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1. JINMHEVMHBIE TTIPOCTPAHCTBA

B MIKOJIBHON MUIAHUMETPUH W CTEPEOMETPHE 6ekmopom (WIH c680600HLM 8EKMOPOM)
HA3BIBAETCS KJIACC SKBHBAJEHTHOCTH HAIPABJIEHHBIX OTPE3KOB HA IJIOCKOCTU WU B IIPO-
crpaHcTBe. [Ipu 9TOM 1Ba HaIIpaBJIEHHBIX OTPE3Ka CIYUTAIOTCSA SKBUBAJICHTHBIME, €CJIU OHU
KOJIJIMHEAPHBI, OJMHAKOBO HAIIPABJIEHBI U PABHBI 1O JJINHE.

Omnepanuu cJI0KeHHsT BEKTOPOB 0 HPAaBUJIY MapaLieorpaMMa WIH TPeyTroJbHUKA U
YMHO>KEHHSI BEKTOPOB Ha BEIIECTBEHHBIE YUC/Ia 00JIAJAI0T PSIIOM CBOMCTB, aKCHOMATH3A-
g KOTOPLIX IPUBOAUT K ITIOHATHUIO JINHEITHOI' O IPOCTPaHCTBA.

Mpur onpesenuM JuHERHOE TPOCTPAHCTBO HAJL TPOU3BOJIbHBIM T0JeM K, 3jieMeHThl KO-
TOPOTO MBI YacTO OyJeM HA3bIBATH YUCAAMU W cKasapam. Ha mepBeIX mOpax MOZKHO
cuntarh, 4To k — mose BemecTtBennbix unces R. Co BpemeHeM HaM MOHAI00ATCA IOJE
koMmiiekcHbIX gnces C u noJste panuonaJbHbIX yuces Q, a Tak:ke KOHEYHBIE IOJIS.

1.1. OmnpeneneHne U IIPUMEPHI.

Oupepenenune 1.1. Jlunetnvm (WA 8EKMOPHBIM) NPOCTPAHCMEOM HAJ, IOTeM K Ha3bI-
BaeTCs MHOXKECTBO V' € 3aJIaHHBIMK HA HEM OLEPAIUSIMH CA0AHCEHUA «+» JIBYX JTEMEHTOB
MHOXKecTBa V/,

+:VxV =V, (u,v) > u+v

0 YMHOHCEHUA «-» JIEMEHTOB V Ha 3JeMeHTH 1moJsd K,
ckxV =V, (A v) = A v,
KOTOPBIE YIOBJICTBOPIIOT CJACAYIOIMIMM YCAOBHAM:
1) ’U,+’U:’U+’U,,ZL.HHJHO6BIX u,v eV;
2) (u+v)+w=u+(v+ w) g 06X u, v, w € V;
3) cymectByeT Takoii sjemenT 0 € V', uto v + 0 = v j1g Jioboro v € V;

)

)

4) nost JIIO6OFO v € V cymecTByer Takoit ssement —v € V', uro v + (—v) = 0;
) A (u ):)\-u—f-)\"v,ZLJIHJIIO6bIXU,’UEVI/I)\Gk,
)
) A

Ot

6 ()\+u) v=Av+p-v g mobnx v €V u A\ € k;
A (n-v)=(Ap) - v ans a06bix v € V u A\, u € k;
8) 1-v =wv nug oboro v € V.

DJIeMEHTBI JINHEHHOTO MPOCTPAHCTBA HA3LIBAIOTCA sekmopamu. CsoiicrBa 1)—4) o3ma-
qaoT, 4ro V sBisgercd abeseBoit (KOMMYTATHBHOI) I'DYMIONH OTHOCHTENBHO OMEpAIHH
cyoKeHusA. DeMeHT 0 Ha3BIBACTCH HYALBLIM GEKMOPOM, & JIeMeHT (—v) Ha3bIBaeTCsa
NPOMUBONOAONHCHBLM BEKMOPOM K V.

CaoiicTBa 5)-8) osmauator, uTo nose k aunetino deticmsyem ua V. OOGbIYHO MBI Oy1eM
OIlYyCKaThb 3HAK YMHO2KCHH -

aJtee roBops 0 npocmparcmee Mbl OyIeM UMEeTh BBHILY JIHHEHHOE MPOCTPAHCTBO.
Bor HeKoTOpBIE MPOCTHIE CBOWCTBA JUHEHHBIX TPOCTPAHCTB.

IIpennoxxenme 1.2.
a) 0v=MA0 =0 das mobwz veV, X €k;

6) (—1)v= —v daa awbozo vE V;
B) ecau Av =0, mo aubo A =0, aubo v=0.

Jlokasamenvemso. Jlokaxewm a). leiicreurensno, Ov+0v = (040)v = Ov, orkyna Ov = 0
O CBOMCTBY COKpaiieHusi B abeseBoil rpymme. Anagornano, A0 + A0 = A(0 + 0) = A0,
T.e. A0 =0



Hoxkaxkewm 0). Heitcrsurensno, v + (—1)v = lv + (—1)v = (1 + (—1))v = 0v = 0, Te.
BeKTOD (—1)v MPOTHBOMOIOKEH K 0.
Haxkomnern, mokazem B). Ecam A # 0, 7o 0 = A1 (Av) = (A '\)v = 1v = v. O

ITpumep 1.3.
1. MuoxectBo {0}, cocrositiee u3 omHOTO 371eMeHTa 0, ABJISETCS TUHEHHBIM TPOCTPAH-
CTBOM HaJI JIIOOBIM IIOJIEM.

