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BBEJAEHUE

Hapsimy ¢ roMoTonugecknMu TpyNnmamMu TPYIITBI TOMOJIOTHI (& TakyKe KOJIbIa KOro-
MOJIOTHIT) HPEeICTABISIIOT COGOI OJMH U3 OCHOBHBIX ajreOpandecKuX MHCTPYMEHTOB JIJIist
pabOTHI ¢ TOMOJOIHICCKUMHE IIPOCTPAHCTBAMU U MHOTI'OOODA3USIMH.

Ompeesnerne TPYII TOMOJIOTHI TPOCTPAHCTBA TEXHUYECKHU CJIOXKHEe, 4eM oIIpeiese-
HI€ TOMOTONMYECKHX Ipymil. TeM He MeHee, Ipeoa0eB HEKOTOPbIe TEXHHUIECKHE TPYIHO-
CTU TPU OIPEJICJIEHUN TPYIIT TOMOJIOTHII ¥ BBIBO/IE UX OCHOBHBIX CBOMCTB, MbI IIOJIy9aeM
BecbMa b HeKTUBHBbIE aaredpanieckne NHBAPUAHTHI, BBIYACIEHNE KOTOPHIX Ha OCHOBHBIX
puMepax MPOCTPAHCTB U MHOr00Opa3uii OKa3bIBAETCS 3HAYUTEIBHO MPOIIE, T€M BBITHC-
JIEHU® TOMOTOMUYIECKUX TPYIII.

B nesiom romoronuyeckue rpymnbl ¥ IPYHIBI TOMOJOTHE COJIEpKAT MPUMEPHO PABHO-
MEHHYTO (XOTsl M HeIKBUBAJICHTHY 0 ) HHGOPMAIIUIO O TIPOCTPAHCTBE B OTHOCBI3HOM CJIyJae.
CooTHoIIeHne MeK/IY HUMH OIMMCBHIBACTCS TAK HA3BIBAEMOM d80lcmEeHHoCmbl0 IKMAHHG—
Xuamona, KOTopast BJIsI€TCsI OCHOBON TEOPUH MOJIEJIBHBIX KATerOpHi.

['pymmsl TOMOIOTHIT TOTIOIOTHYIECKOTO TPOCTPAHCTBA X OIIpeaesIsioTCa IPU TOMOIIH TT0-
uatud yukaa. Ilnki pazmepuoctu k B X npejcrasisger coboil HenpepblBHOE 0TOOparKeHue
«k-mepHoit moBepxHOCTHY (HE 00si3aTeabHO chepbl) B X. OrHOMEHnE rOMOTONHOCTH Cdhe-
POUJIOB 3aMEHSETCS OTHOIIEHUEM 20MO0402UYHOCMY, TIUKJIOB — IIUKJ TOMOJIOTHYEH HYJIIO,
€CJTH OH OTPAHUYINBALT KYCOK MOBEPXHOCTH Pa3MEPHOCTH Ha 1 OoJibiie.

Yro cunrarh «k-MepHOi MOBEPXHOCTHIO» B ompeaenennu nukiaa? Hanbosee ecrecrBen-
HO GBLTO GBI paccMaTpuBaTh 0TOOparKeHUs1 k-MepHBIX TJIaJKuX MHOroobpasuii B X (sra
njest BocxoauT K Ilyankape). OmHAKO MOJydaeMasi TAKMM 00Pa3oM Teopusi, Ha3blBaeMast
meopueti 60pduzmos, OKa3bIBAETCS HAMHOTO CJIOYKHEe TeOpUuu roMosioruit. C ToUKu 3peHus
BBIYUC/IUMOCTH, 0oJiee 3(PPEeKTUBHBIM OKA3BIBACTCS OJAX0JL K OLPEJICJCHUIO IUK/I0B KaK
00beIMHEHNH HEKOTOPBIX CTAHIAPTHBIX 3JIEMEHTOB, POJIb KOTOPBIX UTPAIOT CUMILICKCHI.

B kiaccmueckom moaxo/ie mpoCTPAHCTBO X MPEIN0IaraeTca pa30uThIM Ha CHUMILIEKCHI,
T.e. Ha HEM TPEIIOJAraeTcd 3aJaHHOfl CTPYKTYpa CUMNAULUGAILHO20 KoMmnAekca. Pac-
cMaTpuBaiOTCst (hopMaIbHbBIE JIMHEHHBIE KOMOWHAIINN CHUMILIEKCOB, HA3BIBAEMBIE CUMNAU-
YUGAOHDMU UENAMU, WU BBOJUTCS CUMILIUIUAAIBHBIA IpaHUYHBIN onepaTop. Torma muk-
JIBI OIIPEJIEJIAIOTCS KaK CUMILIAIMAJIBHDBIE HElH, TPAHUIA KOTOPBIX paBHa Hy/I0. I'pyrma
k-mepubrx romostoruit Hy(X) ompenensiercss Kak (haKTOPTpyIIa IPYHIbl k-MEPHBIX UK~
JIOB TI0 TIOJATPYIIIE ITUKI0B, TOMOJOTHIHBIX HYJII0. DTO MPUBOJIUT K YUCTO KOMOMHATOPHO-
aJirebpanvdecKoil TeOPUn CUMNAUYUUAALHOLE 20M0A02UL, KOTOpoi nocBsamén §1. Jlas to-
HOJIOTHYECKHUX [PUIOKEHHH HEOOXOMMO JT0Ka3bIBATH HE3aBUCUMOCTD Tpyibl Hy(X) or
criocoba paszbueHust NpocTpaHcTBA X HA CHUMILIEKCHI.

Bouee obrmuit mo1xo/1 K Ompeie/IeHu0 IPYIIT TOMOJIOTHI, TP KOTOPOM HA MPOCTPAHCTRE
X He npejnosaraeTcsd HaJu4He HUKAKON JIONOJHUTETbHON KOMOMHATOPHOW CTPYKTYPHI,
3aKJTI09ACTCA B PACCMOTPEHIH CUNYAAPHYT CUMNAEKCO6, T.e. oTobpazkennit A¥ — X rue
AF — cuvmnexe pasmeprocTn k. @opMasbHbIe TUHEHHBIC KOMOMHAIINYE CHATY ISPHBIX CHM-
IJIEKCOB HA3BIBAIOTCA CUHRYAAPHBMU UENAMU. DTO TPUBOIUT K IMOHATHUIO CHHIYJISPHBIX
TOMOJIOTU, KOTOPBIM TTOCBSIIEH §2.

['pymmbl roMoJIOruit TaK?Ke MOYXKHO OIPEIEIUTH HA OCHOBE KJIETOYHOTO Pas30OueHus mpo-
crparctsa. [lomygaemast TeOpust KJIETOIHBIX TOMOJIOTHIT SKBUBATEHTHA CHHTYJISIPHBIM T'0-
MOJIOTHSIM JIJIT KJIEeTOYHBIX MTPOCTPAHCTB W TMO3BOJsIeT 3(MDMEKTUBHO BHIYUCIATH TPYIITHI
TOMOJIOTHH JIJIsi TPOCTHIX KJIETOYHBIX Pa30ueHuil.



B §4 u3yuaercs B3amMOCBSA3b MEXK/Iy TPYIIAME TOMOJIOTHANH U TOMOTOMUIECKUMEI TPYTI-
MaMU KJIETOTHBIX MPOCTPAHCTB. 3/I€Ch K€ JOKA3BIBAETCS TOMOJIOTHYIECKAs TeopeMa YaiT-
Xejia, KoTopas mpeaocraniisger 3hdeKTuBHbIE c110cob MPOBEPKHU TOTO, YTO O0TOOparKeHue
OJIHOCBSI3HBIX IIPOCTPAHCTB SIBJIAETCS TOMOTOIIMYIECKON 3KBUBAJIEHTHOCTBIO.

['pynmbl KoromoJioruit BBoasaTcd B §5. 31ech »Ke 00CYKIaeTcd CBA3b IPYIIT TOMOJOTHM
1 KOroMoJIoTHii ¢ pasabiMu Koddduruentamu («hopMyIbl yHUBEPCATbHBIX Koddh dumeH-
TOBY ).

Ha kjaccax KOTOMOJIOIWiI MMEETCs OMepAIHs YMHOKEHWs, TPEBPAIAIONIAs TPSIMYIO
CYMMY BCeX TPy KOTOMOJIOTHH IPOCTPAHCTBA B T'PAJYyNPOBAHHO-KOMMYTATHBHOE KOJb-
no. Hapsiny ¢ rpynmaMu (KO)roMOJOTHI CTPYKTYDPa 3TOTO KOJIbIA SIBISETCA BaXKHBIM IO~
MOTOIMXYIECCKUM UHBAPpHAaHTOM TOITOJIOTUYECKOT'O ITPOCTPAaHCTBA. Pa3JH/ILIHbIe KOHCTPYKIIMU
YMHOXKEHHS B KOTOMOJIOTHAX 00CYKIaf0Tcd B §6.

['oBOps 0 MpoCTpaHCTBE MBI BCET/Ia UMeeM BBHULY TOIMOJOTHYECKOe ITPOCTPAHCTBO, a BCe
0TOOpaKeHUs IIPEIIO0JIAral0TCs HeIIPEPhIBHBIME, €CJIM He OTOBOPEHO IIPOTUBHOE.

1. CUMILINLIUAJIBHBIE "OMOJIOT NN

1.1. CumiiuiuaabHble KOMILIEKChI U TPpUAHTYyaduu. MBI yiKe BCTpedalnuch ¢ 1o-
HATUAMA CUMILJICKCA U CUMILJIMIUAJIBHOT'O KOMILJIEKCa B KypcCe «TOHOHOFI/IH—l» IIpnu JOKa-
3aTEJILCTBE TEOPEMbBI O KJIETOYHOH ANMPOKCHMAINN.

HamomuuM, 910 n-MEpHBI cuMnAekc — ITO BLITYKJIasg 000109Ka HaOopa u3 n—+ 1 Todex
V0, V1, - - ., U, B HEKOTOPOM €BKJIHIOBOM TIpocTpancTse RY, He jerkamux B ofHoil (n—1)-
MEpHO# IJIOCKOCTH (TJIe TOJ IIOCKOCTBhIO MBI mojipasyMeBaeM addUHHOE TOIPOCTPAH-
CTBO). DKBUBATEHTHOE YCJIOBHE COCTOUT B TOM, UTO BEKTOPBI U7 — Vg, - - . , U, — Vg JUHEHHO
HE3aBUCUMBI. TOYKH Vg, V1, . .., U, HASBIBAIOTCA GEPUIUHAMY CAMILIEKCA, a CAM CHMILIEKC
MBI GyjieM 0003HAYATE [V, . . . , Uy]. BBIYKIIbIE 060I0UKE TOAHAGOPOB MHOXKECTBA BEPIITHH
CUMILJIEKCA, HA3BIBAIOTCS €10 2patAmu. ['pann gB/IsIOTCS CUMILIEKCAMU Pa3MEPHOCTH < 7.

ITpumep 1.1. Ipasusvroii n-MepHBIH CUMILIEKC €CThb

A" = {(to,tl,...,tn) e R Zti =1ut; >0 gua Beex 2}

Ero BeplluHaM# ABJIAIOTCA KOHIbI €JUHUYHbIX BEKTOPOB BJA0OJIb KOOPAUMHATHbBIX OCeH.

JlaJjiee BepIIMHBI CUMILIEKCOB Mbl OyJIeM BCEIJIa CUYUTATH YHOPSJIOYEHHBIMU, U HOJL <7~
MEpPHBIM CUMILJIEKCOM» Mbl OYIeM UMETH BBUJLY «N-MEPHBII CUMILIEKC C YKA3AHHBIM ITOPS /I
KOM €ro BepiinHy. Bepiiunubl rpaneil CuMILIEKca Beeria OyayT yIops109uBATHCI COIIACHO
UX TOPSJIKY B OOJIBIIIEM CUMILICKCE.

Bajianue mopsiKa BepIIH Olpe/ie/ideT KAaHOHUYECKUil JuHeinbli romeoMopdu3M Ipa-
BUJILHOTO Nn-MepHOro cumitiekca A™ Ha JT1060# n-MepHbI CUMILIEKC [V, . . . , U], COXpaHsi-
OTMUH TOPSJIOK BEPINUH, a UMEHHO

(to, . ,tn) — Ztﬂh
7

Koadpdbunmentsr tg,...,t, HA3BIBAIOTCI OAPUUEHMPUYECKUMU KOOPOUHAMAMY TOUKH
> tiv; B cUMILIEKCe [V, . . ., Uy).

OObenuHeHne BCeX COOCTBEHHBIX I'paHeil cuminiekca A" Ha3bIBAETCS €ro 2paHuyet n
oboznagaercs 0A". Buyrpennocts A" \ 0A™ cummiaekca A™ Ha3BIBACTCS 0MKPHINbIM
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cumnaercom n obosnadaercsa A" TIpu srom mist n = 0 IPUHUMAETCS COIVIAIICHHE, 4TO
BHYTPEHHOCTH (-CHMILIeKCa (TOYKH) COBIAJAET ¢ HUM CAMEM.

Koneunnit cumniuyuaronoili komnaexec — 3TO TaKOH KOHEUHBIH HAOOP CHMILIEKCOB
IPOU3BOJILHOM pa3MepHOCTH B HeKoTopoM RY, 4T0 M06BIe 1Ba CHMIIIEKCa U3 9TOTo HAbopa
JI0OO0 He TePeceKaloTCsI, MO0 IMepecekKaroTcs 110 1es10i rpaHu. ['oBopsT, 9T0 HEKOTOPOE MO~
MuozkecTBo K eBk/uaoBa npocrpancrsa RY mpuanzyasuposano, ecim OHO IPeICTABICHO B
BUjie 0ObeMHEHNs CHMILIEKCOB, KOTOpBIE 006pa3yioT (KOHEYHBIN) CHMILUIUIMATBHBI KOM-
wiekc. Tpuareyssyueli TOTOJIOTHIECKOTO TPOCTPAHCTBA X HA3BIBAETCS TOMeOMOpP(U3M
f: K — X MexXIy HeKOTOPBIM TPHAHTYIHPOBaHHBIM moamuokectsom K C RY n X. Ya-
CTO TOBOPSIT, 9TO HA MPOCTPAHCTBE X 3a0aHA CMPYKMYPE CUMNAUUUAAIOHO20 KOMNAEKCA,
nMest BBHJLY, UTO 3a/laHa ero TpHaHrysanus. (MoKHO TakzKe paccMaTpUBATh CHMILIAIIN-
aJIbHBIE€ KOMILJIEKCHI U TPUAHTYJISIUN, COCTOANINE U3 OECKOHEUHOI'0 YUC/Ia CUMILIEKCOB, HO
B 3TOM CJIyYae ecTeCTBeHHas TOMOJIOTHA Ha HUX He gBIdeTcd WHIynnpoBannoil n3 RY, eé
onpejiesieane GyIeT JaHo B cyeyiomeM naparpade.)

Takum obpazom, TpuaHry/sius pocrpaHcTsBa X 3asaérca HAOOPOM oToOparkeHuit
0q: A" — X (orpanmuenuii romeomopdusma f: K — X Ha CHMIJIEKCHI MHOXKe-
crea K C RY) u kanias Touka mpocrpancTsa X COAEPAHTCS B 00pa3e POBHO OHOTO
OTPAHNYCHUS 04| jn, HA BHYTPEHHOCTH CHMILICKCA. /IpyruMu cioBamu, X IIPEICTABICHO
B BHUJI€ HECBA3HOIO OO'beIMHEHUsS] TOMEOMOPGHBIX 00pa30B BHYTPEHHOCTEH CHUMILIEKCOB.

ITpumep 1.2.

1. Tpanuna n-meproro cumiiekca A™ 3agaét Tpuanryanuio (n— 1)-meproit cdepor. B
JACTHOCTH, TPAHUIA TeTpa’pa 3a1aéT TPUAHTY/IsIHs 2-MepHOil cdepbl. pyrumu mpu-
MepaM¥ TPUAHTY/IANNN 2-MepHOit cpepbl ABISIOTCS TPAHUIBI OKTAAPa HJIH HKOCAIPa, a
TaKzKe TPAHUIA JIOOr0 3-MepHOTO0 MHOTOIPDAHHUKH, ¥ KOTOPOIO BCe 2-MepHbIe IPaHu —
TPEYTOJbHUKN (TaKHe MHOTOIPAHHUKA HA3BIBAIOTCS CUMNAUYGUGADHbLML).

2. Ha puc. 1 a) nokazana rpuanryjsnus topa T2 ¢ 9 sepmunamu. Ha puc. 1 6) 1o-
Ka3aHa TpHaHryianusa Topa 12 ¢ 7 sepumHaMu. [IpOTHBONONIOKHBIE CTOPOHBI KBaIPATOB
OTOXKJIECTBIAIOTCA B COOTBETCTBHH CO CTPEJIKAMHU.

a) 0) B)

Puc. 1. Tpuanryasmun Topa 12 n npoexTusnoii miockoctn RP?.

3. Ha puc. 1 B) mokasana TpHAHTYJIANMS TPOCKTHBHOM maockoctn RP? ¢ 6 Beprmu-
namu. Ha rpanuiie MHOrOyrojibHUKA HPOU3BOJATCH OTOXKJIECTBJIEHUS B COOTBETCTBUU CO
CTpEeJAKAMU W HyMepallieil BepIIuH.

Tpuanryasmnun #a puc. 1 6) 1 B) MUHUMAJBHBI 110 YHCJIY BEPITHH (3a7a4a).



B kJraccmyeckoM MOJAX0J/e CHUMILIUITHAIBLHBIE TOMOJIOTUU ITPOCTPAHCTB OMPEIeaInCh
qepe3 ux TpuaHryssuu. OJHAKO MBI BHIUM, UTO JaKe JIJIA MPOCTHIX JIBYMEPHBIX I0-
BEPXHOCTEH TPUAHTYISIUU COJEPKAT OOJIBINOE KOJUIECTBO CUMILIEKCOB, UTO HPUBOJIUT
K T'POMO3JIKHUM BbhIYucaeHuAM. O600Ienne NOHATHSA CUMILIHITUAJIBLHOTO KOMILIEKCa, MPH
KOTOPOM CUMILIEKCHI MOTYT IPUKJIEUBATHCS JAPYT K JAPYTY 1O YaCTH T'PAHUIIBI, & HE TOJIb-
KO TI0 OJIHOMY CHUMILIEKCY, TPUBOIUT K O0JIee SKOHOMHBIM pa30UeHusIM IPOCTPAHCTB Ha
cuMILieKchl. [IpuMepnl n3o0pazkeHsl Ha PHUC. 2, a OMpPeIeeHne MPUBOIUTCS B CJICIYIONIEM

naparpade.

v v w v v v
Y 2 b
U U
c a a c
b %4 %
b 1 9% b
v v v w v v
a) St 6) T B) RP? r) Byrsuika Kaeiina

Puc. 2. Tlosycuminiurnuaabable KOMILJIEKCHI

1.2. TlosycuMnuiumnumaabHble KOMILJIEKCHI. CTPYKTYPa NOAYCUMNAUYUUAALHOZ0 KOM-
naexca Ha TpocTpancTse X — 9TO Takoi HAOOP oToOpaxKkenuit o, : A" — X, rje n 3aBUCUT
OT WHJIEKCA (v, YTO BBITIOJHAIOTCS CJIe/IYIONINe YCJIOBHSI.

a) Orpannuenue 0, i, HHHEKTUBHO, U KayKAas TOUYKA MPOCTPAHCTBA X COAEPIKUTCS
B 06pa3e POBHO OJIHOTO TAKOTO OTPAHUYCHUS 04 in-

6) Kaxzoe orpanndenue oToOpaskeHus o, Ha rpanb cuMiviekca A" — 3T0 oxHO u3
orobpazkenuii og: AF — X k < n.

B) MHuoxkecrBo A C X OTKPHITO TOTJIA M TOJBKO TOTJA, KOTAA MHOXKECTBO o, ' (A)
OTKPHITO B A™ /151 BCEX 0.

Ecan kaxxmoe orobpaxkenne o, : A" — X WHBEKTHBHO, KOJUIECTBO STUX OTOOPaAKeHHIT
KOHETHO H Iepecedenne JIOObIX MBYX CUMILIEKCOB 04 (A") u 03(A™) B X aBisercs rpa-
HBIO KAzKJI0r0 U3 HUX (BO3MOXKHO, IYCTOl), TO BCE CHMILIEKCHI MOYKHO BJIOKHTH B OJHO
npocrparctBo RY rtak, aro J, A™ cTraHeT cHMIUIMIEATBHBIM KOMILIEKCOM, 8 X — TpHaH-
IYJTUPOBAHHBIM TIPOCTPAHCTBOM. B 9TOM CJIydae yCJIOBHE B) BBIIOJHEHO ABTOMATHIECKH.
Ecin ke KOJMYecTBO CUMILIEKCOB 04 A" — X GeCKOHEYHO, TO yCJIOBHE B) JIAET <«IIpa-
BHJIbHBLT» c110c00 BBepenus Tonoaorun Ha | J, A", He 3aBuCAIITil OT BIOKeHNUIT B RY. Cm.
sagaun 1.10 u 1.11. Takum o6pazom, GecKOHeUHbIe CHMIUTHIMATbHBIE KOMIJIEKCH (TpH-
AHTYJISIIIAE) — 9TO MOJIYCHMILIAIAAIbHBIE KOMILIEKCH, B KOTOPBIX BCE OTOODarKeHHsl 0,
HHBEKTUBHBI U Bee nepecedenus o, (A") N og(A™) aBIAI0TCA TPAHIMA.

13 ycaoBus B) ciaemyer, 9To X MOXKHO MOCTPOUTH KakK (DAKTOPIPOCTPAHCTBO HabOpa
HellepeceKaOMNUXCA CUMILTeKcoB ALY, 0 OJHOMY IS KazK/I0T0 OTOOpazKeHUs o, : A" —
X. Otcroga caeayer, 9To IPpOCTPAHCTBO X HOJIZKHO OBITH Xayca0pdOBbIM, a KaxKJI0e orpa-
HUYEHUE 0, i, ABIAETCA FOMEOMOPMU3IMOM Ha CBO 00pa3, KOTOPBI MOITOMY SIBJISETCS
OTKPBITBIM cumiiekcoM B X (3aga4a). Tem caMbIM OTKDBITBIE CUMILIEKCHL 04| in 3212~
0T KJIeTo4HOoe pa30uenue npocrpancrsa X. OJHAKO MOJIyCHMILIMIUAIBHbIE KOMILJIEKCH
00pa3yioT BeCbMa OI'DAHUYEHHBIH KJIACC KJIETOYHBIX IIPOCTPAHCTB.



ITpumep 1.3.

1. Ha puc. 1.1 a) n300pazkeHo TOJYyCUMIUIMIMATRLHOE pa3breHne OKPYKHOCTH ¢ OTHOM
BEPIIUHON v U OJHUM PeOPOM (1-MEepHBIM CHMILTIEKCOM) €.

2. Ha puc. 1.1 6) u300pazkeHo MOJYyCUMILTUIHATBHOE pa3Ouenne Topa ¢ OJHON BepIu-
HOli v, TpeMst pébpamu a, b, ¢ U JBYMsI TpeyroJabHuKaMu (2-MepHbiMu cuMiLiekcamu) U, V.
Pébpa opueHTUPYIOTCS B COOTBETCTBUH C TOPSIIKOM 0TOOparKaeMbIX BEPIIUH CUMILIEKCOB,
ot Menbmmeil K Gobmeit. Hanpumep, U asiserca obpasom Tpeyroabuuka A% = [012], npu
sToM pebpo [01] orobpazkaercs B a, pebpo [12] B b, u pebpo [02] B [¢], n Bce Tpu BepiHHBI
0,1, 2 mepexoadar B v.

3. Ha puc. 1.1 B) n3006pazkeHo MOJYCHMILTHINATIBHOE Da30OUeHne POEKTHBHON IMI0C-
KOCTH C JIByMsI BepIIUHAMHU v, w, TpeMs péopamu a,b,c u aByms Tpeyroabuukamu U, V.
Bnech orobpazkenue uz A% = [012], coorBercTByolee TpeyroJbHUKy U, YCTPOEHO Tak:
BepmuHbl 0 1 1 epexoqdaT B v, a 2 B w.

4. Ha puc. 1.1 r) m3o6parkeHo MOJyCHMILTHIUATIBHOE pa3buenne GyThuiku Kireiina ¢
OJIHOi BepIIHHON v, TpeMsa pédbpamu a, b, c u aByms Tpeyroabuukamu U, V.

1.3. Cummunmuanabubie romosoruu. [lycts X — MOJIyCUMILTUITHAIBHBIH KOMILIEKC.
Ompegennm cBoboauyto abeneBy rpynmy A, (X), TOPOXKIEHHYIO N-MEPHBIME CHMILIEKCA-
Mu 0,0 A" — X kommiekca X . DiemenTs! rpymnsl A, (X ) HA3LIBAIOTCS N-MEPHBIME CUM-
nAUYUAALHOLMU Uensmu Tasa X . Kakaas CHMILUIUIIAIbHAS Hellb MOKeT ObITh 3alliCcaHa
B BHJe KOHETHOH OpMATIBbHON CyMMBI ) koo, ¢ Kodbdurmenramu k, € Z.
Omnpenemum epanuuhvit 2omomoppusm Oy : A, (X) — A,_1(X), 3a1aB ero 3HaYeHNST HA

sJIeMeHTax basuca o, [vg, ..., v, = X:

n
(1) an(o—a) = Z(_l)zo—a’[UO,A..,'ﬁi,...,vn]7

i=0
1€ Oaljo,...5i,...0,] 0003HAUAET (1 — 1)-MEPHYIO I'DaHb CHUMILIEKCA U, HOJLYYAEMYIO OIyC-
KaHueM i-it Bepiuubl v;. Hampumep,

O [vo, v1] = [v1] — [vo],
Os[vo, V1, V2] = [01, V2] — [vg, V2] + [v0, v1].

Bri6op 3HaKOB 00yCJIOBTEH COTJIACOBAHHEM OPUEHTAIUi, 33 1aBaeMbIX MOPSIKOM BEPIINH,
Ha CUMILJIEKCE U €r0 I'DaHsX.

Jlemma 1.4. Komnosuyus A,(X) Ony Apq(X) Oy A, o(X) asasemea nysesvim

0MmobpastceHueMm.

Jlokasamenvemso. N3 coorromenust (1) BoTekaer
— 1)1\ . —1)(—1) L L
On—10,(0) = E (=1 (=1) J|[U07---7Uj7---7'Ui7---77)n] + E (—1)"(—1) 0’[vov--wvir--,vj,---7v7L]‘
7<t >t
T[TocJteiHue JiBE CyMMBbI COKPAIAIOTCS, TAK KAK IIOCJIE IIEPECTAHOBKHY § U j BO BTOPOIi CyMMe
OHA CTAHOBUTCH MEPBOI CyMMOI CO 3HAKOM MUHYC. 0

Tem caMbIM MBI HAXOJHMCS B CJAeAYIONEH ajredpandeckoii curyamnun. Vmeercs mocre-
JIOBATEJIbHOCTH TOMOMOPMDU3MOB abeJIeBbIX I'PYIIII

On On 9 17
...—>Cn+1—+1>Cn—>cn,1—>...—>01400—0>0,
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upuaém 0,0,+1 = 0 mag Beex n. Takast nocienoparenbrocts Cy = {C),, 0, } Ha3bIBaeTCS
uenuoim Komnaerxcom. N3 pasercrsa 0,0,.1 = 0 creayer, uto Im 0,1 C Ker 0,,. [Toaromy
MbI MOKEM OIPEIEUTD N-I0 2PYnny 20Mmo402ull NEITHOIO KOMILIEKCa KaK (DAKTOPIPYIILY
H, = Ker0,/Im 0,1. Daements siyipa Ker 0,, HA3BIBAIOTCS 4UKAGMU, & FTEMEHTHI 00pa3a
Im 0,11 — epanuyamu. DaeMeHTH TpyHbl H, HAa3BIBAIOTCH KAaccamu 20mono2utl. Kirace
romoJioruii nukia ¢ € Ker d,, obosnagaercs yepes [c]. Ipa MuKIIa, TPeJICTABISIONINE OTHH
1 TOT 7K€ KJIACC TOMOJIOTHM, HA3BIBAIOTCS 20MOA02UMHBLMY. DTO O3HAUALT, YTO X PA3HOCTH
ABJIACTCA IPaHULeil.

Bosspammasics k cayuawo C, = A, (X), rpynny romosoruii Ker 9,/ Im 0,41 Gymem 060~
snagarh H2(X) n HaspiBaTh n-ift 2pynnoti CuMnAUYUGALHOLT 20M0A02uli KoMTLTeKca X .

IIpumep 1.5. Ilycrs X = S ¢ ommoit Bepmuuoil v 1 oxauM pebpom e, cMm. puc. 1.1 a).
Torma o6e rpymmbt Ag(X) u A (X) paBHBl Z, a TpaHUYHOE 0TOOpazKeHne J) HYJIeBOe, TaK
Kak die = v — v. Kpome toro, A,(S') =0 npu n > 2, Tak KaK B 3THX Pa3MEPHOCTAX HET
cuMILiekcos. Clie10BaTeaLHo,

HA(Sl)

I

Z upun=0,1;
0 mpun = 2.

IMpumep 1.6. [Tycts X = T2 — T0p ¢ 01HOI BepIIMHOIL v, Tpems pédpamu a, b, ¢ u 1ByMs
rpeyrosbaukamu U, V', cm. puc. 1.1 6). Kak u B upeapiaymem npumepe, d; = 0, mostomy
HE(T?) = Z. Tak kak OU = [12] — [02] +[01] =b—c+a =V, a a,b,a+b— c — bazuc
rpynnst 9y (T?), nosyuaem, uro H (T?) = Z @ 7 ¢ Ga3ucHbIME KJIaccamu ToMoJioruii [al
u [b]. Tax Kak Tpéxmepnbix cumiiekcos Her, H5 (T?) = Ker 0y, a rpynna Kerdy = 7
nopozkiena mukjaom U — L. Takum obpazom,

Z&7Z mupun=1;
HYNTH =27 upu n = 0,2;
0 npu n = 3.

IMpumep 1.7. ITycts X = RP? ¢ aByMs BepImuHAMHI v, W, TpeMs pédpamu a, b, ¢ 1 1ByMs
tpeyroibaukamu U, V', ¢m. puc. 1.1 B). Torma rpynma Im 0y mopoxkjieHa menpo w — v,
nosromy HE(RP?) = Z, npuuém B KauecTBe obpasyiomieil MoxKHO B34Th [v] win [w]. Tax
Kak OpU = —a+b+cu 0,V = a—b-+c, Ml Bumam, uro Ker 9, = 0, nosromy H5 (RP?) = 0.
Hamee, Ker 0y =& Z®Z ¢ 6a3ucom a—b u c. OTciona BUAHO, 9YTO Im Oy ABIsIETCS TOATPYIIIOR
unjekca 2 B Ker 0;, rak kax B KauecTse Oaszuca B Ker 0; MOXKHO B3sTb @ — b+ cu ¢, a B
KagecTBe Oazmnca B Im 0y MOKHO B3s1Th @ — b+ cu (—a+b+c¢) + (a — b+ ¢) = 2¢. Takum
obpazom, HA(RP?) 2 Z, u mb nnmeem

Z  upun=0;
H2(RP?) = Zy mpun=1;
0 mpun > 2.

CUMILTHIIHAIBHBIE TOMOJIOTHH B JIEHCTBHTEILHOCTH SBJISIOTCS TONOJIOTHYECKIMU HHBA-
pHAHTAMH IPOCTpaHCcTBa X, T.e. HE 3aBHCSAT OT CIIOCO0a ero pa30MeHMs Ha CHMILIEKCHI.
Bosee Toro, rpynmnsl CUMILTHIIHATIBLHBIX TOMOIOTHN TOMOTOINYECKH SKBHBAJIEHTHBIX IIPO-
CTPAHCTB OJIMHAKOBbI. [l TOro, 4T00bl JIOKA3aTh 3TU CBONCTBA, MbI OIIPEJIEJUM JIPYTOil
THT TOMOJIOTHI MPOCTPAHCTB — T'PYHIBI CHHTYJISAPHBIX TOMOJOTAH, ONpeJleIeHne KOTOPBIX
He OyIeT HCIO0Ih30BaTh pa3dueHne MPOCTPAHCTBA HA CUMILIEKCHI. 3aTeM MBI JOKaYKeM, ITO



TPYTIBI CUMILTUTIAAJIBHBIX U CHHTYJISPHBIX TOMOJOTUH TOTYCHUMILTHIHAIHHOTO KOMILIEKCA
COBTIA,TAIOT.

3amaun 1 ynpakHeHus.

1.8. Jlokakurte, 4T0O MHUHUMAJIbHOE YHUCJO BEPIIUH B TPHAHTYJILAIMH TOPAa PaBHO 7, a B
TPUAHTYJIANUHA IPOCKTUBHOMN IIOCKOCTH — 6.

1.9. TlocrpoiiTe Kakyio-uHudyap Tpuanryaaiuio OyTeiiku Kieitna. Kakoe MunuMaibuoe
YUCJIO BEPIINH Y TAKOH TPUAHTYIANUAM !

1.10. Tlycte I, — OTpe30K eAWHWYHON AAWHLI HA TIocKocTHn R? ¢ KoHIAMu (0,0) m
(cos 2%, sin 2%). Onpegemam Y = (J;-, I xax noanpoctpanctso B R? ¢ wHIymupoBaHHoif
k0 k) pena — Uk=11k D p Aynup

tonosorueit. I[Tycrs o, A — Y — amneitnoe orobpaskenne orpeska Al na I, JTokaxxmure,
ITO CEMEHCTBO OTOOPAYKEHHIT 0 BMECTe ¢ X OTPAHUIEHUSIMI HA, BEPITUHBI YIOBIETBOPSIET
YCJIOBUSAM a) U 6) U3 ONpeJiesIeHnsl TOTyCHMIUTAIIHATBLHOTO KOMILIEKCA, HO He YIOBJIETBO-
psier yeaoBuo B). TakuM 06pa3om, MPOCTPAHCTBO Y mpeicraBisger coboii GecKOHeYHOe
obbeInHeHre CUMILIEKCOB B R?, IPUMBIKAIONIMX JIPYT K JAPYTY 10 IPAHAM, HO He ABJIseT-
CsT TOJIYCHMILIAIUATBHBIM KOMILIEKCOM.

1.11. Pacemorpum Gyker cuérnoro umcia orpeskos X = \/7-, A}, (Ilo onpexenenuo,
6yker — 910 hakropupocrpanctso (| |77, AL)/(Lpe, O).) dokazxkure, 4T0 HEbLEKTHBHBIE
orobpaxkenus oy: AL — X BMecre ¢ MX OrpaHUYEHUSMU HA BEpLIMHBI 3aJa10T Ha X
CTPYKTYDY OeCKOHeTHOrO (IOJIY)CHMIUTHIMAIBLHOTO KOMILIEKCa, HO X He BKJIA/bIBATCS
B RN mn gua xakoro N (T. e. HE TOMEOMODMHO TTOMHOKECTBY RY ¢ unayumposanHoil
TOIOJIOTHE! ).

1.12. JlokazKkuTe, 9TO CTPYKTYpa MOJTyCUMILIAIIAILHOIO KOMILJIEKCA Ha pOocTpaHcTBe X
3a/1a€T Ha HEM CTPYKTYPY KJETOYHOrO MPOCTPAHCTBA.

1.13. TlpuBeaure npuMep KJAETOYHOI'O Pa30MEHHs MPOCTPAHCTBA, KOTOPOE HE SBJIAETCH
CTPYKTYPOil TTOJYCUMILININAJIBHOTO KOMILIEKCA.

1.14. Ilycrs X = S' U, D? — K/IETOUHOE NPOCTPAHCTBO, HOJTYTAaeMOe MPHKICHBAHN-
eM K okpyxHocTu S' (pasbuToil Ha JiBe KJETKH) ABYMEPHOH KJIeTKH 10 0TOGPaKeHUIO
p: St — S! cremenn 3, z — z3. IlpocTpanctBo X MOYKHO MOIYUNTH W3 TPEYTOJLHUKA,
OTOYKJIECTBJIEHHEM TPEX ero CTOPOH B OJHY B COOTBETCTBHH C HAIPABIEHUSMHU CTPEJIOK

Ha pHUCYHKE: Bajai0T 1 XapakTepucTndeckue oroopaxkenng A — X, Al — X n
A? — X JaHHOTO KJIeTOYHOrO pa3bheHusd CTPYKTYPY I0JYCUMILIHINAILHOIO KOMILIeKca?

1.15. BpruucanTe cUMILTUITMAIbHBIE TOMOJOTHN OyThLIKM KileiiHa, BOCIOJIB30BaBIIUCH
CTPYKTYPOH TOJYCUMILUIMIUAAJIBHOTO KOMILIEKCA.

1.16. Borunciaure CHMIVIANAAIBLHBIE TOMOJIOTHH 2-MepHOil cdepsl S?, BOCTIOIb30BABIIHACD
TPUAHTYJIANNENH HIN CTPYKTYPOH MOJTYCUMILIATUAILHOTO KOMILIEKCA.

2. CUHI'VJISPHBIE TOMOJIOTHAN

2.1. Onpepnesienue u nepBbie CBORCTBA. CUHZYAADHOIM N-MEPHBIM CUMNAEKCOM (TN
IPOCTO N-CUMNAEKCOM) B TPOCTpaHCTBe X Ha3bIBAeTCS HENpepBIBHOE OTOOparKeHne
o: A" — X. Oupenennm cBobonnyo abesieBy rpyiy Cp, (X ), TOPOKIEHHYIO MHOKECTBOM
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CHHTYJISIDHBIX N-MePHBIX cuMIaiekcoB B X . DuiemenTts rpynnbl Cp, (X ), Ha3bIBaeMbIe CuH2Y-
AAPHOMU TV-MEPHOLMU YENAMY, SBISIOTCS KOHETHBIME (OPMAIBHBIME cyMMaMu ) . k;o;,
e k; € Z u 0;: A" — X. Ipanugnoe orobpazxkenue 0,: C,(X) — C,_1(X) 3anaéres
TOM ke (POPMYJIOi, UTO U JIjId CUMILIHIHAILHBIX IIEIei:

n

8n(<7) = Z(_l)ZU’ [0,V seeeyUn ]

1=0

rae o: [vg, ..., 0, — X — CHHTYJISDHBIH CHMILIEKC.

Msr gacro OymeMm mucaTh mpocTo 0 BMecTO O,. Tak Ke Kak W 11 CHMILTAIAATBHBIX
nerneii, 1okasbBaercs, 9To 0,0, = 0, T.e. 9? = 0. TakuMm 06pa30M, MOXKHO OIpeIeUTh
rpytuiy cunzyasapros 2omonoeuti H,(X) = Kerd,/Im 0, ;.

3 onpejeennst 04eBUIHO, Y4TO TOMEOMOPQHBIE MPOCTPAHCTBA MMEIT OJMHAKOBBIE
IPYIIbI CHHPYJISIPHBIX TOMOJIOTHI H,,, B OT/IHYHE OT CUTYAIlUd ¢ CHMILIAIAAIbHBIMA TO-
mostorusivu H2. C pyToit CTOPOHBI, TaK KaK YHCJA0 CHHTYASPHBIX N-MEPHBIX CAMILIEK-
coB B X 00bI9HO HecuéTHO, rpymisl reneii Cp,(X) ¢ToIh BEUKN, 9TO HETIOHSTHO, HOYEMY
JJTsl KOHEIHOTO CHMILTHITMATBLHOTO KOMILTeKca X TpYIIia CUHTYIgpHBIX romooruii H, (X))
JIOJIZKHA, OBITH KOHEYHO IOPOXKIEHHON M HyJseBo# npu n > dim X. DT cBoiicrBa ObLIN
TPUBUAJIBHBI [IJI CHMILIAIIAAIBHBIX TOMOJIOTHH.

CuHry/IgpHBIE TOMOJOTHH B J€HCTBHTEIBHOCTH MOXKHO PACCMATPUBATHL KAK UACTHBII
cydail CUMILTUIMAIBHBIX TOMOJIOTHI TP TIOMOIIM Caejyomieii koncrpykuun. st mpo-
H3BOJIBHOTO MPOCTPAHCTBA X OHPERETUM NoAHul cuneysaproll komnaiexc S(X) Kak mo-
JIyCHUMILTAIUAIBHBI KOMILIEKC, HUMEIOIIHH [0 OJHOMY CHMILIEKCY JJI KayKJI0r0 CHHTY-
JgspHoro cumiiekca o: A" — X. U3 onpegenennii scno, uro H2(S(X)) = H,(X) nna
BCeX M. DTa KOHCTPYKIHUA 00JaIaeT CBORCTBOM (DYHKTOPHAJBLHOCTH (T.e. 0TOOparKeHue
X — Y uunymupyer orobpazkenue S(X) — S(Y), nepeBojsinee CUMIIEKCH B CHMILICK-
¢bl), 0HAKO KoMILIeke S(X) CJIUNIKOM BETHUK, YTOOBI €10 MOXKHO OBLIO HCIOIB30BATD st
SIBHBIX BBIYUCJICHHIA.

[IepeiiémM K OMUCAHUIO MTPOCTEHIIINX CBOWCTB CHHTYISIPHBIX TOMOJIOTHIA.

IIpennosxkenne 2.1. Ecau npocmparcmeo X npedcmasaeno 6 sude obsedunenus | |, Xo
Komnorenm aunetinotl ceasnocmu, mo H,(X) = @, H,(Xa).

Hoxazameavemeo. Tak Kak obpa3 CHHTYJISPHOTO CUMILIEKCA JIMHEHTHO CBS3€H, MbI MMe-
em Cp(X) = @B, Cr(Xa). 'pannunoe orobpazkenne 0, COXpausgeT 3T0 Pa3joKeHHe, T.e.
0nCn(Xs) C Cp—1(X,), mosromy moanpocrpancrsa Ker 9, u Im 0,, anaiornano packiia-
IBIBAIOTCA B IpAMyIo cyMMy. OTClona caemyer pasIoKeHue I TOMOJIOTHI. O

J1a najabHeRIero HaM IOHAJIOOHTCS CAeAyIomas MOAU(PUKAINSA CHHIYISIPHOTO IIel-
Horo Komiuiekca. Ompemesanm romomopdusm ayemenmauyuu €: Co(X) — Z mo dopmyste
e(D>_, kioi) = Y, ki. Tenepp paccMOTPHM IOCJIEJOBATEILHOCTD

(2) o Co(X) B (X)) B Co(X) - Z — 0.
Msbr umeem €0 = 0, Tak Kak Jjst Jgiob6oro l-cummiekca o: [vg,v1] — X BBITOJHEHO

£01(0) = e(olp,) — 0lyy) = 1 —1 = 0. CienoarebHO, (2) dBIAETCS NETHBIM KOMILIEK-
COM, HA3BIBAEMBIM AY2ZMEHMUPOGAHHYM CUHLYAAPHBM YenHbM Komnaexcom nius X . Ero
IOMOJIOIMH HA3BIBAIOTCS NPUBEOEHHBLMU 2PYNNamu 20mor02ul n obosnadatorcest H, (X).



11

Tak kak ayrmenrtanus € obpamaercs B Hyab Ha Im 0y, oHa nHAynEpyeT oTOOpazKeHune
Hy(X) — Z ¢ smpom Hy(X). CnenosaresbHo,

Ho(X) = Hy(X) & Z.

Ouesuno, uro H,(X) = H,(X) upu n > 0.

IIpengyoxxenune 2.2. FEcau npocmparncmeo X aunetno ceasmo, mo Ho(X) = 7Z, m.e.

oxazamenvemeo. YToOBI T0Ka3aTh, 9TO ]:.io(X ) = 0, nocrarousno yoeauthbest, uro Kere C
Imoy, em. (2). Iycrs (3, kioy) = 0, T.e. >,k = 0. Cunryasapusie 0-CHMILIEKCHI
oi: [vo)] = X — 310 mpocro Touku B X. s kaxaoro o; Beibepem nyTh 7;: [ — X
3 (bUKCHPOBAHHON TOUKH Tg € X B TOUKY 0;(vg). IlycTh 09 — cunryngpusit 0-cumiiexc
¢ obpazom xg. Kaxkpiii 11yTh 7; MOXKHO paccMarTpuBaTh KaK CHUHIYJISIPHBIH 1-CHUMILIEKC
7i: [vo, v1] = X, upnuém O1; = 0; — 0¢. Mbl umeem

8(2 k)ﬂ}) = Z k’iUi — Z kiao = Z kiaia

Tak Kak y . k; = 0. Cnegosarensno, » . k;0; — rpanura, a 3uaqnt, Kere C Im 0;. O

IIpenmoxxenune 2.3. Tomonozuu mouku X = pt umerom eud Hy(pt) = Z u H,(pt) =0
npu n > 0.

