ∈Σp

(−1)σσP , è èìååò

ìåñòî ñîîòíîøåíèå

σ(AltP) = Alt(σP) = (−1)σ AltP.

Äëÿ äîêàçàòåëüñòâà â) íàì ïîíàäîáèòñÿ ëåììà:

Ëåììà

Äëÿ ëþáûõ òåíçîðîâ P ∈ T0
p(V ) è Q ∈ T0

q(V ) èìååì

Alt((AltP)⊗ Q) = Alt(P ⊗ Q) = Alt(P ⊗Alt(Q)).
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Äîêàçàòåëüñòâî ëåììû

Äîêàæåì ëèøü ïåðâîå ðàâåíñòâî (âòîðîå äîêàçûâàåòñÿ àíàëîãè÷íî).

Ïîñêîëüêó îïåðàöèÿ ⊗ äèñòðèáóòèâíà, à îïåðàòîð Alt ëèíååí, èìååì

Alt((AltP)⊗ Q) = Alt

(( 1

p!

∑
σ∈Σp

(−1)σσP
)
⊗ Q

)
=

=
1

p!

∑
σ∈Σp

(−1)σ Alt(σP ⊗ Q).

Êàæäîé ïåðåñòàíîâêå σ ∈ Σp ñîïîñòàâèì ïåðåñòàíîâêó σ̃ ∈ Σp+q,

êîòîðàÿ íà ïåðâûõ p èíäåêñàõ äåéñòâóåò êàê σ, à îñòàëüíûå îñòàâëÿåò
íà ìåñòå, ò. å.

σ̃ =

(
1 . . . p p + 1 . . . p + q

σ(1) . . . σ(p) p + 1 . . . p + q

)
.

Ïðè ýòîì, î÷åâèäíî, (−1)σ̃ = (−1)σ è σP ⊗ Q = σ̃(P ⊗ Q).
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Äîêàçàòåëüñòâî ëåììû (ïðîäîëæåíèå).

Òîãäà èìååì

Alt((AltP)⊗ Q) =
1

p!

∑
σ∈Σp

(−1)σ Alt(σ̃(P ⊗ Q)) =

=
1

p!

∑
σ∈Σp

(−1)σ(−1)σ̃ Alt(P⊗Q) =
1

p!

∑
σ∈Σp

Alt(P⊗Q) = Alt(P⊗Q).
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Äîêàçàòåëüñòâî òåîðåìû (îêîí÷àíèå).

Òåïåðü âåðí¼ìñÿ ê äîêàçàòåëüñòâó óòâåðæäåíèÿ â) òåîðåìû. Ìû èìååì

(P ∧ Q) ∧ R =
(p + q + r)!

(p + q)! r !
Alt
(
(P ∧ Q)⊗ R

)
=

=
(p + q + r)!

(p + q)! r !
Alt

((p + q)!

p! q!
Alt(P ⊗ Q)⊗ R

)
=

=
(p + q + r)!

p! q! r !
Alt(P ⊗ Q ⊗ R),

ãäå â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü ïðåäûäóùåé ëåììîé.

Àíàëîãè÷íî ïðîâåðÿåòñÿ, ÷òî

P ∧ (Q ∧ R) =
(p + q + r)!

p! q! r !
Alt(P ⊗ Q ⊗ R).

Ñîïîñòàâëÿÿ ðàâåíñòâà, ïîëó÷àåì (P ∧ Q) ∧ R = P ∧ (Q ∧ R).
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Âûáåðåì òåïåðü áàçèñ e1, . . . , en â V , è ïóñòü ε1, . . . , εn �

äâîéñòâåííûé áàçèñ â V ∗ = T0
1(V ) = Λ1(V ). Ðàññìîòðèì

êîñîñèììåòðè÷åñêèå òåíçîðû

εi1 ∧ . . . ∧ εip = p!Alt(εi1 ⊗ . . .⊗ εip) =
∑
σ∈Σp

(−1)σεiσ(1) ⊗ . . .⊗ εiσ(p) .

Èç àíòèêîììóòàòèâíîñòè âíåøíåãî ïðîèçâåäåíèÿ ñëåäóåò, ÷òî

εi1 ∧ . . . ∧ εip = (−1)σεiσ(1) ∧ . . . ∧ εiσ(p) äëÿ σ ∈ Σp.