2. MHOXkecTBa BEKTOPOB Ha MPSAMOIi, Ha IJIOCKOCTH, B IPOCTPAHCTBE, ABIAIOTCA JUHEH-
HBIMH IIPOCTPaHCTBaMU HaJ 1mojieM R.

3. [lose k gBasgeTcsd BEKTOPHBIM IIPOCTPAHCTBOM HAJI cCaMUM CODOii.

4. Ilone C gapasercsd JuHeHHBIM IpocTpancTBOM HaJl mojeM R, a moje R gpiasercs Ju-
HEMHBIM ITPOCTPAHCTBOM HaJ mojeM panuoHaabHbBIX ducesal Q. Bomee obmo, ecom k; —
noanone B ky (T.e. ko aBngercst pacwupenuem nons Ky ), 1o ky ABIS€TCA TUHEHHBIM TPO-
crpaHcTBOM HaJ K.

5. Ilycrn
k"= {(21,...,2,): z; €k}

— MHOYKECTBO TIOCJIeJoBaTebHOCTe! (cmpok) (DUKCHPOBAHHON JUIMHBI N U3 3JEMEHTOB
nosg k. Onepanuy MOKOMIIOHEHTHOTO CJIOYKEHUS M YMHOXKEHUs Ha CKaJIAPBI, T.€.

(Ilu‘xQ?"'axn) + (y1>y27"'7yn) = (‘rl +y1,l'2 +y27"'7xn+yn)7
A (21,0, .. my) = (Axy, Ame, ..., Ay,

3ajai01T Ha K" crpykrypy sauneiinoro npocrpancrsa naj k. OHO Ha3bIBAETCH N-MEPHDIM
koopdurnamuvim (Win apupmemuseckum) npocmparcmeom nad k. Mer B ocHoBHOM Oy mem
uMeTh jiesio ¢ npocrpancteamu R” uw C™.

[Ipu n = 1 MBI OJIy9aeM MPOCTPAHCTBO U3 IPUMEPA 3.

6. MuoxkecTBO (pyHKIMII Ha NMPOU3BOJLHOM MHOXKecTBe X €O 3HaUYeHHAMH B Ioje Kk,
obosnauaemoe k¥, apigercsd JUHEHHBIM IPOCTPAHCTBOM OTHOCHTEJILHO OHepaImil moTo-
YEeTHOrO CJIOXKeHUs (T.e. 3HadeHue GyHKuuE f + ¢ B Touke x € X TOJAraeTcst PaBHBIM
f(z)+ g(x)) m noroueunoro ymuoxkenus ua ckajagapsl (r.e. (A- f)(z) = Af(z)). B cayuae,
korga X — KOHEYHOe MHOXKECTBO M3 70 9JEeMEHTOB, MBI IMOJTydaeM TpocTpaHcTBo k™ u3
HPEeJBIAYIIEr0 HPUMEPA.

7. Muoxkecrso C(R) menpepbBHBIX (GYHKIMHA HA BENECTBEHHON NPAMON U MHOMKe-
crBo Cla, b] HenpepbIBHBIX (DYHKIHH Ha OTPe3Ke SBJASIOTCS JTHHEHHBIMI TPOCTPAHCTBAMHI
naj R. Takke JUHEHHBIMU TPOCTPAHCTBAME SABJSIOTCS MHOXKeCTBa, JupdepeHmpyemMbIx
dbyukMii (Ha TPSAMOl WM HA OTPe3Ke).

8. MHOXKecTBO perieHnil OTHOPOTHON CHCTEeMbl TUHEWHBIX YPaBHEHUI ABJISETCS JUHEH-
HBIM TIPOCTPAHCTBOM.

9. Paccmorpum muOKecTBO R, cocrosiinee n3 6eCKOHEUHBIX IOCIeI0BATEIbHOCTENH Be-
IECTBEHHBIX YHCEJ, B KOTOPBIX JIHIIb KOHEYHOE YHCJIO YIEHOB OTJIMYHO OT HYJsl (Takme
MOCIEJOBATEILHOCTH HA3BIBAIOTCS punummsimu). Torma R — nuHeiiHOoe TPOCTPAHCTBO
OTHOCHUTEJILHO OlEPAIUil 1I03JIEMEHTHOI'O CJIOYKEHUsI M yMHOXKeHMsI Ha, ducja. [Ipocrpan-
cTBO R™ MOKHO OTOXKJIECTBUTH ¢ OeCKOHEYHBIM 00bequHenueM | J -, R™.

[IpocTpancTBo R*™ 6cexr GECKOHEUHBIX IMOCJEI0BATEIHLHOCTEl TaKyKe SIBJISIETCS JIMHEe-
HBIM IIPOCTPAHCTBOM.

n=0



10. Muozxectso k[z] MEHOrO9I€HOB OT 0/1HO} IepeMenHO# ¢ Ko3dhdumenTavu B k sBirsi-
eTcs JIMHEHHBIM MPOCTPAHCTBOM. Tak:Ke JIMHEHTHBIM TPOCTPAHCTBOM SIBJISIETCSA MHOZKECTBO
k,[z] MHOrOUYIEHOB CTelleHN He BbIIIIE M.