Hoxasameavcmeo. dna X = pt uMeercs eTWHCTBEHHBIN CHUHIYJISPHBIA N-CHMILIEKC 0,
TSI JII000T0 N, TPUIEM

n

: 0 ecom n meuaétao wan n = 0

a(gn) = E <_1)10n—1 = 7 N ’
— On_1, ecau n 9érao u n # 0.

Takum 0Opa3oM, CUHTYJISIPHBIN IEIHOM KOMILIEKC 110 X = pt UMeeT BH]L

o—757-%7 =57 57—,

a ero roMoJIOTUY TPUBHUAJIBHBI, 33 UCKJIHOUYeHnem Hy = 7. O

2.2. ®YyHKTOPHAJIBLHOCTh M TOMOTOINYECKAS WHBAPUAHTHOCTh. 3JI6Ch MBI ITOKA-
K€M, 9TO IOMOTONHMYECKH 3KBHBAJIEHTHBIE HPOCTPAHCTBA UMEIOT H30MOPMHBIE I'PYIIIBI
romoJtoruii. I 3T0ro Ml cHavasa yoeamMcs, 4T0 TOMOJIOIHH ABASIOTCA (DYHKTOPOM 13
KATErOPHUHU TOIMOJOTUIECKHUX IIPOCTPAHCTB B KATETOPHIO abeIeBbIX TPYII, T.€. HEIPEPBIB-
noe orobpaxenue f: X — Y unaynupyer romomopdusm f,: H,(X) — H,(Y). 3arem Mo
JTIOKAZKEM, 9TO f, ABJIsIETCS H30MOPGMU3IMOM, eCIi [ — FOMOTOMHYECKasi IKBUBAJIEHTHOCTb.

Hs orobpazkenus f: X — Y onpeaennm romomopdusm neneii fz: Cp(X) — Co(Y),
B34B KOMIIO3UIINIO CUHTYJISIPHBIX cuMILTeKcoB 0: A" — X ¢ f, re. fu(o) = fo: A" =Y,
C TIOCJIEIYIONUM HPOAoJIKeHneM 1o auHeiHocTH. [Ipu sToM [0 = 0 fx, Tak Kak

F40(0) = 5O (=10 lpoineion)) = O (1) f0livpre o) = Of (0.

7 7
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Takum obpa3zoM, Mbl UMeeM KOMMYTATUBHYIO JHATIDAMMY

— Cp1(X) LN Ch(X) 2, Cr1(X) —

[ |1 |1

—— Con(Y) =25 oY) =25 Cu(Y) —
DTa cuTyalus OIMCHIBACTCS CJEAYIONMMHU ajredpandeckumu nousaruamu. Ilycrs Cy =
{C,,0} m C, = {C! 0} — nBa nennsix kommiekca. HaGop romomopdusmos f =
{fn: C, = Cl, n > O} Ha3BIBACTCS UenHbLM 0mobpasceruem memrHoro KoMiaekca C,
B 1enHo# koMmiuieke C, ecyin BBITIOJHEHBI COOTHOIIEHUST [, 10 = O f,,.

Ipennoxenune 2.4. Ilennoe omobpasicernue f: Cy — CL undyyupyem 2omomopgusmot
epynn 2omonozul smuz komnaercos, fo: H,(Co) — H,(CL), npuuém

a) (9f)« = gufs Ona xomnosuyuu omobpasncenut C, EEIN c 2L s
6) (id). = id, 2de id obosnauwaem mostcdecmsernnoe omobpascenue.

Joxazamenvemeo. N3 coornomenust fO = 0 f Bbirekaer, 40 f HepeBOJAUT HUKJIbI B IUKJIbI
(a3 pasencrsa dc = 0 caenyer, uro Of(c) = f(0c) = 0) u nepeBOAUT rPAHUIIBI B TDAHUIIBI
(rak kak f(0b) = Of(b)). Caenomarenvno, f unmynupyer romomopbusm f,: H,(Co) —
H,(C,). Croiicta a) u 6) 04eBHHEL. O

BosBpaiiasch K TOMOJOIHIeCKOil CUTYAIul, Mbl TIOJIy9aeM, 9TO 0TOOpaKeHne TOMmoJI0-
rudeckux mnpocrpancts f: X — Y umgaynupyer roMoMOpdU3Mbl UX TPYIIIT CHHIYJIAPHBIX
romogtoruit f,: H,(X) — H,(Y), yaoBAeTBOpPSIIONIHE COOTHONIEHUIM &) U 0) U3 TPeJIo-
KeHus 2.4. TO CBOMCTBO 1 Ha3bIBaeTcd (PYHKTOPUAIBHOCTHIO TPYIIT TOMOJIOTHIA.

lasmee MBI TOKaxKeM, YTO TOMOTOIHBIE OTOOPaXKeHUsI TPOCTPAHCTB UHAYIIUPYIOT OTNHA-
KOBBIe TOMOMOP(U3MBI uX Tpyii romosoruit. Ilyers F': X X [ — Y — romoronus Mex Iy

orobpakerusivu f: X —-Yug: X —» Y. ZLH;{ cuHryasspaoro cumiiekca o: A" — X pac-

oxid
cmoTpuM Kommosuiuioo A" X [ —— X x [ Y. Bro oTobpazKeHne BMecTe ¢ pas3dneHnem

npusMbl A" X [ Ha CHMIUTEKCHI JacT CHHTYIspHYO (1 + 1)-MepHyto nenb B Y. Tem cambim
mbl ocrponm romopdusm P: Cy(X) — Chyq(Y), KoTOpHI siBasieTcs agreGpandecKuM
aHaJyiorom romoronuu. Ero dbopmasibHOe onpe/ieieHne 3aK/II09aeTCsd B CIeIYIONIEM.

JBa nenuerx orobpaxkenuss [: Cy — C, u g: Cy — C HA3BIBAIOTCA UENHO 20MOMON-
HbLMU, €CITH cyIIecTByeT Habop romomopdusmos P = {P,: C,, — C}_, n > 0} (Ha3biBa-
eMblil yennot 2omomonuel MeXKIY f U g), VIOBIETBOPSIONIUX COOTHOIIEHUIM

OP + PO =g — f.
DTO ONHUCHIBACTCA JUATPAMMOIL

6n+1 8

e O M I O ——

AT

FeOMeTpI/ILIeCKI/HU/I CMBICJI COOTHOIIIEHNA I_[eHHOIU/I TOMOTOIINN TIOACHAETCA HUZKE B JOKa3a-
TeJIbCTBE TeopeMbl 2.6.

IMpennoxkenne 2.5. I[enno 2omomonnve omobpascenusn f,qg: Co — CL undyuupyrom
00UH U MOM. 2HCE 20MOMOPPUIM 20MON02UT: [y = Gx.
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Jlokasamenvemso. Ecam ¢ € C,, — ki, 1o g(c) — f(¢) = OP(c ) + PJ(c) = OP(c), Tak
kak Oc = 0. Takum o6pazom, g(c) — f(c) — rpanuna, 1.e. g.[c] — fi[c] = 0. O

Tenepb MbI CHOBa BEPHEMCS K CHHTYJ/ISIPDHBIM TOMOJIOTHSIM.

Teopema 2.6. T'omomonnwvie omobpasrcenusn npocmparcms f,g: X — Y undyyupyrom
00UH U MO, 2HCE 20MOMOPPUSM CUHZYAAPHBLL 20MOA02UT: [y = Gx.

Jlokasamenvemso. Jliis ToKazaTebCTBa Mbl TOCTPOUM TenHy0 romoronuto P: C(X) —
Crn1(Y) mexxay fu u gy Ham nmonamoburest Tpuanrysisanus (pasoueHne Ha CHMILIEKCHI )

mpusmbl A" X I. Ilyers vy, ..., v, — Bepmuust ocHoBanusa A" x {0}, a wy, ..., w, — Bep-
munbl ocnoBanus A" x {1}. Hama rpuanryssiust npusmsr A" X [ umeer n+ 1 cuMILIeKcoB
pasMepHOCTH N + 1, KasKblii U3 KOTOPBIX UMEET BUJL [V, . . ., Vs, Wiy ..., Wy, 1 = 0,...,n.

MozkHO poBepuTD (3a7a4a), 9T0 9T AeHCTBUTENBHO CHMILTUIMATBHBIH Kommaekc. Ciry-
qaum n = 1 u n = 2 moKa3aHbl HA pUC. J.
wo w2
Wo w1 -7

Vo V2

Vo U1

U1
Puc. 3. Tpuanryusinust npusmbr A” X .

[Iycth Tenmeps mana romotomus F': X X I — Y mexnay orobpazkenusmu f u g. Ompe-
jesium npusmennvie onepamopvs P Cp(X) — Chi1(Y) no dopmyiie

P(U) = Z(_l)ZF o (U X id)’[vo,...,vi,wi,...,wnb
(2
e 0: A" — X, a Fo (o xid) — komnosunusg A" x I — X x I — Y. MbI nokazkeM, 410
IPU3MEHHbIE OLEePATOPHI 3a4a10T HEeIHYI0 FOMOTONHUIO MEXKAY fu U gy, T.e. YI0BJIEeTBOPAIOT
COOTHOTIIEHUTO
8P:g#—f#—P8.

['eomeTpudecKkn JeBag 4acTh ITOTO COOTHOIIEHUS MPeICTAaBIAeT TPAHUILY TPU3MBI, a TPHU
YIeHa B MPAaBOIl YacTH MpeJICTaBIAOT Bepxaee ocHoBanue A" x {1}, HuKHee ocHOBaHMe
A" x {0} u 6okoBy10 moBepxHOCTb DA™ X I mpuambl. [Iist qOKa3aTeIhCTBA COOTHOITEHHUST
HpOBe,ZLéM BbIYuCJICHUE:

aP(U) = Z(_l)l(_l)]F © (U X id)|[Uo7---717},---,Ui,wi7---7wn]+
J<i
+ Z 1)t F o (o x id)|; (0010301 vestn]
Jj=i

YuteHbl ¢ ¢ = j B 3TUX JIBYX CYMMaX B3aUMHO COKPAIAIOTCH, 38 UCKJIIOYCHHEM YJICHOB

Fo (o xid)|iwwo,.wn) = 900 = gg(0) w  —Fo(oxid)|w, vm) = —foo=—fx(o).
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Yunenst ¢ i # j — 310 B TounocTH —PJ(0), Tak Kak

PO(0) =Y (=1)'(=1)'F o (0 % id)|jvg....u001,. o]
1<J
—I—Z 1)]FO (0 X ld)|v07 T Vi Wiy W]
i>]

Mbr gokasanu, 9410 P — 9T0 menHas roMOTONUS MEXKAY fu U gx, a 3Ha4uT, f = g,.. [
113 teopembl 2.6 u cBoiicTB a), 6) u3 upeIoKeHns 2.4 HeMeJJICHHO BbITEKAeT

CnenctBue 2.7. Fcau f: X — Y — 2omomonuyeckan 9K6UBGAEHMHOCb, MO UHIYUU-
posannoe omobpascenue 2omonrozuli fi: Hy(X) — H,(Y) asasemcsa uzomophusmom das
2106020 M.

CraencrBue 2.8. Tomomonuuecky IK6UBAAEHMHBLE NPOCTMPAHCNBE UMEIOM U3OMOPHHLE
epynno, 20monoeutl. B wacmmuocmu, ecau X cmazusaemo, mo H,(X) =0 das awbozo n.

2.3. JauHHag TOYHAd MOCJIEA0BATEIbHOCTh romosoruii. HamomanMm, 910 mocieno-
BAaTEJIbHOCTH TOMOMOPMHU3MOB abeJIeBbIX I'PYIIII

s A A, oA,

Ha3bIBaeTcs mownot, ecan Ker f, = Im f,.1 mra moboro n. Takasa mociaeaoBaTeIbHOCTH
ABJIAeTCd HCIIHBIM KOMILJIEKCOM C TpUBUAJIbHBIMU I'DYIIIIaMU I'OMOJIOI'UiA.
Tounasg mocaes0BATEILHOCTD BHAIA

0—A-SsB 2500

HA3BIBAETCSL KOpomkol mounol nocaedosamesvrocmoto. B Heil romomopdusm [ uHbeK-
THBeH, ¢ ciopbekTuBer u C' = B/Im f.
KommyTaTusHast quarpamMva BHIA

0 0 0

B KOTOpOIU/I CTPOKHU ABJIAIOTCA HEIIHbIMU KOMILJIEKCaMU, A CTOJI6I_[bI — KOPOTKHUMUA TOYHbIMU
IIOCJIE 10BATEJIbHOCTAMMU TI'PYII, Ha3bIBa€TCA %opomﬁou mounot TLOC/L@()OGGm&/LbHOCm’b?O

yenHulx Komniexcos. Mul Oyaem ncmnoab3oBarhk oboznadenne 0 — A, LI B, -5 Cy — 0.
TaK KaK OTO6pa}KeHI/IH 1 U ] B KOpOTKOI/I Imocjae 10BaTeJIbHOCTH ABJAIOTCA IMEeITHbBIMHA, OHU

WHYTHPYIOT ToMoMOpdmambr Tpy romosoruii H,(Ay) — H,(B.) - H,(C,).
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Hamree Mot ommmmem emé oguu romomopdusm 0: H,(Ce) — H,—1(A,), Ha3bIBaCMBILT
2PaHUNHOM 20M0MOpPusmom. Pacemorpum kaace romostornii [¢] € H,(C,), mpeacrapiien-
wbiii ukaoMm ¢ € C),. Tak kak j — snumopdusm, ¢ = j(b) ans wekoroporo b € B,,. Toraa
j(0b) = 9j(b) = 0c = 0, re. 9b € Ker j = Imi. CaenoBaresibio, 0b = i(a) 1Jist HEKOTOPO-
ro a € A,_;. Ilpu srom da = 0, Tak kak i(da) = 0i(a) = 00b = 0, a i — MmonoMOphu3M.
Teneps onpegerum J[c] = [a]. HeobxoauMo mpoBepuTh, 9TO MOJIYyUYEHHOE OTOOPaXKEHHe
0: H,(C,) — H,_1(A,) onpe/iejeHo KOPPEKTHO (T.e. He 3aBUCAT OT MPOU3BOJIA B BHIGODE
¢, bu a) u sBasiercs roMoMOpMU3MOM. DTH MPOBEPKH Mbl OCTABJISIEM B KAY€CTBE 3a/(a4H.

Bor oina u3 nepBbIX TEOpeM TOMOJIOIHYECKOH aareOphl.

TeopeMa 2.9. Kopommm MOUHAA NOCACIOGATNENBHOCTIL UETTHHBLL KOMNAEKCOE

0— A, - B, 250, — 0

UHOYUUPYEM, <OAUHHYIO> MOUHYIO NOCACIOBAMEALHOCTVL 2PYNTL 20MON02UL:
oo — Hy(Ad) -5 Ho(B) -2 H(C)) -5 Hy1(Ad) —25 Hyy(B) — . ..

Jlokasamenvemeo. PaccyKaeHust, HCIOIB3yeMble IPU JTOKA3ATEIbCTBE, HA3BIBAIOTCA A~
rpaMMHBIM TTorcKOM. HeoOxomumo goKa3aTh 6 BKJAIOYEHMH.

Im i, C Ker j,. HeiicrBurebuo, pasenctso ji = 0 Bae4ér j,i, = 0.

Im j, C Kerd. Eciu [c] € Im j,, To ¢ = j(b), tne b = 0. Tak Kak npu OLpeeIeHUN
IPAHUIHOTO roMoMOpdm3Ma Mbl mostaraeM i(a) = 0b, nonydaem a = 0, T.e. d[c] = [a] = 0.

Im 0 C Keri,. Ilycts [a] = O[c]. Torma i(a) = 0b, a 3nauur, i.[a] = [0b] = 0.

Kerj. C Imi,. Ilycrs j.[b] = 0. Torna j(b) = 0¢ masg mekoroporo ¢ € Cyq, Tax
kKak j — smumopdusm, ¢ = j(0') mas wexoroporo V' € B,.q. Ilpu stom j(b — 0b') =
j(b) — 04 (b') = j(b) — O¢ = 0. CrenoBarenbuo, b — O = i(a) masg HekoTOPOrO @ € A,.
DJIEMEHT a SABIASeTCS MHUKJIOM, Tak Kak i(da) = 0i(a) = J(b— V') = 9b = 0, a i —

moromopduam. CrenoBaTenabHo, i,[a] = [b — V'] = [b], r.e. [b] € Im i,.
Kerd C Imj.. Ilycts O] = 0. B obo3madenusix u3 ompeeeHns IPAHUIHOTO TO-
moMopdusma 0 Mpl umeeM O[c¢] = [a], T.e. B mameil curyamuu a = Oa’ aad HEKOTO-

poro a’ € A,. Hanee, i(a) = 0b. Paccmorpum anement b — i(a’). DTo MUK, Tak Kak
d(b—i(a’)) = 0b—1id(a’) = Ob—i(a) = 0. Kpome Toro, j(b—i(a")) = j(b) = ¢, a 3nauur,
Jalb —ia’)] = [c].

Keri, C Ima. Ilycrp i.fa] = 0. Torga i(a) = 9b aus mekoroporo b € B,. Duement
j(b) aBasiercst nmkiom, tak Kak 0j(b) = j(0b) = ji(a) = 0. Torma nmo omnpenenenuio
rpasnaHoro romomopdusma Ml umeem J[j(b)] = [a]. O

2.4. OTHOCHUTEJIbHBIE IPYIINBI FOMOJIOTHIl M TOYHAS IMOCJIEA0BATEILHOCTD HAPHI.
Temepb MBI TPUMEHUM aareOpandecKue MOCTPOEHUsI IPeIbIIYINero naparpada B TOmoJI0-
TUYECKON CUTYalluu.

[Iyctb A C X — mommpoctpanctso, T.e. (X, A) — monoaoeuueckan napa. Obo3Ha-
qum wepes C, (X, A) bakroprpyuiy C,(X)/C,(A). Tak Kak rpanuanblii romoMopdusm
0: Cp(X) — Cp1(X) nepesogur Cp(A) B C),_1(A), OH UHAYIHEDYET IPAHUIHBIA TOMO-
mopdusm 0: Cp (X, A) — C,_1(X, A). B pesyabrare Mbl TOJydaeM MEMHON KOMILIEKC

e Ot (X, A) =S Cl(X,A) - O (X A) —

(coorromenne 92 = () BBIMOJHEHO, TAK KAK OHO BBITIOJHSIOCH JIO IIepexojia K hakToprpy -
nam). Ero romonorun H,(X, A) Ha3BIBAIOTCA OMHOCUMEALHOIMU 2PYNNAMY 20MOA02UT
napsr (X, A). Takum obpazom,
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a) asementsl u3 H, (X, A) npencraBienbl 0mHOCUMEADHOUMY YUKAGMU, T. €. TAKAME
nersmu a € Cy,(X), uro da € C,,_1(A);

6) orHOCUTeNbHBIH UK @ npeacTasiager 0 B H, (X, A) Torga u TOJbKO TOT/Ia, KOTIa
OH FABJIACTCA 0MHOCUMEALHOT 2panuuyetd, T.e. a = Ob + ¢ JIg HEeKOTOPHIX b €

Crnt1(X) uce Cy(A).

Mp#r nMeeM KOPOTKYIO TOYHYIO TOCTIEI0BATEIHHOCTH MEMHBIX KOMIIJIEKCOB
0 — Cu(A) == Co(X) =5 Oy (X, A) — 0.
3 Teopembl 2.9 BbITEKaeT CAEIYIONINN PE3Y/IbTAT.

Teopema 2.10. /laa napw npocmpancms (X, A) umeem mecmo mounas nocaedosament-
HOCMY 2PYNN. 20MOA02UT

o Ho(A) 25 Hy(X) 25 Ho(X,A) =S Hy g (A) -2 Hy (X)) — ..

113 anreGpandecKoro OnpeiesieHusi TPAHTIHOTO TOMOMOPMU3MA B ITHHHON TOUHOM 10~
CJIEIOBATEIBHOCTU TPYIIT TOMOJIOTHIT HEOCPEICTBEHHO BBITEKACT CJEYIONIEe OMUCAHTE
rpamnaioro orobpaxkenns 0: H, (X, A) — H,_1(A). Ecaun xracc [a] € H,(X, A) npen-
CTABJIEH OTHOCHTEJIbHBIM IUKJIOM a, TO O[a] — kiacc nukaa da B H,_1(A).

Huke Mbl OKazKeM, 9TO Jis J0CTaTo49HO Xopormux nap (X, A) orHocHTeIbHAsS TPYIIA
romostoruit H, (X, A) B TO4HOI HOCII0BATENILHOCTH BBIIIE MOYKET OBITH 3aMEHEHA Ha «ab-
COJIIOTHYIO» TPYIIILY f[n(X JA). Toyaaemas TO9Has TTOCTEAOBATEIHLHOCTD JACT HAM TIep-
BBl 3G MEKTUBHBLI HHCTPYMEHT 7T BLIYHCICHNS CHHTYIAPHBIX TOMOJIOTT{T IIPOCTPAHCTB.

2.5. Teopema BbIpe3anusi u €€ ciaencrBusi. CBOHCTBO BBIPE3AHUsl SBISETCS OTHUM
U3 KJIFOYEBBIX CBOWCTB CHHI'YJSPHBIX NOMOJIOIMN HAPS/Ly ¢ FOMOTOIMYECKON MHBAPUAHT-
HOCTBIO 1 TOYHBLIMHU ITIOCJICA0BATC/JIBHOCTAMMU I1ap. B KadgecTBe CJICOCTBHA I/IS’VTeOpeMbI BbI-
pe3aHus B CIeAYIONEM MyHKTe Mbl JoKazkeMm u3omopbusm H, (X, A) = H,(X/A) nis
«xopommx» nap. Bor kiaccudeckast (bOpMYyJIHPOBKA TEOPEMbI BHIDE3AHUSI.

Teopema 2.11. ITycmo darv npocmparcmea Z C A C X, npuuém samvikarue npo-
cmpanemea 7 codepotcumcs 60 enympennocmu npocmparcmea A. Toeda exaruenue
(X\ Z,A\ Z) — (X, A) undyyupyem uzomopdusmoi

Hy(X\ Z,A\ Z) = H,(X,A), n>0.

NmeeTcs caeayioniast SKBUBajgeHTHasS (POPMYIUPOBKA TEOPEMbBI BBIpE3aHHUsI, KOTOPAas
Takzke OyJieT 10JIe3Ha IS PUJIOZKEHU.

Teopema 2.12. IIycmb danv nodnpocmpancmea A, B C X, snympennocmu Komopols
noxpwearom X. Tozda exaovenue (B, AN B) — (X, A) undyyupyem uszomoppuzmoe

H,(B,ANB) — H,(X,A), n>0.

Yro0bl yoeauThesd, 94To JiBe (GOPMYJIUPOBKU TEOPEMbI BbIPe3aHusl IKBUBAJIEHTHDI, 110JI0-
wnvm B=X\ZuZ=X\B. Torna ANB = A\ Z, a yciosue Z C int A sKBuBaseHTHO
yeaosmio X = int A Uint B, tax xak X \ int B = Z.

JlokazaTebCcTBO TeopeMbl BhIpe3aHuss OyJIeT JaHo B ciaeayionieM maparpade, a moka
MBI TIOJTyIUM Psiji €€ BayKHBIX CJIeJCTBUIA.

Mg napwr (X, A) pacemorpum npoctpancto X UC A, kotopoe nosydaercs usz X npu-
coemuennem konyca C'A wan A (r.e. xkonyc omobpascenua Biaoxenust A — X).
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IMpennoxxenue 2.13. Hmerom mecmo usomophusmol

Hy(X UCA) = Hy(X,A), n>0.

oxazameavcmeo. Mbl nmeem

f[n(X UCA) =2 H,(XUCA,CA) = H,(XUCA\ {v},CA\ {v}) = H,(X, A),
rJie MepBbIii 130MOPGhU3M BBITEKAET U3 TOTHON MOCJIET0BATETHHOCTH MAPhl (TAK KAK KOHYC
C'A craruBaem), BTOpoil m3oMopdusM ClIelyer U3 TeopeMbl Bhipesanus (Teopema 2.11;
3/1eCh U — BepIIMHA KOHyCa), a TPeTHii n30MOpMU3M IPOUCXOAUT U3 1edhOPMAIMOHHOM
perpakmun C A\ {v} — A. O]

Hanomunm, 9To oToGpazkenne Baozkenns A — X Ha3BIBACTCH KOPACCAOEHUEM, €CJIT OHO
VIIOBJIETBOPSIET CBOMCTBY mpojoszkenusi romoromuu (cM. [Tomnl, §4.2|). [lpumepamu stBJisi-
I0TCA BJIOXKEHHS KJIETOTHBIX MOIIPOCTPAHCTB B KJICTOUHBIE TPOCTPAHCTBA (KACMOUHBIE
napw, (X, A)), a rakxke noamuoxkecrsa A C X, Koropble sBISIOTCS JeOPMAIMOHHBIME
perpakTaMu CBOMX OKpecTHOCTell B X.

Ipennoxenune 2.14. Ecau eaosicenue A — X asaaemcea xopaccaoenuem, mo Gaxmop-
omobpascenue q: (X, A) — (X/A, AJA) = (X/A, pt) undyyupyem uszomoppusmoi

¢ Ho(X, A) — H (X/A, pt) = H,(X/A), n>0.

Hoxasamenvcmeso. Ecim A — X aBasiercsa kopaccaoenueM, 1o pakroporodbpaskerne X U
CA— (XUCA)/CA = X/A asasiercst romoTonndeckoii sxksuBasienTaocThio (cm. |Toml,
npeioxkenne 4.9]), Tak 9T0 yTBepKIeHUE CJAeyeT U3 mpeiokenus 2.13. 0

ITpennoxxenue 2.15. Jaa chepor S™, n = 0, umerom mecmo u3omophusmot

~ Z mnpui=n
Hy(5") = p
0 npui#n.
Joxasameavcmeo. Tlpu n > 0 pacemorpum napy (X, A) = (D", S"1); torma X/A = S™.
Tounas MOCIEAOBATEIBHOCTD JJIA TPUBEAEHHBIX TOMOJIOTHI UMeeT BH/I

j'_V[Z(D'n> — HZ,<D7Z’STL—1) — ﬁ[i,1<sn_1) — ﬁ,L,l(Dn)
I | I
0 (s 0

3 rounocTH ciepyer, 4ro f[i(S") =~ f]i_l(S”*I). [Ipy noMoOIIM MHAYKLUMKM Mbl CBOJUM
yTBep:KaAeHne K ciaydao ¢ = 0 smbo n = 0, Torga S° — aBe TOYKH W Pe3yabTAT CJeILyeT
"3 npeaoxKennit 2.2 n 2.3. [

O06o0IeHneM TPeabIAYIIEro YTBEPKIACHU SIBIAETCS CIeAVIONIas TeopeMa.

Teopema 2.16 (u30omopdusm HagcTpoiiku). Jasa a0bozo npocmpancmea X umerom me-
cmo u3omophusmol

H,(¥X)= H;,_1(X).
Jlokazamenvbcmeo. ITo BbITEKAET U3 TOYHOI TOMOJIOTHYECKON OC/1€10BATEIHLHOCTH HaPhI

(CX,X), tne CX craruBaemo, X — CX saBusiercst kopaccaoerneM st goboro X u
CX/X = XX. O
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Teopema 2.17. ITycmov (Xo,To) — HGOOP NPOCMPAGHEMS € OMMEYEHHUMU MOYKAMU,
ONS KOMOPHLT BAONCEHUA To —> Xo ABAANMCA KOPACCAOEHUAMUY. T0200 umerom mecmo

U3OMOPPU3MDL
H, (\/ Xa) ~ (P H.(X), n=0.

Joxasamenvcmeo. D10 BHITEKaeT U3 TOUHOI mocstepoBarensHoctTn mapst (| |, Xo, | |, {%a})
u onpenenenns oykera \/ , X, = ||, Xo/ L {7} O

[Ipu oMot TOMOJIOTHIT JIETKO JTOKA3bIBAETCA CJETYIONNII KIaCCUIeCKUi pe3yIbTaT.

Teopema 2.18 («MHBApHAHTHOCTH PA3SMEPHOCTH» ). ECAU HENYCmvie 0mKpbLmvle MHOMHCE-
cmea U CR™ u 'V C R™ 2omeomopdrin,, mo m = n.

Hoxasameavemeo. Hist mo6oit Toukn x € U MBI ©MeeM

~Y m m ~ I7T m ~ I7T m— ~ Z HpH Z - m7
(U, {o}) & H(R™ R™\ {a})  H, (R™\ {a}) = Fl,_, (5 ) = ,
0 wpwmi#m,
r7e nepBblii m30MOpPGU3M CJIeIyeT U3 TeOPEeMbl BbIPE3aHMs, BTOPOW — M3 TOYHON IO-
caenoBaresbrocTH mapsl (R™ R™ \ {z}), a Tpernii — u3 gedopmannonHoil perpaximmn
R™\ {z} — S™L. Ananoruuno
o 1Z upumi=n,
HV\ = D

pu i # n.

Tak kak romeomopdusm h: U — V unagyumpyer nzomopdusmer H;(U,U \ {z}) =,
H,(V,V\ {h(z)}) nnsa Bcex i, MOJAKHO BBIIOJHATHCS PABEHCTBO M = N.

2.6. TokazaTesibCTBO TeopeMbl BbIpe3aHmd. J[0Ka3aTejbcTBO OYIET OCHOBAHO Ha
KJIIOYEBOii JieMMe, TO3BOJILIONEeN BBIYUCAATH IPYIIIBI TOMOIOIMH, HCIIONb3Ysl JUIIb «Ma-
JIBI€» CHHTYASPHBIC CUMILIEKCE. MaaocTh MBI OyIeM ONpeneiaTh B TePMUHAX TOKPLITHIA,
a OCHOBHBIM KOMOMHATOPHBIM MHCTPYMEHTOM Oy/1eT DapuIleHTPUYECKOE 10/pa3ie/ieHue.

[Tycre U = {U;} — nabop mopmpocrpancTs B X, BHyTPEHHOCTH KOTOPLIX 00Pa3yi0T OT-
KpHITOe HOKpbITHE pocTpancTsa X . Oupejesnm noarpyniy CY(X) s C,,(X), cocrosryto
U3 TaKux nemeii » .n;0;, 9T0 006pa3 Kazkaoro orobpaxenus o;: A" — X comep:Kurcs B
HEKOTOPOM MHOXKecTBe u3 TMOKpbiTHs U. ['panmanoe orobpazkenne 0: Cp,(X) — C,_1(X)
nepesogut CY(X) B CY_ (X)), nosromy rpynner C4(X) obpasytor nennoit kommiekc. O6o-
3HAUUM ero rpymnns romosoruit uepes HY (X).

Jlemma 2.19. Brarouenue 1: CY(X) — Cn(X) asasemea uennoti 2omomonuneckoti o%-
BUBAAEHMHOCTIBI0, M. €. cyuecmeyem makoe yennoe omobpasicenue p: Cp(X) — CY(X),
WO LP U PL YEIHO 20MOMONHBL Modcdecmeenmvim omobpasicenuam. Caedosamenrvro, L

~Y

undyuupyem usomoppusmo, HY(X) = H,(X), n > 0.

Joxazameavcmeo. Hamomuum, 910 GapuUIeHTPOM (MM MEHTPOM THAKECTH) CHMILIEKCA
[vg, . .., v,] B upocTpancree RY HasbiBaercs Touka b = n%l(vo + ...+ v,). Bapuuyenmpu-
yeckum nodpasbuenuem CUMILIEKCA [V, . . ., U] HA3BIBAETCA CUMILTHIMAIBHBIH KOMILIEKC,
BEPITHHAMH KOTOPOTO SIBIAIOTCS GAPUIIEHTPHI BCEX TpaHeli CUMILIeKca [vy, . . ., U] (BKIIO-
Yasi caM CUMILJIEKC); IPH 9TOM Ha0OD GAPUIIEHTPOB IPAHEH sIBJISIETCST MHOZKECTBOM BEPIIMH
CHMILICKCA B OaPUIEHTPUYCCKOM HOAPA3OMeHNH TOJLKO TOI/A, KOTIA STH IPaHu 00pasy-
0T TENOYKY BJIOXKEHHBIX Jpyr B jpyra. [lo-apyromy Gapurenrpudeckoe nojapa3douenue
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CUMILIEKCA MOYKHO OTPeIeINTh WHIYKTUBHO: DAPUIEHTPUIECKOe M0 Ipa30neHne HyIbMep-
HOTO CHMILIEKCA (TOYKM) eCTh cama dTa Todka, a npu k > 0 GapumeHTpruueckoe Moj-
pasbuenue k-MepHOrO CUMILICKCA HOJIYYaeTCd B3ITHEM KOHYCOB HaJT 6apUIeHTPUICCKAMU
opa3OueHnsIMI BCeX ero rpaHeil. AHAJOIMYHO WHIYKTHBHBIM OOPA30M OIIPeIe/IsgeTcs
OapUIleHTPUYECKOe MTOAPa30ueHne IPOU3BOJIBHOIO CUMILIUIIHAILHOIO KOMILIEKCA.

Bapunenrpudeckoe mnoapasbuenne 001a1aeT CAEAYIONIUM BayKHBIM CBOWCTBOM: €CJIH
JAAMeTD CUMILIEKCA [Vp, . .., U] (MAKCHUMAJIBHOE PACCTOSTHHE MEXKIY ero TOYKAMH) Da-
BeH d, TO JIuaMeTPbl CUMILJIEKCOB €10 DApUIIEHTPUIECKOTO 10/Ipa30ueHmns He TTPEeBOCXOJIAT
—d (3amaga). Takum 06pa3oM, MHOTOKDATHO HPUMeHssI GAPUIIEHTPHYECKOe oapa3oue-
HIE, MOYKHO MOJIYIaTh CKOJIb YTOIHO MEJKHEe TPUAHTY/ISIINN.

Hasee mbr moctponMm oneparop noapazouernst S: C,(X) — C,(X) u nmposepum, 910
OH TIEITHO T'OMOTOIIEH TOXKJIECTBEHHOMY OTOOPaXKEeHUIO.

[Iycts o: [vg,...,v,] — X — cunrynspabii cummiaeke. ist mo6oro Habopa Tovek
Wo, - - ., Wk € [vg, ..., V,] OTpaHHYEHHE OTOGPAZKEHUS 0 33JIaéT CUHTYJISPHBIH k-CHMILIEKC
[wo, ..., w;] = X. OupegenuM Ha TAKUX CHMILIEKCAX omepaTop b, mo dbopmyse

bo’[w07 N ,wk] = [b, Wo, - - - ,wk},
rae b — OGapHIeHTD CHMILIEKCA [V, . .., U,]. Ilo ompemenennto rpaHndHOTO omeparopa O

MBI IMeeM COOTHOIIEHWe
Obywo, . .., wy] = [wo, ..., wi] — bOwo, . . ., wy],
KOTOPOEe MOYKHO IepelncaTh B BUIe
Ob, + b,0 =1id.

Teneps onpeneanm omepatop noapazbuenus S: Cp(X) — C,(X), nast n = 0 mosoKuB
S =1id: Cy(X) — Co(X), a mg n > 0 1pu MOMOIIU WHLYKTUBHON (HOPMYJIbI

(3) So =b,S00.

[leomerpuvecku 3ra GOpMysa O3HAYAET, YTO S TEPEBOAUT CHHTYJAPHBIA CUMILIEKC
o: [vg,...,vy] = X B CHHI'YISPHYIO Ilelib, TIPEJICTABJSIONIYI0 OO0 CyMMY OrpaHude-
HUl 0 HA CHUMILTEKCHI GAPUIEHTPUIECKOTO MOAPa30HeHns CUMILIEKCA [V, . . . , Uy|, B3ATHIE
¢ HEKOTOPBIMH 3HAKAMH.

Omueparop S: C,(X) — C,(X) asasiercs nenubim orobpazkenueM. [leiictBurenbao, npu
n=0wmb umeeMm S =idu 9 =0, T.e. 05 =50 =0, a npu n > 0 umeem

0So = 0(b,S00) = (id —b,0)S00 = S0o — b,0500 = SO — b,SIJo = Sdo,

IJIe B NPEJIIOC/IeHEM PABEHCTBE Mbl BOCIIOJIB30BAINCH 11PEON0KEeHHeM HHILYKIH (CO-
ornomrenne 0S5 = SO uMeeT MecTO st CHHTYIsApHOIT (n — 1)-Meproit enn 0o).

Teneps onpemesnum omepatop rennoit romoronuu 1': Cp(X) — Cpi1(X) Mexay S u
TOXKICCTBeHHBIM oToOpaxkenueM. s n = 0 nonoxkum To = b, (9TO CHHTYIAPHBIH OJ1-
HOMEPHBIH CHMILIEKC, TTePeBOIAIINI 06e BepIIHHbI B TOUKY o [vg]). st n > 0 onpemesnnm
T ucnosib3ysl HHAYKTHBHYIO hOPMYITy

To =b,(0c —T0o).

[eomerpudeckas narepuperarys 3ol (popMyJibl 3aKI049aercs B caemyionem. Onpegesnm
WHIYKTUBHO moapa30uenne npu3mMbl A" X [, mojiydeHHOE B PE3y/IbTATe COeTMHEHNS BCEX
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Puc. 4. Tpuanrynamus npusmbr A" X I.

cummiekcoB B A X {0} UOA™ x I ¢ 6apunenrpom cumiiekca A x {1}, em. puc. 4. Toraa
cunryspuas (n + 1)-mepHas nenb 7o ecTh CyMMa OlDAHUYEHUN KOMIIO3UIUHA

A" x T 2 A

g
= [vg, ..., U] — X
Ha CHMILIEKCHI TOIPA30HEHHsT TIPH3MBI, B3ATBIE ¢ HEKOTOPBIME 3HAKAMH.

®opmyaia nennoit romorounu 1 + T = id —S seinosnena na Co(X), rae S = id,
0=0udl =0. Ing cuuaryasipHoro n-MepHOTO CUMILIEKCa 0, n > (), Mbl UMeeM

0To = 9(by(c —T00o)) = (id —=b,0)(0c — TOo) = 0 — TIo — b, (id =0T )00 =

=0—T00 —b,(TO+ S)00 =0 —T0o — b,S00 = (id —T0 — 5)o.
3/1ech MBI BOCTIOJIB30BAIUCH TIPEANOJIOKeHneM HHAyKiuu (coorHomenne id —0T = T0+ S
MMeeT MeCTO Jist CHHTYJIsipHOi (n — 1)-mepHoit nenu do) n dopmy.oii (3)

PacemorpuM oneparop m-KparHoro 6apuieHTpudeckoro noapasbuenus S™: C,(X) —
Cn(X). Torma oneparop Dy, = > i TS 3a1a8T nennyo roMoronuio Mexy id u S™

o<i<m

0Dy + D0 = Y (0TS +TS'0)= > (TS +T0S")

= ) (0T +T0)S" =
o<i<m 0<i<m

= Y (d-9)'= ) (§-8")=id-5"
o<i<m

0<i<m
JIas Kaxkaoro cuHTYAsspHOTO cuMiniekca o: A" — X u g0cTaTovHO OOJIBIITOrO 1M CHH-

ryngpuadg nenb S™o Gygaer gexars B CY(X), Tak Kak guaMeTpbl CUMILIEKCOB B S™(A™)
npu O0JBIIHX M OyIyT MeHbIIe dncia Jlebera MOKpbITHA cuMIUiekca A" OTKPBITBIMHA
muoxkecTBamu o ' (int U;). (Huesao JleGera OTKpPBHITOro MOKPHITHsI KOMIAKTHOTO METDH-
YeCKOro MPOCTPAHCTBA — 3TO Takoe 4uca0 € > 0, 4TO J110060€ MHOXKECTBO JIHAMETPa
MEHBIIIE € COAEPKUTCS B HEKOTOPOM MHOYKECTBE TOKPHITHS.) Ecin ObI MOKHO OBLIO BBI-
OpaTh OJIHO YUCJIO M JJIsi BCEX CHHTYIISIPHBIX CUMILIEKCOB O, TO MbI MOIJIH Obl HOJIOKHUTH
p =28 CyX)— CY(X), u Torna coorromenne dD,, + D,,0 = id —S™ oznaqamno 6w,
a0 D), ABIAETCS ENHON roMoronneit Mexxay tp u id (a Takxke Mexy po u id).
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Ha npaxTuke, 0JHaKO, Mbl HE MOKeM BLIOpATh OJHO M 1Jid Beex o. [osToMy onpeaeaum
m(co) kak HamMenbiiee m, Jjs koroporo S™o € CY(X). Onpenenum Terephb orepaTop

D: Cp(X) = Cro1(X), Do = Dysy0.

Huzke MBI TOKazKeM, 910 D gBJIsieTcs MemHoi roMoTonneil Mexk ity id u ¢p st HEKOTOPOTo
nernoro otobpazkenus p: Cp,(X) — CY(X). PaccMoTpuM cooTHOMIEHHE

aDm(U)U + Dm(a)aa =0 — Sm(")a.

Mur mmeem 0D, )0 = 0Do, 10 Dy 0o # DOo. Ilpubasus DOo x obemm dacTsM
NPUBEIEHHOTO BBIIITE COOTHOIIEHUS, TIOCIe MPEeOOPABZOBAHUS MOy INM

0Do + D0o = o — (Sm(g)a + D000 — D@J).

Tenepb MOJIOXKHM

p(0) = S™Vo + D,pioy00 — Do
CMBICT 3TOTO OTOOpAYKEHUs p 3AKII0YAETCI B TOM, YTO MBI CHadaja OapHUIEHTPUYIECKU
1o/ipa3buBaeM KaxK/blil CHHIYJISIPHBIT CUMILIEKC MHHUMAaJbHOE TpedyeMoe 9uc/o pas, a
3aTeM TOJIIPABIAEeM Ha IPAHUIE TaK, YTOOBI pe3y/abTar OblLI HEMHbIM 0TOOpaxkenuem. To-
IJ1a TIPEJIITOCe/HEe COOTHOIIEHNE TPUHUMAET BH

(4) 0Do 4+ Ddo = o — p(0).

[Ipu sTOM p siBIIsIeTCs MEenHBIM oTobpazkennem. eficrBurennbro, u3 dopmyiast (4), mpu-
MeHEHHO# K 0 u Jo, cienyet, 410 Op(c) = do — 0DIJo = p(do).

Toxaskem, uto p(o) € C%(X). 1o ouesnano pis wnena S™ g, Jlaa ocranbHoit vacTn
D,y (0y00 —D0Oo 3aMeTnM, UTO ec/in 0; 0003HauaeT OrpaHIIeHIe 0 Ha, j-10 TPaHb CHMILIEKCa,
A" tom(o;) < m(o), nosromy kaxaptit wien 75 (0;) B Do Gynet BXOAUTD U B Dy 00
Taknm o6pasoM, Dy, 00 — Ddo — cymma wienos TS (o;), tae i > m(o;), a Bee Takue
wiensl gexkar B CY(X) (zamerum, uro T nepesoaur CY | (X) B CY(X)).

Takum 00pa30M, Mbl MOXKEM PAcCMaTPUBATh p Kak lenHoe orobpaxkenue p: Cp(X) —
CY(X). Toraa coornomenne (4) nepernuuercs s uge 0D+ DO = id —ip, toe 12 CY(X) —
Cy(X) — Braouenne. Kpome toro, pi = id, Tak kak D TOXKIECTBEHHO DaBHO HYJIIO Ha
CY(X), nockosbky m(c) = 0 ansa o € C%(X). Urax, orobpazkenue p MemHo roMoTolnYe-
CKH OOPATHO K L. [

Teneps MBI MOXKeM JT0Ka3aTh TEOPEMY BbIpE3aHUS.

Joxasamenvcmeo meopemu, 2.12. Ham namer nmonnpocrpancrsa A, B C X, BHyTpeHHOCTH
koTopbix noKpbiBaioT X. Ilepexosd, ecium HEOOXOAMMO, K BHYTPEHHOCTSM, MbI MOYKEM
cantath, 970 X = AU B — OTKPBITOE TMOKPBITHE, KOTOPOe MbI 0003HaunM 1depe3 U. Mot
oyaem obosnadars rpymnnsl CY(X) uwepes C,,(A + B), 4T0 yKa3biBaeT Ha TO, YTO OHH
COCTOAT W3 CyMM Tieneit B A u neneit B B.