Îáðàòèì âíèìàíèå, ÷òî ââèäó âûáîðà êîýôôèöèåíòà (p+q)!
p! q! â

îïðåäåëåíèè âíåøíåãî ïðîèçâåäåíèÿ, âûðàæåíèå εi1 ∧ . . . ∧ εip
îêàçàëîñü ëèíåéíîé êîìáèíàöèåé âûðàæåíèé εiσ(1) ⊗ . . .⊗ εiσ(p) ñ

öåëûìè êîýôôèöèåíòàìè. Òàêèì îáðàçîì, êîñîñèììåòðè÷åñêèå

òåíçîðû εi1 ∧ . . . ∧ εip îïðåäåëåíû íàä êîíå÷íûìè ïîëÿìè

(õàðàêòåðèñòèêè, îòëè÷íîé îò äâóõ) è äàæå íàä öåëûìè ÷èñëàìè, ÷òî

óäîáíî ñ àëãåáðàè÷åñêîé òî÷êè çðåíèÿ.
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Òåîðåìà

Êîñîñèììåòðè÷åñêèå òåíçîðû {εi1 ∧ . . . ∧ εip , i1 < . . . < ip} îáðàçóþò
áàçèñ â ïðîñòðàíñòâå Λp(V ). Â ÷àñòíîñòè, dim Λp(V ) = Cp

n .

Äîêàçàòåëüñòâî

Ñíà÷àëà äîêàæåì, ÷òî ëþáîé êîñîñèììåòðè÷åñêèé òåíçîð T ∈ T0
p(V )

ïðåäñòàâëÿåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè äàííûõ òåíçîðîâ.

Ðàçëîæèì T ïî áàçèñó εi1 ⊗ . . .⊗ εip :

T = Ti1,...,ipε
i1 ⊗ . . .⊗ εip .

Òåïåðü ïðèìåíèì ê îáåèì ÷àñòÿì îïåðàòîð Alt. Òàê êàê T �

êîñîñèììåòðè÷åñêèé òåíçîð, AltT = T . Ñ äðóãîé ñòîðîíû,

Alt(εi1 ⊗ . . .⊗ εip) = 1
p!ε

i1 ∧ . . . ∧ εip ïî îïðåäåëåíèþ εi1 ∧ . . . ∧ εip .
Èòàê, ïîëó÷àåì

T =
1

p!

∑
i1,...,ip

Ti1,...,ipε
i1 ∧ . . . ∧ εip =

∑
i1<...<ip

Ti1,...,ipε
i1 ∧ . . . ∧ εip .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå).

Ïðåäïîëîæèì, ÷òî òåíçîðû {εi1 ∧ . . . ∧ εip , i1 < . . . < ip} ëèíåéíî
çàâèñèìû, ò. å. ∑

i1<...<ip

λi1,...,ipε
i1 ∧ . . . ∧ εip = 0.

Îòñþäà ïîëó÷àåì∑
i1<...<ip

λi1,...,ip
∑
σ∈Σp

(−1)σεiσ(1) ⊗ . . .⊗ εiσ(p) = 0.

Â ýòîé ñóììå âñå òåíçîðû εiσ(1) ⊗ . . .⊗ εiσ(p) ðàçëè÷íû, ñëåäîâàòåëüíî

îíè ëèíåéíî íåçàâèñèìû. Îòñþäà ïîëó÷àåì, ÷òî λi1,...,ip = 0.
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Îïðåäåëåíèå

Âûðàæåíèå

T =
∑

i1<...<ip

Ti1,...,ipε
i1 ∧ . . . ∧ εip ,

ïðåäñòàâëÿþùåå ñîáîé ðàçëîæåíèå êîñîñèììåòðè÷åñêîãî òåíçîðà

T ∈ Λp(V ) ïî áàçèñó {εi1 ∧ . . . ∧ εip , i1 < . . . < ip}, íàçûâàåòñÿ
âíåøíåé p-ôîðìîé.

Âíåøíèå ôîðìû ñêëàäûâàþòñÿ è óìíîæàþòñÿ àíàëîãè÷íî

ìíîãî÷ëåíàì îò n ïåðåìåííûõ. Ðàçëè÷èå çàêëþ÷àåòñÿ â òîì, ÷òî

¾ïåðåìåííûå¿ ε1, . . . , εn àíòèêîììóòèðóþò, ò. å. óäîâëåòâîðÿþò

ñîîòíîøåíèÿì εi ∧ εj = −εj ∧ εi (â ÷àñòíîñòè, εi ∧ εi = 0). Ýòî

ïðåäîñòàâëÿåò î÷åíü óäîáíûé ôîðìàëèçì äëÿ ðàáîòû ñ

êîñîñèììåòðè÷åñêèìè òåíçîðàìè.
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