11. MuokecTBO Bcex MaTpuIl pasmepa m X n ¢ djieMmentamu u3 k obpasyer juneiinoe
npocTpancTBo Maty (m, n) OTHOCHTENBHO ONepaluii CI0XKeHUsT MATPHUIL U TT0JIEMEHTHOTO
YMHOXKeHUsT MaTpHIl Ha duciaa. [Ipw m = 1 Mbl oydaem npoctpancTBo ctpok k™.

B mpempraymux mpuMepax Mbl CTOJIKHYJINUCH ¢ CATYaIlRei, KOraa MOIMHOKECTBO JTUHeH-
HOTO IIPOCTPAHCTBA CAMO SIBISETCS JUHEHHBIM IMPOCTPAHCTBOM. DTO TPUBOJIUT K CJIEIY-
TOIIEMY OIPEJIEJIEHUTO.

Onpepenenne 1.4. [logmuoxkecrso W C V' jmmneiinoro npocrpancTBa V' Ha3biBAeTCSH
nOONPOCMPAHCMBOM, €CJIN JIsI JTI0OBIX BeKTOpoB %, v € W n ckamxsapa A € K Mbl umeem
u+v € Wudu € W. JIpyrumu cioBamu, W — noanpocrpanctso, ecan W camo siBastercs
JIMTHEHHBIM TTPOCTPAHCTBOM OTHOCUTEIHLHO ONepaIuii, 33/IJaHHBIX B MpocTpaHcTre V.

IIpumep 1.5. Bor HekoTOpBIe IpHMEPHI IOAIPOCTPAHCTB.
1. {0} aBirsieTcst MOAMPOCTPAHCTBOM B JIIOOOM HpocTpancTse V.

2. MuOXkecTBO BEKTOPOB, KOJLIMHEAPHBIX 33aHHOMY BEKTOPY, SIBJASIETCS TMOAIPOCTPAH-
CTBOM B IPOCTPAHCTBE BCEX BEKTOPOB HA IIJIOCKOCTH WJIN B IIPOCTPAHCTBE.

3. TIpoctpancreo C(R) HempepbiBHBIX (hYHKIHUI SIBISETCA MOAMTPOCTPAHCTBOM B TIPO-
crpancTse R® Beex dpynkmmit na R.

4. IlpocrpancTBo R* (GUHUTHBIX MOCIEI0BATEILHOCTEH ABJISETCS MTOIIPOCTPAHCTBOM
B npocTpanctse R Bcex mocjenoBaTebHOCTEI.

5. k,[z] aBagerca nognpocrpancrsom B Ky, [z] ipu m > n, a takxe B k[z].

1.2. JImneitnag 3aBucumocTth. baszuc. Pa3zmepnocts. [lycts V' — Jmneiinoe mpo-
CTPAHCTBO HAJI 1MoJieM K.

Onpenenenune 1.6. Jlunetinot xomburayuet CUCTEMBbl BEKTOPOB V1, ..., Ui TPOCTPAH-
cTBa V HA3BIBAETCA CyMMa BHJIA A1 VU1 + ...+ A\pUg, TIe \; € k.

Jlunedinot Komburayuet GeCKOHETHOI CUCTeMBbl BEKTOPOB { v, : i € [} Ha3bIBAETCS CYM-
Ma BHJR Y, ; \iV;, B KOTOPOH JIUIIb KOHEYHOE TUCI0 CKAIAPOB A; OTIMYHO OT HYJI.

Jlnmeiinas KOMOMHAINAS ) ., A ¥; HA3BIBACTCS MPUGUAALHOL, eCIU B Hell Bee Koadbdu-
[UEHTHI \; PABHBI HYJIIO.

Jluretinot 060404K00 cucTeMbl BeKTOPOB {v;: @ € I} HA3BIBAETCS MHOYKECTBO BCEX JIH-
HeHBIX KOMOUHAIU 3TOi cuctembl. JIis auneiiHoit 000/JI09KH HCIOIb3YyeTCsd 0003HaAYEHHTE
(vi:i€l)nm (vy,...,V) B CIydae KOHETHONH CHCTEMBI.

Cucrema BeKTOpoB {v;: i € [} (komeunast mim GeCKOHeYHAs!) HA3BIBACTCS AUHEUHO
3a6UCUMOT, €CJIH CYINECTBYIOT 4HC/Ia \;, He BCe PAaBHbIE HYJIO, TAKHe, 9TO » ., \i¥; =
0 (T.e. cymecTByeT HeTpUBHAJIbHAS JIMHEiHAsT KOMOUHANNS BEKTOPOB CHCTEMbI, DaBHAsI
HYJII0). B IPOTHBHOM CJIydae CHCTeMA HA3BIBACTCS AUHETHO HE346UCUMOL.

IIpengyoxxenune 1.7. Jlunetnas obosoura (v;: i € I) asasemca aunetnvm nodnpo-
cmpancmeom 6 V. Boaee mozo, (v;: i € I) A8AAeMCA HOUMEHLUUM NO BRAOUEHUIO AU-
netinom nodnpocmpancmeom, codeporcauyum ece sexmopol cucmemovs {v;: 1 € 1},

Jloxazamenvemeo. CymMma BEKTOPOB CHCTEMbI U PE3YJIbTAT yMHOMKEHUS BEKTOPA CHCTe-
MbI Ha CKaJIdD ABJAIOTCA JIMHEUHBIMUI KOM6I/IHaI_[I/IHMI/I u MMoToMYy IIpUHaAJIeKaT JIMHENHOM
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obosouke. CrenoBaresnbro, (v;: ¢ € 1) — nognpocrpancro. Ecaun W — nponsBosibHOe
HOJIIPOCTPAHCTBO, cofepzKaliee Bce BeKTOphl u3 {v;: i € I}, To W Takke COJepKHUT Bce
ux JuHefinsle KomOunanun, a 3uadut W comepxur (v;: i € I). O