B konme mgokazarejnbcTBa JeMMbl 2.19 Ml noayamin dopmyiasl 0D + DO = id —up
u pv = id. Bce orobpaxkenus B 31ux dopmynax mepesogar C,(A) B C,(A), mosromy
BKJIIOUEHUE

Ch(A+ B)/Ch(A) — C(X)/C,(A)

HHAYIHPYeT u3oMopdu3M romosoruii. C apyroit cTtoponbl, oToOpazKeHue

Co(B)/Co(AN B) — Co(A + B)/Co(A),

HH/IyITIPOBAHHOE BKJIIOYEHUEM, SIBJISETCS M30MOPMU3IMOM, Tak Kak 00e (hpakTOpTpymiibl
cBODOIHBIE U WX 0A3WCOM CJIyZKAT CUHTYJISPHBIE N-CUMILIEKCH B B, He jexammue B A.
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CremoBaresbHO, MBI moayYaeM Tpedyembiii nzomopdusm H, (B, AN B) = H,(X, A), uu-
AYIUPOBAHHBIN BKAIOYECHUEM. O

2.7. Tounaa nociaenoBareabHOCTh Maiiepa—Bueropuca.

Teopema 2.20. [Iycmov dann nodnpocmpancmea A, B C X, enympennocmu Komopux
noxpusarom X. Toeda umeem mecmo mouHaA NOCAEIOBAMEALHOCTL 2PYNN 20MOA02UL

.= H.(ANB) 25 Hy(A)® Hy(B) 2 Hy(X) -2 H,_((ANB) — ... — Hy(X) — 0.

Joxazameavcmeo. Kak m B J0OKazareabcTBe TeopeMbl 2.12, paccMOTPHM HOJATPYIIILY
Ch(A+ B) C C,(X), cocrosiyto u3 1eneii, KOTOpbie SBASIOTCS CyMMaMu reneil B A
u neneii B B. Mbl nMeeM TOUHYIO TOCJIEI0BATENLHOCTh HEMHBIX KOMILJIEKCOB, 00pa3oBaH-
HYI0 KOPOTKMMH TOYHBIMHU IOCJIEI0BATEIbHOCTSIMH

0 — Co(ANB) £ Cu(A) & C(B) % Cu(A+ B) — 0,

rae p(z) = (x,—x) u Y(x,y) = x + y. CooTBETCTBYIOMAST IJTMHHAS TOTHAS TTOCTEI0BA-
TEeJBHOCTH TOMOJIOTHI ¥ eCTh HOC/IeI0BaTelbHOCTh Mailepa—Bueropuca, Tak Kak BKJIIO-
vyenne Cp(A+ B) — C,(X) unaynupyer u3oMOpdhu3M IPYIIT FOMOJIOTHIA COIVIACHO JIEM-
Me 2.19. 0

['parnanoe orobpazkenne 0: H,(X) — H,_1(ANB) serko omucark siro. [lycrb Kirace
a € H,(X) npeacrapien mukaom a. C moMorpio 6apuiieHTPHIecKoro noapa3tneHust k.1
@ MOYKHO BBIOPATH TaK, 9TOOBI OH OBLT CyMMOit x + y Tieneit B A u B coorBercTBeHHO. MBI
nveeM da = Ox + Jy = 0. Torma saement da € H, (A N B) npeacrabieH MUKJIOM
Jx = —0y.

Mmeercs TakzKe caeyIonasg OTHOCHTeIbHAS MTOcJIe/10BaTeabHOCTh Maitepa—Bueropuca,
JI0Ka3aTe/IbCTBO KOTOPOil OCTaéTCsd B KaUecTBe 3aJa4H.

Teopema 2.21. [Tycmwv dana napa npocmparncme (X,Y) = (AU B,C U D), 2de C C A,
D C B, suympennocmu npocmpancme A u B noxposarom X, a enympennocmu C u D
noxpwosarom Y . Tozda umeem mecmo mounas nociedo6amesvHocmy 2pYnn 20MoA02Ul

... > H, (AN B,CN D)% Hy(A C) & Hy(B, D) 25 Hy(X,Y) -L .

2.8. DKBUBAJEHTHOCTh CHUMILINIUAIBHBIX U CHHIYJIAPHbIX romoJsoruii. [lycrs
Ha X 337aHa CTPYKTYpa MOJYCHMILIHIHATBHOTO KOMILIEKCA, T. €. 33aHbl OTOOPazKeHHs
0o A" = X, yIOBIETBOPSIONINE CBOMCTBAM a)—B), CM. 1. 1.2. MBI OIpeIenam KOMILIEKC
cummmnuabbix neneit {A,(X), 0} n cuvmmanmuanbabie romostornn H2(X).

OnpesieinM TakzKe TPYHIBI OTHOCHTETLHBIX CHMILTHIHMAIBHBIX romoaoruit HA (X, A).
[Tycte A C X — NOJYCHMILTUIUMATIBHBINA TTOJKOMILIEKC, T. €. MOIYCHAMILTHITHATBHBI KOM-
IeKc, 06pa30BaHHbBIl 00beIMHEHHEM HEKOTOPBIX CHUMILTeKCOB KomiLtekca X . Torga rpyn-
na H2(X, A) onpejienserca Kak Ipylila TOMOJOIUH KOMILIEKCA OTHOCHTE/LHBIX Teleil
A(X,A) = A (X) /AL (A). Kak u Jjisi CHHTYJISIPHBIX TOMOJIOTHI, HMeeT MEeCTO JITTHHHAS
TOYHAS [OC/IE/I0BATENBHOCTD Taphl (X, A) /1/Is CHMILTHITHAIBHBIX TOMOJIOTHIA.

Unmeercss kamormdeckmii romomopdmsm H2 (X, A) — H,(X,A) w3 cOMIIAIHATD-
HBIX B CHHTY/ISPHbIE TOMOJIOTHH, HHIYIHPOBAHHBI MenHbIM oTobpaxenneM A, (X, A) —
Ch(X, A), nepeBoJdaImuM KazK/(blii N-MepPHbBI CHMILIEKC KOMILIEKCa X B €ro XapakTepH-
ctuaeckoe orobpakenune o,: A" — X. Illpu A = @ orHOCHTE/IBHBIE TPYIIBI TOMOJIOTHIT
cBopaTes K abcomornpim: HA (X, @) = HA(X) u H,(X, @) = H,(X).
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Teopema 2.22. Tomomoppusmo, H (X, A) — H, (X, A) aeamomea usomoppusmamu.

Zoxazameavcmeo. PacemMoTpuM cHadasa caydail, Korjga KOMILTEKC X KOHEYHOMepeH, a
A = @. Ilyets X* — 310 k-MepHBIH 0cTOB KOMILTeKca X, COCTOANIAN U3 BCeX CHMILICKCOB
pasmepnocTu < k. Torma Mbl mMeeM KOMMYTATHUBHYIO JUATPAMMY TOUYHBIX IOCJIEI0BA-
TeJbHOCTEN

HEL(XNXE1) o HAXMY) o HAXY) o HAXEX) o HE(0)

n+1
1 ) \J \J
Hp (X5 XEY) o H (XM = Ho(XF) o Ho(XF, XM = H, o (XFD).

[TokazkeM, 4TO 1HepPBOE U YeTBEPTOE BePTUKAJIbHBIE 0TODpazkeHust — uzoMopdusmbl. ['pyn-
ma coMmaanuaababix neneit A, (X, X*~1) nynesas npu n # k n cobonHas abenesa ¢
6a3mcoM u3 k-MepHBIX CHUMILIEKCOB Komintekca X mpu n = k. CiegoBare/bHO, TPYIIIBI
cumimnuababIx romosioruit H2 (X% X* 1) umeror Touno takoe e onncanne. JIjist BbI-
YUC/IeHnd TPYII CHHrYIapHbIX ToMosoruit H,(X*, X*~1) pacemorpum orobpazkenne

- <|_| Ak, |_|6A’;) (XR, XY,

obpa3oBaHHOE XapakTepucTuueckuMu orobpazxenusvn AY — X g Beex k-MepHbIX crv-
mwiekcoB kKomitekca X . Orobpazkenne @ uHIyUPyeT roMeoMopdu3m

| |Ak/| Joak = x*/x*,

a 3HAYUT, OHO UHIYIUPYeT n30MOPGMU3MbBI IPYIN CHHTYJIAPHBIX TOMOIOruii. B jieBoit wa-
cru crout Gyker k-mepubix cdep, nosromy rpymma H, (X*, X*~1) pasna mymo npu n # k
" ABJIETCsST CBODOOHON abesieBoil rpytmoii ¢ 6a3McoM, COOTBETCTBYIOIINM XapaKTEePUCTH-
geckuM otobpazkernam AF — X Bcex k-MepHBIX CHMILTEKCOB KoMmILTekca X, npu n = k.
Crnenosarenbro, orobpaxenne HA(XF XF1) — H,(X* X*1) apagerca msomopdus-
MOM JIJIsl BCEX M.

[Ipumensist HHIYKIIMIO 1O k, MBI MOYKEM HPENOI0KHTH, 9TO BTOPOE U ISTOE BEPTUKAIb-
HBIe 0TOOpasKeHus B TPUBEIEHHOM BHINITE KOMMYTATUBHOM JuarpaMme Tak:kKe H30Mopdus-
Mbl. 'Torja u cpejinee BepTUKaIbHOE OTOOparkeHne — n30MOPU3M COTJIACHO aJjiredpande-
CKOMY YTBEDZKJIEHUIO, H3BECTHOMY KaK AEMMA 0 NAMYU 20MOMOPPHUIMAT (H-remma), cM.
zaaqy 2.41. Utak, yrBep:k/ieHne T0Ka3aHO B caydae, Korga X KoHedHOMepeH, a A = O.

PaccmorpuMm Tenepb ciaydaii, korjga X — 6ecKoHedHOMePHBIN KoMmiuiekc. /lokaxkem ciie-
JIyIomui (pakT: KOMIIAKTHOE MOJAMHOXKeCTBO K B X MOXKeT nepecekaThb TOJIHKO KOHEYHOEe
YUCJIO OTKPBITHIX cuMILTeKCoB. (Ha camom jresie 91o obmuii pakT 0 KIeTOIHBIX POCTPAH-
crBax.) JleficTBUTEIBHO, TPEANOIOKAM, 9T0 K HepecekaeT GECKOHEUHO MHOI'O OTKPBITHIX
CUMILTEKCOB. BBIOUpast 1mo ofHoit TOUKe BHYTPU KaXKIOTO U3 TAKUX OTKPBITHIX CUMILIEK-
cos, 1ojyuuM OGeckoneunstit Habop rouex z;. Kaxuoe nz muoxecrs U; = X\ U, {x;}
OTKPBITO, TAK KaK OTKPBIT €ro Ipoodpa3 IpHu JII0O0OM XapaKTePUCTHIECKOM OTOOPAaKeHHUH
Oo: A" — X. MuoxkectBa U; 00pa3yiOT OTKpPBITOE HOKPHITHE MHOXKecTBa K, 13 KOTOPOTO
HeJIb3s1 BBLIEIUTH KOHEYHOe MOANOKpbhITHE. [[poTuBopedne.

Tenepn jokazkeM, uto H2(X) — H,(X) ectb nzomopdusm. CHauama TOKaXKeM CIOpPb-
eKTUBHOCTH. [lycTh smement v € H,,(X) npeacrabien mukaom ¢. Tak Kak ¢ — KOHETHAST
JIMHeiTHAs KOMOMHAIS CHHTY/ISPHBIX CHMILIEKCOB, ero 06pas coiep:kures B X Y 14 HeKo-
Toporo N COIVIACHO yTBEpKIeHHIO 13 Hpeablayiero ab3amna. Tak kak XV koHeunomepeH,
H2(XN) — H,(X") ecrb uzsomopbusm. Crenosarenbno, muka ¢ romojsoruuen 8 X (a
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3HAUAT, ¥ B X ) CUMILIHIMATIBHOMY IHKJIY. DTO J0KA3BIBAET CIOPBEKTUBHOCTD 0TOOpazKe-
mns HA(X) — H,(X). Teneps nokaskeM WHHEKTHBHOCTD. [1yCTh s — CHMILTHITHATHHBIH
MUK/, TpuaéMm s = Od ajsa HekoTopoit cunryagproit memu d B X. llenb d umeer KoM-
MAKTHBIH 06pa3, a 3HAYHT coaep:KuTed B HeKoTopoM X V. I103TOMY MUK § IpencTaBIder
s71eMeHT m3 aapa otobpazkenna H2(XYN) — H,(X™). Ho 1o oToGpazKenne — H30MOp-
dbu3M, a MOTOMY s ABAfeTCSA TpaHuIeil cCHMILTANHAAALHOHN enn B X, a 3HavnT, n B X.

Ocraiocs paccMoTpers ciaydaii, Korga X mnpousBoibHo u A # &. B atom ciydae mbr
OpUMEHHUM JIeMMY O IIdTHU FOMOMOpCbI/ISMaX K KaHOHHYIECKOMY OTO6pa)KeHI/HO JAJIMHHDBIX
TOYHBIX HOC.HG,ZLOBaTe.HbHOCTeIU/I CUMIIJINIIUAJIBHBIX U CUHTYJIAPHBIX TOMOJIOTHI:

A A A A A

1 1 1 3 3 O
H,(A) — H,(X) — H,X,A) — H,1(A) — H, (X).

3amaun u ynpakHeHus.

2.23. Jlokaxkwute, uro pazbmenne mpuambl A" X | HA CHMILJIEKCH, OMMCAHHOE B HAYAJIe
JIOKa3aTeJIbCTBa TeopeMbl 2.6, JefiCTBUTEIbHO SABJIAeTCd CUMILIAITUAJIBHBIM KOMILIEKCOM.

2.24. IlocTpoiiTe KaKyo-HIOYIb TPUAHTYJIANNIO MPOM3BeIeHNs cUMILIEKCOB A" x A™,

2.25. Tlokaxkure, aro ecan A — perpakr mpocrpancTsa X, 10 otobpaxenne H,(A) —
H,(X), nuxynupoBantoe BraodeHneM A < X, spisiercss MOHOMOPGOU3MOM.

2.26. llokaxkurte, 4TO LEmHAS FOMOTOIMS IEIHBIX O0TOOpaKeHHil — OTHOIIEHHE SKBUBAa-
JICHTHOCTH.

2.27. TIposepbre, uro rpanndroe orobpaxkenune 0: H,(C,) — H,_1(As) romosoruii mern-
HBIX KOMILIEKCOB OTPEIEJeHO KOPPEKTHO U ABIACTCA TOMOMOP(U3MOM.

2.28. Jlokaxkure, uro H, (X, zq) = f[n(X) Juts obbIx xg € X un > 0.
2.29. BeiBeauTe TOUHYIO TOCIEI0BATETLHOCTD MAPHI i1 TPUBEIEHHBIX TOMOJIOTHH:
> Hy(A) =5 Hy(X) 25 Hy (X, A) =% Hy 1 (A) 55 Hy oy (X) —

2.30. Hanomuum, aro omobpasiceruem nap f: (X, A) — (Y, B) nazbiBaercsa 0ToOpazkeHue
f: X — Y, ana koroporo f(A) C B. Jlokaxure, 9T0 0TOOparKeHHe Tap HHIYIUPYET
romomopdusmst f,: H, (X, A) — H,(Y,B), n>0.

2.31. Jlokaxure, uro ecau orobpaxenus f,g: (X, A) — (Y, B) roMoTOIHBI B Kjacce
orobpazkenuii map (T.e. cymecrByer takag romoronus F: X X I — Y wmexny f u g,
gro F(A x I) C B), T0 WHAyIHpyeMble UMH OTOOPasKeHHsI TOMOJIOTHIi Map COBHAIAOT:
fo=g9. Hy(X,A) —» H,(Y,B), n>0.

2.32. JlokaxkuTe caeayioliee CBOMCTBO ecmecmeennocmuy TOMOJOTHIECKOH MOCTIe/I0Ba-
TeJIbHOCTH T1aphl: juist orobpakenus: map f: (X, A) — (Y, B) umeer Mecro KOMMYTATHB-
Has JuarpaMma

e Ho(A) —2 Ho(X) 2 Ho (X, A) —2 Hy (A) —— ..

| s |

—>Hn(B)—>Hn(Y)—>H (Y,B) —=H, 1(B) — ...
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2.33. Oupejenure 1 JOKAKUTE TOUHOCTD 20MOA02UNECKOT, NOCAEIOBAMEALHOCTNU MPOTKY
st (X, A, B), tne BC AC X:

. — H,(A,B) - H,(X, B) 2 H,(X, A) - H, (A, B) -5 H,_(X,B) —> ...

2.34. [dokaxure, uto BKIOUYeHne A — X mHAynupyer u3oMop@dHU3MbI BCeX IPYIII [OMO-
JIOTHi TOTJA U TOJMBLKO ToTAa, Korma H, (X, A) = 0 mis Beex n.

2.35. Jlokaxkure Teopemy 2.21 (mocsenoBaresnprocth Maitepa—Bueropuca mist map).

2.36. /lokaxkuTe IpU MOMOIIU I'PYIII TOMOJIOTHIT 06wyt0 meopemy Bpayspa: HellpepbIBHOE
oTobpaxkenue mapa D" B cebsd uMeeT X0Td Obl OJIHY HENOJABUXKHYIO TOUKY.

2.37. Beraucaute Tpynnsl TOMOJIOTHI JIJTA JIOTTOTHEHUST IBYX 3allelJIEHHBIX U JIBYX He3a-
HeIIEHHBIX OKpyzKHOcTedi B R3; cpaBuuTe ¢ BuIYucIeHreM (DYHJIAMEHTAIBHBIX IPYIIIL.

2.38. BouucamTe TOMOJIOTHH JOTOIHEHHS TPEX KoopanHaTHeX oceii B R? u C3.

2.39. Jlokazkure, 9TO €CJIU JUAMETD CUMILIEKCA [V, . . ., U,] paBeH d, TO JHAMETDBI CHM-
IJIEKCOB €0 GApUIeHTPUIECKOTO 10/1pa30uennst He IPeBOCXOMAT iod.
2.40. Borancaure romonornu cdepbr S” u jgokazxkure uzomophusm H; (X X) = H; 1(X)

[P TOMOIITK TOYHOM TocseoBareabHocTn Maiiepa—Bueropuca.

2.41. Jlokaxkure cjeyioniee yIBepzK/JIeHHe, U3BECTHOE KaK AeMMaA 0 NAMU 20MOMOPHUS-
Mmaz. llycTh maHa KOMMyTaTUBHAA JuarpaMMa

A Ay As Ay As

lfl jf2 lf:s Lf4 lfs
By By Bs By Bs

abeJIeBbIX T'PYIII ¢ TOYHBIMHA CTpoKamu. Torma

a) ecu fo u fy — MoHOMOPDU3MBL, a f1 — muMopdusM, TO f3 — MOHOMOPhU3M;
6) ecmu fo u fy — suumopdusmbl, a fy — MoHOMOPMU3M, TO f3 — ITUMOPDUIM.

Takum obpasom, ecan f1, fa, fa, f5 — m3oMopdu3MbL, TO U f3 — H30MOPDHU3M.

2.42. Jlns orobpaxenuss f: S™ — S™ n > 0, wHAYOUPOBAHHBI TOMOMOP(HU3IM

fo: Ho(Sn) — Hyp(S,) ectb orobpaxkenue Z —%y 7 yMHOKeHHS Ha HEKOTODOE IeJI0e
IUCTO d. DTO TIUCJIO HAZBIBAETCS cmenenvto omobpasicenus [ n obodHavaercd deg f.
JokaxkuTe caepyIomue CBORCTBA CTEIeHH:
a) degid = 1;
6) deg f = 0, ecai orobpazxenue f: S™ — S™ He CIOPBHEKTHBHO;
B) ecau orobpazkenusi f u g romoronusl, To deg f = deg g (BepHo u obparTHOE yTBEp-
xenne: ecu deg f = deg g, TO f U g TOMOTOIHBI; 3TO BBITEKAET U3 YTBEPZK ICHUS
T (S™) = Z, u3BecTHOTO Kak meopema Xonga, cM. Teopemy 4.7);
r) deg(f o g) = deg f deg g;
n) Ecom f: S™ — S™ — cuMMeTpusi OTHOCHTEJNBHO THIEPIIOCKOCTH, HAIPUMED
f(zo,z1,...,2,) = (—x0,21,...,2,), TO deg f = —1;

e) Amrunonambuoe orobpaxkenne —id: S — S™ x +— —x, nmeer cremens (—1)" T

2.43. Jlokaxkwure, uaro ecan orobpazxkenue f: S™ — S™ He uMeeT HEMOABUKHBIX TOYEK, TO

deg f = (—=1)"*".
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2.44. Jlokaxkure, 9T0 Ha chepe S™ CyIIECTBYET HEPEPHIBHOE 016 HEHYJIEBBIX KaCATETh-
HBIX BEKTOPOB TOT/Ia U TOJBKO TOTJIA, KOTJA 7 HEYETHO.

2.45. Topopsr, aro rpynna G deticmeyem Ha mpocTpancTBe X |, €CJIU JJIA KayKI0TO 3JIe-
MeHTa ¢ € (G 337aHO TaKoe HelpPepbIBHOEe oToOpazxkenne o,: X — X, 9410 o = id (TOK-
JeCTBEHHOE OTOOpaykeHHe) H (ygp = 4 © o, (Kommosunus). eiicrsue rpynnst G Ha X
Ha3BIBACTCA ¢60600HbIM, €CITH [T TI000T0 g # e 1 © € X BBIIOJHEHO (y(x) # T.

HokaxkuTe, 9TO 77151 YETHOTO N € THHCTBEHHON HeTPUBUAIBHON IPYIITIOi, KOTOPAst MOYKET
neiicTBOBaTL ¢BOOOAHO Ha S™, ABIsAeTC Zio.

2.46. g mobeix n > 0 u k € Z noctpoiite orobpaxkenue f: S™ — S™ crenenn k.

3. KVIETOYHBIE 'OMOJIOI' M

[Iycth X — KJI€TOYHOE TPOCTPAaHCTBO. byneM 0603HaYaTh N-MEpHBI OCTOB IPOCTPAH-
crBa X uepe3 X".

Kiterounbie romosioruun 0600IAI0T CUMILTHITNAIBHBIE TOMOJTOTHHA. DJIEMEHTAMU TPYII-
bl N-MepHbIX Kjaerodnbix neneii C,(X) apiasiorcs dopManbHble JuHeRHbe KOMOTHAITHN
N-MepHBIX KJIeTOK e IPOCTPaHCTBa X, I UMeeTcs Oojlee-MeHee sBHas (popMysIa Js Onu-
camust KJIETOYHOro rpannanoro orobpaxkenust 0°: C,(X) — C,—1(X).

[lepeiiém K bopMaIbHBIM ONPEIETeHUAM U KOHCTPYKIIHSIM.

3.1. Ki1ieTo4HBbIl ITEIIHOI KOMIIJIEKC 1 €I0 T'OMOJIOIHH.

Jlemma 3.1. Ilycmov X — xaemounoe npocmpancmeo. Tozda

a) epynna Hi(X™ X" 1) pasna nymo npu k # n u asaaemca c60600noti abeaecoti
epynnoti, nNopoHcIEHHOT N-MePHBMU Kaemkamu npocmpancmea X, npu k = n;

6) Hp,(X™) = 0 npu k > n; 6 wacmuocmu, ecau npocmparcmeo X KOHEYHOMEPHO,
mo Hi(X) =0 npu k > dim X;

B) Brarouenue i: X" — X undyyupyem usomoppusm i,: Hpy(X™) — Hip(X) npu
k <n.

Jloxasamenvemeo. Tax kak Baoxenne X" 1« X" gpisgeTcs KOPACCJIO0EHIEM, Mbl HMEEM
Hp(X™, XY = Hy(X"/ X)), a X"/ X" 1 — Gyker cdep, 10 oanoit cdepe ji1a Kazk10ii
N-MepHOil KJIETKH TpOoCTpancTBa X . DTO JOKA3BIBAET YTBEPKJICHUE a).

Hanee paccMoTpuM (bparMenT TOUHOM mocaenopaTebHocTH mapel (X", X" 1):

o= H (X XY o Hy (XM — H (X)) = H(X™ X" —
Ecau k # n,n — 1, To 06e BHeITHWE IPYIIBI PABHBI HYJIIO COMJIACHO YTBEPKIEHUIO &) U
Mbr otydaem Hy (X"!) & H(X") upu k # n, n — 1. Torga npu k > n umeem
Hy(X™) 2 Hy (X" > 2 H(X°) =0,
970 JoKas3biBaer yreepxKaenue 0). [Ipu k < n Mbl nveem
Hy,(X™) 22 Hy (X" = Hy(X") =

9TO JOKA3BIBAET YTBEPKJIEHUE B), ecii X KOHEYHOMEPHO.

Jlna 6eckoHeuHoOMepHOr0 X BOCHOJIB3YEMCST TeM, YTO KOMIAKTHOE MOAMHOXKECTBO B X
[ePeceKaeT JIUIIb KOHEYHOE YHUC/I0 KJIeTOK. TakuMm 00pa30M, KazKjiasd CUHIYJISPHAs LEellb
JEXKUT B HEKOTOpoM KoHednoM octose X V. ITostomy k-mepmbiii mukna ¢ 8 X sBIgercs
IUKJIOM B HeKoTopoM X7V, a Torja corgacHo KOHeHHOMEPHOMY CIy4al) yTBep:KJICHUS B)
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IUKJI ¢ TOMOJIOTHYeH TuKay B X™ mpu n > k, a 3Ha9nT, romoMopdusm i,: Hy(X™) —
Hi(X) ciopbekTuBen. AHAJOTMYHO JOKA3bIBACTCS €r0 HHLEKTHBHOCTD: €CIH k-MepHbIi
MUK ¢ B X" gpiagerca rpanuneil nenu d B X, To d nexuT B HeKoTopoM XV, N > n, a
MOTOMY COIVIACHO KOHEYHOMEPHOMY CJyYalo ¢ dBjdeTcd Ipanuneit 8 X" npun > k. [

Cpymma C,(X) = H,(X", X" ') naseBaerca 2pynnot n-mepnus xaemounws yenet
KJreTouHoro mpocrparctsa X . Corsacuo jgemme 3.1 a) KJI€TOYHYIO [elb MOYKHO MPEICTaB-
JIATH JTUHEHHO! KOMOMHAIIMEH n-MepPHBIX KJIETOK.

Oupegennm xaemounvl epanusnvit 2omomoppusm 05 : Cp(X) — Cp—1(X) Kak rpanud-
ublit romomopdusm H, (X", X" 1) — H, (X" ', X""2) B rounoii nocjienoare/ibHOCTH
tpoiiku (X", X" X" re. 0° = j, 10,, CM. KOMMYTATUBHYIO JuarpamMmmy Huke. B
9TOIl JuarpaMme HAKJIOHHbIE JIUHUKE — (DPArMEHTHI JIMHHBIX T10C/Ie0BATETLHOCTEH Tap:

(5) 0

\ Xn+1) Hn(X)
71/ Xn
n+1 n "+1 n n—1 E)g n—1 n—2
Hppr (X" X W (X7 X7 H, (X", X"?)
8n jn—l
Hn_l(Xn—l)
O/

3 sr0it ke amarpammel caenyer, uro 0°0° = 0, Tak xax 0505, = Jjn—10njnOns1, a

[ennoit kommaere Co(X) = {C,(X), 0%} HasbIBAETCH KAEMOUHBIM UENHOM KOMNACK-
com, a ero romostorun H,(X) — epynnamu kaemounvis 20M0402ul TPOCTPAHCTBA X .

Teopema 3.2. Umeem mecmo usomoppusm H,(X) = H,(X).
Aoxazameavecmeo. U3 muarpammbl (5) nveem
H,(X)=H,(X")/ImOpt1, Hn(X)=Kerd;/Imo;_

Tak kak j, — MoHOMOpdU3M, oH orobpazkaer Imd,y; uzomopduo Ha Im(j,0,41) =

Imd;,, u orobpaxaer H,(X") msomopduo na Imj, = Kerd,. Tax xak j,_1 — Mo-
Homopdusm, Ker 0, = Ker d5. Takum obpasom, j, unaynupyer uzomopbuzm H,(X) na
H,(X). O

3 n3oMOpHOCTH CHHTYJISSPHBIX U KJI€TOYHBIX TOMOJIOIHAH Cpa3y BbITEKAIOT CJIe/IyIONe
BazKHbIe CBOHICTBA.

Caencrue 3.3.

a) Ecau X umeem k xaemox pasmeprocmu n, mo epynna H,(X) noposcdena ne
boree wem k anemenmamu. B wacmuocmu, ecau X He umeem KAEMOK pasmepHo-

cmu n, mo H,(X) = 0.



28

6) Ecau X e umeem nap kAemok 6 COCEOHUT PASMEPHOCTMAL (HANDUMED, eCAl 6CE
kaemxu 6 X umerom uémuyro pazmeprocmsv), mo H,(X) — ceobodnas abesesa
2pynna, nopoHCIEHHAA N-MEPHBMU KAEMKAMU npocmparcmea X .

IMTpumep 3.4. Kommtekcroe npoektuBroe npocrpancteo CP™ mMeer 1mo OnHON KIeTKE B
KazK a0 uérHoii pazmepunoctu 2k < 2n. Takum obpaszom,

Z upui=0,2,4,...,2n,

0 wunage.

H,(CP") =

3.2. dBubit Bua rpasmvHOoro romomopdumsma. [Ipu n = 1 kjieroyHoe rpaHuvHoe
orobpazxkenue 0°: C,(X) — C,_1(X) npeacrapiser coboii rpaHndHbIii TOMOMOPGU3M

0: Hi(X', X% — Hy(X?).

Ecin X c¢Bs13HO 1 mMeeT TOJBKO OAHY HYJIbMEPHYIO KJIETKY, TO 9TOT TOMOMOPMDU3M J0TKEeH
OBbITH HYJIEBBIM. DTO C/IejyeT U3 TOUHOM mociegobareabaoct napbl (X1 X%) u uzomop-
dbusma Hy(X!) = Hy(X) 2 Z.

Jlamee MBI OymeM OTOXKJIECTBJIATH KJeTKy el C X ¢ coOTBeTCTByMOIIeil obpasyromeil
rpynmbl KaeTogHbix remnei Cp,(X).

Teopema 3.5. IIpun > 1 umeem mecmo pasercmeo
(6) o°(en) = Y dapely
B

286 daﬁ — CMeneHsd OmO@?CLOfCeHU,ﬂ,
— Pa _ qp _
f . Sn 1 X*n 1 Sn 1,

npedcmasaanwezo coboti KOMNOZUUWIO NPUKACUSaIOULe20 omobpasicenua pqo: S™ 1 —
X" kaemxu er U omobpascenus parmopusayuy qg: Xt = 8" emazusarowezo
Xy eg_l 6 MouKY.

Jlokasamenvemso. Tlpexge Bcero 3amernm, 94to cymma B dopmydie (6) coaepKuT KoHed-
HOE YHCJIO YIEHOB, TaK KaK 00pa3 IMPHUKJIENBAIONIEr0 OTOOPaKeHUs ©, KOMIAKTEH, a 110~

TOMY TepeceKaeT JUITh KOHETHOe YHCJI0 KJIeTOK egfl.
Iycrs @, : D — X" — XapaKTepHCTHYeCKOe OTOOpazKeHue KJIETKHU €l €ro OrDaHH-

wenne na S7' = JDT ecTh mpuKJIenBamomee oTobpakenue ¢, ST — X1 feno,

aro orobpaxenue dakropusannu qz: X" — Sg_l pPacKIaIbIBaeTCd B KOMITO3UIIHIO

Xl 5 xnol/xn-2 2 Sg_l JUIS HEKOTOPOTO OTOOPaKEeHUs (3, BBIIETSIONETo cde-
py Sg_l u3 Gyxkera X"/ X2,
PaccMOTpUM KOMMYTATHBHYIO JHATPAMMY

Ho (D2, S0 — 2o F (S —2 o (577

léa* Lwa*
s+

Hn(Xn, anl)
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Orobpazenue P, NepeBojuT cranjapThyio obpasyiontyio [D?] € H, (D", S" 1) B obpa-
sytontyio e € H, (X", X" 1), I3 koMMyTaTHBHOCTH JIeBOi 4acTH JUATPAMMBI CJIeJlyerT,
aro 9°(€7) = jPax0[D"]. B Tepmunax Gasuca s H, (X" X""?), cOOTBETCTBYIONIETo
(n — 1)-MepHBIM KJeTKaM, OTOOPAasKEHHE (g, — ITO MPOEKIUs Tpymsl H, (X" X"72)
Ha CJIaraeMoe, COOTBETCTBYIONEee KJIeTKe eg_l. Tenepnb Tpebyemasa dopMysIa CJIeayeT H3
KOMMYTATHBHOCTH IPABOil YaCTH JIMATPAMMEL. O

IIpumep 3.6. Ilycts S, — cdepa ¢ g pyukamu, T. €. 3aMKHyTad OpHEHTUPyeMad HOBepX-
HOCTb poJa ¢. Beeaém Ha S, cTanJapTHYIO KJIETOUHYIO CTPYKTYPY C OJHON HyJIbMepHO
KJIETKOM, 2g OTHOMEPHBIMHU KJIeTKAMHU a1, . .., Gg, b1,...,by W ONHOU ABYMEPHOH KJICTKOH,
IPHUKIECHHON 0 IPOU3BEIEHII0 KOMMYTATOPOB [aq, by] - - - [ay, b,]. CooTBeTcTByMOIMMIL KTe-
TOYHBIA NEITHON KOMILIEKC UMEET BUJL

0% o¢
0—7Z 7% 57 —0.

Msr nveem 0f = 0, Tak Kak S, HMeeT BCero OJHY HYyJIbMEpHYIO KaeTKy. Kpowme Toro,
5 = 0, Tak KaK Kaykaoe pebpo a; u b; BXOTUT B [aq, by] - - - [a,, b,] BMecTe ¢ ero oOpaTHBIM,

a 3HaUMT BCe 0TOOparkeHust fo5: ST — S' romoronmb oroGpaxkennio B TouKy. Ilosromy

IDYTIIBI TOMOJIOTHIT HOBEPXHOCTH Sy COBNAIAIOT C TPYNIIAMHI KJIETOYHBIX Iemeif, T. .

Hy(S,) = Ha(S,) =Z, Hy(S,) =7Z*, H;(S%) =0mupui>2.

ITpumep 3.7. [Iycts X = RP™ — BeriecTBeHHOE IPOEKTUBHOE MTPOCTPancTBO. OHO HMeeT
KJIETOYHYIO CTPYKTYPY € OTHOH KieTKoil ¥ B Kaxkmoit pasmepnoctn k < n. Ilpukrensa-
folmee oTobpakenue Mg KaeTKu e¥ — 310 apyamerHoe mHakphitme @: SF~1 — RPFL
Corstacto dopmyie (6) nmeem 9°(e*) = dpe* 1, rae dj, — 310 crenenb KoMIO3UIUY

St % RPFT L RPFTY/RPR? = 5

[Ipu orpaHIYeHNN Ha KazKIyl0 KOMIOHEHTY cBa3HOCTH npocTparcTsa SF~1\ S¥~2 orobpa-
JKeHue g apiasercsd roMmeoMopduzmMoM. OIHH U3 3TUX TOMEOMOPGMU3MOB TOXK IECTBEHHBI,
a JIpyroii dBIdeTcd OrpaHmYeHHeM aHTHIONATILHOTO oTobpazKenud cdepsl S¥~1, KoTopoe
umeet crenenb (—1)F. Tlostomy degqp = 1 + (—1)%, aro ects 0 win 2 B 3aBUCHMOCTH OT
géraoctu k. Takum 0O6pa3om, KJIeTOUHBIH HEnHO# KOMILIEKC st RP™ umeer Buj

2 0 2 0 2 0 .
0 —2Z—>72—...—7L—7L—7Z—7Z—0, eciun 46THO;

0 2 2 0 2 0 N
0 —2—>42—...—12—7— 17— 7Z—0, ecau n HEIETHO.
CaenoBaTe/bHO,
7  upu k =0 u npu HeuétHoM k = n,
Hy(RP") =< Zy upn meuéraom k, rme 0 < k < n,
0 B OCTAJILHBIX CJIyYasx.

3.3. DitiepoBa XapakKTEPUCTUKA. IFUAEPO6a TAPAKMEPUCTIUKG KOHEIHOTO KJIETOIHOTO
npocTpancTBa X ornpejesasercsd Kak

X(X) =) (~1)"en,

rae ¢, = 1k C,(X) — umcno n-MepHBIX KJIeTOK mpocTpaHcTBa X (paHr KOHEYHO MOPOXK-
néunoit abesesoit rpynmst C,(X)).
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Kiraccuaeckast meopema Jiiaepa yTBEPKIAET, 9TO JJIST BBIMYKJIOTO TPEXMEPHOTO MHO-
rorpannuka nmeer mecto dopmyna B— P+ I'= 2, tine B, P u I' — 4ucno Bepiun, pédep
u rpameil coorBercTBenHo. O600MEenreM 3TOro ¢akrTa ABASETCsS CJICAYIOMMI pe3yJbTar,
KOTODBI TOKA3bIBAET, UTO JilIepOBAa XapAKTEPUCTHKA SBJISETCS TOHOJIOTHYECKUM (¥ Ja-
JKe TOMOTOTHYECKIM) WHBAPHAHTOM KJIETOYHOro mpocrpancTBa X. B yacrHocTH, OHA He
3aBUCUT OT KJIETOYHOT'O pa3OUeHMUs.

Teopema 3.8. /[aa Koneunoz2o kAemouno20 npocmparcmea X cnpasediuso cOOMmHOUEHUE
X(X) =) (—1)"rk Hy(X).
n=0

oxazamenavemeo. 1o ducTo aaredbpamdecknii pakT. PaceMoTpuM HEmHON KOMILIEKC

O—>C’kﬁ>0k_1—>...—>01i>00—>0

KOHETHO MOPOXKIEHHBIX abeneBbrx rpyni. Llycrs Z, = Ker 0,, — mukiasl, B, = Im 0,1 —
rpannusl, H, = Z, /B, — romonoruu. 113 KOpOTKUX TOIHBIX MOCTen0BaTEIbHOCTENR () —
Jpn—>C,—>B,1—>0u0— B, — Z, — H, — 0 nojiydaem COOTHOIIEHUS

rkC, =1k Z, + 1k B,,_1,
rk Z, =rk B,, + rk H,,.

[TojcraBuM BTOpOE COOTHOIIEHNE B IEPBOe, YMHOKHUM MOJIy YeHHOe cOOTHOTIeHne Ha (—1)"
U mpocyMMupyem 1o n. B pesyibrare mosydnm

S (1) kG = (—1)" rk H,,

n=0 n=0

Ocranoch TPUMEHHTH 3TO cooTHOMeRNHe K cayyaio C, = C,(X) = H, (X", X"1). O

IIpumep 3.9. DiljlepoBa XapaKTepPUCTUKA 3aMKHYTOH OPHEHTHPOBAHHON IIOBEPXHOCTH Sy
poma g paBHa 2 — 2¢g. Takum oOpa3oM, Bce 3aMKHYTBbIE OPHEHTHPOBAHHBIE TOBEPXHOCTH
Pa3/iMyaTcd uxX 3MJIEPOBbIMU XaPAKTEPUCTUKAMMU.

3amaun 1 ynpakHeHus.

3.10. Boruucsure romosioruu npoussegenus chep S™ X S™ upu n > 2, noJb3ysich Kiie-
TOYHBIM pa3bueHueM.

3.11. Ilycte N, — 3aMKHyTad HeopHeHTHpyeMas IIOBepXHOCTb poja ¢, T.e. cdepa ¢ ¢
BKJIeeHHBIMU JincTamMu Mébuyca. BeraucjiuTe roMos10orui HoBepxHocTd Ny, HOJIb3yACh KJle-
TOYHOH CTPYKTYPO# ¢ OJHOH HyJIbMEpHO# KJIeTKO#, g OAHOMEDPHBIMHU KJIETKAMH Cq, . . ., Cq

¥ OJIHOM BYMEpPHOIl KJICTKOM, IPUKICCHHOI 0 CIOBY Ci¢5 . . . Co.

3.12. BerameauTe roMoJOrHA TPOCTPAHCTBA X , MOJTy9eHHOTO TpUK/IenBanneM K STV S1
JBYX JIBYMEPHBIX KJIETOK MO TPOM3BOJILHBIM CJI0BaM. B 9acTHOCTH, paceMOTpHTe CIydail
IPUKIEHBAHAA KICTOK 1o ciaoBam a’b3 m b3(ab) 2. YTo MOXKHO cKazaTh o (yHIaMeH-
TaJILHOM I'pyIIe TAKOro MpocTpaHcTBa?!

3.13. Brruncanre roMo0orna Tpéxmeproro Topa 1% = S1x S x S1, moap3ydach KaeToTHbIM
paszoueHueM.

3.14. JlokaxkuTe, 9TO JIId KOHEYHBIX KJIETOYHBIX IPOCTPAHCTB X, Y HMMeeT MecTo COooT-
momrenne Y (X x Y) = x(X) x x(Y).
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3.15. Jloxkaxutre, urto eciu X = AU B, rie X — kmeTodHoe mpocTpancrso, a A, B —
ksreTounble noanpocrpancTea B X, 1o x(X) = x(A4) + x(B) — x(AN B).

3.16. [okakute, 9TO JJIs1 N-JIUCTHOTO HAKPBITHS p: X — X HAJ KOHETHBIM KJIETOUHDBIM
npocrpancTBoM X mMmeeT Mecto coorHomenne (X)) = ny(X).

4. 'OMOTOIIMYECKHUE I'PYIIIIBI X I'PYIIIIBI TOMOJIOT UL

3/1ech MbI PACCMOTPUM B3aUMOOTHOIIEHHS MEZKIY TOMOTOITMYECKUMHU IPYIIIAMHU U T'PYII-
maMu romoioruit. Mbl moc/ie10BaTe TbHO IOKaXKeM YTBEPZKIeHUS O TOM, YTO MepBas TPYII-
a roMoJIoruil copnagaer ¢ abesenuzanuei GyHpaMenTaabHoi rpymmbl (Teopema [Tyan-
Kape), JJisi O[HOCBSI3HOTO [IPOCTPAHCTBA TIePBasi HETPUBUAJIbHASI TOMOTOIMYECKAsT IPYIINa
7 TlepBasl HeTpUBHUAJbHAS I'PYIIa T'OMOJIOTAH MOSBJSIOTCS B OJHOH pPa3MEPHOCTH U U30-
mMopdubl (Teopema ['ypesrua) n 0TobpazkeHne OTHOCBI3HBIX KJIETOYHBIX TIPOCTPAHCTB, HH-
JIynupyrolnee n30Mopdu3M rpyIi roMOJIOTH, SABASETCS TOMOTOIMNYECKOH IKBUBATIEHTHO-
cThi0 (roMoJIOrIYecKas TeopeMa Yaiitxena). s noka3areibcTBa MOCAEIHUX IBYX YTBEP-
JKJIEHHE HaM IIOHAI00STCS pe3yJIbTaThl 0 FTOMOTOINUYECKHX TPYIINIAX, a UMEHHO TeopeMa
DpeiiienTans 0 HAJACTPOHKe W BBIUUCICHUE TPy 7, (S™).

4.1. ®ynmaMeHTaNbHasd rpynna u romosoruu. Ilycrs (X, xg) — IPOCTPAHCTBO ¢ OT-
MedeHHoN TOUKOit. Daementamu byHIaMeHTATLHON Pyl 71 (X, Tg) SABASIIOTCS KJIACCHI
romoronubix merenas ¢: I — X, rae ¢(0) = ¢(1) = zp. Kaxayo Takyo meramo Moxk-
HO PAcCMATPUBATh KaK CHHIYIAPHBIN 1-CHMILIEKC, KOTOPBIA SIBJISETCS ITHKJIOM, TaK KakK
dp = ¢(1) — (0) = 0.

Hamomuum, [ro abesenusayued rpynnsl G HaseiBaercst dakroprpynna G/[G,G]
no HopMmasibHOH moarpymnme [G, G|, TMOpOXKIEHHON BCEBO3MOXKHBIMH KOMMYTATODAMHE
ghg™'h~! (31a noarpynna maswiBaercss xommymanmonm rpyuns G). Hanpumep, abeste-
HU3anueit cBoboaHO Tpynel F,, siBastercss cBoboHast abeseBa rpyima Z".

Teopema 4.1 (Ilyankape). Paccmampusas nemau xax cuneysaprvie 1-yuKav,, Mol no-
ayuaem 2omomoppusm h: m (X, o) — Hi(X). Ecau X aunetino ceszno, mo h ssasemcs
anumopPusmom, a e20 a0po — kommymanm epynno, 7 (X, xo). Tarxum obpazom, 2pynna
H(X) usomoppna abenrenusayuu epynno w1 (X, xq).

Zoxazameavemeo. Mbl OyaeM HCIOJB30BATh 0003HAUEHUE ¢ ~ 1) JIJIs OTHOIIEHUS TOMO-
TOIWU TETeTh U ( ~ ) JJIsi OTHOIIEHUsI TOMOJIOTHH COOTBETCTBYIOIINX 1-IUKJIOB (T. €.
@ ~ 1), ecu Y — 1) SABJISETCS IPaHuUIeil 2-MepHOi 1ernn ).