Jlemma 1.8. Ecau cucmema eexmopos {v;: i € I} aunetino zagucuma, mo odur u3 eek-
MOPO6 CUCMEMDL ABAALNCA AUHEUNOT, KOMOUNAUUET 0CTAADHYLT.

oxasamenvcmeso. Ilycts \yvy + ...+ A\pv, = 0, npuuem cymecrsyer \; # 0. Torma
)\ivi = —)\1’01 — ... )\i—lvi—l — >\i+1'vi+1 — ... )\kvk~

VMHOKHB 00€ 4acTi 3TOI0 PABEHCTBA HA \; |, OJYUYNM, YTO U; ABAACTCS JMHEHHON KOM-
OuHaIMel BEKTOPOB V1, ..., Ui 1, Vitl,-- -, Vk- ]

Omnpenenenne 1.9. Jluneiino nesaBucumasi cucreMa BeKTOPOB {v;: ¢ € [} Ha3bIBaeTCS
6a3ucom TPOCTPAHCTBA V, eciii KayK/plil BeKTOp v € V mpeacTaBidercs B BUje JHHEl-
HOt KOMOHHAINE ) ., A\;V;. JpyruMu ciioBaMu, Ga3uCcOM HA3BIBACTCS MAKCUMAALHAA (ITO
BKJIIOYEHUIO) JINHEHHO HE3aBHCHMAasl CHCTEMa BEKTOPOB B IPOCTpaHCTBe V.

I[IpocTpamcTBO V' HA3BIBAETCS KOHEYHOMEPHBLM, €CTTH B HEM CYIIECTBYeT Gasmc, COCTO-
AN 13 KOHEYHOrO YHCJIa BEKTOPOB. B MPOTHBHOM CJIy¥ae MPOCTPAHCTBO HA3BIBACTCSI
6ECKOHEUHOMEDHDBIM.

IIpengyoxxenune 1.10. Ecau {v;: i € I} — 6asuc npocmparcmea V, mo npedcmasrenue
Mmob020 sexmopa v € V' 6 sude Aunetinot KoMOUHGUUL Y, ; A\iV; €QUHCTEEHHO.

Hoxazamenvcmeo. JelicTBUTENBHO, €clt v = Y .. AjU; = Y ., [;V;, TO IOJydaeMm
0 = > .c;(X\i — pi)v;. Tak kax cucrema {v;: 4 € [} IuHEIHO He3aBHCHMA, U3 HOC/C]-
HEr0 PAaBEHCTBA BBITEKAET, UTO A; = f[i;, T.e. JBA HPEICTABICHUS ¥ B BHUJE JIMHEHHBIX
KOMOMHAII COBIITAIOT. ]

Teopema 1.11. B K0HEYHOMEPHOM NPOCMPAHCMBE 8CE DAUCHL COCTNOAM U3 00H020 YUCAA
INEMEHNOB.

Jloka3aTeTbeTBO 3TOM TeopeMbl OYIEeT OMUPATHCS HA CJIEIYIONIYIO JEMMY.

JIemma 1.12. ITycmo ey, ..., e, u fi, ..., [, — dee (kKoneunwir) aunedino HE3a6UCUMbBLE
CUCTMEMDL 6EKTNOPOS, NPUUEM GMOPAA CUCTIEMA codepaicumcea 6 aunetinot oborouke nep-
6ot cucmemni. Tozda n < m.

Joxasameavcmeo. Ilycrs f, = ajjer + ...+ amjen, aj; € k, j = 1,...,n. Tak kax
fi,...,f, — JuHeliHO He3aBUCHMAsI CHCTEMA, MbI IMeeM

(1) ufi+...+af,=0 <= z=...=z,=0.

[Mogcrapass B anHeiinyo komOuHanuio (1) Beipazkenust f,; qepes ey, . .., €, MOIyIaeM:

0= xl(anel + ... +amlem) + ... +$n(a1n61 + ...+ amnem) =

= (CL11$1 + ...+ alnxn)el + ...+ (amlxl + ...+ amnxn)em.

Tak xaxk eq,..., e, — JUHEHHO He3aBUCHUMas CUCTeMa, TPEIbIIyINee PaBEHCTBO PaBHO-
CUJIBHO CHUCTEeMeE ypaBHeHI/Iﬁl

a1y + ...+ apTy =0

Am1T1 + ...+ Gy, = 0

Eciau n > m, 10 9Ta cucTeMa MMeeT HeHyJIeBOe pelienne, 9to nporuBopednt (1). O
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Hoxazameavemeo meopemw, 1.11. Ilycts V' — konednomepnoe npocrpanctBo. [lo ompe-
JeJIeHno, B V' CyIecTByeT KOHEYHBIH Oasuc ey, ..., e,. [ycrs {f,: ¢ € I} — mpyroii
baszuc. Ecim 310 6asuc OecKoHedeH, TO B HEM COMIEPXKUTCHA KOHEUHAs JUHEHHO He3aBHU-
cumaga cucrema fq,...,f,, tme n > m. llpn srom, Tak Kax ei,..., e, — 0a3uc, MBI
mveeM {f,....f.} C (e1,..., en), aro nporusopeunt Jemme 1.12. Craenosarenbo Ga-
suc {f,: 1 € I} xoneuen, t.e. umeer Bux f,...,f,. Torma {f,,....f,.} C(e1,...,en) u
{e1,...,en}t C{f1,...,f,), mwu3 gemmbl 1.12 BBITEKaET, 9TO M = N. O

Onpenenenne 1.13. Pasmeprocmvbro KOHEIHOMEPHOrO JUHEHHOTO mNpocTpancTsa V'
(obozmauenue: dim V') masbiBaeTcd IHCIO 3JeMEHTOB B JiioboM basuce V. Ecam xe V
O6eckoHeYHOMEPHO, TO MBI numeM dim V' = oo.