Crava/ja IpOBEPUM, 9YTO COIOCTABACHUE TOMOTONMYECKOMY KJIACCY HETJIH (0 KJac-
ca romoJioruii 1-MepHOro muKaa @ 3aJa8T KOPPEKTHO ONPEIEJEHHOE OTOOParKEHHe
h: m(X,20) — Hi(X), T.e. mpoBepuM, 49TO €Cam @ ~ 1, TO @ ~ 1h. 3aMeTuM, 9TO
ecam ¢ — MocTostHHas neras I — xg, 10 ¢ ~ 0. Do caemyer u3 toro, uro Hy(pt) = 0.
Teneps paccmorpum romotonuio F': I x I — X Mexkiay neryiamu ¢ u . Pa3buB KBajapart
I x I HA TPEYTONBHUKHY [vg, U1, V3] U [Ug, Vg, U3], KAK TIOKA3AHO CJIeBa HA PHUC. 5, MBI MOy IUM
CUHTYJISIPHBIE 2-CUMILIEKCHL 01, 0. MBI UMeeM

(01 — 02) = Ovg, v1, v3] — Ofvg, V2, V3] =
= [v1, v3] — [vo, V3] + [vo, v1] — [V, U] + [vo, V3] — [V, V2] ~ [vo, V1] — [v2, v3] = @ — Y,

TaK Kak GOKOBBIE CTOPOHBI [V, Us] U [U1, U3] OTOOPAZKAIOTCSI B OTMEYEHHYO TOUKY, & 3HAUMT,
roMmosiornaubl Hy 110, Clie10BaTeIbHO, (0 ~ 1.
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(% w . v
2 3 1

02

01

Vo U1 Vo % w V2

Puc. 5.

Teneps mposepum, uto h: (X, xg) — Hi(X) — romomopdusm, T.e. p- 1) ~ @+, Tae
© - 1) 0603HAUACT IPOU3BEICHHE TIeTe/Ib. PACCMOTPUM CHHIY/ISPHBI 2-cuminiekc o: A2 —
X, zajaBaeMblii Komuozuiueii npoexnuu rpeyroibuuka A% = [vg, v1, vs] Ha pebpo [vg, Vo)
u orobpazkenus ¢ - 1 [vg, v2] — X, KaK mokasaHo crupasa Ha puc. 5. Torga

do = [01702] - [Uo,Uz] + [anvl] =9V —p-Y+o,

T.€. ) — -1+ @~ 0, 970 1 TPeOOBAJIOCH.

B npenpiymiem paccyKIeHUE Mbl He UCIIOIB30BAIH TOT (PaKT, 9TO (0 U Y — HEeTIu, TaK
YTO MBI HMEEM @ - 1) ~ @ + 1) [7IsT JTIOOBIX MMy Tei , 1), YIOBIETBOPSIONHNX YCI0BHIO ¢(1) =
¥(0). B wactHOCTH, @ ~ — @ (T71€e ¢ — OOPATHBI Ty Th JJIs (), TaK KaK @+ @ ~ @@ ~ 0.

[Mokazkem, uro h: (X, xg) — Hi(X) — snumopdusm, eciu X muneiino ceasuo. [lycrs
> ;M0 — OJHOMEPHBI I[UKJI, IPeICTABIIONAI fanHblil daement rpynusl Hq(X). Tlepe-
HyMEPOBaB CUMILIEKCHI 0;, MOKHO CUHTaTh, 910 n; = +1. Tak Kak —0; ~ 7;, MBI MOYKeM
CYATATH, YTO HAII |-IUKJI UMeeT BHJT » . 0;. ECau Kakoii-Tro m3 myTeil 0; He ABISETCH
meTs1éit, To u3 ycaosus 0() . 0;) = 0 ciaemyer, 9T0 B cyMMe HaiAETCsA APYTOil My Th 0, /s
KOTOPOT'0 Olpe/ie/IeH0 IIpousseienue myreil o; - 0;. Tak Kak o; + 0 ~ 0; - 0, Mbl MOXKEM
B 3allUCH ) . 0; 3aMEeHHTb 0; + 0; Ha 0; - 0. LloBropss 9Ty mpolesypy, Mbl HPHXOIHM
K CJIydYao, KOT/Ia KaxKJblil MyTh 0; SIBJIdeTcsd neTaefl ¢ Ha4aJgoM W KOHIIOM B HEKOTOPOi
Touke x; € X. Tak kak X JWHEHIHO CBA3HO, CYIIECTBYIOT MYTHU 7Y; U3 OTMEYeHHOU TOUKH
o B x;. Tak KaK y; - 0; - 7; ~ 0;, Mbl MOYXKE€M CYUTATh, YTO BCE 0; — HETJIU C HAYAIOM
I KOHIIOM B TOYKE Z(. 1OIJa IHUKJ » . 0; TOMOJOIHYEH IIPOU3BEIEHNIO BCEX IeTeb 0,
KOTOpOE TpeJIcTaBsieT 3aeMeHT o0pasa romomopdusma h: m (X, zg) — Hi(X).

KommyranT rpymmnsr 7 (X) jexur B sijape romomopdusma h, tak kak rpynmna Hp(X)
abeseBa. UTobbl TOMyunTh 00paTHOE BKJIOYEHWE, MOKaykeM, 910 ecan [p] € Kerh, To
HeTJIs (p IPeJICTABJISeT TPUBUAIBHBIN d1eMeHT B abemenuzanun m1(X)qp.

[Iycrs [p] € Kerh. Torma l-MepHBI MUK (¢ sIBJIsieTCs TpaHUIEH 2-MepHOI Ienu
>, nio;. Kax u Bblle, lepeHyMepoBaB CHHIY/ISIPHBIE 2-CHMILIEKCH 0;: A? — X, Mbl Mo-
KEM CYHTATH, 9TO n; = =+1, a W3MEHUB MOPAJOK BEpPIIHH CAMILICKCa A? MBI MOKeM
3aMeHnTh —0; Ha 0;. B pesymprare nomyunm ¢ = (), 0;). Conocrasum nenn ) |, o; ABY-
MEPHBIH TOJYCUMILTHITUATLHBIA KOMILIEKC [, KOTOPBIH O/Iy4daeTcd CKAEHKOH 2-MepHbIX
cuMILIekcoB A?. cOOTBETCTBYIONINX CUHTYJISIPHBIM cuMILiekcam o;: A? — X cyeytonum
obpaszom. 3amucas do; = T,) — T;1 + T2 AJd CHATYIAPHBIX 1-CHMIITIEKCOB T;;, HOTy9aeM

(7) p=00 o0)=> (-7

i .3
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Otciona ciaeayer, 9T0 MBI MOZXKEM CIDYNIHPOBATH BCE T;;, KPOMEe OHOTO, B Haphl TaK,
YTO B KayKJ0# mape CUHTY/ISApPHBIE 1-CUMILIEKCHI COBMAIAIOT, a8 KOI(PPUIUEHTHI TpU HUX
paBubl 1 1 —1. OcTaBuuiica CUHTYJIAPHBIH 1-CUMILIEKC ecTh . Tenepb Mbl 0TOXK/IECTBUM
pébpa cuMILTEKCOB AZ, COOTBETCTBYIONIHE O0bEJINHEHHBIM B APl CUMILIEKCAM T;j, € yIé-
TOM OpHeHTannu pédep. B pesysbraTe MoyduM MOJIYCHMILIMITAATBHBIA KOMILIEKC K, 1715
KOTOPOTO 1-IUKJI (o Oy/IeT «TDaHUIeiis.

OTtobpaxkeHusI 0; COIIacOBaHbI U BMecTe aaioT oTobOpaxkenme o: K — X. OTobpazke-
HUE 0 MOYKHO 3aMEHHTh Ha IOMOTONHOE eMy OTODpaykKeHue o', KOTOpOe HEepeBOJUT BCe
BepIIMHBI ¥ € K B OTMEUEHHYIO TOYKY Xg, HPUIEM IOMOTOIMUIO MEXKJIY 0 U 0 MOXKHO
BBIOPATH TOCTOSHHON Ha pPedpe, COOTBETCTBYIOMIEM MUKJIY . DTO BBITEKAET U3 CBONCTBA
[POJIOJIZKEHNsT TOMOTOINH: BHIOpAB st KayKa0ii Bepmmabl v € K myTh u3 o(v) B xg, MBI
TeM caMBIM 337aanM romoronmio Ha KU ¢, a 3aTeM IpogoszKuM eé Ha Bech K. OTobpa-
:kenue o': K — X 3a7aéT HOBYIO 2-1leb ZZ ol, TPaHUIA KOTOPOH paBHA (o, TPHIEM BCe
eé pébpa Tl-lj — IeTJH ¢ HAYaJ0M M KOHIIOM B Z.

Tak kax B mpasoil wactu coornomenus (7) Bce T;;, KPOMe OJHOIO, PA30HBAIOTCHA HA
/

—1)J
ij [7; ']( B abeJseHu3a-

ud 71 (X)) gp. Ucnmons3ys agmntusabie 0603HAUCHUSI, MBI IOy 9aeM

el = > (=[]l = 100l =) (Irio] — [7h] + [rh)-

1,J % %

COKDAITIAIONTAECS AP, MBI TaKyKe NMeeM cooTHorrenune [p] = []

Tak Kak KazkJ(blii CHMILIEKC 0; 3aJa8T CTSATHMBAHNe [EeTIN Ty — T/ + Tie (B MyJIbTHILINKA-
! =1 ! —
THBHBIX 0003HAYCHUSX T)) T Ty), MBI HOIydaeM, 910 [¢] = 0 B 71 (X)) ap. O

ITpumep 4.2. Hamomuaum, 910 dyHIaMeHTAIbHAS [PYIIIa OPHEHTHPYEMOH MOBEPXHOCTH
pona g uzomMopdua dakToprpyuie cBodoIHo# Ipynubl Fo, 110 0IHOMY COOTHOILIEHHUIO, 3a-
JTAaHHOMY ITPOU3BEIeHIEM KOMMYTATOPOB:

7T1(Sg> = <CL1, sy Qg bl, ceey bg | alblaflbfl . agbgaglbgl ot agbga;16;1 >
B pesysbrare abeneHn3anun Mbl IOIydaeM cBo0OAHYIO abeneBy rpymy Z%9 = Hp(S,).

4.2. Cnabasg roMoTONMUYECKAsd SKBUBAJIEHTHOCTh U KJIETOYHAS ATMTPOKCUMAIIHSI.
[Iyctb (X, zp) — IPOCTPAHCTBO ¢ OTMEYEHHON TOYKOH. HAOMHUM, 4TO TOMOTOMHYECKAsT
rpynna 7, (X, zg) onpeaeasercs Kak MHOKECTBO TOMOTONMIECKUX KIACCOB OTOOpazKeHHi
f: 5" — X, nepeBoidiux OTMEUYEHHYIO TOUKY So cdepbl S B Ty, DTH OTOOparKeHHsI
Ha3BIBAIOTC chepoudamu. UHade chepons MOKHO MPEJICTABUTH KaK OTOOpazKeHue map
f ™ 0I™) — (X, xo).

Orobpaxkenne f: X — Y Ha3bBaeTCs cAab0l 20MOMONUYECKOT IKGUBAAEHMHOCNBIO,
ecan MHAYIHpoBaHHBIE oroOpaxkenus f.: m,(X, x9) — m,(Y, f(z0)) aBastorcss nzomop-
dbuzmavu g a06bix n > 0 u xg € X. Cornacho teopeme Yaiitxena (em. [Tonl, Teope-
ma 9.10]) ciabast romoTonMYeCKasi IKBHBAJEHTHOCTD KJIETOYHBIX MPOCTPAHCTB SIBJISIETCS
FOMOTOIIMYECKON SKBUBAJIEHTHOCTBIO.

Mpr mMorsim 661 Ha3BaTh HpocTpaHcTBa X, Y ¢1a00 TOMOTONHYECKH 9KBUBAJIECHTHBIMU,
€CJIM MEeXKJIy HUMHU CYIIecTBYeT cjabas TOMOTONHYecKas dKBuUBaJeHTHOCTH f: X — Y.
9TO OTHOIIEHHE, OUeBUIHO, pedIeKCHBHO U TPAH3UTHUBHO, HO OHO HE SIBISETCS CUMMeT-
PUYHBIM: U3 CYIIECTBOBAHUA CJAa0OH roMOTONMMYecKoil skpuBasienTHocTH f: X — Y He
caemyeT cymiecTBoBanue ciaaboif romoronndeckoii sksuasenraoct g: Y — X. (Ilpu-
Mep: J11000€e B3aNMHO OJHO3HAYHOE oToOpaskeHne Z — (Q HempepbIBHO U saBAseTCs Caaboit
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FOMOTOIMYECKON SKBUBAJEHTHOCTBHIO, HO HEIIPEPHLIBHOT'O B3AMMHO OJHO3HAYHOT'O OTOOpa-
xkernnst Q — 7Z ne cymecryer.) [Tosromy ciabast TOMOTOIMMYECKAsT SKBHBAJIEHTHOCTH TTPO-
CTPAHCTB OIIPeJieIsdeTCd KaK OTHOIIEeHNEe SKBUBAJIEHTHOCTH, TIOPOKIEHHOE OTOOPaKeHWSI-
MH — CJaOBIMU FOMOTONUYECKUMH SKBHUBAJEHTHOCTAMHU. Takum oOpa3oM, TPOCTPaHCTBA
X uY caabo 2omomonunecku sxsusasermmuo, (0bo3nauenne: X ~,, Y, eciu MexK 1y HIMU
CYIIECTBYET TOCIeOBATENLHOCTD («3UI3ary ) 0TOOpazkKeHuil

X1 2y ... 7, >Y,

B KOTOPOIl BCE CTPEJIKU ABJISIIOTCS CJIA0OBIMI TOMOTONMMYECKAMH SKBUBATEHTHOCTSIMU.
Crabast roMoTOnMYecKast SKBUBAJIEHTHOCTD f: Z — X, rje Z — KJIeTOYHOe MPOCTPaH-
CTBO, HA3BIBACTCS KAECMOUHOU annpokcumayued npocrpancTea X.

Teopema 4.3. /[asa 106020 npocmpancmea X cyulecmeyiom KAMoYHoOe nPoCmparcmseo
Z u caabas 2omomonuseckan sKeusasenmuocmo f: 2 — X.

Jlokasameavecmeo. MoKHO OrpaHIYATLCS CIYYaeM JIMHEHHO CBSI3HOTO MPOCTPAHCTBA X ;
B IIPOTUBHOM CJIy4ae IOCTPOCHUe HUZKe HYXKHO IMPOBECTH JJIA KAyKJI0H KOMIOHCHTHI JIU-
HeHHON CBA3HOCTH. MBI HOCTPOMM IO MHAYKIUH HEIHOYKY BJIOKEHHBIX KJIETOYHBIX IIPO-
cTpaHcTB Zo C Z1 C ... W TaKyl0 CHCTEMY HPOJOJIZKAIOIIMX JPYT JAPYyra O0TOOparkKeHui
fre: Zx — X, aro (f)«: mi(Zy) — m(X) — monomopdusm mpu i < k u snuMopdusm npu
1 < k. Unnykmusa nauunnaercs ¢ k =0 u Zy = pt.

[IpenmnonoKuM Temnepnb, 9TO KJAETOYHOE IMPOCTPAHCTBO Zj Y¥Ke MOCTPOEHO, U OMUIIEeM
HPONEYPY MOCTPOCHUS L) 1.

Orobpazkenne (fi)s: m(Zr) — m(X) CIOPBEKTHBHO, HO, BO3MOYKHO, HE HHbBEKTHB-
Ho. Bribepem Kjierounble OTOOpPaKEHUSA ¢, : Sk — 7, npeicTaBisoniue oOpasyolie
anpa otobpaskerns (fi).. [pukiaenm xmerku ef*! x 7, mocpencrsom stux oToGpaze-

HIH g, B O0O3HAYHM HOTyHYeHHOe KJIEeTOYHOe MPOCTPaHCTBO Z; . Tak Kax KoMmosumus
frgo TOMOTOIIHA HYJIIO JJIsT JTIOOOTO (v, OTOOparKeHue fi MPOIOJIZKAETCS JI0 OTOOParKeHHsT

! . / .
Je1: Zpr = X0

Sk Jo Zk T X

T

Dk—i—l o Zk Uga Dl;—i-l

Torma (fi 1)« (Z},1) — m(X) — monomopdusm npu i < k 1o Teopeme 0 KJIeTOUHOI
anmpokcuManuu: npukjaensanue (k+1)-MepHBIX KI€TOK K Zj He MeHseT IPYIsl T; ¢ § < k,
a m(Zy) = mi(X) — monomopdusm upu i < k. Kpome toro, (fi 1)« m(Z1) = mu(X)
TakzKe MOHOMOPGbHU3M, Tak Kak Jio6oit cdepoun S* — Z; 41, TPEJCTABJISAIONINI 3JIeMEeHT
sJIpa 3TOro TOMOMOPGU3Ma, TOMOTOIEH KJIETOYHOMY OTOOPArKEHHIO, T. €. OTOOParKEeHHIO,
06pa3 KOTOPOIo JIEXKHT B Zj, a BCe TaKue OTOOPaKeHHsd I'OMOTOLHBI HYJIO B Z,, IO
OCTPOEHHIO.

Tenepn BbIOepem oToOpazkeHus hg: SEH — X, mopoxgaiorniae rpynny mgiq1(X), u
noiokuM Zgpr = Ziq V (Vg Sg’“). Orobpaxenust f,; n hg 3a1a10T orobpazenue
Jra1: Zipyr — X, Toraa (fra1)s: Tra1(Zka1) = Trp1 (X)) — smmmopdusM Mo moCTpOeHH o.
Kpowme toro, (fri1)s: mi(Zrs1) — m(X) — snumopdusm npu i < k, Tak KaK KOMIO3HUIH

(fret1)+
Ti(Zk) — mi(Z 1) — T Ziyr) = mi(X)
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coBnagaer ¢ (fx)s, KOTOpoe ABAsSeTCst SMUMOPMOU3IMOM MpH ¢ < k 110 MPe/IITOI0KEHIIO0 HH-
aykimn. Hakoren, mokazxkeM, 970 (fri1)s: mi(Zky1) — m(X) — monomopdusm npn i < k.
Mycrs ¢ € Ker((fog1)s: mi(Zpi1) = m(X)), i <k, m j: Z),, = Zgy1 — Baoxenne. Tak
KaK Zjy1 Hoaydaercd u3 Z, ., upukjiensanueM (k + 1)-MepHBIX KJIETOK, I3 T€OPEMBI O
K/IETOYHOI alpoOKCUMAIUH CJIEJYeT, 4T0 ¢ = j,a) s Hexoroporo ¢ € m;(Z; ). Torna
0= (frr1)x = (fir1)eJs®¥ = (fry1)+¥. Tax kax (f] )« — MoHOMOPDU3M (CM. HpebLILy-
muii a63ai), noaydaem ¢ = 0. CaenoBaTesbHo, ¢ = 7,1 = 0 ¥ 1Iar WHIYKIUHA 3aBEePIIEH.

s 3aBeplieHust JOKa3aTe/bCTBA HOJM0KUM Z = |J, Zk, a orobpaxkenne f: Z — X
onpezesum ycaosueM f|z = f. O

4.3. Teopema ®Ppeiinentansa o Haacrpoiike. [Tycrs (X, A) — mapa mpocTpaHcTB ¢
OTMeYeHHOH TOoYKoi g € A. HamomHuM, 9TO OTHOCHTE/bHAS MOMOTONHYECKAs I'PYIIIA
(X, A, ), n > 1, onpeiefseTcst Kak MHOXKECTBO TOMOTONUYIECKUX KJIACCOB 0TOOpazKe-
muit map f: (D", 5" 1) — (X, A), nepeBoggmux oTMEYeHHYIO TOUKY so € S"~ ! = 9D"
B o (Takue 0TOOpazKeHusl HA3BIBAIOTCS 0MHOCUMesbhumy chepoudamu). Ha Kybuaeckom
A3BIKe OTHOCHTENbHBI cdepons — 1o orobpazkenue f: (I, 01", 0I"\I"') — (X, A, x0),
rae rpanb I"71 C I™ 3agaérea ypasaenueMm t, = 0.

B obiem ciyuae jist romoronudeckux rpyni m; (X, A) He BBIIOJIHAETCsT CBOHCTBO BbI-
pezanus (OTCyTCTBYIOT aHajoru Teopem 2.11 u 2.12, cm. 3amady 4.22). OaHAKO 3TO CBOIi-
CTBO MMeeT MECTO B HEKOTODOM JHANa30He Pa3sMepPHOCTEl i, KOTOPHIH 3aBUCUT OT CTe-
nenu csa3uoctu mapbl (X, A). Crammaprhbie cIeJCTBUS U3 CBOMCTBA BHIPE3AHH, TAKHE
kak uzomopdusm (X, A) = m;(X/A) niasg KIeTOYHBIX map U ©30MOpGhU3M HaJACTPORKH
mi(X) & miq (X X), TakzKe UMEIOT MECTO JIMIIb B HEKOTOPOM JIHANA30HE pa3MepPHOCTEH.

Hamomuuwm, aro mpoctpanctBo X Ha3biBaercs n-ceéazuvim, ecan m;(X, o) = 0 upu
i < n aa Beex xp € X (3amernm, 910 7o(X, o) — 9TO MHOKECTBO KOMIIOHEHT JIMHEHHOI
CBSIBHOCTH, TaK 4T0 0-CBSI3HOCTH — 9TO JnHeiiHast ¢Ba3HoCTh). [Tapa (X, A) HasbiBaercs
n-ceasnotll, ecmu (X, A, xg) = 0 upu ¢ < n aag Beex ro € A M KaxKjasgd KOMIOHEHTA
JIMHEHHO# ¢Bs3HOCTH TpocTpancTBa X cogepkuT Toukn u3 A (MuOKecTBO To(X, A, T0)
He OnpeJiesieHo, Tak 910 npu n = 0 ocTaéres JINITh BTOPOE YCJIOBHE). 3aMeTHM, 9TO MPO-
crpaHcTBO X SBJSIETCS N-CBSI3HBIM TOLJA M TOJBKO TOT/A, Korya mapa (X, zg) sBiasercs
N-CBSI3HOM IS HEKOTOPO#i (MJIH, 9TO 9KBUBAJEHTHO, /sl JTI000H) Toukn T € X.

ITpumep 4.4. [lycts (Z, A) — kiaerounas napa, IpuaéMm Z MOy 9eHO U3 A NPUKICHBAHE-
eM KJIeTOK pasmeproctu > n. Torma (Z, A) — n-cBs3Hast mapa; 9TO CJIEIyeT W3 TeOPEMBbI
0 KJeTO4YHO# amnpokcumanuu. Hecsoxknasa mopudukaimsa paccyzKieHust U3 J0Ka3aTe b
CTBa TeopeMbl 4.3 MOKa3bIBAET, YTO JI00as N-CBA3HAdA KJAETOUHAs [apa UMEeT TaKOi B
¢ TOYHOCTBIO 0 TOMOTOIHYECKOil IKBUBaTeHTHOCTH (CM. 331ady 4.23).

Teopema 4.5 (cBoiicTBO BBIpe3aHus Jjisi roMoronndeckux rpymm). ITyemos X = AU B,
ede X — Kkaemounoe npocmpancmeso, A u B — ezo kaemounsie noonpocmpancmea u C =
AN B ceazno u nenycmo. Ilpednoaoorcum, wmo napa (A, C) asasemes m-ceasnot, a napa
(B, C) asasemca n-ceasnot. Toeda omobpascenue m;(A, C) — mi (X, B), undyyuposanmoe
BKAIOUEHUEM, ABAALTNCA USOMOPPHUSMOM NPU T < T+ N U INUMOPHUSMOM NPU T = T+ N.

[Ipexxme gem MOKa3BIBAaTh CBOMCTBO BhIpe3aHusi, CHOPMYIUPYEM U TOKAYXKEM €ro BazK-
Heiilee cjejcTBre, U3BecTHOE Kak Teopema DpeiijieHTas st nim TeopeMa O HaJICTPOIKe.

Pacemorpum cepounn f: S™ — X, mpeacTaBASIONIUil 3JEMEHT TOMOTOIHYECKOM
rpynmbl m,(X). Jdasg kaxkaoro takoro cdeponga paccMOTPpUM OTOOparKeHHe HAICTPOEK
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Yf: X8" = Sntl — ¥ X koropoe spistercst (n + 1)-MepHbIM ceporoM HpocTpaH-
crBa X X. Ecim chepongpt f,g: S — X TOMOTONHBI, TO TOMOTOIHBI U C(EPOUIBI
Yf, Yg: S™ — X X. Kpowme toro, cdepoun X(f + g) romoronen chepoury Xf + Xg.
Takum 06paszoM, Mbl moJaydaeM romomopdusm X m,(X) — 1,41 (X X), KoTOpBIil HA3BI-
BAaETCA 20MOMOPHUIMOM HAICMPoTiKu.

Teopema 4.6 (Ppeiigenrans). [Tycms X — (n— 1)-ceasnoe xaemounoe npocmparcmeo.
Tozda zomomopdusm nadcmpotiwu X m;(X) — m11(XX) asasemes usomopdusmom npu
1 < 2n — 1 u snumopgpusmom npu © = 2n — 1.

Joxazameavemeo. Mot umeem XX = CL, X UC_X, rae Cp X u C_X — «Bepxuwuii» u
«HIKHAE> KoHychl Ham X, a C, X NC_X = X. I'omomopdusMm HaIACTPORKH MOMKHO
[PE/ICTABUTD B BUJIE KOMIIO3HIIUU

WI(X) = 7TZ‘+1(C+X7X) — 7T7;+1(EX, C_X) = 7Ti+1(2X),

rze 0ba m3oMopdu3Ma IMOAYyYaIOTCd M3 TOYHBIX II0CJIE0BATE/NbHOCTEH 1ap, a cpejHee
oroOpazkeHne MH/YIUPOBAHO BKOYeHneM. Tak kak X sjsercs (n — 1)-CBA3HBIM, Hapa
(CL X, X) aBasercsa n-cesizHoii. Toraa u3 Teopembr 4.5 BeiTekaer, uro w1 (CL X, X) —
mir1 (XX, C_X) — w3omopdusm npu i + 1 < 2n u snumopdusm npu i + 1 = 2n. |

Teopema 4.7 (Xoud). I'pynna m,(S™) usomoppra Z u noposcdaemes 20MOMONUHECKUM
Kaaccom moscdecmeennozo omobpascerus id: S™ — S™. B wacmuocmu, omobpasicenue
T (S™) — 7Z, conocmasaaowee KaHcOOMYy 0MOOPANHCEHUIO €20 CMENEHD, ABAALMNCA U30-
MOPPHUSMOM.

Hoxazameavemeo. 13 teopembl @peiiieHTasnst BHITEKAET, YTO B IIOCJEI0BATEIbHOCTH IO~
MOMOPMU3MOB HAJACTPOITKI

7T1(Sl> — WQ(SQ) — 7Tg<53) — ...

nepBoe oTobpazkenue — MUMOPGU3M, a Bce mocaeayiomue — uzomopdusmol. 13 Tou-
HOI OMOTONMYECKO} MOC/Ie/10BaTe/IbHOCTH paccioenns Xomnda ST — 83 — S? caenyer
m3omopbusm o (S?) 22 11(S1), Tak uro 7, (S™) = Z upu n > 1. O]

ITpumep 4.8. PaccemorpuM caemyiommuit ¢pparMeHT TOMOTONHYECKOH MOCIeI0BATEILHO-
ctu pacciaoenua Xonda S? — S? co ciaoem S

oo ma(S) = m(S?) = m(S?) = me(SY) — ..
Tak xax 73(S") = m2(S") = 0 u 13(S%) = Z, mpr nosyuaem m3(5%) = Z.

4.4. Jloka3aTeqbCTBO TEOPEMBI BbIpe3aHud. /[0Ka3aTe/JbCTBO OCHOBAHO Ha MCIOJTh-
30BaHUU «COOOparKeHUs ODIIEro MOJIOKEHUS.

Hoxazameavemeo meopemu, 4.5. Mbl nocaesoBaTebHO PACCMOTPUM HECKOJBLKO BCE 6O0-
Jiee o0Imux caydaes. [lepBbiil ciydail BKIrO4aeT KJIaCCHIECKOe JOKA3aTEIbCTBO TEOPEMbI
OpeiiteaTaIA.

Cayuadi 1. Tlognpocrpancteo A noaydeno u3 C' npukjaempanneM Kiaetok el a B
nosydeno u3 C npuUKJIenBaHueM OTHON KiaeTku el

g mokazarenbcTBa clopbekTuBHOCTH ToMoMopdmma m;(A,C) — (X, B) npu
i < m + n paccMoTpuMm oTHOCcUTebHBI chepouy f: (DY ST — (X B), upejcras-
JStoIHii HeKoTophiil snement u3 (X, B). O6pa3 f KoMIakTeH, a MOTOMY IepeceKaer

JIIIbL KOHETHOe 4ncjio Kiaerok e u et Bribepem Touxu p, € e u g € e"tl.
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Hazosém noausdpom pasmeproctn < k o0beuHEHTE KOHETHOTO TUCIa BBITYKIBIX MHO-
rOTpaHHUKOB pasMepHocTn < k. Jlokarkem JBe JIeMMHBI.

Jlemma 4.9. Cywecmesyem maxoe omobpasicenue g: (D', S™1) — (X, B), 2omomonnoe
[ 6 ®aacce omobpasicenutdi nap (u cxoawv y2o0no 6auskoe % f), wmo g~ (pa) — noauadp
pasmeprocmu < 1 —m — 1 das awbozo o, a g_l(q) — noausdp pazmeprocmu <1 —mn— 1.

Jloxazamensvcmeo. B ocHOBe JI0OKA3aTeIbCTBA ITOI JEMMBI JIEKUT KOHCTPYKIUS KYCOIHO-
JIMHEHHON anmpoKCHuMaIliy, yKe U3BECTHAsT HaM 110 JOKA3aTeIbCTBY «JIEMMbI O CBODOIHOT
touke» |Toml, semma 4.11|. HamoMHIM OCHOBHBIE IHATH STON KOHCTPYKITHH.
1) OKpyXKHUM KaXkKIyI0 U3 TOYEK Do, ¢ TATHIO MAJIBIMH KOHIIEHTPHYECKIMH TTADAMHU:
pa€BYc...cB qeB c...CB:.
2) BoiGepenm B D (koMmuakTublit) Mmoororpannuk, cogepzamuii f~*(Bs U, Béa)).
3) TpuaHryaupyem 3TOT MHOTOIDAHHUK HACTOJBKO MEJKO, UTO ecau f-00pa3 CuM-
IJIeKCa 3a7IeBaeT Bi(o‘), TO OH COJIEPKHUTCS B BZ-(jf)l, U TO XKe 11 B; u Biyy.
4) O6o3nadnM uepes K oObeuHeHne CUMILUIEKCOB, f-00pa3bl KOTOPBIX II€PECEKAIOTCSE
C B4 U Ua Bia).
5) Monmpasum orobpazkenune f Ha K, 3aMeHHB ero 0T0OpazkeHneM ¢, COBHAAIOIIIM
C f Ha BEpHINHAX TPHAHTYJIANNUN U JINHEHHBIM HAa, KazKJI0M CHMIIJICKCE.
6) «Combéms ¢ ¢ f, 7. e. mocTponm oTobpazkeHue g, coBHajaIee ¢ f BHe MHOKECTBA

f(Bsul, Béa)) neg s fH(BUl, Béa)) W TaKoe, u9TO g-00pa3 MOMOJHEHNST
k f7H(BUU, Béa)) He 3anesaer By U, Bﬁa) (9TO ClIMBaHME ONHCAHO B KOHIIE
nokazarenscrsa geMmel 4.11 n3 [Tonl]).

Hrak, MBI ANIIPOKCAMUAPOBAIT 0TOOpazkeHne f 0TOOpayKeHHeM ¢ ¢ TAKUM CBORCTBOM: TIPO-
00pa3 OKPECTHOCTH KAazKJIOH M3 TOYEK Py, ¢ MOKPBIBAETCH KOHEYHBIM YUCJIOM CHUMILICK-
co A’ Ha KaxKJ0M U3 KOTOPBIX 0TOGpaKeHue JuHeiino. Mbl MOXKeM CYHTAThL, YTO €C/u
Pa € g(AY), To dim g(A?) = m+ 1 (1.e. dim g(A?) ne menbie m + 1; nnave caBUEEM P,y €
«3aNpengHHOr0» MHOKeCTBa IPU MOMOIIH ToMeoMopdusmMa mapa int D™ & ™+l 6 ys-
KOTO K TOKIecTBeHHOMY ). Anasnorndno eciu ¢ € g(AY), to dim g(AY) = n+ 1. Tlockoabky
11pooGpas TOYKU Mpu JuHEHHOM 0ToOpazkenun g: A' — R™ ! umetomem (m + 1)-mepHbrii
06pa3, eCTh BBILYKJIbI MHOTOTPAHHUK PA3MEPHOCTH < @ —m — 1, oToGpazkeHue g yaoBJie-
TBOPsIET TPeGOBAHUSIM JIEMMBI. O

Crenyromas jemMa (popMaIn3yeT TOHSITHE «OOIIEro MOJI0KEHHT», UCTIOIb3YeMOe B 10~
Ka3aTeIbCTBE TEOPEMBI.

Jlemma 4.10. ITyecmv K, L C RP — noausdpu, pasmeprocmet < k u < | coomsememeen-
no. Ecau k +1+1 < p, mo K u L ne 3auensensvt. Imo 03HAHGEM, “MO CYUWECMBYEM
MakaA U30OMONUA (20MOMONUA MOACICCTNEENH020 OMOOPAACEHUA, COCTNOAUAA U3 20ME0-
mopdusmos) fi: RP — RP wmo f1(K) u f1(L) pasdeasromea 6 RP eunepnaocrocmono.

Zoxazamenvcmeo. BeibepeM Takyio runepiuiockocts H C RP, yro HNK = @. JlokaxkeM,
9TO CyIIecTByeT Takad Touka r € RP, uto x m K JexkaT O pas3Hble CTOPOHB 0T H u
HUKaKas IpaMasl, IPOX0oIsIias depes3 x, He IepecekaeT ogHoppemendHo K u L. [loaumaap
K nexut B o0beaunenun miockocteit Ky, ..., K, pasmepHoctu < k, a monusap L gekut
B oObeaunenun mjaockocreit Ly, ..., L, pasmepnoctn < [. Ilycrs Pj; — mMunnmasabnad
IJIOCKOCTD, conepxkamas K; n Lj; torqa dim P < dim K; +dim L +1 < k+ 1+ 1 <p.
B kadecTBe x MOXKHO B34Tb JIOOYIO TOYKY B THOJIYIIPOCTPAHCTBE, He cojepzKariem K, He
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JiezKallyo B 00beuHeHnn miockocteit ;. Tenepb He0OX0AUMYI0 H30TOINIO IPOCTPAHCTBA
R? nocrpoum caesyionmumM obpazom. Kaxkmas touka y € RP nBuzkercs npsaMOIUHENRHO
[0 HAIPABICHUIO K T, MPUIEM CKOPOCTb MPOIOPIHOHAIbHA PACCTOAHHIO OT Y JIO X, &
KODMUIUEHT MPOMOPIUOHATLHOCTH CBOM Ha KazKJIOM JIyde, BBIXOIAINIEM U3 &, PaBEH
HYJIIO Ha JIy4aX, Hepecekaromux K, i MoJOKATEIeH Ha JydaX, Hepecekaromux L. OJ

Tenepb 3aBepIINM J0KA3aTEILCTBO CIydad 1 TeopeMbl BhIpe3aHus. PaccMOTpUM 0TO0-
paxkenue g: (D', S7!) — (X, B), nocrpoennoe B jemme 4.9, Tak uT0 ¢~ (ps) — HOJHIAD
pasMeproctn < i —m — 1, a g~ (q) — monmsap pasmepnocrn < ¢ —n — 1. Tak xKax

(i—m—1)+G—n—1)+1=2%—(m+n)—1<i—1<i,

MBI MOKEM HpUMeHHTH Jiemmy 4.10, T.e. MOKHO caurarh, 9To momusapsl ¢~ (U, pa) u
g7 (q) pasnenennt B D' runepriockoctbio (cm. puc. 4.4).

- N

9 (UaPa)

- J

Puc. 6.

[Iycrs Teneps g;: (D', S*™1) — (X, B) — romoronus oTo6pazKeHus g = o, TP KOTOPOI
nosynpoctpancrso mapa DY, conepxamee g (U, Pa), IOCTENEHHO PACTAIIBACTCS HA BECh
map, a HOJYHPOCTPAHCTBO, cofepzKamee ¢ '(g), MOCTENeHHO CTATHBACTCA HA TPAHUILY
mapa (eM. puc. 4.4). Torna ¢;(S*™1) ne nepecekaercs ¢ |J,, po At mo6oro t, a gi(D") ne
[EPECEKALTCS € . DTO O3HAYALT, YTO B KOMMYTATUBHON juarpaMmme

(8) 7Ti(A, C) c 7TZ'<X, B)

lN L~

mi( X\ {a}, X\ {q} U U Apa}) — mi(X, X\ U {pa})

snement [f] € m(X, B), paccmarpuBaemsiii kak saement rpymmst m; (X, X \ U {Pa}),
pasen vmementy [g1] € m(X \ {¢}, X \ {¢} UU, {pa}) = m(A4,C). Tem campiM CrOpBEK-
TUBHOCTH ToMoMopduama e: m; (A, C) — m;(X, B) npu i < m + n jg0oKa3aHa.

Tenepb J0KaxKeM HHBEKTHBHOCTH roMoMopdu3Ma € 1pu i < m + n. Ilyers gaBa oTHOCH-
Terbubix ceponna fo, f1: (D', S — (A, C) takoswr, uro e([fo]) = e([f1]) € m(X, B).
Torga cymecrsyer romoronus F: (D S x I — (X, B) mexay efy u ef;. [lpumenus
gemmbl 4.9 1 4.10 k F'u D' x [ = D" mb1 mozkem canrars, aro F-HJ, pa) — momu-
31p pasmepnoctu < i —m u F~1(q) — nomusap pasmepuoctu < i — n, NpUYSM 3TH JiBa
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noms3pa pasjenensl B DY x I = D! runepriockocTbio (orpaHuvenue Ha pa3MepHOCTH
BBITIOJTHEHO, TaK Kak ¢ —m +i—mn+1 = 2i — (m+n) + 1 < i+ 1). Kak u Bbimte, u3
pPacCMOTpeHus AuarpaMmbl (8) BbITEKaeT, YT0 F' IOTHUMAETCS ¢ TOYHOCTHIO JI0 TOMOTOIHH

1o orobpaxenus (D', S x I — (A,C), r.e. [fo] = [f1] B m(4,C).

Cayuati 2. Tlomnpocrpanctso A noayueno uz C' nupuk/aenBanueM KaeTok el kax B

caydae 1, a B noaydeno u3z C' npuKJIeuBaHUEM KJIETOK pasMepHOCTH = n + 1. YToObI
noka3arh, aro e: m;(A, C) — m(X, B) — suumopdusm npu i < m + n, pacCMOTPUM cde-
poun f: (D', S™1) — (X, B). Tak kak 06pa3 f KOMIAKTEH, OH TIePECEeKAeT JIUIIb KOHE-
HOE YHCJIO KJAeTOK. IIpuMeHsiss paccyKaeHue u3 Caydas 1, MBI MOXKeM IOCJIeI0BaTeIbHO
«caBuHyThby f ¢ Kaxoit kiaerku u3z B\ C' B nopsiyjike yobiBanusi pasmepHoctu. Hbek-
TUBHOCTH TOMOMOPMU3MA € MOKHO J0KA3aTh aHAJOTHMIHO, «CIABUTAsT» 00pa3 roOMOTONUN
F: (D", S x I — (X,B) ¢ xrerok u3 B\ C.

Cayuat 3. IlognpoctpancTBo A nosrydeno w3 C' IpuKAenBaHIEM KJIETOK PA3MEPHOCTH >
m+1, a B nostyaeno u3 C' npuk/IenBaHIeM KJIETOK Pa3MepHOCTH > n+ 1, Kak B ciaydae 2.
MoxkHo caurarh, 94To Kiaetkn u3 A\ C' uMeoT pazmepHocTh < m+n+ 1, Tak Kak KJIeTKH
6oJtee BICOKOI pazmepHocTH He Biausitor Ha m;(C) w m;(B) npn i < m+n, 1 B 93TOM CIydae
Mol mveeM 7;(A, C) = m (X, B) = 0.

[lycrs A, C A — obbenunaenne C' u knetok A pasmeprnoctu < k, u mycts X, = A, UB.
Mpbr mokazkeM pe3ysabrar mis otrobpaxkenus ey : m;( Ay, C) — m;( Xy, B) ungyknueit mo k.
Basza unnykunu — cayuaii k = m-+1, T. e. cay4aii 2 seime. Janee paccMOTpEM I@arpaMmy,
00pa30BAHHYIO TOYHBIMU LOCJEA0BaTeIbHOCTAMU TpoeK (Ay, Ax_1,C) u (Xg, Xp_1, B):

7Ti+1(Aka Akq) - Wi(Akfla C) - Wi(Ak, C) - Fi(Ak, Akq) - 77'1'71(1419717 C)

I S

i1 (Xgy X—1) — 7 (Xp—1, B) — mi( X, B) — mi( Xy, Xo—1) — mim1(Xp—1, B)

[Ipm ¢ < m + n mepBasg u 4eTBEPTAsd BePTUKAIbHBIE CTPEIKI — HU30MOPGMOU3MBI COTTIACHO
CJIy4aIo 2, a BTOpas U IsTas CTPEJKU — U30MOPMU3MbBL 110 IIPEIIOJIOKEHUIO UHJLYKIIUH.
CrieioBaTeIbHO, CPEIHSST BEPTUKAJIbHAS CTPEJKA — n30MOpdu3M coryacuo H-yemme. [Ipu
1 = M +n BTOpad U 4eTBEPTAA BEPTUKAJILHBIE CTPEJIKN — MUMOPMU3MBI, & IIATask CTPeJ-
Ka — MOHOMOP(U3M, TaK 4TO CPEJHAA CTPEJIKA — SMUMOP(U3M COTJIACHO H-JIeMMe.

O6umit ciaydaii cBOAMTCH K CJy4al 3, Tak Kak Jobas m-CBA3HAs KJIETOYHAsI Hapa
(A, C) nmeer ¢ TOYHOCTHIO JO TOMOTOIMH TAKOW BHJ, KAK TaM OMHCAHO, M aHAJOTHIHO
st (X, B) (9ro 3amaua 4.23). O

4.5. TomoTonmyeckne Ipynnbl KJIETOUHBIX IPOCTPAHCTB. BoT emé ogHO BaykHOE
CJIEJICTBIE TeOPEMbI BhIpe3aHus (CpaBHHUTE ¢ MpejioykenneM 2.14, BrIpazKarommM aHATO-
THYHOE CBOCTBO IPYII MOMOJIOTHIA).

IIpenmoxxenne 4.11. ITycmo (X, A) — k-ceasnaa waemounas napa, a A asasemcs -
ceasnvm. Toeda 2omomoppusm

mi(X, A) = m(X/A),

undyyuposannul gaxmopomobpasceruem (X, A) — (X/A, AJA) = (X/A, pt), asasemes
udomoppuamom npu 1 < k + 1 u anumoppusmom npu i =k + 1+ 1.
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Jlokasameavemso. Tak kak (X, A) — k-cBsasnas kierodnas mapa, a (CA, A) — (I + 1)-
cBsi3HAsI KJerouHas mapa, romomopdusm m; (X, A) — m(X UCA, CA) asasiercs n3oMop-
dusmom npu i < k + [ u snumopdusmom npu ¢ = k + [ + 1 corsacHo teopeme 4.5. C
apyroit croponst, (X UCA, CA) = m(X UCA) = 1;(X/A), vae nepsbiit uzoMopdusm
BBITEKAET u3 ToUHON mocaenoBareabaoctr napsl (X U CA,CA) co craruBaembim C'A, a
BTOpO#l m30MOpMU3M clreyer u3 romoronudeckoit sxkpupantenraoctn X UCA ~ X/A. O

IIpennoxxenne 4.12. [Ipu n > 2 epynna m,(\/, Si) — ceobodnaa abenesa epynna, no-
POHCOEHHAA 20MOMONUNECKUMY Kaaccamu exaovenud STy — \/, Sh.