Pa3zmMepHOCTD JIHHEHHON 000JOYKH CHCTeMbI BEKTOPOB {€;: i € [} Ha3BIBACTCS pPaH20M
CUCTEMBI BEKTOPOB.

Bameuanue. B mpocrpancre {0} 6a3uMCOM eCTECTBEHHO CYUTATH IyCTOE MHOMKECTBO .
Msr nmeem dim{0} = 0, Tax Kax IycTOe MHOXKECTBO COCTOUT u3 () 3JI€MEHTOB.

ITpennoxxenune 1.14. Ilodnpocmparncmeo W rkoneunomeprozo npocmparcmea V. xoneu-
nomepro, npudem dimW < dim V', u pasencmeso docmueaemes moavko npu W =V,

Joxazameavcmeo. llycrs dimV = m u eq,..., e, — 6a3uc upocrpancrsa V. Eciu
dim W > m, o 8 W wmaiinérca suneiino nesasucumas cucrema fq,...,f, ¢ n > m.
Torma {f,...,f.} C (€1,...,en) =V, aro nporuBopeunt jemme 1.12. CienoBaresbHo,
dimW < dimV.

Iycts dim W = dimV = munycrs f4, ..., f,, — 0asuc B W. Torna kaxkapiit BeKTOp €;
JuHeHO BBIpazKaeTcd depe3 fq, ..., f,,, TaK Kak WHa4e MBI Obl MOJIYYUIN JUHEHHO He3a-
Bucumyto cucremy f, ..., f,,, e; 13 m+1 BekTopos B V, 94T0 mpoTHBOpevINT Teopeme 1.11.
CuiestoBare ibHO, J11000it Bektop u3 V jexur B (f1,... . f,.) =W, re. V =W. OJ

Teopema 1.15. Jlwb6ot basuc noonpocmparcmea W koneunomeprnozo npocmparncmea V
MOHCHO donoarums do basuca ecezo npocmpancmea V.

Hoxasameavcmeo. CoriacHo npegnoxkerunio 1.14, mpocrpancTBo W KOHEIHOMEPHO; IYCTh
ey,...,e, — ero basuc. Ecoimu W =V, 10 ey,...,e, — 6a3uc B V u jloKa3biBaTh HEUE-
ro. B mporusnom caydae B V' waiiaéres sektop e, ¢ (ei,...,e.) = W. Paccmorpum
nognpocrpancreo Wy = (e, ..., e, e.41) C V. Ecim Wy =V, 1o Bcé nokazano. B mpo-
THBHOM CJIy4ae aHAJOTHYHO CTPOUM TTOApPOcTpaHcTBO Wo = (€1, ..., €., €,41, €,42) C V|
u Tak gajee. [lycrs £ = dim V' — dim W. Torma na k-m mare Mbl IOJIYIUM IOIPOCTPAH-
crBo Wy C V ¢ dim Wy, = dim V. Corstacuo npegnoxkenuio 1.14, W, = V| a 3Ha4UT MBI
JonoJHuIN 6asuc eq, ..., e, B W mo 6a3zuca B V BeKTOpaMu €,1,..., €. 1k. O

Jameuanue. Ha camom mejie mpeabiayinasi TeopeMa mMeeT MeCTO W B OeCKOHEIHOMEp-
HOM cjrydae. B gacTHOCTH, B JIIOOOM MPOCTPAHCTBE (/azKe 6ECKOHETHOMEPHOM) CYIECTBY-
er Oasuc. /lokazareabecTBO 3TOTO (hpakTa, XOTSI U HE CJA0YKHO, UCHOJIb3yeT abCTPaKTHBIE
TEOPETHKO-MHOYKECTBEHHBIE TTOCTpoeHust (nemmy L[opHa), KOTOPHIe BBIXOJAT 3a PAMKH
JaHHOrO Kypca. [logpobroctu Moxkuo Haiitu B [KM, §1.2].

IIpumep 1.16.
1. B apudmerunveckom npocrpancrse k"™ umeercs: cmandapmunid 6a3uc ey, . . ., e,, 1j1e
e; =(0,...,1,...,0) — cTpoKa, B KOTOPOii Ha i-M MeCTe CTOUT 1, & HA OCTAJILHBIX MECTaX —

nysin. Takum obpazom, dim k™ = n.



2. B upocrpancree k,[z] MHOrOUIeHOB cremern < n uMeercs Ga3uc W3 OJHOUICHOB
1,z,2°%, ..., 2" Takum obpazom, dimk,[r] = n + 1. B npocrpancree k[z] Beex muoro-
YJIEHOB IMeeTcsl GeCKOHeUHbIi 6a3Hc N3 OJHOUIeH0B 1, x, 2%, 22, . .. Beex cremeneif. Taxmm
obpaszom, dim k[z] = oc.