Hoxazameavcmeo. CHadaIa paccMOTpUM cIydail Koneunoro 6ykera. Torma \/,, S% ecTb n-
MEepHBI#f OCTOB Npou3BeeHust chep Ha S co crangapTHON KyIeToYHOU cTpyKTypoil. Tax
Kak B | [, Si pa3mMepHOCTH BCeX KieToK KparHsl 7, napa ([ [, Sh,\/,, Si) asiserca (2n—1)-
ceasnoii, T.e. m; ([ [, S%, V, S4) = 0 mpu ¢ < 2n—1. VI3 TounOil 10C/I€0BATEIBHOCTH TAPHI
noaydaeM, aro m,(\/,, %) = m,(I1, Sh) = @, Z — m3omopdu3m npu n > 2.

B ciiyuae GeckonedHoro 6ykera pacCMOTPHM KaHOHUYIECKUH TOMOMOPGMU3M

P: P, mn(50) = ™ (VoSa).
Torma @ asngerca smuMopdu3MoM, Tak Kak 06pas joboro chepouna f: ™ — \/ St
COJEPKUTCS B KOHEYHOM Oykere, mosromy [f] sexkur B obpaze @ CONIACHO KOHEYHO-
My cay4aio. Arasoruaao @ sapisiercs MOHOMODPGMU3MOM, TaK KaK TOMOTONHST MEXKIY f
1 0TOOpazKeHNEeM B TOUKY TaK:Ke nMeeT 00pa3, COmep:Kanuiics B KOHEIHOM OyKeTe, a, Jist
KOHEYHBIX OYKeTOB ¢ — MOHOMODP(U3M. [

Caenyiolree yTBepK IeHNe STBIAETCA MHOTOMEPHBIM aHAJIOTOM TEOPEMbI, OMUCHIBAOIIEH
dbynmamenTaTbHy0 TPy KJIeTouHoro npocrpancria (em. [Toml, Teopema 6.7]).

ITpennoxenne 4.13. [Tycmov npocmparncmeo X noayuero us byxema cep \/,, Si, n > 2,
NPUKACUBGHUEM KAECTOK eg“ no omobpascenuam gg: S™ — \/, St. Tozda m,(X) — dar-
mopzpynna c60600not abenesoti epynnv m,(\/ , St) = B, Z no nodepynne, noposcdénro

Kaaccamu [pg).

Hoxazamenvcmeo. PaceMoTpuM TodHyI0 1ocae0oBaTepHOCTS Hapsl (X, \/  SE):

o1 (X, V087 ~25 1 (V,S7) — ma(X) — 0.

Takum o6pasom, m, (X ) — daxroprpynma rpynmst 7,(\/, Sk ) 10 06pa3y romomopdusma 0.
Mbi nveem X/ V Sy ~ V4 Sg“. 13 npenyoxenns 4.11 caenyer, aro m,41(X,\, Sh) =
Tni1(X/ Vo S8) = w1 (Vg SiH) — cBoBomas aGenesa rpyima, noposKagHHAs XapaKTe-
PUCTUYECKUMH OTOOPAKEHUAMHU KJIETOK ezﬂ. I'panuuanoe orobparkenne 0 MEPEBOTUT UX

B KJIACCHL [P, 9TO U TPeOyeTCs. O

4.6. CtabuabHbIe TOMOTOIINYECKNE I'PYIIIIbI.

IIpennoxenne 4.14. k-xpammnaa nadcmpotiva X5 X 1ad a106bm KACMOUHBLM NPOCTPAH-
cmeom X aeasemesn (k — 1)-ceasno.

oxazamenavcmeo. TlpoBeném uuayknuio mo k. Ilpm & = 1 yrepxknaercs, uro XX
JMHEHHO CBA3HO, 4TO odeBmiHO. Ipepnosomum, aro Y = X*X appserca (k — 1)-
cesazabiM, T.e. m;(Y) = 0 mpm @ < k. CornacHo teopeme 4.6 romomopdusMm Haj-

crpoiikn m;(Y) — m1(XY) apasgercs uzomopdusmom npu i < 2k — 1. B gacrrocrn,
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i1 (ZFX) = m 1 (XY) 2 m(Y) =0 npu i < k (tax xak k < 2k — 1). D1o o3Hauaer,
qro XX aaserca k-cBs3HBIM. O

B nocsieoBaTeIbHOCTH TOMOMOPGhU3MOB HAICTPOHKH
mi(X) = T (EX) = mpa(27X) — ..,

HAYMHASA C HEKOTOPOTO MOMEHTa, BCe TOMOMOPMU3MBI CTAHOBATCS H30MOpdm3mMamu. A
nMeHHO, Tak Kak ¢ X apiagerca (k — 1)-casupiv, T, (XFX) — w1 (ZF1X) Gyaer
m3omopdusmom nipu i + k < 2(k — 1)+ 1, T.e. mpu k > i + 1.

Ipymna 74, (X*X) nmpu k > i + 1 naspiBaeTca cmaburvnoti 2omomonuneckoti 2pynnot
KJIETOYHOTO TpocTpancTsa X u obosnadaercs i (X).

[pu X = S° mbr noayuaem rpynmy myx(S*), & > i + 1, KoTopag HaspiBaeTca i-i
cmabunvrol 2omomonuyeckol epynnoti cghep n oboznadaercs upocro ;. Hanpumep, 7§
72(S?) = Z, w5 = m4(S?), 75 = 76(S?) u . 1.

Brranciienne ctabujibHBIX TOMOTOMUYECKUX TPYIIT cdep — Kaaccruiyeckas mpodema ro-
MOTOIUYECKOH TOIOJIOTUH, KOTOpas He pelleHa JI0 CHX IOp.

4.7. IIpon3Benenune Yaiitxena m nmpousBeaeHmne CamenbcoHa. Paccmorpum mpu-
k1enBaiomee orobpaskenne w: SEH=L — Sk S nng (k + [)-xnerku nponssesenns cdep
Sk x St co CTAaHJAPTHOI KJIETOUHOIT cTpYKTYpoit (¢ 4 KieTkamu). B sgBHOM Bujie orobpa-
JKeHue w OIHMCaHo B 3a1ade 4.33.

Ipouseedenuem Yatimweda chepounos f: S¥ — X u g: S' — X naspiBaerca cdepon,
3a/JaBaEMblil KOMIIO3UIHE

[fglu: ST ghy 51 I
MpI mosiygaeM KOPpEeKTHO OIpeIe/IéHHBI ToMOMOPhU3M
[ i) ’]w: Wk(X) X 7Tl()() — 7Tk+l—1(X)7

KOTOPBI# TaKzKe Ha3bIBaeTCd NpousBesenueMm Yaiirxema. [Ipu k& = [ = 1 npoussejenue
Vaiirxena — 310 KommyTtarop B rpymmne w1 (X), T.e. [f, 9lw = fof 19 .

Mer umeem [f, gl = 0 B rpymme mg;_1(X) Torga u TOJBKO TOTIA, KOTJA OTOOpayKeHHe
fVvg: StV S — X npomomxaerca 10 orobpazkenna S* x S' — X.

[IpousBenenue YaiiTxema 001a1aeT CACAYIONUME CBOKCTBAMMT:

a) g a € m(X) u 8,7 € m(X), I > 1, umeem

[Oéaﬁ + V]w = [0476]10 + [O‘/Y]w;
6) g a € m(X) u B € m(X), k,l > 1, umeem

[, Bl = (=1)™[8, alu;
B) mist o € mp(X), B € m(X) uvy €mp(X), k,[,m > 1, nmeem

(=1 [, Blus Y + (=)™ [, Y & + (=1)™[[7, @], Bl = 0.

HokazarenbeTBO CBOicTB a) U 6) — 3ama4dn. /[oKasaTh CBOHCTBO B) HEMOCPECTBEH-
HO cyioxkHee. VIMeeTcs HeNpsAMO# crocob J0KA3aTeIbCTBa, UCIIOAB3YIONINH TPOU3BEICHUS
Camenbcona u TToHTpsATIHA, KOTOPBIN TaKzKe OyIeT M3/I02KEeH B BUJIE 33/1ad.

[Ipu k = 1 cBoiicBo a) gaér muneiinoe orodbpazkenue m (X)X m(X) — m/(X), [ > 1, ko-
TOpOE Ha3bIBaeTCst delicmeuem HyHOGMEHMAILHOT 2PYNNLL HA BULCUUT 20MOMONUYECKUT
epynnar.
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Tenepb paccmorpum mpocTpancTBO merenb 2X. Onepamus KOMMYTHPOBAHUS TETEb
(z,y) = zyx~'y~! unpynupyer orobpaxkenne c: 2X ANX — 2X. (Eciu 6b1Th TOUHBIM,
9TO 0TODOpasKeHHe OIIPEeIeNeHO JIUIIb ¢ TOYHOCTHIO 0 TOMOTOINH, TaK KAK METJIH Y HaC
IMeoT (PUKCHPOBAHHYIO IJIHHY. DTOTO MOXKHO H30eKaTh, pACCMaTpUBas METJIN IepeMeH-
HOMi JIJTMHBI, TaK Ha3bBaeMble nemau Mypa.)

IIpoussedernuem Cameavcona cdepoumon f: SP — 02X u g: S9 — (2X na3piBaercs
cdepon

[f,gls: SPH =57 A ST 0X A QX -5 0X.
DT0 33a6T KOPPEKTHO OMPEJLIEHHOE MPON3BEIeHIE
[ s mp(02X) X 1 (2X) = i (2X),

KOTOpOe TakKyKe HasblBaeTcs npousseenueM CaMesbCoHa.
Mo»KHO 0Ka3aTh, 9YTO NP MOAXOAsIIEM BEIGope n3oMopduama t: m,(X) — m,_1(2X)
npousseienna Yaiirxena n CaMesbCOHA CBA3AHBI COOTHONIEHIECM

tlor, Bl = (=1)* ta, 8],
st « € (X)) w f € m(X). C yaérom 5T0ro CoOTHOIEHNsI CBONCTBA a)—B) TPOU3BEIEHNST
YaiiTxe/la mepexoadar B caeayionue coiicTsa npousseaenus Camenbcona:

a) mis ¢ € m,(2X) u ¢, n € my(2X) nmeem

[0, +nls = [, ¥]s + [, 1l
6) nas p € m,(2X) u Y € 1 (2X) umeem

[()07 w]s = _<_1)pq[w7 (10]57
B) 11 p € m,(2X), Y € my(2X) un € 7,(02X) umeem

o, [0, nlsls = [l, ¥]s,mls + (=1)" [, [, mlsls.

OTH TPHU CBOMCTBA HA3BIBAIOTCS OUAUHETHOCTIBIO, 2padyupo6arHoti GHIMUKOMMYMEMUEHO-
CMLI0 U 2Padyuposartbim mootcdecmseom Hrxobu cooTBeTCTBeHHO. I'palynpoBaHHoe BeK-
TOPHOE MPOCTPAHCTBO V', HA KOTOPOM BBeJieHa omeparust | -, -|: V XV — V| obaanaroras
STUMHU TPEMS CBONCTBAMU, HA3BIBAETCS 2padyuposarmoti anszebpoti JIu. Takum obpaszowm,
upoussejenne CaMeabCoHa IPeBPaIaeT BeKTOPHOe IpocTpaHcTBO Ty (2X) ® Q (payuo-
HAABHVLE 20MOMONUYECKUE 2DYNNYL) B TPALyHPOBAHHYI0 aarebpy JIu, KoTopast Ha3blBAeTC s
PAUUOHANLHOT 20MOmMoOnuveckol arzebpoti Jlu npocTtpancrsa X.

4.8. Tomomopdusm I'ypeBuua, Teopema I'ypeBuua u Treopema Vaiirxema. Omob-
pasicernue Typesuua h: m,(X, o) — H,(X) onpenensercs ciaenyonmmM obpasoMm. Ilycrhb
saement [f] € m,(X, ) npencrasiaen chepoumom f: (S, s9) — (X,xp) m mycThb
a € H,(S") — duxcuposannas obpasywommas rpyunst H,(S™) = Z. Torma nonoxum
h([f]) = fi(a), tae fo: Hy(S™) — H,(X) — uHAYIEPOBAHHDIA TOMOMOPGMU3M B TOMOJIO-
rusix. OrobpazkeHue h onpeieeHO KOPPEKTHO, TAK KaK NOMOTOITHBIE OTOOPAYKEHIST HH/LY-
UPYIOT OJIMHAKOBBIE TOMOMOP(MU3MbI B TOMOJIOTHSIX.

Ommuocumenvroe omobpascenue I'ypesuna h: m,(X, A, x0) — H,(X, A) onpenensiercs
o dbopmyie h([f]) = f.(a), tne f: (D", S" 1 sg) = (X, A, z0) u a € H, (D", S"7') —
dbukcuposannas obpasywomag rpymnsl H, (D", 5" 1) 2 Z.

IIpengoxxenune 4.15. Omobpascenue Iypesuua h: m,(X,x9) — H,(X) asasemea eo-

momopduzmom npu n = 1. Omuocumensvnoe omobpascenue Iypesuua h: m,(X, A, o) —
H, (X, A) asasemca 2omomopduzmom npu n > 1.
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Jlokasameavemso. Mul yxe mokazanm, ato h: m(X,xz9) — Hi(X) — romomopdusm, B
TeopeMe 4.1. Tak 4TO HYKHO J0Ka3aTh JIUIIL YTBEPKIeHHE 00 OTHOCUTEJIHLHOM OTOOpa-
Kennu 1'ypesuda.

I[Iycrs f,g: (D", 5" 1) — (X, A) — orHOCHTEBHBIE C(DEPOUIBI, TPEACTABIAIONTHE JJIe-
MEHTBI I'PYIIIBI 7Tn<X, A). Ham #Hago nposeputrb, 94TO (f + g)* = fi« + g, TOE + B JIeBOi
YaCTH O3HAYAET CYMMY C(EpPOUIOB, a 3BE3I0YKA O3HAYAET WHIYIUPOBAHHBIA TOMOMOP-
¢du3m B romostorugx. Torma Mbl TOTyIUM

WIS +9]) = (f + 9)(a) = fula) + g.(a) = h([f]) + h([g]),

49TO U TpebyeTcs.

[Iycts ¢: D™ — D™V D™ — orobpaskeHue, cTarupaioliee sksaTop D"~ ! B Touky, u
q1,q2: D™V D" — D™ — orobpakeHusl, TOXKJIECTBEHHOE HA OJHOM CJaraeMoM OyKeTa U
CTAIUBAIOIIME JIPYrOe cjlaraeMoe B TOYKY. 1orja 1no oupeeieHuo cyMMbl ¢hepouioB

F4g=(fVge: (D", 8" 1) = (D"Vv D", 8" v S — (X, A).

Tereps paccMOTpPUM gUATPAMMY

H,(D",5"Y) —“— H,(D" v D, 5" v 571y L

q1+Dgox | =

Hn(Dn, Sn—l) P Hn(Dn, Sn_1>

H,(X,A)

Otobpazkenue (i D o — H30MOPPH3M, TaK KaK €ro OOPATHBIN €CTb i1, + i, IIE
i1,19: D, — D"V D" — BKIOYeHHUs cJaraeMbiXx B OykeT. Tak Kak 0TOOparKeHUsI
qic, @ee: (D™, S™1) — (D™, S™"71) romoronnbl TOXKACCTBEHHOMY, (G1x @ Gox)Cx = A —
JuaroHanbHoe otobpaxenue o — (a, «). Tak kak (fV g)iy = f u (f V g)ia = g, umeem

(f V 9)u(ine +i2:)(a,0) = ful@),  (fV 9)s(ire +12.)(0, @) = gul).

CremgoBaTeIbHO,

(f vV g)ucs(@) = (FV g)uline +12:)(q1s  qai) (@) = (f V ) (ins + i) (@, @) = (fs + g:) ().

C apyroii croponst, (fV g)«c. = (f + g)« (cM. BbiIe). O
Tomomopdusm T'ypesnua h: (X, o) — Hi(X) onucan B Teopeme 4.1.

Teopema 4.16 (I'yperuu). ITycmo npocmpancmeo X asasemea (n—1)-ceazuvim, n = 2,
m.e. mo(X,x0) = m(X,20) = ... =mp_1(X,20) =0. Toeda H(X)=...=H,1(X) =0
uh: (X, 20) = Hp(X) — usomopdusm.

Ilyemo napa (X, A) asasemea (n—1)-ceasnotl, n = 2, a npocmpancmeo A 00noc6a3Ho u
nenycemo. Tozda Hi(X, A) =0 npui <n uh: m,(X, A, x9) = H,(X, A) — usomoppusm.

Joxazamenvcmeo. PaccMOTpeB KJIETOYHYIO allIPOKCUMAINIO, MOXKHO CYATATH, 4TO X —
KJIeTO4YHOe TpocTpaHcTBo, a (X, A) — kaerounas mapa. Torma OTHOCHTEIBHBIN CIydaii
TeopeMBbl CBOIUTCA K abcosmorHoMmy, Tak Kak (X, A) = m(X/A) upu i < n cormacuo
npetozkenmio 4.11, a Hy(X, A) & H;(X/A) cormacuo upeamnozxenno 2.14.

B abcomoTHOM ciryuae HecsoxKHOe 0000mIeHne pe/oxkenus 6.6 u3 [Tomnl| mokasbiBaer,
910 (n — 1)-CcBsI3HO€ KJIETOYHOE MPOCTPAHCTBO X MOXKHO 3aMEHHUTL HA OMOTOMMYECKH
9KBUBAJIEHTHOE TPOCTPAHCTBO ¢ OAHOU (-MepHON KJIETKOM u 0e3 KJIeTOK pPa3MepHOCTH
< n—1. lTosromy MoxHO cuutarh, uro X"~ = pt, a smaunr H;(X) = 0 upu i < n. Taee,
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MOYKHO CHHTaTh, 9T0 X = X" Tak Kak KJeTKH pasMepHOCTH > n + 2 He BJIUAIOT HH HA
T, ot Ha H,,. Taxum o6pasom, X nveer sz (\/, SH)U(Ugeft), kak B npenoxenin 4.13.

Torma romomopdusmer I'ypesuaa 41 (X, X™) = Hy, (X, X™) u 1, (X") = H,(X") —
130MOPQU3MBL, TAK KAK BCE BXOJSIIME B HUX IPYLLbL — CBOOOAHBIE abeJIeBbI, 1I0POK IGH-

Hble KJaccaMu cdep, BXOAAIMX B OyKeTbl. PACCMOTPUM KOMMYTATUBHYIO JUATPAMMY

o1 (X, X)) —— 1, (X") —— 7, (X) ——=0

N
Hyppr (X, X™) —= H,(X™) —= H,(X) —= 0.

13 5-memmbl caeayer, uto h: m,(X) — H,(X) — uzomopdusm. O

Teopema 4.17 (romosormdeckasi Teopema Yaiirxena). Omobpascenue f: X — Y 00-
HOCBAZHBIT KACTNOUYHOLT NPOCIMPAHCNG ABAALTNCA 20MOMONUNECKOT IKEUBAAEHIMHOCTDIO
mozda u moavko mozda, kozda undyuuposarnue omobpascenud fi: H,(X) — H,(Y)
ABAANOMCA UOMOPPUMAMU OAA BCET N.

Loxazameavemeo. HyzKHO qoKa3aTh JIMIIL yTBEPXKIEHUE «TOr/Ia». 3aMEeHUB [ Ha KJIETOY-
Hoe orobpazkenue, a Y Ha (X x [)U; Y (mmmuap otobpaxeHns f), MOKHO CIHTATD, 9TO
f — BJIOKeHUe KJIETOYHOTO MOApocTpancTsa, T.e. (Y, X)) — kierounas mapa.

Tak kax f.: H,(X) — H,(Y) asasaorcs u3oMopdusMamMu 715 BCEX 1, U3 TOMOJIOTHHIe-
CKOI 1tocJieoBareibHocT napsbl ciaeayer, uro H, (Y, X) = 0 maa joboro n. Tak kak X
JIMHEHHO CBSI3HO, & Y OJHOCBA3HO, U3 TOMOTONNYECKON 110CAeI0BATEILHOCTH aPhl CJIeLy-
er, uto m (Y, X) = 0, m.e. mapa (Y, X) oxnocssizna. Tak kak X OZHOCBSI3HO, U3 OTHOCH-
TesibHOI Teopembl ['ypesnua ciaeyer, ato h: mo(Y, X) — Hy(Y, X) = 0 — u3omopdusm.
Caenosarensuo, mo(Y, X) = 0, T.e. mapa (Y, X) 2-cBasua. [Ipogonzxas 1o WHIYKIWH,
mbl moaydaeM 7,(Y, X) = 0. I3 roMoTonu4ueckoii mocae0BaTebHOCTH Haphl CJIEJIYeT,
910 fio: (X)) — 7 (Y) aBasiercs mzomopdusmom i soboro n. CregoBaTensHo, f —
TOMOTONIYECKAs IKBUBATEHTHOCTL 1O Teopeme Yaiitxena (cm. [Toml, Teopema 9.10]). O

3amaun U ynpakHeHUud.

4.18. Boruucjiure nepsyio rpyiiy romojoruit Oyreuiku Kieiina kak abesienu3amnuio eé
dyHIaMEHTAJTBLHON TPYIIIIDI.

4.19. Hanomuum, uro [X, Y] o603HAUAET MHOKECTBO KJIACCOB TOMOTOITHBIX OTOOpaKEeHHi
X — Y. Jlokaxure, 4T0 HPOCTPAHCTBA X, Y T'OMOTOIMYECKH SKBUBAJEHTHBI, €CJU JIJ1sd
J1060r0 Z CyIecTBYeT B3auMHO ojiHO3HauHOe coorsercrue ¢?: [Z, X| — [Z,Y], koro-
poe ecrecrBerno no Z. [lociennee o3nadaer, 4ro asd Jjawoboro orobpaxkenus h: Z — Z'

JmarpamMmma
zZ

2. X] ——[2.Y]

| |
o7
2/, X] —= 12", Y]
KOMMYTATHUBHA.
4.20. Jlokaxkure, 4yro npocrpancrsa X, Y c¢jiabo roMOTONMYECKH SKBUBAJEHTHbBI, €CJIH

JiIst JTF000TO KJIETOYHOIO MPOCTPAHCTBA Z CYIIECTBYET B3aUMHO OJHO3HAYHOE COOTBET-
creue ¢?: [Z, X] — [Z,Y], xoTopoe ecrecTBenHO 10 Z.
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4.21. [Ipuseaute npumep caabo roMOTONNIECKN SKBUBAJEHTHBIX mpocTpancTs X, Y, s
KOTOPBIX HE CYIECTBYeT HU CJIa00# TOMOTOMMYECKoi skBuBameHTHocTn f: X — Y, HE
c1aboft roMOTOIIMYeCcKO SKBUBaJIeHTHOCTH ¢: Y — X.

4.22. Ilyctn Di n D? — Bepxusgs u HIDKHAS 3aMKHyTHIe noaycdeper B S2 u N — ce-
BepHbIH nommoc. Yoeaurecs, uro m3(S?, DY) = Z, a m3(S? \ N, D1\ N) = 0. Auasoruuno
m3(S?, DY) = Z, a m3(D?, D2 N DY) = 0. Takum 06pa3om, CBOACTBO BbIpe3aHus HE Bbl-
nonneno s m3(S?, DY),

4.23. Jlokazkutre, 94To Jisl JIOOOH N-CBA3HON KJaeTouHOi mapbl (X, A) cyIecTByoT Kie-
TOYHOE IIPOCTPAHCTBO 7, MOJIydaeMoe u3 A NMpuK/IenBaHHEeM KJIETOK Pa3sMEepHOCTH > N, U
FOMOTOINYECKAsT SKBUBAJIEHTHOCTD / — X, HEMOIBHzKHAsI Ha A.

4.24. Ilokazxkute, uro npocrpancTsa S2 1 S x CP% HMeoT 0IHHAKOBBIE TOMOTOINYIECKIe
IPYIIIBI, HO pa3Hble IPYIIILI FOMOJIOIHIA.

4.25. Ilokazxkwure, uro npocrpancrsa S” X RP™ u S™ x RP™ uMeT 0JHHAKOBBIE TOMO-
TOIUYECKHe I'PYIIIbI, HO IPH M # N U n > 1 UX IPYIIBI TOMOJIOTHN PA3IAIHBHI.

4.26. ITokazkute, uTo mpocTpancTsa STV STV S% n S x S! mMeroT onuHAKOBBIE IPYIIILI
TOMOJIOTHIH, HO Pa3HBIe TOMOTOIIMIECKHE TPYIIIHL.

4.27. Beraucanre 7, (S V S™).

4.28. Jlokaxkute, 9To jjig Jjiroboro n > 0 u jrob60il rpynnel m, KOTOpas J0JKHA ObITh
abeJsieBoii Ipu . > 1, cymecTByer KJIeTouHoe TPocTpaHcTBO X, st KOTOporo m,(X) = 7 u
mi(X) = 0 mpu ¢ # n. Takoe mpocTpancTBO X HA3BIBAETCA NPOCMPAHCMBOM Disenbep2ea—
Maxaetinag n obosnagaercs K(m,n).

4.29. Jlokazkure, 9T0 MPOCTPAHCTBO K (7, n) € IMHCTBEHHO ¢ TOYHOCTBIO 10 TOMOTOMUYE-
CKOI 3KBUBAJICHTHOCTH.

4.30. Yoeaurech, uto K(Z,1) ~ S', K(Z,1) ~ RP>, K(Z,2) ~ CP*, a Takze 4T0
BCce JBYMEepHBIE IIOBEPXHOCTH, 3a uckiodenueM S? m RP?, apagioTcd IpocTpaHCTBaMH
tuna K(m,1).

4.31. Ilycts X — cB43HOe KJIE€TOYHOE IMPOCTPAHCTBO. /lOKaKuTe, 9TO CYNMeCTBYET KOM-
MYyTaTHBHAS JUArpaMMa IIPOCTPAHCTB U OTOOparKeHuit

X

L/

XﬁXla

B KOTOpOil Kazaoe orobpazkenune X — X,, MHAYIUPYeT U30MOPGU3M Py T; UPH ¢ < N,
a m;(X,) = 0 npu i > n. Ira guarpamma HaseiBaercs bawned [Tocmuukosa nia X.
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4.32. Jlokaxkute, 9TO TOMOTOIMYECKUM cjioeM orobpazkenus X, — X,,_1 B Oamne [loct-
HUKOBa SBJIsieTCst TpocTpancTsBo Tuna K (m,n), rae m = m,(X).

4.33. JlokazkuTe, uTO IpHKJIeuBaloliee oTobpazkenue w: S*T-1 — S*\/ St nng (k + 1)-
KJIeTKH npomssenenus S x S! 3amaéres Kommosunueit

SHH=1 — 9(D* x DY) = D* x "' Ugror g1 S¥1 x DY — Sk v St
e mocje/iHee 0TOOpazkKeHne COCTOUT U3 JIBYX MPOEKIHI
DF x 81— DF = DF/SF T = 5P s SEV ST
S*Ix D' = D' = D'/S" =5 v S
n nepesognt S¥1 x S B ormeuennyto TouKy.
4.34. Y6eaurech, uro npoussejenue Yaiirxema m (X ) X m(X) — m1(X) — kommMyTaTop.

4.35. Jokaxwure, ato mist o € m(X) u 5,7 € m(X), [ > 1, uMeer MecTo COOTHOIIEHTE
[aaﬁ + ’Y]w = [aaﬁ]w + [Olﬁ]w-

4.36. Jlokaxure, uro mist « € m(X) u f € m(X), k,1 > 1, umeer MecTo COOTHOIIEHHE
[, Bl = (=)M[B, -

4.37. Jlokaxkure, 9TO IPHU HOIXOAIEM BhIOOpe n3oMopduzma conpsizkenus t: m,(X) —
Tn—1(2X) mpoussenenns Yaiirxena u CamMeabcoHA CBA3AHBI COOTHONIEHUEM

k—1
tla, Blw = (1) ta, tF]s
st o € (X)) u f € m(X).
BriBennte cBoiictBa a)-B) nponspegennst Camenncona (OGMIMHERHOCTD, TPaynpPOBaH-
HYIO AHTHKOMMYTATHBHOCTH M DALy HPOBAHHOE TOKIECTBO SIKOOM) U3 COOTBETCTBYIOTIIX
CBOICTB IpOU3BeIeHA YalTxea.

4.38. O6o3HaunM Uepe3 i, KAHOHUUIECKYIO 00pa3yIoNIyo TPYIIbl m,(S™) u depes 17y —
KaHOHMYeCKyIo obpasytomtyio rpyumbl m3(S?), 1. e. kiacc orobpaskenus Xouda S° — S2.
[Mokazkure, 910 [L2, L2]y = 27)9.

4.39. Tlycte a € m(X) u f € m(X). Hokaxure, 9ro npoussegenne Yaiirxena [a, ]y,
JIEZKUT B sijipe ToMoMopdusMa HaacTpoiiku X w1 (X) — mp (X X).

B uwactroctu, eciim X — (n — 1)-CBA3HOE KJIETOYHOE MPOCTPAHCTBO, TO HMPOU3BEIE-
Hust Yaiirxega [, 8], KiaccoB «, 8 € m,(X) nexar B sape roMoMopdusMa HaJICTPOi-
K X o, 1(X) — mon(XX) B «IOrpaHUYHO» PA3MEPHOCTH, KOTOPBIH SIBJISETCS SIH-
Mopdu3MOM cormacHo Teopeme Ppeiinentand. « TpyaHas yacTb» TeopeMbl OpeiigenTans
YTBEDPKIAET, 9TO AP0 ITOro nuMopdu3Ma MopOKAEHO Kaaccamu Bujia (o, B]y,.

4.40. Jlokaxkute, uro ecam X — TOmOJOrHYecKas rpymmna, 1o |«, (], = 0 ams ar0bix
a € m(X) n 5 € m(X). Dro obobimaer Tor dakt, uTo (hyHIAMEHTATBHAS IPYIINA TOTO-
JIOTHYECKO} TPYIIL KOMMYTATHBHA.

4.41. Toxaxure, uto m4(S%) = Zy nmm 0. (Ykaszanme: paccMOTpUTe roMOMOPhU3M HaJI-
crpoiiku 73(S?) — 74(S%) m mcnonpsyiite samaum 4.38 m 4.39.) U3 «TpymHOil wacth»
Teopembl Ppeiinentans craemyer, 9to 75 = m4(S°) = Zs.

4.42. Tlpusenure npumep (n — 1)-cBs3uoit mape! (X, A), n > 2, ¢ HeomHOCBsI3HBIM A, 1151
koropoit h: m,(X, A, xg) — H,(X, A) He saBasiercs n3oMopdu3mMoM.
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4.43. llokaxkuTe, 9TO TPOEKIHUI

St x ST — (ST x SM/(STv S = 82
UHIYIUPYET TPUBUAJIbHBIIT rOMOMOP(MU3M B TOMOTOIMUYECKUX TPYIIIAX, HO HETPUBUAb-
HbIIE TOMOMOP(U3M B IPyIIax rOMOJOTHH.

4.44. lloxaxkute, uTo npoeknud p: S° — S? paccaoenna Xondga HHAYIAPYeT TPABAAIb-
HBI rOMOMOP(hU3M B I'PYIIIAX FOMOJIOTUH, HO HETPUBUAJILHBIA FOMOMOPMU3M B TOMOTO-
MUYeCKAX TPYIIax.

4.45. Ilycts o € mp(X) u B € m(X). dokaxkure, uto mpomssenenue Yairxena [, (],
Jexkut B siiipe romomopdusma Lypesuua h: mpy1(X) — Hyyy1(X).

[

4.46. Jlokaxure, uto ecau X oguocssasuo u H;(X) = H;(S™) ans moboro n, ro X ~ S™.

4.47. Tlokaxkurte, 94TO yCJOBUE OJIHOCBAZHOCTH pocTpanHcTB X u Y B Teopeme 4.17 cyie-
CTBEHHO.

4.48. IlpuBesure npuMep 0TOOparKeHMsI CBA3HBIX KJIETOYHBIX NpOCTpaHcTB f: X — Y,
17151 KoToporo fy: m(X) — m(Y) — m3omopdusm u f.: H,(X) — H,(Y) — usomopdusm
JUIst JI000T0 N, HO f He ABJIsgeTcs caboil TOMOTONMYECKON IKBUBAIEHTHOCTHIO. (MOXKHO
JIOKa3aTh, 4TO Takoe [ Oyger roMOTOIMYECKON YKBUBAJICHTHOCTHIO, ecu rpyiibl 71 (X)
u 71 (Y) abesieBbl W TPUBHAJILHO JAeHCTBYIOT HA BBICIIHX TOMOTOMHYECKHX TDYIIIAX. )

5. T'OMOJIOI'MU C KODOOULIMEHTAMU U KOIOMOJIOTHUU

5.1. OupeneseHus: u OCHOBHBIE cBoOlicTBa. Hamomuum, 9ro men3oproe npoussedenue
G ® H abenepwix rpynn G u H omnpenensgercs kKak (pakToprpynna cBOOOIHON abemeBoil
rpymnmbl ¢ obpasytomumu g h, g € G, h € H, o coorHommenusam (g+¢' )@h = gQh+g @h
ng® (h+h)=g®h+gh' Kpome toro, onpesenena abenesa rpymnmna Hom(G, H),
3JIEMEHTAMH KOTOPO# sBJISI0TCA ToMoMopdusmbl G — H.

[IycTh Tenepns mana ¢pukcupoBanHad adesieBa rpynna (. Torma ompejeseHbl cOOTBET-
CTBEHHO KOBAPHAHTHBIA U KOHTPABAPUAHTHBIN (DYHKTODBI

-®G:H—- H®AG, Hom(—,G): H — Hom(H, G)

u3 abesIeBbIX I'PYII B a0eIeBbl IPYIIIIH.
[Iycth Temephr X — TomoJiorudeckoe mpocTpancTBo. lpumenss dpyukTopsl — ® G u
Hom(—, G) x rpynnam cunryaspusix memeit Cy,(X), MBI TTOJlydaeM TPy

Co(X;G) = Co(X)© G u C™(X; @) = Hom(Co(X), G),

KOTOPBIE HA3BIBAIOTCA 2PYNNaMU CUHYAAPHOLT yenel ¢ koadduyuenmamu ¢ G u 2pyn-
NAMU CUHLYAAPHBLT Kouenel ¢ koapduyuenmamu ¢ G cooTBeTCTBeHHO. B Oosiee ssBHOM
Buzie cunrysipaas nenb a € Cp(X;G) upeacrapisier cobOH JHHEHHYIO KOMOUHAIIIO
a =) ko, ek, € Guoi: A" - X — cunryagpasle cuMiviekchl. CHHIy/IspHAS
korerib ¢ € C™(X; G) mpeacrapiser coboii (DYHKIMIO HA MHOXKECTBE N-MEPHBIX CHHIY-
JIIPHBIX CHMILIEKCOB npocTpancTBa X €O 3Hadennsamu B rpynne . 3nadenne Kouenu c
HA CHHTYJIIPHOM CHMILIEKCe o obo3Hadaercs ¢(o) wiu (¢, o).

[Ipumvensss — @G u Hom(—, G) k rpannanomy romomopbusmy 0y, : Cp(X) — Cp_1(X),
MBI TTOJTydaeM rpanugubiii romomopdusm 0, : Cp(X;G) — C,_1(X; G),

n

1=0
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rae o: A" = [vg, ..., v, = X — CHHIYJIADHBI CUMIIEKC, U KO2PAHUYHOT 20MOMOPHUIM
(Qugppepenyuan) d,_1: C"HX;G) — C"(X; G), 3amaBaemblii hopmMy.i0ii
(9) (dn-10)(0) = ¢(0,0) = > (=1)'¢(0fug....500m]) -

i=0

Mot umeem 0,0,.1 = 0 u d,d,_1 = 0. Takum 06pazoM, MBI MOJTYIAEM MEMHONH KOMILIEKC
e ot (X ) B 00X ) 2 O (X 6) — L (X 6) 20
a TaKKe KOUenHol KOMNAeKc
0 — COUX;G) 2 . — 0" N(X;6) & onx ) s oY (X G) —

Ipymna H,(X;G) = Kerd,,/ Im 0,11 HazpiBaeTcss n-it epynnoti cunzysapHus 20M0oA02Ul
npocmpancmea X ¢ koappuyuenmamu 6 G.

Ipynna H"(X;G) = Kerd,,/Imd,_; va3sbiBaercst n-it 2pynnoti CuH2yAapHoLT K020MO-
n02utll npocmpancmea X ¢ kosppuyuenmamu 6 G. Konenun un3 Kerd,, nHazbiBaoTcsa n-
MEpHBIMU KOUUKAGMUY, & KOTenn u3 Im d,, | Ha3bIBAIOTCA K02PAHUYAMU.

dcuo, aro H,(X;Z) = H,(X). Hua koromosoruit H"(X;7Z) ¢ koaddunnentamu B Z
HCIOJIb3YeTcs coKparénnoe obosuadenue H™(X).

[Ipu ompenenenun MpUBEAEHHBIX TOMOJIOTHH ]:ln(X ;G) MBI PACCMATPUBAIH TOMOMOD-
dbusm ayrmentanun €: Co(X; G) — G, 3amaunnstii bopmyoit (), ko;) = . k;. ABoii-
creennblit romomopdusm £*: G — C%(X; G) nepesour g € G B HYHKIMIO, IPUHAMAIO-
YO MOCTOSTHHOE 3HAYeHne ¢ Ha Beex O-cumiiekcax. Mbl Oy 9aemM Koay2meHmuposart ol
KOUenHol KoMNAEKC

0— G -5 C%X;6) 2% CY(X:G) L CXX;G) —

Ero Koromosioruu HasplBalOTCA npuseoEHHbLMU 2PYNNAMU K020M0A02U L 1 0DO3HAYAIOTCS
H™(X;G). Mbt umeenm H° = Kerdy/Ime* = H/Ime* u H" = H", n > 1.

CnoiicTBa Tpynn roMosornit ¢ Ko3(pHUIueHTaMu MOJTHOCTHIO AHAJTOTUYHBI CBOHCTBAM
0OBIIHBIX TPYII romosoruii (¢ koaddunuentamu B 7). CpoficTBa TPy KOrOMOJOTHI
noJiydarTces «MopMaJibHBIM OOpalieHueM cTpeaoky. IIpuseném (GopMmynanpoBkn yTBep-
JKJIEHUH, B KOTOPBIX UMEIOTCS HEKOTOPBIe OTJINYN; JIJI IPOCTOTHI OYIeM paccMaTpUBATh
KOTOMOJIOTHH ¢ Koddpuiuentamu B 7Z.

Teopema 5.1. Henpepwisnoe omobpastcerue npocmpancme f: X — Y undyuupyem 2o-
momopdusmuol, epynn xozomonozud f*: H*(Y) — H*(X).
Ecau omobpasicenus f,g: X — Y 2omomonnw, mo f* = g*.

Host mapst (X, A) rpynma omuocumenavhux koyened C™(X, A) onpemessiercss Kak moji-
rpymnna B C™(X), cocrosimasi u3 Kolemeit, 06palaonuxcs B HyJIb HA CHHTYJISPHBIX CHM-
eKcax, obpasbl KOTopbix Jjexkar B A. (Hanomuuwm, uro ornocurenbubie mnenu C, (X, A)
oupenessinch kak gaxmopepynna Cn(X)/C,(A).) Tak kak d, nepesogur C™(X, A) B
C" (X, A), rpyunsr C"(X, A) 06pa3yloT KOIEnHO KOMILIEKC, KOTOMOJIOIHH KOTOPOTO —
ommocumenvuie koeomonozuu H™ (X, A).

Teopema 5.2. /Jlaa napw (X, A) umeem mecmo mounas nociedosamesvHocmo

— B NX) S B YA) - B, A) D B(X) S BHYA) —
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Ecau enoocenue i: A — X asasemca kopaccaoenuem (nanpumep, ecau (X, A) — wae-
mounas napa), mo H*(X, A) = H"(X/A).

Korpaununbiiit (mm ceaswearouwsuti) romomopdusm d: H 1 (A) — H"(X, A) B Tou-
HOM TIOCJIeTOBATEIBHOCTH HAPBI ONpe/IeseTcs caeayomuM obpasom. Ilycrs kiace [c] €
H" (A) npencrasren komukiaom ¢ € C"(A). lponomxum ¢ g0 konemn ¢ € C" 1 X),
MOJIOZKHUB (DYHKIIMIO ¢ PABHOH HYJIO HA CHHIYJSIPHBIX CHMILIEKCAX, KOTOPBIE HE JIEKAT
B A. Komens d,,_1¢ € C™(X) na camom nene sipasercs korukaoMm B C"(X, A), Tak Kak
dy—1¢ = 0. Torga d[c] = [d,—1¢] € H"(X, A).

Teopema 5.3. [lycmo (X, z,) — Hab0p npocmpancme ¢ 0MMEYEHHBMYU MOYKAMU, 0N
KOMOPHLL BAOAHCEHUA To —> X ABAANMCA KOPAcCAOEHUAMY. To20a

f[”(\/ Xa> ~[[&"(X.), n=o0.

Kak #w B ciaydae TrOMOJIOTHil, 9TO BBITEKACT K3 TOYHOH MOCIEJOBATEIBHOCTH IIa-
pet (], Xo, L, {za}). Omnudme (koTopoe mposiBiseTcss TONBKO /I GECKOHEYHBIX Ha-
6opos mpocrpancts) B ToM, uto H, (], X.) = @, H.(X,) — mpamas cymma, a
H™(, Xa) =11, H"(X,) — upsmoe npoussesenue. DTO BBITEKAET U3 aJIIe€OPAIIECKOrO
daxra: Hom(P, Go, H) = [, Hom(G,, H).

Jlis knerognoro mpocrpaHcTBa X MOXKHO ONDEIETHTH TPYHIY KACMOYHBIT KOUe-
net C"(X;G) mubo xaxk H"(X", X" 1 G), m6o kaxk Hom(C,(X),G), tue C,(X) =
H,(X™ X" 1) — rpynna KJeTo4HbIX Heneil. T jJBa H0JX0/a SKBUBAJEHTHBI (33/124a).
Koromosnoruu H™(X; G) mosy4aeMoro KOIEIHOrO KOMILTEKCA HA3BIBAIOTCS KACTOYWHbLML
Ko2omoso2usamu TpocTpancTBa X ¢ Koaddunuenramu B G. Torna H™"(X; G) = H"(X; G).

Knerounyio konens ¢ € C"1(X; G) MOXKHO IIPEACTABIATH cebe KaK TaKylo (DYHKITIO
Ha (n— 1)-MepHBIX OPHEHTHPOBAHHBIX KJIETKAX egfl € X co snagennamu B (G, 9TO 3aMeHa,
OpHMEHTAIUN KJACeTKU HPUBOAUT K U3MEHEHHUIO 3HaKa 3HaYeHus pyukiun. Torna Korpanuy-
noe orobpaxenne d: C"1(X; G) — C"(X; G) 3agaércst popmyJioit

de(el) = Z dagc(egfl),
B

rjie onpejesieHne dncels dog € Z 1aHO B TeopeMe 3.5.

ITpumep 5.4. Hanomuum (cMm. npumep 3.7), 9T0 KI€TOYHBIN MEMHONH KOMIUIEKC i RP™
uMeeT BHU/I

2 0 2 0 2 0 .

0 —2Z—>72—... —7L—72—7Z—7Z—0, eciun 46THO;
0 2 2 0 2 0 .

0 —2—24—...— 12 —7— 17— 7Z—0, ecan n HEIETHO.

[locsre mpumenenusi GyHKTOpoB — @ Zs u Hom(—,Zsy) BCe roMoMOpdhU3MBI B MOJTyYa-
eMOM KOMILIeKce CTaHOBsATCs HydesbMH. [lostomy Hy(RP™;Zy) = HF(RP"™,Zs) = 7y
pu 0 < k < n. OnHaxo rpynnbl negodnciennpx koromoaoruit H*(RP™) oranuatores or
rpymn romostoruit Hy(RP™) (3aza4a).

5.2. KoaddpunmenTable TOYHBIE TOCJIEAOBATEJIBHOCTH. PaccMOTpUM KOPOTKYIO
TOYHYIO MOCJEI0BATEIBHOCTD aDeJeBbIX TPYIII

(10) 0—F—G—H—0.
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[Mpumenss k weit dyukropbr C,,(X) ® —, moaydaeM KOPOTKYIO TOYHYIO MOCJIEI0BATEb-
HOCTH TIEMTHBIX KOMILIEKCOB

00— Co(X5F) — Co(X;G) — Co(X;H) — 0

(upumenenne hyukTopa G ® — He 0643aT€IBHO COXPAHAET TOUHBIE [OC/IE0BATEIBHOCTH,
CM. CJIeLYIOIIATT Iy HKT, O/THAKO B HAIIIEM CJIyJae 5T0 BepHO, Tak Kak rpynmna C, (X) ceobos-
Ha). KOpOTKaH TOYHad TTOCJICJOBATCJIBHOCTH IEIMHBIX KOMIIJIEKCOB IMPUBOAUT K ZLJII/IHHOIL/‘I
TOYHOIT TTOCJIEIOBATEIBHOCTH TOMOJIOTHI (CM. Teopemy 2.9)

(11) ... — Hy(X;F) — Ho(X;G) — Ho(X; H) -5 Hy (X F) — ...

Ananornano, npumenss k (10) dyukropst Hom(C),(X), —), nosydaem KOPOTKYIO TOY-
HYIO TI0CJIJ0BATEILHOCTD KOIEMHBIX KOMILJIEKCOB

00— C*X;F) — C*(X;G) — C*(X;H) — 0
1 JJUHHYIO TOYHYIO IIOCJI€J0BATEJIbHOCTD KOTOMOJIOT I
(12) . — H'(X:F) — H"(X:G) — H"(X; H) -5 H""Y(X; F) — ...

[MocaenosarensHoctu (11) u (12) HABIBAIOTCS KOIPPHUUUEHMHBMU TMOUHBLMU NOCAED0-
6aANEADHOCTNAMU.
Oco0blii MHTEpeC MPeJICTABISIIOT KOPOTKIE TOYHbBIE MOCTeI0BATEILHOCTH

0—2-"%572—Z,—0 u 0—Z,, — Z,2 — Ly, —> 0.

['parnanbie romomopduambt b: H,(X;Z,y,) — Hy,1(X) w b: Hy (X Zy,) = Hy 1 (X5 Z0,)
N3 COOTBETCTBYIOIINX KOS@CI)I/IHI/IGHTHBIX TOYHBIX HOCﬂeﬂ‘OBaTeﬂbHOCTeﬁ, a TaK2>Ke KOoI'pa-
ununbie romomopdusmbt 3: HY(X;Z,,) — H""YX;Z)u 8: HY(X; Z,,) — H"N(X; Z,,)
HA3BIBAIOTCA 20MoMmopdiusmamu Bowwmetina.

Tomonornueckuii romomopdusm Bokmnreiina b: H, (X; Z,,) — H,_1(X;Z) onuceiBaer-
csl B IBHOM BHJe caefyronmM obpasom. us o € H,(X;Z,,) BeibepeM OpecTaBUTEIst
a € Co(X; Zy). «Ilogaumem» niensb a € C,(X; Zy,) 1o uenm a € C,(X;Z), paccMarpuBast
K03(p(PUIIEHTBI-BEIUETHL IO MOIYJIIO M KaK IeJble Yucjaa. lorga rpapuna Ja JeauTcs
na m (eé mpuBezeHne Mo Moy TIO M ecThb da = 0). Homemmm: L0a ecTh meTOTMCICHHBI

m
IUKJI, KOTOPBIi 1 ipecTabiser Kiaace b(a) € H,_1(X;Z). Ero npusesenne no Mozy/to m
ectb b(a) € H, 1(X; Zy,).

Koromosornaeckuit romomopdusm Boxinreiina E: HY(X;Z,,) — H"™Y(X;Z) onu-
coiBaerca tak. s v € H"(X;Z,,) seibepem npeacrasurens ¢ € C"(X;Zy,). «Iloa-
aumem» korens ¢ € C"(X;Z,) no konenu ¢ € C™(X;Z), cautasd eé 3HAYCHUS Iie-
JBIMH 9HCTaMH, a He BprdeTamu. Torja Korpammna dcé JenuTCsa Ha M W MBI HMeeM
B(v) = [=dc] € H"(X;Z). Kpome Toro, npusesenne Knacca [--dc] mo MOLyIIO m eCTh
B() € Hyy1(X; Zyy,). D10 BbIpazkaeTcst KOMMYTATHBHON THarpaMMOil

HY (X3 Z) —2= H"(X: Z) —— H™ (X5 Z) —" H™ (X, Z)

X lp
H" Y (X; Z),

r7e p — NPUBEJEHNEe M0 MOIYJIIO M.
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5.3. @yukTops! Tor m Ext. Mur onpegesmm Tor n Ext s moysteit Ha i mpou3BOJIBHBIM
KOMMYTaTHBHBIM KOJIBIIOM R ¢ e InHAIIel, TaK Kak 3T0 00Jiee eCTeCTBEHHbBI KOHTEKCT, XOTSI
JJTsl HAIIAX TeJiell TOCTaTOYHO OPAHUYUTHCS abeJeBbIME IPYInaMu (T. €. Z-MOLy/ISMH).

HamomuuM, 910 Modysem Ha KoabiioM R (wiu R-modyaem) HaspiBaeTcs abeneBa rpyi-
na M ¢ omepanueit -: R X M — M, (r,m) + 7 - m, KOTOpas yIOBICTBOPSET YCJIOBUIM
(r1 +ro)m = rim + rom, (my + me) = rmy + rmo, (rire)m =ri(rem) u 1-m = m ans
Mo6bIX 1; € R um; € M. Tlpumepamu gBJIsiOTCsT abesieBbl TPYMIbL (MOIY/IH Hax Z) u
BEKTODHbIE MPOCTPAHCTBA (MOJIYJIH HAJL T1OJIEM).

R-monyns F' HassiBaercsa c60600nuim, ecin on m3omopden npsmoit cymme @@, Ro, rae
Kaxkblit R, ecTb Koabio R, paccMarpuBaemMoe Kak [R-MOy.Ib.

Tensoproim npouseedenuem moayaeir M u N van R (obosnauenne: M ®p N) HasbiBa-
ercst haKTOPMOIYJIb CBOGOITHOIO MOJIYJIsI ¢ MHOZXKeCTBOM obpasytonux {(m,n) € M x N}
IO ITOAMOJIY.IIO, TTOPOXKIEHHOMY BCEBO3MOXKHBIMH JIEMEHTAMHU BUIa

(m+m',n)— (m,n) —(m',n), (m,n+n")—(m,n)— (m,n),
(Tm»n> - r(m,n), (m,rn) - T(m7n))
rne m,m' € M, n,n’ € N, r € R. Tomomopdusmbl R-moxyneit M — N obpasyor
R-momynb, xoropsiit obosnavaercs Hompg(M, N).

Ceobodnoti pesorveenmoti R-moayns M Ha3hIBaeTCss TOYHAS MOCJIEI0BATETLHOCTH MO-
ayiaei

(13) . — I — P — Fy— M — 0,

B KOTOPOI Bce MOIY/IU F; ¢cBOOOTHEI.
llycte N — npyroit R-moayab. Ilocne npumernenus dyukTopa — ®p N K ¢BOOOIHOIM
pesosibBerTe (13) mostydaemMast OCIeI0BATEIBHOCTh MOXKET He ObITh TOUHOM, HO SIBJISIETCST
MEIMTHBIM KOMILTEKCOM. VCKII09nB U3 3T0T0 KOoMILIekca wieH M ®pr N, moayduMm menHoi
KOMILITEKC
—)F2®RN—>F1®RN—>F0®RN—)O.

Ero n-a rpymma romosornit obozrauaercs Tor (M, N), . e.
Ker(Fn RKrN — F,_1 Qg N)
Im(F 1 ®@r N = F, @p N) -

Ananornuno, npumenus dhyuakrop Homg(—, N) x (13) u uckmouus wiew Hompg(M, N),
HOJIy YMM KOHUEIHON KOMILIEKC

0 — Hompg(Fy, N) — Hompg(Fy, N) — Hompg(Fo, N) — ...
Ero n-a rpynma koromosornit obosnadaercsa Exty; (M, N), 1.e.
Ker(HomR(Fn, N) — Hompg(F,41, N))
Im(Hompg(F,—1,N) — Homp(F,, N))

Bor ocnosubie coiictBa ¢dpyurropos Tor n Ext.

Tor (M, N) =

Ext?,(M, N) =

Teopema 5.5.

a) Modyau Tor® (M, N) u Ext’y(M, N) ne sasucam, ¢ mownocmuio do usomopdusma,
om 6w60pa c60600n0T pesoaveermo, (13).

6) Torf(—, N), Tor®(M, —) u Ext’s(M, —) seasomes kosapuarmmvimu Gynrmopa-
mu, o Exty(—, N) aseaaemca konmpasapuanmmvim GyHEmopom.

) Tory!(M,N) = M ®p N u Ext%(M, N) = Homg(M, N).
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r) Tor® (M, N) = Tor®(N, M).

LHoxasameavemeo. NMbl JIHIIb HIpUBeIEM OCHOBHbBIE HJIEH JTOKA3aTEeIbCTBA, OCTAB/IALA JeTa-
Ju B KadecTse 3a7a4. CBoiicTBa a) 1 6) JOKA3BIBAIOTCS MPH MOMOIIH CJIEIYIOIIETO YTBEeP-
xkaenus. Ilycrs Fy, — cBobogHast pesosbeenTa Moayasa M, F. — cBobomHas pe30bBeHTa
mouyast M'. Torma mo6oit romomopdusm R-monyaeit f: M — M’ npomozKaercs 10 men-
HOTO OTOOpaskeHus fo: Fy — F.:

F, F Fy M 0
| | |

I f2 I fi I fo tf

\ \ \
FQ’ Fll Fé M’ 0,

IpUIEéM JIIOObIE JIBA TAKUX MTPOIOJI?KEHHS IMEIHO NOMOTOIHBI. DTO YTBEPXKICHIE IPOBEpsi-
eTcsl TUArPAMMHBIM TTOHCKOM.

st ToKazaTebeTBa ) pacCMOTPUM CBOOOJHYO pe3osibBeHTy Fy Momaynst M u ¢Bo6oji-
Hyto pesosbsenty Go mojayass N. Torga Mbl mMeeM KOMMYTATHBHYIO JIHATPAMMY

——FrG, —F,®rG —=F, Qpr Gy — FL g N —0

=N ®prGy——F®rG ——F®rG)y—F @ N ——0

Iy ®r Gy ——=FyQprGI —= [y ®r Gy — [y @p N —=0

——MRpG— M RrG — M Gy — M @ N —0

0 0 0 0

Tomostoruu caMoro npasoro Hemysesoro crosoua — 31o Tory (M, N), a romosornu camoii
HUKHel HeryJieBoii crpoku uzomopdubl Tory (N, M). MoxkHO g0Ka3aTh, 9T0 rOMOJIOTHH
KaK/IOTO U3 ITUX IMEMHBIX KOMILTEKCOB W30MOP(HBI TOMOJIOTHAM KOMIIJIEKCA, COCTAB/IEH-
Horo uz mopyneit H, =@, ., I, ®r Gy O
5.4. ®opmyiibl yHUBepCcaJAbHbIX Ko3ddunueaToB. Moayiaun Hajx koabnom R =7 —
970 abesennbl rpymmbl. CBOOOAHYIO pe30sibBeHTY abeeBoil rpymbl (G MOKHO TOCTPOUTH
caeayionuM obpazom. Bozbmém B KadecTBe Fy cBOOOAHYIO abesieBy TPYIILy ¢ 0a3mcoM,
9JIEMEHTHI KOTOPOI'0 COOTBETCTBYIOT JII000MY HAabOPy obpa3ytomux rpyunsl G. Mbr nmeem
suumopdusMm Fy — G, aapo koroporo Mbl obo3uaduMm 4depes Fi. Torma F) takzke cBoOO/I-
Has abeneBa rpymna (MOArpymmna cBoGOMHOM abesieBoii Ipymibsl ¢BOOOIHA, HO MOJAMOIY/Ib
cBOGOTHOTO R-MOJIyJIs, BOOOIIE TOBODS, MOXKeT He ObITh CBOOOJHBIM). B pesyibrare Mbl
MOJIy4aeM «KOPOTKYIO» CBOOOTHYIO Pe30JbBEeHTY Ipynmbl G:

0— F, — Fy— G — 0.
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Takum obpazom, HerpuBuaabHbIMEH Tor-momyaamu npu R = ABJISTIOTCS  JTUTITH
Tord(G, H) = G ® H u Tor’(G, H), xoropsrit obosnazaercs Tor(G, H). Mbr mveem

(14) Tor(G,H) = Ker(Fy ® H — Fy® H).

AHATOrHYHO HeTpUBHATLHBIME Ext-Momymamu npu R = 7 apassiorea b Ext) (G, H) =
Hom(G, H) u Exty,(G, H), xotopsiit o6o3nadaerca Ext(G, H). Mbr nmeenm

(15) Ext(G, H) = Coker (Hom(Fy, H) — Hom(Fy, H)).
KopoTkast TouHast mOCIe10BaTeILHOCTD R-Momaymeit 0 — A % B ¢ = 0 nassisacres

pacuyenumoti, ecIu BBITIOJTHEHO OJTHO W3 SKBUBAJIEHTHBIX YCIOBUIL:

1) cymecryer romomopdusm s: C' — B, mis koroporo js = id: C' — C}
2) cymecrByer romomopdusm q: B — A, mua koroporo qi =id: A — A.

Jlna pacmenuMoil KOPOTKO# IIocae10BaTeIbHOCTH uMeeM u3omopdusm A & C — B,

(a,c) —i(a) + s(c).

Teopema 5.6 (dbopmysibl yHEBepcaTbHBIX Ko3bdutmenToB). s 40000 abeaesot epyn-
noe G u ar0boz0 n = 0 cywecmeyrom ecmecmeertvie 10 X PACULENUMbLE KOPOTKUE MO~
Hote N0CACIOBATENLHOCTNY

a) 0= H,(X)®G — H,(X;G) — Tor(H,-1(X);G) — 0,
6) 0 H'(X)®G — HY(X;G) = Tor(H"™(X); G) — 0,
ecau G KoOHENHO NOPONHCIEHa,
B) 0— Ext(H,—1(X),G) - H"(X;G) — Hom(H,(X),G) — 0.
Bamenanue. DTH PACIEIMbIE TOUHbBIE OCIEJ0BATEIBHOCTH JAI0T H30MOPQMUIMbI
H,(X;G)= (H,(X)®G) @ Tor(H,-1(X),G),
H"(X;G) = (H'(X)®G) @ Tor(H"(X),G) (rpynma G KOHEYHO TOPOZKICHA),
H"(X;G) 2 Hom(H,(X),G) @ Ext(H,_1(X),G),
KOTODBI€, OJIHAKO, HE SIBJISIIOTCS] €CTeCTBeHHBIME 110 X .

Hoxazamenvemeo meopemovs 5.6. IlepBble 1Be TOYHBIE MOCJIEIOBATEIHLHOCTH JIETKO BBITE-
KaloT 13 KO3 DUIUEHTHBIX TOYHBIX TocaeaoBaTenbocTedi (11) u (12). BeiBegem ToUHY 0O
MOCJIIOBATEILHOCTD a). PAaccMOTPHM KOPOTKYIO TOYHYIO MOCJIEIOBATEIBHOCTD (pPE30JIb-
Beuty) 0 — F; — Fy — G — 0, tae Foy, F1 — cBoGojanbie abeseBbl Tpynmbl. Toraa Mbl
nMeeM

H,(X; F) = H(X;®.Z) = ®aHy(X;Z) = Hy(X) ®

rJe BTOpPOe PAaBEHCTBO cieayer m3 paseHcTBa rpymm kKoreneir C,(X; ®.Z) = Cp(X) ®
(BaZ) = BaCr(X). Paccmorpum dparment Tounoii mocaeaosaressuocta (11):

OTCIO,H& II0JIy49a€eM KOPOTKYIO TOYHYIO IIOC/JA€J0BaTEJIbHOCTD

0 — Coker f,, — H,(X;G) — Ker f,,_1 — 0,
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rae
Coker f,, = Coker(H,(X) ® Fy = H,(X) ® Fy) = H,(X) ® G,
Ker f,_1 = Ker(H,_1(X) ® Fy = H,_1(X) ® Fy) = Tor(H,_1(X), G),

cM. (14). Tloacrapisist 370 B OPEJBLAYIIYIO TOUHYIO TTOCTIEI0BATEILHOCTD, MOJIYIaeM a).

YT00BI MOAYIUTH MOCIEJOBATENBLHOCTD ), paccMOTpuM pesosbienty 0 — ) — Fy —
G — 0, rne Fy, F1 — KOHEYHO MOPOKIEHHBIE CBOOOIHBIE abe eBbl TPy, Toraa

H'(X: F) = HY(X;®.Z) = @ H (X; Z) = H(X) ® F},
rae BTOpoe paBeHcrBo ciemyer u3 pasencTBa C™(X;®,Z) = Hom(C,(X),B.Z) =
®o Hom(C\,(X),Z) = ®,C"(X;Z) g KonedHoi npsamoit cyMmbl @,7Z. lanee uCIoan3y-
eM TOYHYIO [OCJIeT0BATebHOCTD (12) aHATIOTHYHO JOKA3ATEIbCTBY a).

OmHako 3TOT MeTo He PAaboTaeTr JJid TOYHOH MOCAeA0BATENLHOCTH B). MbI npuseaém
JAPYTOit crocob JoKa3aTeIbCTBa, KOTOPHIH BMECTO PE30JIbBEHTH TPyNIbl (G UCIOJIb3yeT
pesosibBenty rpynibl H, (X).

[Iycrs C, = C,(X), Z, = Ker 0, — nukansl, B, = Im 0,y — rpanunsl, H, = Z,, /B, —
romostoruu. Mbl nMeeM KOPOTKYIO TOUHYIO [OCJIeI0BATEIbHOCT

0— 2, —C, 2B, —0,

KOTOpasl paclIeILIgeTcd, TaK KakK B Heil Bce abesieBbl TPYIIBI CBOOOJHBI. IIpuMeHuB
Hom(—, GG), moayunm TOYHYIO TOCTEI0BATETHHOCTD

0 — Hom(B,_1,G) — Hom(C,,,G) — Hom(Z,,,G) — 0.

STy 1IOCJIeA0BaTE/JIbHOCTb MO2KHO paCCMaTPpUBaTh KaK KOPOTKYIO TOYHYIO I10CJ/IeJ0BaTE/Ib-
HOCTBb KOHLECITHBIX KOMIIJICKCOB

0 — Hom(B,_1,G) — Hom(C,, G) — Hom(Z,,G) — 0,

rae Hom(B,_1,G) uw Hom(Z,, G) — xommiekcst ¢ wyaesbiMm auddepenmmanom. Coorser-
CTByIOImAs JJIMHHASA TOYHASA MOCTIEI0BATEIHHOCTH KOTOMOJIOTHIT NMEeT BUJL

— Hom(Zy 1, @) "2 Hom(By_y, G) — H(X; Q) — Hom(Zy, G) % Hom(B,, G) —

CasspiBatomum romoMopdusmom 3xaech sasierca 4 : Hom(Z,,G) — Hom(B,, G); on
HpeJCcTaBasgeT coDO MPOCTO OrpaHudeHue romomopdusmos 7, — G wa B, C Z,. U3
9TOM MOCIEIOBATEIHLHOCTH MbI MOJIYyYaeM KOPOTKYIO TOYHYIO HMOCJIEI0BATEIHHOCTD

0 — Cokeriy ;| — H"(X;G) — Keri; — 0.

Tereps 3amerum, aro 0 — B, = Z, — H,, — 0 — pesombeenTa rpymmus H,,, mo3TOMy
Ker i} = Ker(Hom(Z,, G) — Hom(B,, G)) = Hom(H,, G),
Coker iy _; = Coker(Hom(Z,_1, G) — Hom(B,_1,G)) = Ext(H,-1,G),

cM. (15). TToacrapiasist 370 B OPEABLAYIIYIO TOUYHYIO TTOCTIEI0BATEILHOCTD, MOJIYYaeM B).
JlokazkeM pacIIenuMocTh TOYHON TocaeoBaTebHOCTH B). B Heli romomopdusm
h: H'(X;G) — Hom(H,(X),G) conocraBiasger KJaccy KOTOMOJOTHI [c¢] KOIHMKTIA
c: Cp, = G romomopdusm H, = Z,/B, — G, 3ajaBaemMbiii OrpaHUYEHUEM C HA IPYIIILY
IUKJIOB Z, C TOCJEJYIONNUM HepexojoM K daxroprpymme. [[jisg h cyiecTByeT npaBbiii
obparubiii s: Hom(H,(X),G) — H"(X;G), KOTOPBI CTPOUTCSI CJIEAYIOMUM 06pa30M.
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Fomomopdusm f: H, — G 3amaér romomopdusm f: 7, — G, KOTOPBIH MOKHO TPOIOJI-
Kuth 10 romomopdusma f': C, — G (rak xak Z, C C, — npsmoe ciaaraemoe). Toraa

nosoxuM s(f) = [f']. OueBunno, aro hs = id, Tak 4TO TOYHAS TOCIEIOBATEIHLHOCTD B)
paciienuma.

st ToKa3aTeIheTBa PACIIEIIMMOCTH TOYHON MOCIEI0BATETHHOCTH &) PACCMOTPUM Pac-
mernsone romomopdusmbl C,, — Z,, I TOUYHBIX HOcaefoBaTenbHocTeii 0 — 7, —
C, — B,_1 — 0. B3as komno3unuio ¢ ¢pakroporodbpaxkenusvu 7, — H,, moaydum
romomopdusmel C,, — H,. Bmecte onu obpasyior memnnoe orobpazkenune Cy — H,, r1e
CIIpaBa CTOUT KOMILJICKC C HYJE€BBIM I'DaHUYHBIM OTO6pa}KeHI/IeM. TeH30pHO YMHO2KHB Ha
G, mosyunm 1enHOoe otobpaxkenne Cy @ G — H, ® G. Tlepeiiag Kk TOMOJJIOTHSIM, TTOTY THM
pacmemwistormuii romomopdusm q: H,(X;G) — H,(X) ® G aj1s T049HOl mOCIe10BaTE b
HOCTH a). J0Ka3aTesbeTBO Il MOCJIEI0BATEIBHOCTH ) AHAJIOIHIHO. O

3amaun 1 ynpakHeHUs.
5.7. Hokazxwure, uto rpynna H'(X) He conep:KuT Kpy4eHus.

5.8. Ilycts A, B C X — moanpocTpaHCTBa, BHYTPEHHOCTH KOTOPBHIX MOKphIBaoT X . BHI-
BEJIUTE KO20MON02UYMECKYI0 MOUHYI0 nociedosamenrvhocmsd Matiepa—Buemopuca:

. — HM(X) 5 HM(A) @ H"(B) 25 H"(ANB) % (X)) — ...
¥ ONUITHTE SIBHO KOrpaHudHOE oTobpawxkenne d: H"(AN B) — H"(X).

5.9. Onpegenum d": H*(X", X" 1 G) — H"™H(X" T X" @) kak koM1103u1110 0T00pa-
xenuit j*: H"(X" X" G) - HY (X", G) u d: H"(X™";G) — H"™Y(X" X" Q) u3
KOTOMOJIOTHYECKIX TOYHBIX T0C/Ie10BaTebHOCTel nap. JIoKayKuTe, 9T0 KOIemHbIe KOM-

mwrexcer { H(X™, X" 1 G),d"} m {Hom(C,(X), G),:} mzomopdubr.
5.10. BoruucauTe Ipymibl negoducaeHHbx Koromonoruit H*(RP™) u HF(RP>).
5.11. Onumure romomopdusm Bokmreiina 3: H¥(RP>; Zy) — H* Y RP>; Zy).

5.12. Jloxaxure, uro momyan Tor (M, N) u Ext}h(M, N) He 3aBHCAT, ¢ TOYHOCTBIO JI0
n3oMopdu3Ma, 0T BbIOOpa CBOOOIHON pe30JibBeHThl Moy M.

5.13. Joxaxmute, aro Tork(—, N), Tor’(M,y n Exth(M,—) aBasorcs KoBapuaHTHBIM
dbyukropamu, a Extl(—, N) saBisiercs KOHTpaBapUAHTHBIM (DYHKTOPOM.

5.14. Jokaxute, uto Torg (M, N) = M ®g N u Ext% (M, N) = Homg(M, N).
5.15. Hdokaxure, aro Tor’ (M, N) = Tor®(N, M).
5.16. JlokaxkuTe, 9TO KOPOTKasl TOYHAS MOCIEI0BATEIHHOCTD R-MOy1eit
0— My — My — M3 —0
JaéT caenylolue JJIMHHBIE TOYHBIE IOCIeI0BATeIbHOCTH:
... — Torf (M, N) — Tor*(My, N) — Torf*(Mz, N) — ...
... — Torf (M, N) — Torf(M,, N) — Torf(Ms, N) —
— Torl (M, N) — Tor{(My, N) — Tor¥(Ms, N) — 0,
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0 — Exth(Ms, N) — Ext%(My, N) — Ext%(M;, N)
— EthR(M?), N) — EXt}%(Mz, N) — EXt}%(Ml, N)
oo — Exth(Ms, N) — Extly(My, N) — Ext’ (M, N)

[T

a KOPOTKas TOYHAs TMOCIeI0BATEILHOCTh R-MOy e
00— Ny — Ny — N3 —0
JA8T JWIMHHYIO TOYHYIO 1OCJIEI0BATEIBHOCTD
0 — Exth(M, Ny) — Ext%(M, No) — Ext% (M, N3) —>
— Extp(M, Ny) — Extp(M, Ny) — Exty(M, N3) — ...
... — Exth (M, Ny) — Ext’y (M, Ny) — Ext’ (M, N3) — ...
5.17. Hokaxure, 9T0 TOr(Zy,, ZLy) =2 Ly @ Ly = Ly - TAE (M, 1) — HanOOIBIINIIH 0OIIHIT
nemureab m u n, a Tor(Z,,,Z) = Tor(Z, Z.,) = 0.
5.18. Joxaxure, uro Ext(Zy,, Zn) = Zimny, Ext(Zp,, Z) =2 Ly, w Ext(Z, Z,,) = 0.

5.19. [locTpoiiTe cBOOOAHYIO PE30JbBEHTY Z4-MOJYJIA Zo W BBHIYUCIUATE Tor%4 (Zo,Z5) m
EXt%4 (ZQ, ZQ)

5.20. /Tokaxkute, aro ecim orobpazxkenue nmpoctpancTs f: X — Y uHIymupyer u3oMop-

dbuswm fo: Hy(X) = H,(Y) aya 060ro n, 70 0HO HHIYIHPYET n30MOPhU3MBI TOMOJIOT AT
u KoromoJioruit ¢ koaddunuenramu B 060i rpynme G. [Ykasanue: ucnonbsyiite ¢op-
MYJIbl YHUBEPCATBHBIX KOI(DMOUIHEHTOB. |

6. KOJIBIIO KOTOMOJIOT U
st 1106010 KOMMYTaTHBHOTO KOJIbIA [ ¢ e IMHUIEH MBI ONpeae uM 0TOOpaZKeHHsI
—: H?(X;R) x HY(X; R) — H"™(X; R),

KOTOpBIe ImpeBparmanT npamyi cymmy H*(X; R) = @p>0 H?(X; R) B acconmaTuBHOE,
IPaynPOBAHHO-KOMMYTATHBHOE KOJIbIO (R-amrebpy) c eaununeii. Hapaay ¢ rpynnamm
(KO)rOMOJTOT |, CTPYKTYPa TOr0 KOJIbIIA ABJISETCS BAZKHBIM TOMOTOMHYECKHM HHBADU-
AHTOM TOIOJOIHYECKOTO IIPOCTPAHCTBA X .

6.1. IIpousBenenue KoamoropoBa—Ajekcanaepa. OnpeneauM —-npoussederue
(Takzke W3BeCTHOE KakK npousdsedenue Koamozoposa—Anaexcandepa) CUHTYISPHBIX KOIIE-
neit a € CP(X; R) u b € C9(X; R) kak kouenb a ~— b € CPT4(X; R), 3HaueHne KOTOPOii HA
CHHTYIAPHOM cuMILTekce o: APTY = [vg, ..., vpy,] — X 3amaéresa dopmymnoit

(16) (@~ 0)(0) = a(Tpo,...051) DO lfwp,...0p1)-

Jlemma 6.1. Jlaa a € CP(X; R) u b€ C1X; R) swnoaneno pagencmeo
d(a~b) =da~ b+ (—1)Pa — db,

ede d: C*(X; R) — C*TY(X; R) — woepanuunviti 2omomoppusm (9).
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Joxasameavcmeo. s o: APTITL = [vg o vy g41] — X MBI mveem
p+1
(da ~ b) (0) = Z(_]‘>la(a|[U01---17;;',7---7Up+1]) b<0-’[vp+17---avp+q+1])7
i=0
pt+q+1 '
(—=1)?(a — db)(o) = Z (—1)1a(0|[U07._’%]) b(U’[vp,...,@-,...,vpﬂ})-
i=p

[Ipu cjroKeHWN 3TUX BbIPAYKEHU{l TOCACIHII YJIeH TePBOI CyMMbBI COKPATUTCS C TIEPBBIM
WIEHOM BTODOil CyMMBI, & ocTasiiuecs wiensl 1aayT d(a — b)(o) = (a ~ b)(Jo), Tak Kak

p+g+1

_ ( .
ao— - Z (_1> 0-‘[UO,..A,Ui,...7’L)p+q+1]- |:|
i=0

Hanomumm, 90 2padyuposariioe K010 — 9TO KOJIBIO A, IDeJICTaBICHHOE B BUJIE TPsi-
moit cymmbl @, A® noarpymnn A* rakim obpasom, uro ecima € A'ub € A7, roab € A,
Eciu Bee A® aBasiioTcs MOIYJIAME HaJl KOMMYTATHBHBIM KOJIBIOM R ¢ eJIUHUIe 1 yMHO-
JKeHue B Kosblle A apngerca R-OunuHeidHBIM, TO A Ha3LIBAETCA TPaJLyHPOBAHHON a.2€0-
poti Haj KOAbIOM R (wiu Kparko R-aazebpoti). ['pagyupoBanioe KOJIbIo (Wau aarebpa)
A= @i>0 A" Ha3BIBAETCS 2PadYUPOBAHHO KOMMYMAMUGHBIM, €CJIH JIjTst JTI00bIX a € A’ u

b € A’ seinosneno coorunomrenne ab = (—1)7ba.

Teopema 6.2. I[Tycmov R — xommymamusnoe koavuo ¢ edunuuet. Toeda —-npousse-
denue xouened sadaém na H*(X;R) = @, H(X; R) empyxmypy epadyuposannot,
accoyuamuehoti, 2padyuposaHHO-KOMMYMamuehotl arzebpu, ¢ edunuyet Had R.

Zoxasameavcmeo. 13 meMMbl 6.1 caemyer, 9To —-IpOU3BEACHHE NBYX KOINUKJOB CHOBA
ABJISIETCsT KOITMKJIOM, a TIPOU3BEJIeHHe KOIUKJIA U KOTPAHUIBI (B JIIOGOM MOPSIIKE) SIBJIsI-
eTca xKorpauuneil. IlosToMy “—-npou3BeneHne KOuenei 3a1aéT —-NPOU3BEIeHIe B KOTO-
mosorusix ~: HP(X; R) x HY(X; R) — HP"(X; R), xoropoe npespamaer H*(X; R) =
®p>0 HP(X; R) B rpagyupoBanuoe Kosbio (R-anredbpy). Eanauneii sToro Kosbia sipis-
ercs Kmace 0-MepHOTO KONUKJIA, NMPUHUMAIOIIETO 3HadeHne 1 Ha KasKIOM CHHTYJISPHOM
O-cuMILIeKce. YMHOMKEHHE B KOTOMOJIOTHAX acCONMATUBHO, TaK KAK OHO aCCONMATUBHO Ha
yposHe Koneneii. O1HaKo yMHOKEHHE KOIeNeil He ABISeTCd IPaJLydpPOBAHHO KOMMY TATHE-
HBIM, II03TOMY I'DaJAyAPOBAHHAS KOMMYTATUBHOCTH YMHOKECHHS B KOTOMOJIOTUAX HYZKIa-
eTcd B JONOJHUTEILHON IIPOBEpKe.

[lycts w: A" — A™ — acddunHBIE aBTOMOPMHU3M CHMILIEKCA, 00PAIIAIONIHI TOPIIOK
BepiuH. {51 CHHTYASIPHOTO CUMILIEKCa o [V, ..., v, — X obo3HAUNM T = 0 o w, T.e.
(v;) = 0(vp—;). Tenepb onpegennm roMmomMopdusm

p: Co(X) — Ch(X), o+ €,0,
rie €, = (—1)""*V/2 _ onpenenuTent omeparopa w.
Hnsga € CP(X;R), be CUX;R) u p*: C"(X) = C"(X) umeem
(p*a ~ p*b)(a> = a<€p0"[vp7~--,v0}) b(gqU’[Up+qv""vp])7
P (b ~ a)(o') = 5p+qb(‘7|[vp+q,.--,vp]) a(al[vp,-..,vo]>-

Tak kak €,4, = (—1)"e,e,, a KOIBIO R KOMMYTATHBHO, OTCIOAA Hosty4daeM (p*a — p*b) =
(—=1)P9p*(b ~ a). Huzke MBI OKazkeM, 9TO p — IenHoe 0TOOpazKeHre, MemHO TOMOTOMHOe
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ToxkIecTBeHHOMY. [lo3ToMy Tipu mepexojie K KJjaccaM KOroOMOJIOruil p* MOZKHO OIYCTUTD U
MBI osrydaeM tpebyemyio dopmyiy [a] — [b] = (—1)P[b] -« [a].
[IpoBepum, 4uro p — mennoe orobpaxkenue. g o: [vg, ..., v,] — X umeem

op(o) =&, Z(—l)ia

i

p0(0) = p( 3 (1Y 0lontyint) = Ent D (1 0l

J i

[UTLV"?%\TL*%--WUO} )

Tak kak €, = (—1)",_1, nosydaem rpedbyemoe coornoiienue dp = po.
OcTaaoch MOCTPOUTDH MEMHYI0 TOMOTOINIO MEXKAY p U id. DTO HOCTpOEHHEe IOXO0XKe Ha
HOCTPOEHNE HEelHOH FOMOTOINK B J0Ka3aTeabcTse TeopeMbl 2.6. TaMm ke Oblaa mocTpoeHa,

TpuaHryaanus npusMel A" X [ ¢ BepmmHAME U, . . ., U, HA ocHoBanum A" X {0} u Bep-
IUHAMHE Wy, . . . , W, Ha ocHOBaHUU A™ X {1}. CUMILIEKCHI STON TPUAHTYJIAIMA UMEIOT BUJI
[Vo, -, U Wiy .o wy], = 0, n. Iyers m: A" x [ — A™ — npoeknusi. Onpejeaum

npusMmennbiit onepatop P: C,(X) — C,1(X) 1o dopmyme
P(0) =Y (1) ’en-i(0) |, v 0m,. ]
i
Yrobsr mokazarh, ato 0P + PO = p — id, cragasa Beraucaum 0P, omycTus s Kpart-
KOCTH 0 U OT:

(17) oP = g Y en—ilvo, ., Vjy ey Uiy Wy o ..y W3]+
VRS
z+1+n -~
+ E e iUy - Vi Wiy o Wy W
Jj=i

YeHsl ¢ 7 = ¢ B 93TUX JABYX CyMMax JafOT
€n[wn, ] 7w0] + E €n,i['U0, ey Vi1, Why - - 7wl]+

+ Z(—l)”*j“gn,j[vo, e U Wy Wik] — Vo, -, U
j<n
B 3TOM BblpakeHUU JiBe CYMMbI COKPAIAIOTCHd, TaK KaK 3aMeHa j Ha ¢ — 1 BO BTOpOIi
cyMMe TIpUBOJUT K HOBOMY 3Haky (—1)"T'e, ;.1 = —g, ;. OcraBumecs jBa 4jieHa JaioT
En|Wn, ..., wo| = [vo, ..., v,] = p(o) — 0. [Tosromy, aTobs moKazaTh, uro P+ PO = p—id,
OCTAETCsl POBEPUTH, ITO WieHbl ¢ j # ¢ B (17) mator —P0d. MbI nmeem

PO = E gnl V0, ooy Uy Why oo, Wy o Wi+
1<j

) ()TN (=D eni[vo, -, Dy Vs Wy ).
1>7

Tak Kax €,_; = (—1)"""e,_;_1, MBI JeiicTBUTEBHO TOAydaeM OP + PO = p — id. O

ITpennoxkenue 6.3. Omobpasicenue f: X — Y undyyupyem comomoppusm xoaey, xo-
eomonoeuts f*: H*(Y; R) — H*(X; R), m.e. f*(a~ B)= f"(a) -« f*(B).

Jloxazamenvcmeo. 13 onpenesnenns npoussenenus (16) ciaegyer, 4ro yzxe Ha ypOBHE KO-
neneil nmeer mecto dopmyna f*(a — b) = f*(a) — f*(b). O
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6.2. OTHOCHUTEIbHBbIE IPOU3BEAEeHNA U X-mpousseaenue. Popmyna
(@~ b)(0) = al(o]wo,....u,1) 0(Op..svpsq))
st a € CP(X; R) u b € C1X; R) rakKe 33/]aéT OTHOCHTEIbHbBIE ‘—-[IPON3BEICHHUSI
—: H?(X;R) x HY(X, A; R) — H""(X, A; R),
o1 HP(X, A; R) x HY(X, A; R) — HP*(X, A; R),

Tak Kak ecan konenu a € CP(X;R) u b € CU(X; R) obpamarorcd B HyJIb Ha Hengax B A,
TO 9TO BepPHO s a ~ b.

Ecaun A u B — orkpeirsie mogmuozxkectsa B X win (X, A) u (X, B) — KieToYHbIe TAPH,
TO UMeeTcs DoJee 00IIee OMHOCUMENBHOE — -NPOUIBEIEHUE

(18) —: H?(X, A; R) x HY(X, B; R) — H"™(X, AU B; R).
OHo ompejie/igeTcs CJIeAYIOMEM 00Pa30oM: —-IIpOU3BeIeHIe Kolleneil JaéT oTodpazkeHue
(19) CP(X,A;R) x CU(X, B; R) — C?"(X, A+ B; R),

rae C"(X, A+ B; R) — noarpynna B C™(X; R), cocrosias u3 Korenei, 06pamniaronmxcst
B HyJIb Ha cymMmax neneil B A u neneii B B. Briovenns C"(X, AU B; R) — C"(X, A+
B; R) nunynupytor n30MopdHU3Mbl KOTOMOJOIHIA; 9TO CJAeIyer U3 H-1eMMbl 1 JeMMbl 2.19
(M3 KOrOMOJIOTMYIECKOT0 BapuaHTa 3TOi JieMMbI caefyet, uro orpanndenne C"(AU B) —
C™(A+ B) unaynupyer uzoMopdusM B Koromosiorusx ). CieoBaTebHo, —-IpOU3Be/IeHIe
korereit (19) maér oTHOCHTENBHOE w-TTpon3BeIeHne Koromostoruii (18).

OmpeesumM TakKe abCOMIOTHOE U OTHOCUTEIBHOE X -npoussedenue (AN eHEUHee Npo-
useedenue)

x: HP(X;R) x H(Y; R) — H"™(X x Y; R),
x: HP(X, A; R) x HU(Y, B; R) — H"" (X xY,Ax Y UX x B;R)
dbopmymoii a X = pi(a) — py(B), tae px n py — npoeknun X X Y va X una Y.

6.3. KimerouHoe onnpeaejeHne yMHOXKeHUsA. Vimeercs japyroi 1oxo/1 K Olpe e e Hui0
YMHOYKEHHST B KOTOMOJIOTHSIX , UCHIOJIB3Y IO KJIeTOIHbIE KOTenn. Mbl n3/10:KuM 9TOT M0/~
XOJI CXeMATUYHO, OCTaB/Ids JTOKA3aTEeJIHCTBA OCHOBHBIX yYTBEPXKJCHUN B KayeCTBE 3aJ1a4;
9TU JOKA3aTeJbCTBA MOXKHO HaiiTn B Kuurax [PP| um [Xal.

[Iycts X, Y — kjerounsie npoctpancrsa. Hamomuum, uro npoussenenue X X Y umeer
KJIETOMHYIO CTPYKTYDY, KJIeTKaMHU KOTOPOii sIBJIAIOTCS IIPOU3BEICHNSI €4 X €] KIETOK €' C
X m e CY. Takum 06pa3om, Mbl nojydaeM OuanHeiiHOe 0TOOpazkeHue

(20) X1 C(X) X Cp(Y) = Crpgn (X X Y), (en',ep) — e X ej.

Jlemma 6.4. Kaemounoidi epanuanvits 2omomopdusm 0: Ci(X X Y) = C;i1(X X Y) ydo-
BACTNBOPAEMN COOMHOUEHUIO

(21) d(ey x ef) = ey x e+ (—1)"er x dej.

I3 (21) caemyer, yTo mpousBejeHue ABYX IUKJIOB — IUKJ, & HPOU3BEJICHUE IUK/IA U
rpanuibl — rpamuma. CraegoBaTeabHo, OnpeIeseHo 0TobpazkeHne B KJIeTOIHBIX TOMOJIO-
rusx (¢ koapdurnmentamu B Kosbie R)

(22) X: Hp(X;R) X Hy(Y; R) = Hpyn(X X Y5 R),

KOTOpPO€ Ha3bIBaeTCA (ZOMOJLOZU“{,ECKUM) X-TLpOUSG@()6HU€M.
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Teneps paccmorpum Kjaerodnsie Korernun. CyrmecrByer R-OmanHeitHoe 0TOOparkeHme
(23) x:CP(X;R) x CU(Y;R) — C*"(X x Y; R),

mepeBoJIdAIIee mapy Korerneil (1, ¢a) B KOIEIb ¢ X ¢z, 3HAUEHNE KOTOPOil HA KIeTKe €' X

" i1y Be
el pasno cy(ef))ez(ef). Tak kax wiaerounsiit quddepennman d: C'~(X; R) — C(X; R)
sasaéres coornomenueM (de)(e™) = ¢(de™), npocrasi npoBepKa ¢ uctojbzoBanuem (21)
OKA3bIBAET, UTO HMeeT MecTo hopMyJia

(24) d(ep X ¢3) =decy X co + (—1)Peq X deo, 1 €CP(X;R),c0 € CUY; R).
Orcioza mosydaeM 0To6pakeHue B KJIETOUHBIX KOTOMOJIOIUSX

(25) x: HP(X;R) x H(Y; R) — H"™(X x Y; R),

KOTODOE HA3BIBALTCSL (KOMOAORUYECKUM KALTNOUHbM) X -NPOU36edeHueM.

Jameuarue. B HeKOTOPBIX MOHOTpadusax u ydeOHHKAX KJIETOUHBIH auddepertman
d: CP(X; R) — CP™(X; R) 3amaércs COOTHONIEHHEM

(de,e™) = (=1)P(c,0e"), ceCP(X;R),
a X-TIPOM3BEJIEHNE KONENel 3a1a8TCst COOTHONICHUEM
(c1 X ca,e0) x ep) = (=1)""er (e )ealef), c1 €CP(X;R),c0 € CUY; R).
[Tpu sToM dopmyna (24) HO-IPEKHEMY UMEET MeCTO.
Tenepb MBI MOXKEM OLPEIEUTD KACTNOUHOE “—-NPOU3sederte Kak KOMIIO3UIHIO
<: HP(X:R) x HY(X; R) = H"(X x X:R) =5 H""(X; R),
rae A* — orobpazkeHne, HHAYIHPOBaHHOe guaroHa bio A: X — X x X,

Teopema 6.5. Kaemounvie X- u ~—-npouseederus cosnadaiom ¢ npou3cedeHuimis,
ONPEPENEHHDLMYU NPU NOMOWY CUHRYAAPHLLT Kouenetl. B wacmuocmu, waemouroe —-
npousgedenue He 3aBUCUM OM KAECTMOYHOU CMPYKMYPYE U ABAAECMCA 20MOMONUYECKUM
UHBAPUGHITOM NPOCMPAHCTNEAE.

Samevanue. KaeTounoe —-mpousBejieHne HEJIb3sd €CTeCTBEHHBIM 00pa30M OIPeIeTuTh JI1s
korerneii. Jleao B Tom, uro guarosaab A: X — X x X He gBIgeTCcda KI€TOYHBIM 0TOOpa-
JKEHUeM | JIJ1s1 mocTpoenust orobpazkenns CPT(X x X)) — CPT(X) nHeobxomumo nepeiTu K
KJIETOYHOM annpokcumanun guaroany. OJHAKO He CyIecTByeT KOHCTDYKIUH K/IETOYHOM
annpokcumanuun A: X — X x X, koropast 661712 661 (PyHKTOPHATHHONH OTHOCUTETHHO BCEX
orobpaxkeruit X — Y. lHorma 310 MOXKHO Cj/ie1aTh OTHOCHUTEILHO BBIJIEJIEHHBIX KJIACCOB
IPOCTPAHCTB U OTOOPAZKEHUIH.