3. B nmpocTpancTBe (pMHUTHBIX TOCIeM0BaTEIbHOCTEN R nMeeTcsa GecKoHeUIHBIH Oa3nc
e, €s,..., e e; = (0,...,0,1,0,...) — n0CJA€10BATEJIBHOCTb, B KOTOPOH Ha i-M MeCTe
croutr 1, a Ha OCTA/IBHBIX MECTAX — HyJd. 3aMeTHM, UTO 9Ta JKe CHCTEMA €1, €3, ... He
Aaeaaemes 6a3sncoM B mpocTpaHcTse R Beex mocaenoparenbnocreil. JdeficTBUTebHO, Ha-
LHPUMEP, HOCJIEN0BATEJbHOCTD, COCTOANIASA U3 OJHUX €JAMHUIL, HE NPEJACTABIACTCA B BUJIE
(KOHEeuHOT) JIMHETHON KOMOUHAIINY TIOCIe0BATEbLHOCTEl €1, €, . . ..

Zlanaee sce npocmparcmsea mu 6ydem npednorazams KOHEUYHOMEPHBIMU, €C-
AU ABHO HE YKA3AHO NPOMUBHOE.

1.3. Ilepeceuenne m cyMMa MOANPOCTPAHCTB, UX PAa3MeEPHOCTH.

ITpennoxkenune 1.17. lepeceuwernue Vi N Vo nodnpocmparcme npocmpancmea V- maxoice
ABNACNCA NOONPOCTNPAHCMEOM.

Hoxazameavemeo. g nwodeix uw,v € Vi N Vo u A € k cymma u + v u nmpoussejieHune A\v
Takxke Jjiexkar u B V7, u B Vo, a 3HaunT u B nnepecedennu Vi N V. ]

B orsimumne ot nepecedenusi, oobeanHerne noamnpocrpancts Vi U Vo B 0biem ciaydae He
OymeT JIMHEHHBIM OAIPOCTPAHCTBOM.

Onpenenenune 1.18. Cymmot Vi + Vo nopnpocrpancrs V) u Vo mpocrpancrsa V' Ha3bI-
BAETCs MHOYKECTBO BCEX BEKTOPOB ¥ € V| KOTOPbIE MOYKHO MPEJCTABUTL B BUJE CYMMObI
v=1v1+ vy, e v1 € V] vy € V.

ITpennoxxenune 1.19. Cymma nodnpocmpancms Aeaaemcs Aunetinot 060A04K0T ux 005-
edunenua: Vi + Vo = (V4 U Vo). Taxum obpasom, Vi + Vs asasemes aunetinom nodnpo-
CMPAHCMEOM.

Jlokasameavemso. Brioaenne Vi + Vo C (V3 U Va) coreryer u3 T0ro, 9T0 BEKTOD V1 + Vs
SIBJIIeTCs JIMHEeHHOU KOMOMHAaIel BEKTOPOB v, vo € Vi U Vs,

Hoxkaxkem obparnoe Briouenue (V3 U Vo) C V) + Vi, Pacemorpum snmeiinyio KoMOu-
HallUIO ¥ = \Uj + ... + \,u,, BEKTOPOB U1,...,u, € Vi3 UV, MoxHo cuutarb, 4TO
Uy, ..., U Jexar B Vi, a Uy, ..., U, jgexkar B V5. Torjga Mbl umeeM v = v + v9, 1Ji€
v = MU+ ..o+ Ay € VI vy = AU + ..o+ A\, € Voo CrieoBaresibHO,
velV+ Vs O

Teopema 1.20. Jlia s06vix nodnpocmparcme Vi u Vo aunetinozo npocmparcmea V' ume-
EM MECTO PABEHCNBO

dim Vj + dim V5 = dim(V; + V3) 4+ dim(V; N'V3).

oxazamenvcmeo. BeibepeMm 6a3uc ey, . .., e, npocrpancrsa Vi N Vs, Bocnonrb3oBasimch
teopemoii 1.15, jononnum ero jo 6asuca ey, ..., e, f,...,f; upocrpancrsa Vi u 1o 6a-
3ucCa €1,...,€k,9gy,---,4,, IpoctpancTsa V5. Torma Mbl nmeeM

(2) dim(VinVy) =k, dimVi=k+1, dimVs=Fk+m.

Hokaxewm, 4to ey,...,ex, f1,.-.,f1,91,--.,9,, — 6asuc npocrpancrsa V; + V5.



[Ipexx e Bcero 3amerum, uro Tak Kak Vi + Vo = (V) U V4), moboit Bekrop u3 Vi +
Vo JHMHEHO BLIpAyKaeTcd depe3 3Ty CHCTeMy BeKTOpoB. OCTaéTcsd HPOBEpHTh, U4TO 3Ta
CHCTeMa JIMHeliHO He3aBucuMa. 1IycTh mMeeT MecTo paBeHCTBO

(3) e+ .o+ e +unf+ oo+ wf, g+ .o+ Vg, = 0.
[Tepenuiiem ero B Buje
)\161+-~~+/\kek+,u1f1+'~+ﬂlfl:_Vlg1_-'~_ymgm~

Bekrtop, crosmuit B 06enx 9acTax 3TOTO PABEHCTBA, JEKUT Kak B Vi, Tak u B Vs, Core-
JIOBaTe/IbHO, OH JiexKUT B V) N Vo u jmHeitHO BbipakaeTcs depe3 eq,..., €. 1aK Kak
BEKTODHI €1,..., €k, f1,...,f; TNHENHO HE3aBUCUMBI 110 TOCTPOEHUIO, MBI MIOJIYyYaeM, ITO
1 = ... =y = 0. AHAJIOrmIHBIM 00pa30M JOKA3BIBAETCA, 9TO V) = ... = Uy, = 0. Torma
U3 JINHEHHOH He3aBUCUMOCTH €y, ..., e, u (3) caeayer, uro A\; = ... = A\, = 0.