6.4. ®opmyna Krounera. I[Iycrs 3agansl nenubie kommiekcsl C' = {C,,0,} u C' =
{C!,0,} abenesbix rpymn win R-momyneit. Tenszoproe npoussedernue C Qg C' onpejes-
€TCd KaK IEeNHONH KOMILIEKC, COCTOAIINNA U3 MOJLyJIei

(C@rC)n=EDCi®r Cos

¢ rpaangabiM romomopdusmom 0: (C ®p C'),, — (C ®r C"),_1, 3amanubM hopMyI0i

(26) INexd)=0c®d+(-1)c®dd, ceC,d el ..
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HenocpeacTBeHHas TpOBepKa MOKa3bIBaeT, 910 02 = 0
0*(c®c) = 0(0cRc +(—1)'c®dc) = 0*c@c +(—1)"10c®0c +(—1)'0c®0c +c®0*c = 0.

13 (26) caemyer, 9T0 TEH30PHOE MPOU3BEICHNE IUKJIOB — IIUKJI, & TEH30PHOE TPOU3BEIE-
HUe [UKJIa U TPAHAIB — rpasnna. [[o9ToMy MBI HOJydYaeM HHYTHPOBAHHBIT TOMOMOD-
dbuzm romonoruit H;(C) @ H,—;(C') — H,(C ®@g C”). IlpocyMMIpOBaB 110 4, MOTYIaeM
roMoMopu3M

(27) P Hi(C) @r Hyi(C') = Ho(C @5 C).

®opmyna KioHHeTa OMUCHIBAECT ITOT TOMOMOPMU3M IIPH HEKOTOPHIX OIpaHUYeHUsSX Ha R
u C. OcHoBHOE €€ IpUMEeHEeHHe — B CJAEAYIONEel TOMOJOrnIeCKOil CHTYaINHT.

IMpumep 6.6. IIycts C' = {C,(X),0,} u C" = {C,(Y),0,} — kyerounsie mnenmbe KOM-
wiekcol Jyist X u Y. Busnneitabie orobpazkenust (20) paror uzomopdusm

@CZ(X) ®Cn—z(Y) — Cn(X X Y), eia X eg_i — efl X eg—i’

a ¢dopmyna (21) mpesparmaercs B (26). CiegoBaTeabHO, Mbl UMeeM H30MOPGU3M IIell-

p1x KOMILIEKCOB Cy(X) ® Co(Y) — Co(X x Y), a romomopdusu (27) npesparmaerca B
roMoMophu3M

P Hi(X) ® Hyi(Y) = Hy(X x Y).

Teopema 6.7 (anrebpandeckast dopmysna Kionnera). Ilyems R — obaacmv 2naénols
udeanos (nwanpumep, R = 7 usu nose) u yennot komnaexc C cocmoum us c60600HvL
R-modyret C;. Toeda das 106020 N cyuecmesyem ecmecmeeHasn Paculenumas Kopomras
MOYHAA NOCAEIOBAMEALHOCTND

0= @ Hi(C) ®r Hoi(C') = Ho(C @ C') = @ Torg (Hi(C), Hyo1-i(C")) — 0.

oxazameavcmeo. PaccMoTpuM cHadasia caydail, Korja Bce paHUYHbIe 0TOOpaKeHus B
komiekce C mynessie, T.e. H;(C') = C;. Torna 0(c®c') = (—1)'c®I¢ u nennoii KOMILTEKC
CRrC’" — 10 npsamas cymma KoMILiekcoB C; @ pC’, KazK bl U3 KOTOPBIX, B CBOIO OY€peIb,
SIBJISIETCS MPIMOi cyMMoii kKommtekcoB C, tak Kak C; — ¢BoOOAHBIH MOIyib. [Toaromy

H,(C ©r C") = H, (@ C, O C’> — P H.(Ci 0r C') =

>~ P Ci®r Hoi(C') = @ Hi(C) @r Hui(C'),

TaK 9TO B 3TOM CJIy4ae TeopeMa, BePHA.

B ob6mmem ciaydae pacemorpum noarpynmnbl B; C Z; C C; TpaHAIl M MAKJIOB, KaK B J0Ka-
3aTeIhCTBe YacTh B) (bOpMYH yHHBEDCATLHBIX KoahduimenTos (Teopema 5.6). Mbl nveem
KOPOTKYIO TOUHYIO HOCJIEI0BATEbHOCTD NEIHBIX KOMILIEKCOB 0 — Z, — Cq — Be_1 — 0,
COCTOLIINYIO U3 PACHIeNUMBIX KOPOTKHX TOYHBIX IOcjenoBareabHocreit 0 — Z; — C; —
B;_1 — 0. YMHOXKag TeH30pHO Ha C’, IMOIYYUM KOPOTKYIO TOYHYIO HOCTIEI0BATEIBHOCTD

0— (Z@r(C)e — (CRr(C")e — (BRR(C")e-1 — 0
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7 COOTBETCTBYIONIYIO €l JJIMHHYIO TOYHYIO IMOCJIeI0BATETbHOCTD TOMOJIOT U

S Hy(Z®5 C') — Hy(C®pC") — Hy ((BRRC') "3 Hy ((Z @5 C') — ...

3/1ech CBA3BIBAIOIIMM TOMOMOPMU3IMOM SBJIACTCA TOMOMOPMDU3M, HHIYIIUPOBAHHBIN BJIO-
xenueM 12 B — Z. Tak kak B U Z — KOMILJIEKCHI € HYJIEBBIM I'PAHHYHBIM FOMOMOPU3-
MOM, YaCTHBIH ciydail, pa3oObpaHHbI B Hadaje J0Ka3aTeIbCTBa, MO3BOJSIET Ipeodpas3o-
BATh TPEJbIAYIIYIO0 TOUHYIO TOCIeI0BATETLHOCTD B MOCIEI0BATETHHOCTD

5 P (% @r Hai(C) — Ho(C @ C) — @P(Bi @r Hua—i(C1) =

in—1 /
—_— @(Zl KRR Hn_l_i(C )) —_— ...
[
OTCIO,H& II0Jy4aeM KOPOTKYIO TOYHYIO IIOC/JA€J0BaTEJIbHOCTD

0 — Cokeri,, — H,(C ®@r C") — Keri,_ 1 — 0

Temeps 3amerum, uro 0 — B; — Z; — H;(C)) — 0 — cBoboxmas pesonbpenta mist H;(C)
(31eCh MBI HCIOJB3YeM TO, 9T0 R — obiacthb mesoctaoctn). Iloyromy

Coker(B; ®g Ho—i(C") 2 Z; @ Ho—i(C")) = Hy(C) @5 Hooi(C"),
Ker(Bi ®R Hn,1,i<cl) Zn—_1> Zz ®R Hn,l,i(C')) = TOI'R(H,L'(C), Hn,1,i<0/)).

CyMMHupPYS 1O ¢ ¥ TIOACTABAAA 3TH BBIPAXKCHUS B IPEALIAYILYI0 TOYHYIO HOCIeI0BATEb-
HOCTh, TOJIy9aeM TOYHYIO TOCIeI0BATeILHOCTh U3 (DOPMYJIUPOBKH TEOPEMBL.

OcTaIoch yCTaHOBATDH PACIIENMMOCTh TOYHOM IOCIeI0BaTeIbHOCTH. MBI JOKAXKeM pac-
MICIUMOCTD IPH JOIOJHATEILHOM YCIOBHH, 9TO HenHoil koMiuieke C’ cocront u3 ¢Bo6o-
HbIX R-momysteit Cf. Droro 6yaer A0¢TATOTHO JJIs TOMOJIOTHYECKUX TpUIozkernit. Tak Kak
Z; C C; — npsimoe ciaraeMoe, ToMmoMopdusMm dakropusanuu Z; — H;(C') npogoaxkaercs
1o C; — H;(C). Aunasnornuano nosyuaem C; — H;(C"). Pacemarpusast romosiorun H(C”)
u H(C") KaK uenHble KOMILIEKCHI ¢ HYJIEBBIM I'DAHUIHBIM MOMOMOP(MU3MOM, MOJTYIaeM
neraoe orobpazkenne C @ C' — H(C) ®@g H(C"). Tlepexonst K TOMOJIOTHAM, MOy IaeM
Tpebyemoe paciiemnsioniee orobpazkenune H, (C @r C') — P,(H,;(C) @ H,—;(C")). O

Teneps npumenum aarebpandeckyio dpopmyny Kionnera B curyarnuu u3 npumepa 6.6.

Teopema 6.8 (Tonosornueckast popmyna Kionnera). Hycms X, Y — kaemounwie npo-
cmpancmea u R — obaacms 2aashuix udeanros (nanpumep, Z uiu nose). Toeda dasn moboeo
N CYUWECMEYEM ECMECNBEHHAA PACUWENUMAL KOPOMEKAL MOYHAL NOCACO0BAMEALHOCTND

0= @ Hi(X) @ Hyi(Y) = Ho(X xY) = @) Tor(Hi(X), Hy—i—1(Y)) = 0

(2de moL onycmuay koavyo Kosgduyuenmos R).

g mpuiozKeHUi BBIAEIAM CAe YOI BayKHBIN YACTHBIH cIydail, KOTOPBIi BKIOYaeT
1 KOTOMOJIOTHYECKYIO (POPMYJIUPOBKY.

Teopema 6.9. ITycmv X,Y — kaemounwvie npocmpancmea. Feau Hi(Y) asanemes ceo-
60001l abeaesoti epynnoti 0as 1100020 i, MO 20MOMOPHUMbI

P Hi(X) @ Hyi(Y) — Ho(X xY),
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zadasaemoie X-npouseedenuem, asaaromcsa usomoppusmamu. Ecau H;(Y) aeaaemes xo-
HEUHO NOPOHCIEHHOT c60000H0T abesesoti 2pynnoti daa 4100020 1, MO 20MOMOPHU3MbL

PH X)) H(Y) — H'(X xY),

sadasaemole X -NPoussedeHuem, ABAAOMCES USOMOPHUIMAMU.

Hoxasamenvcmeso. Ly TOMOJIOTHI 9TO HETOCPEJICTBEHHO BBITEKAET U3 TeopeMbl 6.8, Tak
kak B Hamewm caydae Tor(H;(X), H,—1—;(Y)) = 0.

g koromoJioruit 3amerum, 4To TpedyeMblil TOMOMOPGMU3M MOZKHO Pa3/I0KUTh B KOM-
HIO3UTIATO

P H(x) e B (YY) — P H(X, H" (V) — H™(X x Y),

rje 1epBblit 130MOpU3M nojydaercd u3 (popMysibl YHUBEpPCAIbHBIX KO3(MdumenTon
(Teopema 5.6 6)), Tak kak H""(Y) — cBobGojnas abenesa rpymia (3/ech Mbl MOJIb3yeM-
cst rem, uro H,_;(Y') koneuno mopoxeHa). [Toaromy g0cTaToqHO J0KA3aTh, 9TO BTOPOi
roMoMopdu3M B IPUBEIEHHON BbIIIE KOMIO3UIUT — U30MOP(OU3M.

PaccMoTpuM KOPOTKYI0 TOUHYIO TOCTIE0BATEIBHOCTD U3 (POPMYJIBI YHUBEPCATBHBIX KO-
s¢dunmentos (reopema 5.6 B)):

0 — Ext(H, (X x Y),Z) — H"(X x Y) — Hom(H,(X x Y),Z) — 0.

Nmetor MecTo u3oMophu3Mb

Hom (H,(X x Y),Z) = Hom (P Hi(X) ® H,_i(Y),Z) =
= @ Hom (H;(X), Hom(H,_;(Y), Z)) = EB Hom (H;(X), H"(Y)).

3mech B mepBoM n30MOpGhU3ME Mbl BOCIOJIB30BAINCH yIKE JTOKA3AHHBIM YTBEDKICHUEM
JUTsl TOMOJIOTHH, BTOPOii m3omopdusMm BhiTekaer u3 coorHomenns Hom(A ® B,C) =
Hom(A, Hom(B, C)) (3ama4a), a Tperuii ciaeayer u3 GopMysbl yHHBEPCATLHBIX K03hdu-

mnenToB, Tak kak H, ;(Y) — cBoboanas abesneBa rpynma. Tanee, mveem n3oMopdu3mbl

Ext(H,1(X x Y),Z) = Ext(D Hi1(X) @ H,—i(Y), Z) =
o~ @ Ext(H;_1(X),Hom(H,_;(Y),Z)) = @ Ext(H;_1(X), H"(Y)),

e BTopoii m3omopdusm BeiTekaer u3 cooromenns Ext(A® B, C) = Ext(A, Hom(B, C))
JTst cBODOTHOM abesieBoii rpymmbl B (3a1a4ua). Temepb paccMOTpUM KOMMYTATHBHYIO JTHA-
rpaMMy, CTPOKH KOTOPOIl — TOYHbBIE TTOCTIeI0BATETLHOCTH YHIUBEPCATBHBIX KO3ddumeH-
TOB:

0 — Ext(Hn_1(X X Y),Z) ————— H"(X x Y) ————— Hom (H,(X X Y),Z) =0

| | |

0— @, Ext(Hi—1(X), H" (Y)) —= @@, H (X, H""(Y)) — @, Hom (H;(X), H"*(Y)) — 0.

Torma u3 5-j1eMMbI CeyeT, YTO CPeJIHAS CTPEIKa SIBISETCS U30MOP(MU3IMOM. 0



64

6.5. Kosibria koromoJsioruit Topa m IpOeKTUBHBIX IPOCTPAHCTB. [lycth R — KOM-
MyTaTHBHOE KOJIBIO ¢ emmHuieir. Hamomuaum, aro R-a.sz2ebpoti Ha3bIBaeTCst KOAbIO A,
KOTOpOe TakK:Ke sBjsgercs R-momyseM, mpudem ymHoxkenme A x A — A asigerca R-
OMTUHEHHBIM.

Bhewmneti anzebpoti ¢ n 0Opa3yoOIUMI HAJ KOJIBIOM R HA3BIBAETCS acCOMMATUBHAA aJl-
rebpa ¢ 1, HOpOXKIEHHAS SJTEMEHTAMHA (1, . . . , (L, KOTOPDIE YIOBIETBOPSIOT COOTHOIIECHHU-
am of =0, oa; = —ajo;. Bremmas anrebpa obosnauaercs Ag[aq, . . ., ay,] Wim mpocTo
Alaq, ..., ay). Bremuon anrebpy MOXKHO ¢/e1aTh rpajyipOBaHHON, moaoxkus deg oy = 1.
[Tpu srom anrebpa Aoy, . . ., ;) CTAHOBUTCS TDaAy HPOBAHHO-KOMMYTATHBHOMN, W MBI HMe-
eM Ao, ..., ] = @)_, A*, tae A¥ — cBoGoaubLilt R-MOLy/Ib, HOPOXKASHHBI MOHOMAMHE
(07T 0 79 1<y <. <y, < n.

IIpenmosxxenune 6.10. [Tycms T" = S x ... xSt — n-mepnwiti mop. Tozda umeem mecmo
U30MOPPHU3M

H*(T") = Alay, ..., ay),

npu xomopom o; € Nay, ..., a,] nepexodum e pf(a) € HY(T"), ede « € H'(S) =X Z —
obpasyrowan, a p;: T" — St — npoekyus na i-G commosrcument.

Joxazamenvcmeo. Bynem Bectu wHaykiuio 1o n. [Ilpu n = 1 yrBepkKjenne 04eBUIHO.
[IpeamonoxKuM, 9T0 yTBep:KAeHTe BepHo a1 1™, u gokaxeM ero aas 1™, Tocrarouno
J0Ka3aTh, 9O /s moboro k rpymma HY(T") asnsercsa crobomnoit abeneroit ¢ 6asncom
U3 MOHOMOB ...y, e 1 < 43 < ... < i < n + 1. I3 Teopembl 6.9 monyudaem
n3oMophusm

HYT™) @ (H*=Y(T") @ H'(SY)) — H*(T" x 8') = H* (1),

IPU KOTOPOM (v, ... Qg + 0y ..., @, 1< << <, 1< <o < g1 <1,
HEePeXONUT B v, ... a5, + 0y, ..., 0pyp. OTCIONA coleyeT TpebyeMoe yTBepzK enue. [

Hapsiay ¢ BHemmumu ajgrebpaMu BayKHBIH KJIacC TPAJIYHPOBAHHBIX KOJEI 06pa3yioT
KOJIBIIA MHOTOWIEHOB R[vy, ..., v,]. I'paxyupoBka B koibie R[v, ..., v,] 3amaérca crerme-
usamu obpasyiomniux, degv; = d;. Eciu Bce semeHTs KOJIbIa R UMEIOT MOPSJIOK 2, TO
KOJIBIO R[vy, ..., v,] Oyaer rpajynpoBaHHO-KOMMY TATHBHBIM TIPH JIIOOBIX CTEMeHsX 06pa-
3yromux. Ecan ke B R MMEIOTCs 3/IeMEHTHI TIOPSIIKA, OTJIMYHOTO OT 2, TO JIJI TPAIyHpPO-
BAHHON KOMMYTATHBHOCTH KOJIbla R[vy, . .., v,| HeoOXoauMO, 9Tobbl BCe crenenn d; ObLan
gérapiMu. Hanpumep, MoxKHO 10oJI0KUTH deg v; = 2.

Taxzke paccMaTpUBAIOTCA «ycedsHHBIe» Koubla R[v]/(v¥), cocToguue us Muorodienos
CTelleHU MeHbIIIe k.

IMpennoxkenue 6.11. Hmerom mecmo usomophusmol
H*(RP"™ Zy) = Zg[u]/(u"“), H*(RP*;Zsy) = Zs[ul, degu =1,
H*(CP%,Z) = Z[v]/(v”“), H*(CP>™,Z) = Z[v], degv = 2.

oxazameavemeo. Cuadaga paszbepém caydait RP™. g yopoinenust 0bo3Hadenu OymeM
mucath P Bmecto RP™ u He ykaswiBaTh aBHO Kodpduuuentsl Zo. Umeem H'(P") =
Zo ipu 1 < n. Ecam MBI JoKazkeM, 9To Ipom3Bejenue obpasytomeil rpynnst H'(P") Ha
obpasytouryto rpyunsl H"™1(P") naér obpasyoutyo rpymist H"(P"), To uzomopdusm
H*(P") 2 Zs[u]/(u™) momyunres nnmyknmeii mo n, tak Kaxk Baovenme P"~1 — P"
nrAynIpyeT msomopdusm rpymn H mpu i < n — 1.
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Mpr jloKazkem Goabiie, a mMenno, uro —: H'(P") @ H"*(P") — H™(P") — u3omop-
duzm. Baoxkum P' u P"™" B P" B KauecTBe CJAEAYIONNX TOIMHOKECTB!

{[xzo:...:2p) €EP" 0y = ... =2, =0} =2 P,
{[xo:...:an) EP" 2g=...=2;_1 =0} = P"".
Torpma PN P"" — omua Touka p = [0 : ... : 1 : ... : 0], ue 1 crour Ha i-M mecre.

[lycts U; C P"* — i-a a¢pdunnas kapra, 3amaBaemast ycaosuem x; 7# 0. Torma U; = R™,
u upu 3ToM uzomopcpusme p € U; nepexoaur B 0 € R™. Mbr umeem jgeopmarinonuyio
perpakuuio P\ P"~" — Pl roMoTonus Mex 1y Heil U TOXK/IeCTBeHHBIM 0TOOPasKeHHeM
3ataéres popmysioit

fe: PP\ P = PP\ P"" [xzg:...:2,) > [To,..., Tic1, Loy, . .., t2y).

Temepb paccMOTpUM KOMMYTATUBHYIO THATDAMMY

Hi(P") ® H"(P") H"(P™)

Hi(P", P\ PP @ H/(P", P"\ P') —— H"(P",P"\ {p})
oY(R", R\ R ) @ H"(R*,R" \ RY) —— H"(R"*,R"\ {0})

HYR R {0)) & YRR (0)) —— HP (BB (0))

Hi(I',01%) @ H™= ("~ 91"~ H (I, 91™)
H (Ti, Tz) ® Hn_i(Tn_i, Tn—z) ~ Hr (Tn, Tn)
Hz(Tz) ® Hn—i(Tn—i) - Hn(Tn)

31ech TOPM30HTAIBHBIC CTPEJKH MPEICTABIAIOT COOOH pa3Hble BAPDHAHTHI OTHOCHTEIb-
HOro “-mponssegenns (18), a T o6oznauaer (n — 1)-MepHEIH OCTOB N-MEPHOrO TOpA
CO CTAHJAPTHON K/JIeTOIHOH cTpyKTypoii. [lepBas (cBepxy) mapa BepTHKAJbHBIX CTpe-
JOK — m3omopdusMmbl, Tak kKak H'(P™ P" \ P" %) = H'(P" P"') (cM. BBIE), a
HY(P") — H'(P", P""!) — nzomopdusm (3T0 cIesyer u3 KJAETOYHBIX KOTOMOJIOTHIL, TaK
Kak Bee Kaerodnsie nuddepennuabl Hystesbie). Bropas mapa BepTUKAJIbHBIX CTPEJIOK —
T30MOP(U3MEL COIJIACHO BHIPE3aHuio. TpeThda 1 9eTBEpTas Haphl BEPTUKAILHBIX CTPEJIOK
ABJISIIOTCA N30MOPMUIMAMHI, TAK KAK TAM UMEIOTCsT 09eBUIHBIE 1eDOPMAIMOHHBIE PETPAK-
mun. [Taras napa BePTHKAILHBIX CTPEJOK — H30MOPMU3MBI, HHAYIHPOBAHHBIE (HAKTO-
porobpaxkenusavu [ — T". Huxkugad napa BepTHKAJIbHBIX CTPEJIOK — H30MOPGMU3IMBI,
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TaK KaK BCE ,ZLI/ICbeepeHL[I/IaJIBI B KJIETOYHOM KOIICIITHOM KOMIIJIEKCE TOPpa HYJIeBbIC. HaKO-
HEIl, HUXKHSAS TOPU30HTATbHAS CTPEIKA ABIeTCd N30MOpPU3MOM O1aromaps mpeiozKe-
nuio 6.10. Mrak, BepxXHssd ropu3oHTaJIbHAS CTPEJIKA TaKxKe H30MOPhU3M, 9TO 3aBepIiaeT
onucanue Koabna H*(RP™; Zs).

Nzomopdusm H*(RP>; Zs) = Zs[u] cieayer n3 KOHETHOMEPHOTO CJIydasi, TAK KAK BJIO-
Kernne RP™ «— RP*™ unaynupyer nzomopdusm rpymn H' mpu i < n.

HokazareabetBo mist CP™ nu CP* aHaJornvdHo, HAIO0 JIMIIL PACCMATPUBATDL KOIDdpu-
IIUEHTHI B Z U YJIBOUTH PA3MEPHOCTU I'PYII U ITPOCTPAHCTB. 0

3amaun U ynpakHeHus.

6.12. Jlokaxkure, 9TO JJisd IPOU3BOIbHBIX R-Momyseit A, B, C' cymiecTByeT ecTeCTBeHHBIIT
n3omMophusm
Hompg(A ®g B,C) = Homg(A, Homg(B, ().

6.13. Jlokaxkure, 9T0 ecnum R — 06JacTh INIABHBIX HIeAI0B, TO miasd R-moxyneit A,C u
c¢BOOOIHOTO R-MOMy/Iss B cyIIecTBYeT ecTeCTBEHHBIH H30MOPGMHU3IM

EXtR(A QR B, O) = EXtR(A, HOHIR(B7 C))
6.14. JlokaxkuTe cJIeIyIONyio (POPMYJIY, CBA3BIBAIOILYIO - H X-TTPOU3BEICHHUSI:

(1 X 1) ~ (P2 X ha) = (=1)1* (1~ p2) X (Y1~ )
st o1 € HPY (X)), 1 € HU(Y), o € HP2(X), 1y € H2(Y).

6.15. Jloxkazxure uzomopdusm H*(RP>*;Z) = Z[v]/(2v), rae deg v = 2. Onuiure KOJIbIO
koromostoruit H*(RP™; 7).

6.16. Jlokaxkure nzomopbusm xoser, H*(CP>® x CP™) = Zlvy, vs], degvy = degvy = 2.

7. JIBONCTBEHHOCTDB [IVAHKAPE

JIjta OPHEHTHPYEMOrO 3aMKHYTOTO 7-MEPHOr0 MHOroo0pasus M IMeT MecTO H30MOp-
dbusnvb gpoiicteernoctu [yankape HY(M) =2 H,, (M). Jlns kosbdunnentos B Zg n30-
vopdusvsr HE(M; Zy) =2 H,,_1.(M; Zy) nMeroT MecTo 6e3 TTpe/IrofosKenns 06 OpueHTnpy-
eMOCTH. MBI TakzKe JIOKazKeM H30MOP(U3MBI JBORCTBEHHOCTH B H0J1ee o0IIeil CUTyaIu:
JI1S KOTOMOJIOTHH ¢ KOMIAKTHBIME HOCHTEISAMH HeKOMIAKTHBIX MHOTOOOPA3HIA U JJI9 MHO-
roobpasuit ¢ KpaeM.

7.1. Tmagkme U TOMOJOTMYECKE MHOTOOOpa3us. TomoIornaeckuM MH02000pa3uem
pPa3MEepHOCTH N Ha3bIBAETCd TaKoe XaycaopdoBo Tomosormdeckoe mnpocrpancrso M co
cuérHOU 6a30M, ITO Jj1d KaxK 10 ToUku © € M cyniecTByeT okpecTHOCThL U, romeomopd-
Hasg OTKpbITOMY HoaMmuoxkecTBY V' B R”™. KoMmmnakTHble MHOro0Opa3us TPaJIUIIMOHHO Ha-
3BIBAIOT 3AMKHYMBLMU.

I'nadkum amaacom na n-mepaom muoroodpasuu M HA3BIBAETCS OTKPHITOE HOKPBITHE
M = \J,ec4 Ua Muoroobpasus M, B Koropom s Kaxaoro muoxecrsa U, dbuxcuposan

romeomoppusm @, : U, — Vi, HasbiBaemblil kapmot, rae V, C R™, u Ha nepecedeHusx
Uy N Upg omobpasicerua samenv, K00pduram

Yap = a0 95" ©8(Ua NUs) = @a(Ua N Ug)

ABJISIOTCS T3 IKuME (GeckoHedHO TuddepeHupyeMbiMu) 0TOOPaKeHUSIMI HA OTKPBITHIX
nogaMHoxkecTsax B R”.
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Beibop raakoro armaca Ha MHOTOOOPA3nWu HA3BIBAETCS 24a0%K00 cmpykmypot, a MHO-
roobpasue ¢ TIaJKIM aTaacoM — 2aadkum (unn duddeperyupyemoim) MHo2000pa3uem.

[Ipumepamu rimaakux MHOTOOOpasuii apisrorcs R™, cepbl S™, MpOeKTHBHBIE TPOCTPAH-
crBa RP™ u CP", knaccudecKue IBYMepHbBIE IOBEpXHOCTH. [Ipon3BemeHne riaaJIkux MHO-
roobpasuil CHOBA, SIBJASIeTCS IVIAJKIM MHOIOOOpa3ueM.

He sgapistitorcs muOr00OpasmsMu rpadbl ¢ BepIIMHAMHU CTeleHH > 2 U OecKOHeJIHO-
MepHbIe KJeTOUHBbIe MpocTpancTBa Tuna S, RP* u CP>. Konyc, HaACTpOIiKa, CMIIII-
[POU3BEJICHNE U JIZKOITH MHOT000pa3uil, Kak IPaBUJIO, HE ABJILIOTCH MHOIOOOPA3USIMHU.

7.2. I'pynnsl JokaabHBIX ToMoJsioruii. Opuentanus. PyHIaMeHTANAbHBIN KJIacc.
[Tycrs X — rmomonormaeckoe npocrpancrso. ['pymna H, (X, X \ {z}) waseiBaercs n-i
2pynnoti AOKAALHHT 20M0A02UT TTPOCTPAHCTBA X B TOYKE Z.

Ilpennoxxenue 7.1. Ilyemv M — monosozuueckoe n-meprnoe muozoobpasue. Tozda
H,(M,M\{z})=2Z v H(M, M\ {z}) =0 npu i # n daa wmobot mouku x € M.

Joxazameavcmeso. Nveem
Hy(M, M\ {z}) = H(R", R"\ {0}) = Hy_y(R"\ {0}) = Hy_1(5"),
r7ie MepBhI n30MOP(MU3M CIeAyeT U3 TEOPEMbI BhIPE3aHusi, a BTOPOil — M3 TOYHOMH MMOCIe-

JIOBATEJILHOCTU TAphI. Termephb yTBEpXKIeHUE CJejIyeT U3 npejioxenus 2.15. 0

Jloxaarvras opuenmayus n-MepHoro Maorooopasus M B Touke xr — 3TO BHIOOD OHOI
U3 JBYX 00pasyoIiuX TPYHIbl JOKaTbHBIX romosoruit Hy, (M, M\ {z}) = Z.

Bribepem Jokanbayio opuentanuio f, € H,(M,M \ {z}) B kaxmoii Touke z € M.
Takoii BHIGOP HA3BIBAETCS CO2AUCOBAHHBIM, €CJIU I KaxK 0l Toukn & € M cymecTByeT
TaKasgd OKPeCTHOCTh B, romeoMopdHas OTKPHITOMY mapy B R™, 4T0 Jjd KaxK10#i TOUYKH
y € B obpasyiommue ji, U ji, TEPEXOIAT IPYT B APYTra IpU H30MOPQU3Max

Ho(M, M\ {z}) & Hy(M, M\ B) = H,(M, M\ {y}),

wHIy upoBaHHbiX BiroxkerusMu M\ B — M\ {z} u M\ B — M\ {y}. Muoroo6paszue M

HA3BIBACTCH OPUEHTNUPYEMbIM, €CITH CYIIECTBYET COIJIACOBAHHBIN BHIGOD JIOKAJIBHBIX ODH-

eHTaImii Beex ero Touek. Takoit BHIGOD Ha3bIBACTCA 0puermayuet; Muoroobpasusa M. Ecin

mMHOrooOpasue M CBA3HO M OPHEHTHPYEMO, TO y HErO €CTh B TOUHOCTH JIBE OPUEHTAIMH.
PaccMoTpuM MHOZXKECTBO, cocTosIee u3 nap (T, iy ):

M = {(z,pz): © € M, p, — Jn0KaabHAsE OpHeHTAIUsS B TOUKe = € M }.

Jna kaxjgoro noamuoxkecrsa B C M, romeomopduoro orkpsiTomy mapy B R™, u obpa-
sytomeit up € H,(M, M \ B) = 7 onpeaeaum noamuoxectso U(ug) C M kax

Ulpp) = {(z,11s): © € B, jup nEPexomur B L,
npn usomopdunsve H, (M, M\ B) — H,(M, M\ {z})}.

Beeném na M tomosnoruto, 6a3y koropoit o6pasyior nogmuoxectsa U(pp). Toraa us aroit
KOHCTPYKIIUH U ONpeJeIeHNs OPUEHTHPYEMOCTH BHITEKAET CJIeIYIOTIee.

ITpepnoxenne 7.2. I[lycmv M cseasno. Toeda

a) M opuenmupyemo 6 mom u moavko mom cayuae, kozda M umeem dee Komnoner-
mot ceaznwocmu, m.e. M = M L M;
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6) ecau M ne opuenmupyemo, mo M — ceasnoe opuenmupyemoe mHo2006pasue, a
npoekyus M — M, (x, 1) — &, ABAAEMCA OBYAUCTIHUM HAKDIMUEM.

HBynuctaoe nakpbitue M — M Heopuentupyemoro Muoroobpasus M HazbiBaeTCsd
OPUEHMUPYIOUWUM HAKDDINUEM.

CrnenctBue 7.3. OdnoceaszHoe MH02000pa3Ue OPUEHMUPYEMO.

Takxxe M opuentupyemo, eciu B 71 (M) HeT moarpynn wugexkca 2.

PaccmaTpuBasg rpynnbl TOMOJIOTHH ¢ KOI(DDUITMEHTaAMI B KOMMYTATHBHOM KOJIbIle R
¢ eJIMHUIIEl, TOTYIUM onpeenenne R-opuenmupyemozo muoroobpasus. (Obpasytoreil B
H, (M, M\{x}; R) = R nasbiBaerca 1060 obparumbiii s;aement kosbia R.) JTooboe muo-
roobpasue Zso-OpueHTHPYeMO, TaK KaK obpa3yiomnias B Zo e IMHCTBEeHHA. BoJsiee TOr0, JIeTKo
BHJETH, YTO OPUEHTUPYyEMOe MHOroobpa3ue R-opueHTHpYyeMo s Jiodoro R, a neopuen-
TUpyemMoe MHOTrooGpasue R-opuentupyemo, ecan 2 = 0 B koabie R (3amaua). [Tosromy
HHTEpPeC MpecTaBiasdior caydau R =7 u R = Zs.

Jlemma 7.4. Ilycmv M — mnozo006pasue pasmeprocmu n u A C M — womnarxmmoe
nodmmoscecmeo. Tozda daa wommymamusrozo koivua R ¢ edunuuyed

a) anemenm o € Hy(M, M\ A; R) pasen nyat0 6 mom 4 moavko MoMm cayuae, ko20a
e20 06pas o, 6 H,(M, M\ {z}; R) pasen nyaro das aoboli mouku x € A;

6) ecau 6uOPAHLL COZAACOBANNBIE NOKAADHBIE OPUEHMAUUY [, € H,(M, M \ {z}; R)
ona ecex x € A, mo cywecmeyem eduncmeennwill snemenm py € H,(M, M
A; R), kxomopuuti omobpastcaemca 8 i, npu 2omomopduame ra: H,(M, M\ A; R) —
H, (M, M\ {z}; R) daa moboti mouxu x € A;

B) H;(M, M\ A;R) =0 npu i > n.

oxazameavemeo. JlokazareabCTBO JIeMMbI Pa300bEM Ha HECKOJIBKO Iaros. bymem omyc-
KaTh K03dduimenTsl R B 0003HaYEHUAX IPYIIT FOMOJIOTHIA.

Hlaz 1. Ecau semma sepra daa A, B u AN B, mo ona sepra u das AU B. Paccemorpum
TOYHYIO MOCJe0BaTeIbHOCTh Maiiepa—Bueropuca mis nap (reopema 2.21):

0 — Hy(M, M\ (AUB)) % H,(M, M\ A) @ H,(M, M\ B) % H,(M,M\ (AN B)).

Caesa crout 0 tak kak H, 1 (M, M\ (ANB)) = 0 no npeanooxennto. Kpome Toro, rpyn-
oot H;(M, M\ (AUB)) npu i > n CTOAT MeKJ1y JABYMs HYJIEBBIMI I'PYIIAMH B IIOCTIEI0BA-
TEJBHOCTH, MOYTOMY OHH PABHBI HYJIIO, 9TO JOKA3BIBACT YTBEPXKICHUE B). Y TBEPKICHHE
a) g AU B caeayer u3 yrBepxkaenus a) st A 1 B B CHIy HHBEKTUBHOCTH (.

st mokasarenbeTBa yrTBepKIeHust 0) miast A U B paccCMOTPUM 9JIEMEHTBI fi4 €
H,(M,M\ A) u up € H,(M,M \ B;R), Koropble CYMECTBYIOT IO IPE/IIOJOKEHHIO.
[Ipu orobpaxenun H,(M, M\ A) — H,(M, M\ (AN B)) 31€MeHT [i4 TEPEXOIUT B e~
MEHT, YJIOBJIETBOPSIONINI YCI0BHIO U3 yTBepxKaernus 0) jmiga AN B, T.e. B fianp, B CAILY
€/IMHCTBEHHOCTH TAKOTO 371eMeHTa. AHAJIOIMIHO (i TEPEXOJIUT B [ianpg IPH OTOOpaZKEeHUH
H,(M,M\ B) — H,(M, M\ (AN B)). CrenoarebHo, 0TOOpazkeHue 1) W3 TOYHOI T0-
crepoBaresbuoctn Maitepa—Bueropuca nepeBomut ssement (pa, —pip) B Hyab. llosromy
(ta, —pB) = ¢(paup) ans neroToporo paup € Hy(M, M\ (AU B)). 9T0T 31eMeHT fiaup
VIIOBIETBODPSIET YCJIOBHIO W3 yTBepzKAeHus 6) aisa AU B, a ero eJJHHCTBEHHOCTH CJIEIyeT
U3 HHHEKTUBHOCTH (.

Hlaz 2. Ceodum nemmy ® cayuaro, Kozda M — omxpwumoe nodmmoscecmeo ¢ R™ (00-
Ha Kapma). KoMmakTHOe TOAMHOKECTBO A COMEPKHUTCS B KOHEYHOM O0beMHEeHNH KapT
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mekoroporo araaca M, .e. A C Uy U...UU,. Bymem Bectn naaykimuio mo k. TTomoxxmm
A; = U; N A u npuMeHNM yTBep:KaeHne mpeabaynero mara Kk Ay U ... U A1 n A,. B
pe3yabTaTe YIBepZKJIeHNe CBOAUTCI K Caydat k = 1, T.e. K CIydaio OJHOH KapTHI.

Hlgz 3. A = K — xoneunwd cumnivyuaiorod xomnaexe. Bem A = AP — cnu-
wreke, 10 R" \ A — R"\ {z} — nedopmanuonnas perpaxumust u r4: H;(M, M\ A) —
H;(M, M\ {z}) — usomopduzm ansa z € A. Janee semma qist K cBOAMTCS K CJIYUAIO
OJTHOTO CHMILIEKCA [0 WHIYKITUA HPU TOMOIIH YTBepZKICHUs U3 mara 1.

Hlaz 4. A C R™ — npoussosvrwii xomnaxm. Iycrs snement o = [a] € H;(R", R™\ A)
[IPeICTABAEH OTHOCHTEIBHBIM MUKJIOM . Torma da C C 1y HEKOTOPOTO KOMIAKTA
C' € R"\ A. Iloctpoum cuMILTunuaIbHBIT KoMILTeke K, mis koroporo A C K u KNC' = @.
([Tokpoem A CHMILTIEKCOM, TepeiiieM K KPaTHOMY GAPUIEHTPUICCKOMY MOIPa3IETCHIIO
C JuaMeTpoM CHUMIIJICKCOB MeEHbIIE PaCCTOAHUA ME2KIAY A n O n OoCraBUM TOJIBKO TN~
cumiuiekchl, nepecekatonne A.) Torma a samaér ximace ax = [a] € H;(R",R" \ K),
KOTODBITt oTOOpazkaercst B JaHHBIA 37eMeHT « 1npu romomopdusme H;(R™" R™\ K) —
H;(R™, R"\ A). Coracuo npeapiaymemy tmary oy = 0 npu ¢ > n. Ciaenobaresbho, o = 0
u H;(R",R"\ A) =0 npu i > n, 970 J0Ka3bIBAET TPETHE YTBEPK/IEHUE JEMMBI.

[lycts Teneps ¢ = n. Ilpeamonoxkum, aro o, = 0 gasa awoboit Toukn © € A. Torma u
o, = 0 a1s 11060it Toukn © € K, Tak Kak K — 00beluHeHne N-CUMILIEKCOB, TTepeceKato-
mux A, a H,(R" R"\ A") — H,(R",R™ \ {z}) — uzomopdusm aas © € A". CornacHo
npeapIyIemMy mary ayx = 0, a 3Hauutr 1 « = 0. DT0 JOKa3bIBAET MEPBOE YTBEPIKICHIE
JIEMMbI U € JUHCTBECHHOCTb BO BTOPOM YTBECPZKICHUU.

Jlis jokasaresbeTBa CymeCcTBOBAHEA MPOJSOJIAKNAM COIJIACOBAHHBIC OPUCHTANMH [y, T €
A, wa cumiuteke A" D A, Jlag A™ cymecrBoBanue sjgeMenta pan € Hy(M, M \ A™)
odeBuiHO. Torjia MCKOMBIH 3JIEMEHT (14 €CTh 00pa3 dJIEMEHTa [lan MPH TOMOMOPQU3IME

Ho (M, M\ A" — H, (M, M\ A). 0

Ecnu muoroo6pasue M 3aMKHYTO (KOMIAKTHO), TO MbI MOXKeM TOJOXKUTE A = M B
aemme 7.4. Torma u3 yrBepxkjenusi 06) moaydaeMm, 4ro ecau M 3aMKHYTO W OPHEHTH-
POBAHO, T.€. CONIACOBAHHO BHIOpaHbl obpasytomtue ., € H,(M, M \ {z};Z), 1o cyme-
CTByeT eIUHCTBeHHbIH Kiace uy € H,(M;7Z), nepexoasmuii B JOKATHHYIO OPHEHTAIIIO
pe € Hy(M, M\ {x};Z) nyst m060ii Toukn © € M. Dror Kirace Ha3biBaeTcst yHoamer-
MANLHYM KAGCCOM OPHEHTHPOBAHHOTO MHOroOGpasus M u oboznadaercs [M].

Tenepb MOXKHO cHOPMYIHPOBATH TEOPEMY O CBSI3H OPUEHTHPYEMOCTH U CTapIeil TpyI-
bl TOMOJIOTHH IJIsT 3aMKHYTBIX CBSI3HBIX MHOroobOpaswuit M.

Teopema 7.5. [lycmv M — samrnymoe ceasznoe mrozo0bpasue pasmeprocmu n. Tozda
a) omobpascenue Hy,(M;Zo) — H, (M, M\{x};Zs) = 7y asasemcs uszomopPhusmom
oas Abot mouku x € M;
6) ecau M opuenmupyemo, mo H,(M;Z) — H, (M, M\{z};Z) = Z — usomopdusm
das mobot mouku x € M; ecau M wneopuenmupyemo, mo H,(M;Z) = 0;
B) H;(M;Z) =0 npu i > n.

Jloxasamenvemso. Tlomoxxum A = M u R = 7Z winu Zo B Jemme 7.4. YTBepK/eHHe B)
BBITEKACT U3 YTBEPKEHHS B) JIEMMBI.

[Iyctb € M. llokaxkeM, UTO mAJs CBsI3HOTO MHOrooOpasus M romomopdusm
H,(M;R) - H,(M,M \ {z}; R), @« — «,, uabekruses. [lyctb a, = 0 misg HEKOTO-
poro o € H,(M;R). Torga ecim y € M — apyras TOYKa, COMEPKAINAICS BMECTe C
x B OoKpecTHOCTH B, romeomopcHoit OTKpPHITOMY MIapy, TO roMoMOp(U3MBI JIjig & U Y
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PaCKJIaAbIBAIOTCA B KOMIIO3UIWIO CJCAYIOIIUM 06pa30M:

H,(M;R) —— H,(M,M\ B;R) —— H,(M, M\ {z}; R)
1=
Hy(M, M\ {y}; R)

Tak xak M cBg3HO, OTCIOJa CJIeyeT, 9To o, = 0 114 aoboit Touku y € M. CienoaTesinb-
HO, @ = 0 B CHJIy YTBEP:KJICHUS a) JeMMbI 7.4.

Ecau muoroobpasme M siBiasiercst R-opuentupyemeiM, 1o romomopdusm H,(M; R) —
H, (M, M\ {z}; R) ciopbeKTHBeH B Iy yrBepxaeHus 0) jgemmsl 7.4 (s A = M). Dro
JIOKa3bIBaeT yTBEPKICHNE a) TeopeMbl (Tak Kak M Beerna Zo-OPHEHTHPYEMO) U TEPBYTO
9acTh yTBEpK/IeHHs 0).

[Tycte M meopuentupyemo. Taxk kak romomopdusm H,(M) — (M, M\ {z}) = Z
unbekTuBet, noydaeMm H, (M) = 0 wm H, (M) = Z. [Ipejnosoxum nocie/nee, u IycTh
a — obpasyiomas. Torma o, = kg, tae u, € H,(M, M \ {z}) = Z — obpazyomas, a
k — monoKuTeIbHOE TesI0e YucyI0. V3 npuBeéHHOM BhIIIe THATPAMMBI CJIEJIyeT, 9To k He
3aBUCHUT OT T W [i; MOYKHO BBIOPAThH COTJIACOBAHHO I BCeX & € M. DTO MPOTHBOPEUUT
LPE/IIOJIOKEHUIO O HeopueHTupyemoctu Muorooopasust M. Urak, H,(M) = 0. OJ

Takum ob6pazom, st 3aMKHYTOro cBsisHoro M wmveem H,(M;Zs) = 7, Bcerna, a
H,(M;Z) = Z win 0 B 3aBUCHMOCTH OT TOTO, siBJsieTcst M OpHEHTHDYeMbIM WJIW HET,
a BbIOOp opmeHTanuu Ha M — 310 BBIGOD 06pasytomei rpyuubt H,(M;Z) = 7 (dbyuna-
MEHTAJIBHOTO KJIACCA).

[IpenmnoaoKum, 4To 3aMKHYTOe MHOr0OGpasue M TpHaHTIyIMPOBAHO WX Ha HEM 3a1aHa
CTPYKTYPa KOHEUHOTO IOIYCAMILTHIMATIEHOIO KOMILIEKCA ¢ N-MEPHBIMI CUMILIEKCAMH 05,
i=1,..., k. Torga kaxapiit (n — 1)-MepHbIil CUMILIEKC T SBJISIETCS I'PDAHBIO B TOYHOCTH
JBYX N-MEPHBIX CHMILJICKCOB 0; B 0. Ecam M opueHTHDYeMO, TO OPUEHTAINH CHMILICK-
COB 0; MOXKHO BBIODATH COTJIACOBAHHO. JTO O3HAYAET, 9TO MOYKHO BHIOPATH OTOODAKEHHS
oi: A" = [vg, ..., v,] = M Tax, aTo KaxKIAbIl T BXOAUT B J0; 0o ¢ pa3HBIMI 3HAKAMM.
Torma 8(2;;1 0;) = 0 u nukxa Zle 0; mpeactasisier obpasyiomntyio rpymnst H, (M) —
dbynnamentambubiii kiaace [M]. s koaddunuentos Zy 1enb Zle 0; — BCerga IHKJI,
IpeICTABISIONHH 06pasyomtyio rpyunst H,(M;Zsy) = Zs.

7.3. Crenenp orobpaxenusa MHoOroobpaswuii. [lycte f: M — N — orobpaxkenue
CBSI3HBIX 3aMKHYTBIX OPHEHTHPOBAHHBIX N-MEPHBIX MHOT006pa3uit ¢ (dpyHIaMeHTaATbHbI-
mu kiaaccamu [M| u [N]. Torma ansa f.: H,(M;Z) — H,(N;Z) nmeem f.[M]| = d[N].
[Henoe uucsio d naspiBaercs cmenenvro orobpaxkenus f: M — N.

ITpennoxkenne 7.6. /a4 4106020 68431020 3AMEHYMO20 OPUEHMUPOBAHHO20 N-MEPHO20
MmHoz000pasus M u aobozo d € 7 cywecmsyem omobpascenue M — S™ cmenenu d.

Aoxazamenvemeo. CHadasa nocrpouM orobpazkenue crenenu 1. Ilycrs U C M — kapra,
npuaém U = R". Pacemorpum orobpazkenne M — M /(M \ U) = S™. [1as a060it ToUKn
x € U umeem rommosummio romomopbusmos H, (M) — H,(M,M \ U) — H,(M,M \
{z}), npu koropoii [M] nepexomur B p,. Orciona ciemyer, uro obpas Kiaacca [M| npu
nepBoM romomopdusme ecth dbyumamentanbusiit Kaace [S"| € H,(S™) = H,(M,M \
{z}), a 3naunr orobpaxkenne M — M/(M \ U) umeer crenenb 1. Kommosumus 31oro
oTobpazkenus ¢ JOObIM oToOpazkernem S™ — S™ crenenu d gaér orobpaxkenune M — S
crerenu d. 0
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7.4. ~-npou3BeaeHue U U30MOp@dU3MbI JABOMCTBeHHOCTU. Onpeneanm npouseede-
HUE BLLCEYEHUA, NITH ~-NPOoU3GedeHue

~: Cp(X; R) x CYX; R) = Cpy(X; R)

JUIst p = q o bopmyJie

rae o: [vg,...,v,) = X — cuaryaapasiii cuMmiekce u ¢ € C4(X; R) — Koelb.
Jlemma 7.7. 0(0 ~ ¢) = (—=1)1(0c ~ ¢ — 0 ~ dyp).

Joxazamenvcmeo. HemocpencTBeHHas MpoBepKa:
P

q+1 .
o~dp= E (—1)ng(<7|[1)O ,,,,, ~

i=0

p

Ao~ ) =D (=1 %0(0l o)l O

1=q

]
S

=

_

+
=
S—
9
=
s}

+

=

=
s,

Orcrofa moaygaem R-6mmuneiinoe oTrobpazkenue (2omonozuueckoe ~-npouseedenue)
H,(X;R) x HY(X; R) — H, ,(X;R).
NmeroTcs Takke OTHOCHTEJIBHBIE BEPCUU:
H,(X,A;R) x HI(X; R) — H, (X, A;R),
H,(X,A;R) x HI(X, A;R) — H, ,(X;R),
H,(X,AUB;R) x HY(X,A; R) — H, (X, B;R).

Jlemma 7.8 (dbyurropuanbhaocts). Jas f: X — Y omobpascenus 6 duazpamme

Hy(X) x HY(X) —= Hy—y(X)
gt
Hy(Y) x HUY) ——= Hyo(Y)
ydosaremeoparom coommowenuro f.(a) ~ ¢ = f.(a~ f*(p)).

Hoxazamervcmeo. fo ~ o = o(f0|u,...00) 0 wg..00]- O

.....

Tenepb MbI MOzKeM ChHOPMYTHPOBATH TeopeMy 00 n3oMmopduzMax deoticmseennocmu 11y-
anxape.

Teopema 7.9. Ilycmv M — zamxnymoe R-opuenmupyemoe n-meproe mMHo2000pa3ue c
dyndamernmanvrom xaaccom (M) € H,(M; R). Toeda omobpasicerue

D: H*(M;R) = H,_(M;R), ¢~ [M]~ o,

ABNACNCA USMOMOPPUSMOM OAA A106020 K.
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JlokazaTenbCcTBO 3TOH TeopeMmbl OyaeT AaHAJIOTHYHO JIOKA3aTEJbCTBY CYIIECTBOBAHUS
dyHIAMEHTAJIHLHOTO KJIACCa: ¢ MOMOIIBI0 TocjaenoBareabuoctn Maiiepa—Bueropuca Mbr
cBeJiéM yTBep:Kienue K ciaydaio M = R”. Ho jjig 3Toro Ham monaiodurTcs Bepcus JABOii-
crBennocTu Ilyankape J/is HEKOMIAKTHBIX MHOTO0OOpa3uit. OHa UCIO/Ib3yeT NMOHATHE KO-
FOMOJIOTHH ¢ KOMITAKTHBIMHA HOCHTEISIMH.

7.5. KoromoJjornm ¢ KOMOakTHBIMEU HOCUTEAAMHU. /s mpocrpancTsa X onpeaenM
TPYIILY i-MEPHBIX CUH2YAAPHULL KOUENET ¢ KOMNAKMHOLMU HOCUMEAAMU ¢ KOIDduimen-
tamu B G kak noarpynny C¢(X;G) B CY(X; G), cocroniyio u3 Koleneil, 06pamaiomuxcs
B HYJIb BHE HEKOTOPOTO KOMIAKTHOTO MOJIMHOXKECTBA (3aBUCSIIETO OT KOIEIH):

CUX;G) ={f: Ci(X) = G: fle.x\k,) =0  ana mexoroporo xommakrnoro Ky C X}.

KorenHoe KorpaHuIHOE 0TOOPasKeHHE OMPAHUIMBAETCS HA IPYIIbI KOLEIeH ¢ KOMIIAKT-
upivu mocureaavu: d: C'(X; G) — CHH(X; G). T'pynmubsl KOroMOJIOTHI MOy 9aeMOTO KO-
[EIHOr0 KOMILIEKCA HA3BIBAIOTCHA KO20MOAOLUAMU € KOMNAKIMHbMY HOCUMEAAMYU 1 000-
snauaiorcst H!(X; G). Ecin camo npocrpancreo X komnaktho, To CH(X; G) = CY(X; G)
u H(X;G) = H(X;G).

Eciu K C L — BJIOXKeHHEe KOMIAKTHBIX TOJMHOYKECTB, TO Mbl UMeeM MOHOMOP(hU3M
C'(X, X\ K;G) = C(X,X \ L;G) I/I.CZ(X;G) = Ukex C?(X,X \ K;G). Nnnynu-
poeanHblii ToMmomopdusm romosoruit H'(X, X \ K;G) — H'(X,X \ L;G) moxer He
ObITh mHbeKTHBHBIM. Onuaxo rpynmy H'(X;G) Takzke MOXKHO ONHCATD 9Yepe3 TPYIIIBI
HY (X, X \ K;G) npu nomomu cJeayomeil arrebpandecKoil KOHCTPYKIUH.

Koucrpyknusa 7.10 (npsamoit npegen (kompeses) rpymm). Ilycrs (P, <) — 9acTH4HO
YIIOPSIOYEHHOE MHOXKECTBO. uaepammoti abeeBbIX T'PYII, UHICKCHPOBAHHON MHOXKe-
crBoMm P, HaszwiBaercsa takoit nabop D = {G,: o € P} abeneBbix rpynn G, ¥ TOMOMOP-
dusmoB fop: Go — G, 9T0 foq = id 1 f,, ecTb KOMIOBUIHA fop U fgy, ecim o < S < 7.

[Iycts P — kareropusi, 06 beKTaMu KOTOPOIl SIBJIAIOTCS JIeMeHThl o« € P, u mexny o u
HMeeTcs eMHCTBeHHBIH Mopdu3am, ecan o < (. Torma auarpamma — 910 (KOBapUAHTHBIH)
dyukrop D: P — AB, a+— G, n3 P B kKareropuio abejieBbIxX IPYyIIIL.

Ipamvim npedesom nim xonpedeaom auarpamMmbl DD abeieBBIX TPYIT HA3bIBaeTCst (PaK-
Toprpyuna npsamoi cymmsl @, p G 10 HOArpyIIe, HOPOXKISHHON BCEMHU 3J1eMEHTaMH
BUIA Jo — fap(ga) I go € Go. Obo3nauenue: colim D uam lim G,.

OmnpeneneHsl KAHOHTYIECKHE TOMOMOPGUIMEL iy : Gy — @%m TOBJIETBOPSIOIINAE CO-
OTHOIIEHHAM g fap = 1o IPH v < 5.

Ecau B P cymectByer HauOOJBITHIT 3JI€MEHT (i, TO @Ga = G,. Ecam nukakne nBa
DPa3IMIHBIX JIeMeHTa B P He HaXOJdTCd B OTHONIEHUH HOPSJIKA, TO @Ga =P,cpGa.

Ilpennoxxenue 7.11. Ilycmo 6 P dasa atobvx deyx saemenmos o, B € P cyuecmeyem,
maxot asemenm v € P, wumo o < v u S < 7. Toeda npamoti npedea %Ga MOIHCHO
omosicdecmeums ¢ gaxmopmmosicecmeom (| cp Ga)/~ no ommowenuro sxsusarenmsmo-
cmu, NOPOACIEHHOMY IKEUBANEHMHOCTAMY Jo ~ fap(ga) 044 go € Ga.

Hoxazamenvcmeo. Beeném na daxropmuoxecrse (||, .pGa)/ ~ crpykrypy abesesoii
IPYHIBL CAeAyomuM 00pasoM. [IjIs KJIacCcOB SKBHBAJEHTHOCTH [g,| U [gg] dmementos
o € Gy 1 gg € G HallnéM Takoil sjgeMeHT v € P, uto o < v u [ < 7y, U IOJ0KAM
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(9] + [98] = [fary(9a) + [5+(gs)], THE B mpaBoOit YacTH 7MEMEHTHI CKIABIBAIOTCS B TPyII-
e G,. Torna oTobpaxkenne

limy Go = (D Ga )/~ = (| Ga)/~r lga) = )

aceP acP

SABIAETCS H30MOP(hH3IMOM. O

IIpengioxkenue 7.12 (yHuBepcajibHOe CBOICTBO mOpsiMoro mpenena). Ilyemo D =
{Gy: a € P} — duaepamma abenresvis 2pynn, UHOCKCUPOBAHHAA HACTMUYHO YNOPAJO-
wenHvMm Mmuootcecmeom P. Ilpednonoocum, wmo sadanvt. 2omomoppuzmor hy: G, — H,
ydosaemeoparowue coomnouwenuim hgfos = ho npu a < . Toeda cywecmeyem edun-
cmeeHnvll makxot 2omomoppusm h: liﬂGa — H, wmo hi, = hy:

e

Jloxasameavemso. Tomomopdusm h ogrozHadHO 330aé1cs yeaoBueM h([ga]) = ha(ga) s

9o € Ga, [90] € hﬂGa = (@aep Ga)/~. O

DTO yHUBEPCAIBHOE CBOMCTBO Ompejesser Konpeaen auarpamvbl D: P — C st mpo-
u3BoJibHOit Kareropuu C. Koncrpykius 7.10 moka3biBaeT, 9TO KOIPEIEIbl CYIIECTBYIOT
B KaTeropuu abejieBbIX I'pyIi. Kompemeasl fuarpaMM TakzKe CYHIECTBYIOT B KaTerOpHH
TOTOJIOTHIECKUX TTPOCTPAHCTB: MPAMYIO CYMMY HEOOXOIMMO 3aMEHUTh HA HECBI3HOE 00b-
emHeHUE (KOMPOU3BEIeHNE TPOCTPAHCTB), a GaKTOprpyminy — Ha GaKTOPIPOCTPAHCTBO.

[Tycrs Tenepb P — 4acTUYHO YIOPSA0YEHHOE 110 BKIIOYEHUI0 MHOKECTBO KOMIIAKTHBIX
nopmuozkects K C X. Mur umeem juarpammy rpynn H'(X, X \ K; G) u romomopduzMos
HI(X, X\ K;G) - H(X, X\ L:G) a1 K C L.

IIpennoxenne 7.13. H!(X;G) = MQHZ'(X,X \ K;G).

Joxasameavcmeo. Tax Kaxk kaxapiii saement n3 H'(X;G) npeacrabien KOMHKIOM B
CY(X,X \ K;G) ana mexoroporo komnaxtaoro K C X, noayuaem romoMopdusm
H(X;G) — (@KCxHi(X,X \ K;G))/N = hﬂHi()QX \ K;G). CropbeKTuBHOCTb

U WHBEKTHBHOCTH 3TOI0 TOMOMOpdU3Ma CJe/lyeT U3 Onpe/ejeHnii (3a1a4a). O

ITpumep 7.14. Bbiuucjium KOroMoJI0Iuu ¢ KOMIAKTHBIMU HOCUTEIIMU IpocTpaHcTBa R™.
[lycts By — map paauyca k > 0 ¢ meaTpom B HyJse. Tak Kak KazK/i0€ KOMIAKTHOE TO/I-
muoxkecTBo K C R" comepxkuTca B HEKOTOPOM By, MbI uMeeM

HE(R”; G) = ligHi(R",R” \ K;G) = ligH"(R",R” \ By; G),
e nocjaeaHuil npeaes 6epércd 1o yHOPSAI0YeHHOMY MHOXKeCTBY mapoB By. Tak Kak

H{(R" R™\ By;G) — H'(R", R"\ B;; G) — uzsomopdusm npu k < [, moaydaem

H(R"G) = H'(R"R"\ By G) = {G e

0 B OCTaJIBHBIX CJIydasdX.
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Paccmorpum tenepb R-opueHTupyemMoe n-mepHoe Mmuorooopasmue M, BO3MOKHO HEKOM-
nakTHoe. Jlajgee roMoJIoruu U KOromMoJioruu OyjieM paccMaTpuBaTh ¢ KO3 DuiueHTamMmu B
KOMMYTATHBHOM KOJIbIle R ¢ enuHHIEI.

Cornacuo JieMMe 7.4 cymecTByer e TMHCTBeHHbII 31eMenT i € H, (M, M\ K), koTopsbrii
0TOOPAYKALTCS B JIOKATBHYIO OPHEHTANHUIO (i, € H, (M, M\ {z}) ansa moboit Touku x € K.
Pacemorpum romomopdusm HE(M, M\ K) — H, (M), ¢ — pux ~ ¢. Ecn K C L —
BJIOZKEHNE KOMIAKTHBIX moaMuoxkecTB u i: (M, M\ L) — (M, M\ K) — cooTBeTCTBYyIOIIEee
oToOpakeHue map, To JuarpaMmma

H*(M, M\ K) — H,_;(M) O [l ~ @

N

HF(M, M\ L) — H, (M) oL~

komMmyTaTuBHa. [leficrBurensro, uy, ~ i*(¢) = i.(pur) ~ ¢ = prx ~ @, TAe HepBoe
COOTHOIIIEHUE CIIYeT U3 JeMMBI 7.8, a i,(jy) = fig B CHIY eIHHCTBEHHOCTH [ifc. Torma
u3 UpeIoKenns 7.12 moaydaem, 9T0 OUPEAeSIEH 20MOMOPPUIM 080TCMEEHHOCTU

Dy H{ (M) =lim H*(M, M \ K) — H,_(M).

Teopema 7.15. Jlaa R-opuenmupyemozo n-meprozo mmoz2000pasus M 20momopdusm
dsoticmeeHHocm,

Dyr: HY(M;R) — H,_,(M; R)

ACAACTNCA U30M0p¢U3MOM.

Tax kax HY(M; R) = H*(M; R) nna komunakTHOro M, Teopema 7.9 BbITEKaeT U3 Teo-
pembl 7.15.

Joxazameavecmeo meopemn, 7.15. Bynem onyckarh obo3HadeHus: kodaddunumenTon k.

Illae 1. M = R". U3 npumepa 7.14 mogaydaem, 9TO €JUHCTBEHHAS HETPUBUAIbHA
IpyIna KOrOMOJIOTHii ¢ KOMIAKTHBIMA HocuTesnamu ectb H'(R") = H"(R",R"\ B) = R,
rie B C R" — map. 'omomopdusm IBONCTBEHHOCTH €CTh

Dgn: H"(R",R"\ B) = Hy(R") 2 R, ¢+ up ~ .

Baech kiace up € H,(R",R"\ B) = R npexcrasien 06biM cummaekcom A™ C R™, co-
nepzxainuM B B coeii BuyTpenroctu. I'pynma HI(R™) = H"(R™,R"\ B) = R nopoxaeHa
KOIeIbio, HpuHuMarorieii 3uadenne 1 #a A" u 0 Ha ocTaJbHBIX cuMILiekcax. [Ipm sTom
pup ~ ¢ = p(pup) — cnapuBaHue n-Kolenu ¢ n-nenbio fpg. [losromy Drn — u3oMopdusm.

Caenyrorue marn OCHOBaHBI Ha MPUMEHEHNH MocaeaoBaTeabHocTn Maijiepa—Bueropu-
ca. [Iyctb M =U UV, rne U u V orkpeiTsl. Torma auarpamma

MUY HEU) @ HE(V) HE(M) —— B (U N V) ——
LDUQV LDU@_DV LDM lDUﬂV

—— n—k(U N V) — n—k(U) ) Hn_k(V) — n—k:(M) — n—k—l(U N V) —

KOMMYTATHBHA € TOYHOCTHIO JIO 3HaKa. Mbl ocTaBUM 5T0 (e3 joka3aresberBa, cM. [Xa,
aemma 3.36).

Illaz 2. M — omxpwimoe mnooscecmeo 6 R™. Ilpeacrapum M B Buje CIETHOTO 00b-
eaunennst oTKpuITHIX wapos, M = | J;°, U;. Tonoxum Vi, = U U ... U Uy. Jokaxem mo
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wHAYKIWH, 910 Dy, — nzoMmopdusm mig aoboro k. Coygait k = 1 — sro mar 1, Tak Kak
U, = R™. [danee, Vi, = Up U Vi_q, npuuém Vi_1 u U, N Vi_1 romeomopdHbl 00beiHe-
nuio k— 1 oTKpBITHIX 1IapoB. PaccMoTpuM KoMMyTaTUBHYIO JuarpaMmmy Boiie ¢ U = Uy u
V' = Vi_1. I3 npeanosnoxenns HHAYKIAN U O-JIEMMBI oJydaeM, 910 Dy, — n3oMopdu3M.

Tenepb MbI mosiydaem, 4ro M — obbeauHenne MOCJaeI0BATEIbHOCTH BIOXKEHHBIX OT-
KpPBITBIX MHOXKecTB Vi C Vo C ... Ecoim K C 'V, — KoMIakTHOe MOAMHOYKECTBO, TO
HY(V;, Vi \ K) = H*(M,M \ K) cornacuo Bbipezannio. Tax Kak KazJoe KOMIAKTHOE
noMHOKecTBO B M comepautes B nexoropom Vi, noydaem HF (M) = thf(V;) Kpo-
me Toro, H, (M) = liﬂHn_k(Vi) (zamaua). [Tostomy romomopdusm Dy HY(M) —
H, (M) asngerca npegenom romomopdusmos Dy : HX(V;) — H, 1 (V;). Tak kak KaxK-
aetit Dy, — msomopdusm, D)y, ToxKe n30MOpPU3M.

Illaz 3. IIpoussoavroe M. Tak kak M umeeT cuéTHyIO 6a3y, €0 MOXKHO IIPEJICTABUTD
B Bujie obbenunenus M = =, U;, oae xaxaoe U; ToMeoMopdHO OTKPBHITOMY MHOZKECTBY
B R". [lanee paccyzKaeHue B TOUHOCTH HMOBTOPSET PACCYK/ICHHUE U3 MPEIBIIYIIEro Iara ¢
3aMeHOM OTKPBITBIX IapoB HA OTKPHITHIE MHOXKecTBa B R™. O

7.6. CBa3p ¢ ymHoxkkeHueM. CurHarypa. ['pagyupoBanno-KoMMyTaTUBHAS ajaredpa
A naj nosiem k naswisaercs anzebpoti Ilyankape, eciu ona casua (1.e. A° = k), koneu-
d i ; .

nomepHa (T.e. A = P;_, A’, rue Bce A’ koHeuHOMepHDI) U K-ynmHeiimnble 0TOOpaskeHusT

A" — Homy (A4, AY),
a— mg, TIe my(b) = ab,

Y

apasiorea nzomopdmsmamu npa 0 < ¢ < d. g anre6psr Ilyankape mveem A°
Homy (A%, A9), tax uro A9 = A =2k u A® = A4~

MpI goKaxKeM, 9TO [IJIsT 3aMKHYTOT'O CBSI3HOTO MHOroobpasusa M ajredpa KOroMoOJIOTHit
H*(M;Zs) sBaserca anrebpoii [lyankape Bcerma, a amarebpa xoromosoruit H*(M;k) c
K03 duimeHTaMu B IpoU3BoJIbHOM Tosie K saBasercs aaredpoit [lyankape, eciu M opn-
eHTUPYEMO.

Ham nonaioburcsa dopmysia, CBA3bIBAIONIAS ~- H “—-TIPOU3BEICHUS.

Jlemma 7.16. Jaa o € Cp(X), p € CUX) utp € CP7IX) umeem mecmo dopmysa
(o~ @) = (¢~ ) ().
JHoxazameavcmeo. g cunarynaapaoro cuminiekca o: AP — X umeem
Y(o0 ~ 9) = V(0o )Tl wgsvnl) = (O l00,0a) Y (O o)) = (0 = ¥)(@). O

Paccmorpum opumeHTHpOBaHHOE 3aMKHyTOe MHOroobOpazme M ¢ dyHpaMeHTAIbHBIM
kiaccom [M| € H,(M). Torna —-nponssesenne onpejesser oumnueiinyo byHKImo (cna-
pusarue)

(28) H'(M:k) x H" ' (M:k) =k, (p,9) = (¢~ ¥)[M],

g aoboro moaa k u 0 < ¢ < n.

Hamomunm, aro 6usmneitnoe cnapusanue f: V X W — k, (v,w) — f(v,w), BEKTOPHBIX
IpocTpaHcTB HaJl K HazbIBaeTCs Hesupootcdertvim, eCiu JuHelinble oroopaxkenuda W —
Hom(V k), w — f(—,w), u V. — Hom(W k), v — f(v,—), aBastorcs uzoMopdusMamu.

Teopema 7.17. /laa samrnymozo muozoobpasus M cnapusarue (28) Hesuposicderno,
ecau M opuenmupyemo uau ecau nose kK umeem xapaxmepucmury 2.
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Joxazameavemeo. PaccMOTpUM KOMITO3UITHIO
H™*(M; k) 2 Homy (H,_;(M: k), k) 2 Homy (H'(M; k), k),

rae h — romomopdusM, 3a/jaBaeMblii BHIYHCIEHHEM Kolleleil Ha Iemnsx, a [D* — romo-
MopdusM, JaBoiicTBeHHbI K m30Mopdu3My asoiicreennoctu Ilyankape D: H'(M;k) —
H,_i(M;k). Komnosunus D*h sBisercs m3omopdusMoMm, Tak Kak h — u3oMopdusm
st Koaddunuentos B mose k B cuny opMysn yHEUBEpCATbHBIX KOI(MDUIHEHTOB (Teo-
pema 5.6). C apyroii ctoponsl, kKommosuius D*h nepesogaut » € H"*(M;k) B roMmoMop-
dbusm ¢ = Y([M] ~ ) = (p ~ ) [M], rue nocieanee paBeHCTBO cieyeT u3 JeMMbl 7.16.
Orcrona ciemyer, aro D*h — mepBbiit 13 n30MOPGU3MOB B OIIPEIeIEHUN HEBBIPOZK IEHHOTO
cnapuBanusd. Bropoit nzomopdusm BeITEKAET U3 KOMMYTATUBHOCTH “—-IIpOu3BeaeHus. [

Caencrsue 7.18. Anzebpa koeomonoeud H*(M;k) = @), H'(M; k) ceasnozo samrmy-
mozo muoz000pasus M sasasemca anzebpoti Ilyanxape, ecau M opuenmupyemo uiu ecau
noae K umeem xapaxmepucmury 2.

Joxasameavcmeo. Yenosue HO(M; k) = k Buitexaer u3 ceasuocru M. KoneanomepHocTh
IPYII KOTOMOJIOTHIT KOMITAKTHOTO MHOT000Pa3us OCTaBUM 0e3 J0Ka3aTe bCTBa (15t I1a,I-
KUX MHOTOOOpasuii eCTh aBHAas KOHCTPYKIMA KOHEIHOIO KJIETOYHOTO pasbueHns, IPOUCXO-
ngrias w3 reopun Mopca; Ui TOMOJOruIecKuX MHOroobpasuit M. [Xa, caencrsue 11.9]).

Yro6el mpoBepuTh, uTO ToMoMopdusm H"*(M;k) — Homy(H'(M;k), H"(M;k)),
= (o = @ — ), apasgercss n30MOPGhU3MOM, PACCMOTPUM KOMIOZUIIHIO

rJie oCJIe Hui n30MOopdU3M 3a1aéTcst KoMmmosutueii ¢ uzomopduzmom H™(M; k) — k BbI-
YHCIeHUs N-KOIeNH Ha (pyHIaMeHTaIbHOM Kjacce. [IpuBenéHHas BhIlle KOMIIO3HITHS €CTh
uzomopusm D*h u3 jokasarenbcTBa TeopeMbl 7.17. IloaTomy nepsbiit romoMopdu3M B
KOMITO3HUITNH TaKKe SIBJIATCSI H30MOP(MU3IMOM. O

Bunuueiinoe cnapusanue (28) npu n = 20 u i = { 3a1aéT HEBBIPOKJICHHYIO OMTHHEH-
Hy1o PYHKIMIO Ha cpeineil rpymne xoromosoruit HY(M;K) 3aMKHyTOro OpueHTHPOBaH-
HOTO MHOTOOOpa3us. dta dunnneiinas QyHKIMST KOCOCUMMeTPUYECcKasd, ecyin { HE9€THO, U
cummerprdeckasi, ecan { 96THO (T.e. n = 4k).

Curnarypa (pa3sHOCTb MeKIy YHCJIOM MOJOKHTEIBHBIX M YHCIOM OTPHIATETbHBIX
KBaJIDATOB B JMAMOHAJBHOM BHUJIE) HEBBIDOXKIEHHON CHMMETPUIECKOi OrInHeiHOM dhyHK-
un

H*"(M;R) x H*(M;R) = R, (p,9) = (¢~ 9)[M],

ABJIdeTCd roMOTOIIMYEeCKUM HMHBAPpUAHTOM 3aMKHYTOI'O OPHUEHTHUPOBAHHOI'O 4]{3—MepHOFO
MHOTOOOpas3usa M u Ha3bIBAETCS €ro cu2ramypol.

7.7. JIBOICTBEHHOCTh JJisi MHOrooopasmii ¢ kpaem. Tomosorudeckum mHo2000pa-
3uem ¢ Kpaem pa3MEpPHOCTH N HA3BIBAETCI XaycI0P¢OBO TOMOJOTHYECKOE MPOCTPAHCTBO
M co cuérHoit 6a30ii, g KaxK/I0il Toukn r € M KOTOPOro cymecTByeT oKpecTHOCTb U,
romMeoMopdHas OTKPBITOMY ITOAMHOXKECTBY V' B IOJIYIPOCTPAHCTBE

L ={(x1,...,2,) € R": 2z, > 0}.

Ecsm Takoit romeomopdusm nepeBoaut ToUKy r € M B TOUKy (21,...,2,) € R" cx, =0,
TO COIVIACHO Bbipesanmio Mbl umeem H, (M, M \ {r}) = H,(RZ,RZ \ {0}) = 0. Ec/n
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ke x € M mepexomut npu romeomopdusme B TOUKy (1,...,%,) € R" ¢ x, > 0, 10
H,(M, M\ {z}) = H,(R",R" \ {0}) = Z. TToamu0kecTBO

OM = {x € M: Hy(M, M\ {z}) = 0}

Ha3bIBaeTCs kpaem MHoroobpasust M. Ilpu mo6oM roMeoMopdu3Me MeKIY OTKPBLITHIM
muOzKecTBOM U C M n orkpbiThiM MHOKeCTBOM V' C RY TOUKM Kpast nepexoJdaT B TOYKH
¢ x, = 0. Kpait OM sasasercst (n — 1)-MepabIM MHOrOOOpa3uem 6e3 Kpas.

Lhadkoe mmoz000pasue ¢ Kpaem OIPEIEISETCS aHAJOIMIHO [JIAJKOMY MHOIOOGPa3UIO
6e3 Kpasi, IpK MOMOIIU IJIAJKOrO ariaca, B KOTOPOM OTOOpasKeHHs Iepexoa ABJISIOTCT
IVIaJIKIMH OTOOpasKeHUAMH Ha OTKPBITHIX NoMHOZKecTBaX B RZ. (OToGpazkenne Mez Iy
OTKPBHITHIME TIOAMHOKecTBaMH B R HasbIBaeTcs 24a0KuM, €CIIH OHO ABJIFeTCA OrpaHiIe-
HEEM TJIaJKOT0 OTOOPaKeHHs MeKLy OTKPBITHIME MOJAMHOZKecTBaMu B R™.)

Mmuoroo6pasue M ¢ Kpaem Ha3bIBAETCS OPUEHIMUPYEMbLM, ecai MHOrooOpasue M \ O M
OPUEHTHPYEMO.

Jng KoMIaKTHOro MHOrooOpasus M ¢ KpaeM CyIIeCTBYIOT OTKpbITas OKPEeCTHOCTD
U(OM) xpasg u romeomopdusm U(OM) = OM x [0,1), mpu koTopom OM mepexoauT
B OM x {0} (3amaua). Takas OKPECTHOCTH HA3BIBACTCS GOPOMHUKOM Kpas OM.

Hcnosib3yst BODOTHUK, MBI TIOJYYaeM FOMOTOMUYECKYIO SKBUBAJIEHTHOCTH (J1ecbopMariu-

omnyio perpakmuo) M \ M = M. Orciona momygaer n30MOphH3M
Hi(M,OM) 22 Hy(M \ dM,0M x (0,¢)) = Hi(M \ OM, (M \ dM) \ K.)

st 0 < e <1, ome K. C M\ OM — xommakTHOe nonmuozkecTBo. [Ipumenss gemmy 7.4 K
muoroobpasuto M\ OM n KoMImakTHOMY MOAMHOXKeCTBY K., nomydaem, ato ecin M\ OM
OPHMEHTHPOBAHO, TO CYIIECTBYET e JMHCTBeHHbII saement [M] € H,,(M,0M), orpanndenue
KOTODPOTO JIaéT JIOKaJIbHBIE OpHEeHTanun Bo Beex Toukax © € M \ OM. Kaace [M] €
H,(M,0M) uasbiBaercst @yrHdameHmasvhoim KAaCccoM KOMIAKTHOIO OPHEHTHPOBAHHOIO
MHOTOOOpaszusa M ¢ KpaeM.

Teopema 7.19 (xBoiicrBennocts [lyankape—Jledmena). ITyems M — xomnaxmmoe opu-
EHMUPOBAHHOE N-MepHoe MHo2000pasue ¢ kpaem u (M| € H,(M,0M) — dyndamenmanrs-
Holl Kaace. Tozda zomomopdhusmu, dsoticmeertocmu

HE(M,0M) = H,x(M), ¢ [M] ~ e,
HY(M) = Hyo (M, 0M), ¢ [M] ~ o,
ABAANMCA UOMOPPHUIMAMU.
Hoxazamenavcmeo. Teopema 7.15 naér nzomopduszm
D: HY (M \ OM) = H,_,,(M\ OM).
13 romoronuveckoit sxkpusasenraoctu M \ OM =M HOJIy9aeM H30MOPMU3MBI
Hy (M \OM) = H,,_ (M),
H*(M,0M) = H*(M \ OM,0M x (0,¢)) = H*(M \ OM, (M \ OM) \ K.).

Tak kak m060e KoMmakTHOe oamuoxkectBo K C M \ OM conep:xkutcs B HekoTopom K.,
[OJTy YaeM

H{ (M \ OM) = lim H*(M \ OM, (M \ OM) \ K) = H*(M,0M).
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Torma nzomopcdusm D npespaiiaercd B MepBbIil U3 0Ka3bIBAEMbIX U30MOpPdu3MOB. /lo-
Ka3aTeJThCTBO BTOPOTO M30MOpMU3Ma OCTAETCS B KadeCTBE 3aa9H. O

3amaun U ynpakHeHUs.

7.20. [okaxwure, aro S™, T", RP™ u CP" aBiamTCca 3aMKHYTHIMI MHOTOOOPa3usiMi, a
map D" un nosnoTropue D? x S' apigioTcs MHOTOOOGPA3HAMHI ¢ KPAeM.

7.21. Beraucsnre rpynnst gokaabHbex romosoruit H;(X, X \ z) nas rpada X u ero npo-
U3BOJILHON TOYKHU X .

7.22. Jlokaxkure, 9TO OPUEHTUpPYyEeMOe MHOTroobpaszue R-OpueHTupyemo Jijist JI000ro KoM-
MYTaTUBHOTO KOJbIla R ¢ euHUIEN, a HEOpUEHTHPYEMOe MHOT00Opa3ue R-OpueHTupyeMo,
ecan 2 = 0 B Koable R.

7.23. Jlokaxure, aro muoroodopasusa S”, T", CP"™ opuentupyembl. IIpu Kakux n opueH-
Tupyemo RP™?

7.24. Jlokaxkute, uto H(X) = lingi(X,X \ K), rae npamoit npejea 6epéTes 1o KoM-
MaKTHBIM ToaMHOKecTBaM K C X.

7.25. Tlycrh npocrpancTBo X NPEJCTABICHO B BUJE OObEIMHEHHS MOCIE0BATEIBHOCTH]
BJIOZKEHHBIX OTKPBITHIX MHOXKecTB V) C Vo C ..., mpudém 11060e KOMIAKTHOE MOIMHOKe-
crBo K C X comepxurcs B nekoropom V. Hokaxwure, uro Hy(M) = limy H(V;).

7.26. [Iyctp M™ — 3aMKHYTOEe OpHEHTHpOBaHHOE MHOrooopasme, a i: N" — M™ —
BJIOXKEHHE 3aMKHYTOTO OPHEHTHPOBAHHOIO mojmuoroobpasus. llycte x € H™ (M) —
KJIacc, gBoiicTBeHubli 1o Ilyankape k i, [N] € H,(M). Jokaxnte, 9ro 115 110600 KIacca
koromostoruit y € H™ (M) umeer mecto dopmyta

(i*y, [N]) = (&~ y, [M]).

7.27. Onupenenum fgeiictsue rpynnsl Z; ma S° dpopmytoit

2mi 27mi-2 27mi-5

7-‘(20721,22):(6 T Zo,e 7T Zp,e 7 2’2)7

rjie 7 € Zy — obpasylolas Tpynibl. Beruucaure rpynmnbt romosoruit S°/Z; ¢ kosddun-
eHTaMu B Z u ¢ kKodxddunuentamu B Zy.

7.28. (Csasnoti cymmot M+#N Tonomormaeckux MHorooopasmit M u N omHON pasmep-
HOCTH 7. Ha3BIBAETCS MHOT00Opa3ue, IMOTydaeMoe BhIPE3aHHeM MAaJbIX OTKPBITHIX IIAPOB
u3 M u N ¢ mocjeayronmM OTOXK/IeCTBIEHIEM UX IPAHHYHBIX cep IMyTEM HEKOTOPOTO

romeomopdusma S 1 — S"1 Hackosnbko BBIGOp 9TOro romeoMopdusMa BIHseT Ha
TOIOJIOTHYECKHN THII Pe3YJIbTaTa — CBI3HOU CyMMBI? I'oMeoMOpdHBI JTH MHOr00Opa3us

a) 52 x 52 u CP24#CP?;
6) S? x S? u CP?#CP?, rue CP? o6ozuauaer CP? ¢ obpa@unoii opuenranueii?

7.29. /lokaxkure, 4T0 ecju n-Mephble MHOro0Opa3us M u N 3aMKHYTbl 1 OPDUEHTUPYEMbI,
to Hi(M#N) = H;(M) @ H;(N) npu 0 < ¢ < n. Kak BBIISIIUT COOTBETCTBYIOIIAs
dopmyta B HeopueHTHpYEeMOM ciry4dae?

7.30. /loxkazkure, 4TO /I 3aMKHYTBIX N-MepHbIX MHOroobpazuit M u N umeer mecTo
dbopmyra st sitneposoit xapakrepuctuku X (M#N) = x (M) 4+ x(N) — x(S™).
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7.31. Ilycrs S, — 3aMKHyTas OpHEHTHpYyeMasd IOBEPXHOCTH poja g. JlokaxkuTe, 9T0 0TOO-
paxkenne S, — S), crenmenn 1 cymecTByeT TOTJa M TOJIBKO TOTJA, KOrja g = h.

7.32. Brrunciure KoJIbI0 KOTOMOJIOTHii

a) JOTOJHEeHUs 10 00beJMHEHUs] KOOPIUHATHBIX TLIOCKOCTel ©1 = 23 = 0 U X9 =
x4 = 0B R

6) JonosiHeHust JI0 00beIMHEHUsST KOODIMHATHBIX IJI0CKOCTell 1 = 23 = 0, 1y = 14 =
0,23=a5=0, 24 =2, =0n 25 =25 =0 B R;

B) JIONOJIHEHUST 70 OObeIHHEeHHsI KOODJMHATHBIX IJIOCKOCTel 21 = 23 = 0 U 29 = 24 =
0B C%

I) JIONOJHEHUs 10 00 be IMHEHNsT KOOPIHHATHBIX JI0CKOCTel 21 = 23 = 0, 25 = 24 = 0,
23=25=0,24=2 =01 25 =20 =08 C°.

7.33. JlokazkuTe, 9TO JJIs1 3AMKHYTOTO OPUEHTHPYEMOTO (471 + 2)-MepHOTO MHOrOOOpas3ust

M panr rpynnst H?" (M) aéTHbIii.

7.34. Buorancimre curaarypy muoroobpasuit CP? u S? x S2. Jlng nammoro uesoro k mo-
CTpOiiTe CBA3HOE 3aMKHYTOE OPHEHTHPOBAHHOE MHOIOOOpasue CUTHATYDHI k.

7.35. Jlokakure, 94TO JJIsi KOMITAKTHOTO MHOTOOOpasus M ¢ KpaeM CYIIeCTBYIOT OTKPhI-
Tast okpectHoctb U(OM) kpast u romeomopdusm U(OM) — OM x [0,1), npu KoTopom
OM muepexomur B OM x {0}.

7.36. Jlokaxkurte BTOpO# m3oMopdusM B Teopeme 7.19.

7.37. JlokaxkuTe, 9T0 KOMIAKTHOE MHOTOOOpa3ne He peTparupyercs Ha CBOil Kpaii.

7.38. Ilycts K — kommakTHOE MOAMHOXKECTBO B cdepe S”, npuuém Bjioxkenne K C S
SIBJISIETCST KOPACCIOEHUEM, T. €. YIOBJIETBOPSIET CBOWCTBY HPOAOJIKeHUst roMoTonuu. Jlo-
KazxkuTe uzomoppusmo, deoticmeennocmu Aqrexcandepa—ITonmpazuna:

H;(S" — K) = H" " Y(K).

(D1u u3oMopdu3MbI UMEIOT MECTO U 6e3 OrpaHuIeHrs Ha BJIOKeHHe, ecid K — JOKAIbHO
CTATUBAEMOE KOMIIAKTHOE TIOIMHOYKECTBO. )

7.39. Ilycte K — cuMIUMIMAIBHBI KOMIUTEKC Ha MHOXKecTBe [m| = {1,...,m}, oraunu-
HBI OT mosHoro cummiekca A™ ™1 Onpenennm deoticmeennwiti Komnaexc

K ={IC[m]: [m]\ 1 ¢ K},

T. €. HabOpamMu BEpIIUH CUMILIEKCOB U3 K gBJISIOTCH JONOJHEHHUS JI0 HADOPOB BEPIINH,
HE MOPOXKAA0MMUX cuMiiekehl B K. Jlokaxkute m30MOphU3MbI IPYIN CUMILIAITHAIHHBIX
(ko) romostoruii:

H;(K) =~ H"(K).

910 KOMOMHATOpHAs Bepcus ABoiicTBeHHOCTH AJtekcanmepa—lloHTpsaruna.
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KJIETOYHBIX Terneit, 49
CUHTYJISPHBIX meneit, 48
KOJIbIIO KOTOMOJIOTUH, 57
KOHyC oTobparkenust, 16
Kopaccioenue, 17
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KOIIEITHO# KOMILIeKC, 48
KOAyTMEHTUPOBAHHBII, 48
KOIIETTb
KJIeTou9HasA, 49
cuHryIspHasda, 47
¢ ko3 dunmentamu B rpytie, 47
KOIMKJI, 48

JileMMa, 0 TaTu romoMopdusmax (5-memma), 25

MO/YJb, 51
cBObOOHBIIH, 51

napa (upocrpasncrs), 15
KJleTouHasd, 17
n-CBA3HAA, 35
TTOJTYyCUMILTUIIAAJIBLHBIN KOMILJIEKC, 6, 22
Tpou3BeAeHNEe B KOTOMOJIOTUIX, 56
—-npousseienue (IIPOU3BeICHIe
Konmoroposa—Asiekcannepa), 56
KJIeTOYHOE, 60
OTHOCUTEJIbHOE, 59
X-Trpon3Bejienne, H9
KJeTovHOoe, 60
npom3seaenne Camenbcona, 42
npou3Bezenue Yaiirxema, 41
npocrpancTBo Jitnenbepra—Makuteitna, 45

pacmenuMas KOpOTKas TOYHAs
[IOCJIEJJOBATE/IBHOCTD, 53
paIoHaIbHAS TOMOTONMYECKast ajarebpa Jlu, 42

cBOOOIHAST PE30JIbBEHTA, 51

cuMIIeKc, 4
MIPaBUIbHBIN, 4

CUMILIAIIUAIBHBIN KOMILTIEKC, 5

CUHI'YJIAPHBIA CUMILIEKC, 9

cinabasg rOMOTONMUYECKAs IKBUBAJEHTHOCTD, 33
MPOCTPAHCTB, 34

CcTadUIbHAS TOMOTONUYECKAs rpytia, 41

CTEeeHb OTOOpaAXKEHUS, 25

cdepon, 33

TEH30PHOEe IPOU3BE/IEHUE
rpymm, 47
mozyJteit, 51
IETTHBIX KOMTIJIEKCOB, 60
TeopeMa
Bpayaspa, 25
T'ypesuua, 43
IIyankape, 31
VYaitrxena, 33
romojiorndeckas, 44
®peitmenTas, 36



Xonda, 25, 36
itnepa, 30

TOYHAs TOCJIEI0BATETHbHOCTD, 14
TOMOJIOTHM IS Tapbl TPOCTPAHCTB, 16
KOT'OMOJIOTHi Jij1d TIapbl IPOCTPAHCTB, 48
KOpoTKasd, 14

IIETTHBIX KOMILJIEKCOB, 14

Maitepa—Bueropuca, 22, 55

TPUAHT YA, O

dopwmyira Kionnera, 61, 62
dbyHamamenTagbHas rpymma, 31
dyukrop Ext, 51

dyuxrop Hom, 47, 51
dyukrop Tor, 51

IemHasa ToMoTonus, 12
IemHoe orobparkenne, 12
METTHOM KOMTIJIEKC, 8

ayrMeHTUPOBaHHBIN, 10
eb

KJjerouHast, 27

CUMTLIMITAAIbHAS, T

CUHTYJIApHAA, 9

¢ koaddunuentamu B rpymme, 47

OUKI, 8

OTHOCUTEJIbHBIN, 16

3iiJIepoBa XapaKTepUCTUKa, 29
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