Urak, cucrema ey,...,ex f1,....f1,91,.--,9,, TOpoXKITaeT mpocTpanctso Vi + V5 n
JuHeitno nezapucuma. CiiejoBaresibHo, 310 — basuc B Vi + Vo u dim(Vy + V) = k+1+m.
Orciona u u3 (2) BeITeKaeT TpebyeMoe PaBeHCTBO. O

Onpegenenne 1.21. Cymma Vi + Vs MoAnpocTpaHCcTB IPOCTPAHCTBA V' HA3BIBACTCS Np.A-
moti (obozuavenue: Vi @ V3), ecin jias mwoboro Bektopa v € Vi + Vo mpejcraBieHue
v = v+ Vg, 12 v € Vi u vy € Vs, €IUHCTBEHHO.
JIerko JMOKa3bIBaeTCs SKBUBAJIEHTHOCTH CJIEIYIOIINX YCAOBUIA:

a) cymma V; + Vi mpsimast;

6) V1NV, ={0}.

B) ecin 0 = vy + vo, Te v € V] 1 vy € Vi, TO v = vy = 0;

r) dim Vj + dim V5 = dim(V; + V%);

1.4. KoopamuaTsl BEKTOpa. 3aKOH M3MEHEHUs KOOPJAWHAT NPU 3aMeHe Oa3uca.

Onpepenenune 1.22. [lycrp V' — JimHeitHoe npocTpaHcTBO U €q,..., €, — 0a3uc B V.
JI1060it BekTOp € V' eAMHCTBEHHBIM 0OPa30M MpEICTaBIIETCA B BUIE JTUHEHHONH KOMOU-
Haluu OA3MCHBIX BEKTOPOB: £ = r1€1 + ...+ x,e,. Yucna xq,...,x, € Kk HazbiBaOTCS
KoopduHaMaMU BEKTOpPA T B Da3uce eq, ..., €e,.

[Ipu pabore ¢ Marpunamm KOOpPJMHATH BEKTOpa & B Oasuce ey, ..., e, Mbl Oyjaem 3a-
[HUCHIBATH B BH/E CTOJIONA BHICOTHI 1, 0603HAYast ero mpocToil (HeKupHoil) OyKBoOil x, T.e.
I T
x= [ @ |.Yacro ana sxkoHOMEUH MecTa BMecTo | | Gymem mucars (1 ... z,)"
Tn Tn
[Iycts B mpoctpancTBe V 3agaHbl aBa 0Oasmca: «CTapblii» e€q,...,€, U <HOBBIi»
el,..., e, . Bamumem ¢GOPMyIIBI, BBIPAKAOIME BEKTOPHI HOBOIO 0a3mca depe3 Crapblil
bazuc

/
€, = (C11€1 —+ ...+Cn1€n,

el =ciner+...+ ey,
Onpepenenne 1.23. Marpuna

Ci1 ++ Cin
O:Oe—m’:

Cn1 "+ Cpn
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Ha3bIBACTCS Mampuyel nepecroda ot ba3muca ey, ..., e, K dasncy e}, ..., e, . Ké crogdus
COCTOSIT W3 KOOPJUHAT HOBBIX OA3MCHBIX BEKTOPOB B CTApPOM Das3uce.

Teopema 1.24 (3akoH u3MeHeHus KOopAuHar). ITyemo 1, ..., 2T, — KOOPOUHAMbL 6EK-

mopa x 6 baszuce ey,...,€,, 4 Ty, ..., T — Koopdunamo, 9Mo20 sice sexkmopa 6 basuce

€,...,e,. Toeda dea nabopa Koopdunam cea3aHvL CALOYOUUMY POPMYAGMU:

/ /
€T1 = C11Ty + ...+ C1nTy,

/ /
Ty = Cp1T7 + ... + Cppy,,

uAU

Zlokxasamesvcmao. Mbl numeem

AN / !/
rie+...+rpe,=x=x€+...+2,€, =
/ /
=zi(crier+ ...+ cnen) + ... +a (ciper+ ...+ cuney) =
/ / / /
=(enzi+ ...t canx)er+ ...+ (corai + .. F Cun) €.

Tak kak ey, ..., e, — 0a3uc, MBI MOJYIAEM T; = CT) + ...+ Cpxl, qasa i =1,...,n.
Ta ke BBIKJIAIKA B MATPHYIHBIX 0003HAUEHUSIX UMEeT BHU/I

T ) c11 -+ Cin x)
(er,...,ex)| | =z=(e},....e) : | =(er,...,en)| = . .
T x Cnl "' Com xl
OTKyIa
Ty x)
=C1:
Tn x

O

O6paTI/IM BHUMaHHE TaKzke, 4TO B OIIPpCACJICHUU MaTpPHUIbl II€epexXoJa Mbl BbIpazKaeM
HO6bIE BEKTOPBI U€pe3 cmapsvie, a B 3aKOHE Tpeodpa30BaHus KOOPAUHAT, HA0DOPOT, cmapvie
KOOPJIMHATHI BBIPAYKAIOTCS Yepe3 HoBbie.

IIpennoxxkenmne 1.25.

a) Mampuua Cg_e nepexoda om 6asuca €y,...,€, & basucy ey,..., €, AGAAEMCA
obpamnot k mampuye Ce e nepexoda om e,..., e, K €,..., €., m.e.
Ce—>e’0e’—>e = F.

B wacmmocmu, mampuya nepexoda ecezda neswuipostcdena (obpamuma).
6) Ecav ey,... ey, €,...,€., € ... e — mpu basuca, mo drs coomsememeyrowus

n’ n

MAMPUY nepexoda UMEETIN, MECTNO COOMHoOWeHUE

Ce—>e” - Ce—>e’Ce’—>e”-
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Hoxazamenavcmeo. TlepBoe yTBepKaeHne CI€IyeT U3 BTOPOTO, €CIN MOJ0KATb €;1 = €.
Hoxkaxem Bropoe yreepxxiaenue. Ilycts Ceer = (Cij), Cermyer = (aij), Cesser = (bij).

Tora
" /
E bire, = e, = E aji€; = E ajk(g Cijei) = E (E Cijajk:)eia
i J J i J

%

OTKyJa bzk = Zj CijQjk, T. €. Ce—>e” = Ce—>e’Ce’—>e”~ O

1.5. Opuenrauus. Ilycte e = {eq,...,e,} u e = {e},..., e/} — aBa Gasuca seme-
cTBeHHOTO BekTOopHOro npocrpanctBa V u C = C,_ e — MaTpumna nepexoja. CorsiacHo
npeioxkenuio 1.25, marpuna C' HeBbipoxjaeHa. [lostomy det C' > 0 mwim det C < 0. B
HEPBOM CJIyYae IOBOPAT, UTO Ga3uchl € U e 00uHaK060 OPUEHMUPOSAHDL, & BO BTOPOM
ciaydae — Oasuchl € U €' npomusonoaoscho opuermuposans. 113 npennoxkenns 1.25 Tak-
JKe cjiejiyer, 9To Bce 6a3uchl B V' pacmagaroTcs Ha JBa KJACCA SKBUBAJEHTHOCTH, TaK
170 6A3MCH U3 OTHOTO KJIACCA OAMHAKOBO OPMEHTHPOBAHBI, & JBa 0a31ca 3 Pa3HBIX KJIAC-
COB IIPOTUBOIIOJIOZKHO OPUEHTUPOBAHBI. BbI60p OOHOT'O U3 9TUX KJIaCCOB 3KBUBAJICHTHOCTH
HA3BIBAETCS OPUEHMAyUel TpocTpancTea V.

Mmeercs Takzke Gojiee reOMETPHYECKHI MOAX0/ K IMOHATHIO opueHTanun. Hazopém de-

dopmayueti basuca e = {ey, ..., e,} cemeiictBo 6azucos e(t) = {e(t), ..., e,(t)}, 3aBu-
cstiee ot mapamerpa t € [0, 1], yIoBIeTBOpSIONIee yCIOBUSIM:

a) e(0)=e;

6) KoopAMHATHI BEKTOPOB €,(t) B Gasuce e = {ey, ..., e,} ABJIAIOTCS HENPEPHIBHBIMA

dyurIMaMu 0T .
Torma MOXKHO 10Ka3aTh (3a1a4a), 9T0 GA3UCHl € U €' OJUHAKOBO OPUEHTHPOBAHBI TOT/A
1 TOJIBKO TOTJIA, Korja cyiectByer gedopmanus e(t) 6asuca e, ajst koropoil e(1) = €.
B mpoctpanctse R™ umeercst cmandapmnnd 6a3uc u3 crpok rae e; = (0,...,1,...,0).
Basuc mpocrpancTsa R HAZLIBACTCS NOAOHCUMENDHO OPUEHMUPOSAHHLM, €CTTA OH JICIKAT
B KJIACCE IKBUBAJCHTHOCTH CTaHAAPTHOrO Hasuca.

3amaun U ynpakHeHUs.

1.26. Moxkno Ji1 3a/1aTh CTPYKTYPY JIMHEITHOrO IIPOCTPAHCTBA

a) Ha abeseBoii TpyIe 7 mesbiX YHCe;
6) Ha BENIECTBEHHBIX YUCJIAX R CO CIeyromeil onepanueil yMHOKEHUS HA CKAIAPDL:

A u= M\
B) HA BEIIECTBEHHBIX Yucsax R co cieyromieil omeparyeil yMHOKEHHsT HA CKAJISPHI:
A= Nu?

1.27. /JokaxkuTe, 9TO ecau paccmarpuBarb R Kaxk jguHeiinoe mpocrpancTsBo Haj Q, To
BeKTOPHI 1 1 € u3 R iuHeiino HE3aBUCUMBI TOTJIA U TOJIBKO TOT/IA, KOrAa & HPPAIHOHAILHO.

1.28. Jlokaxure, uro B npocrpancrse R Bcex GECKOHEUHBIX TIOC/IEI0BATE/ILHOCTEN Be-
IECTBEHHBIX YNCEJI He CYNIECTBYET CYETHOTO Das3uca.

1.29. [IpuHAIJIEXKUT JIH YUCIO {‘/5 JWHEeRHO# 06010uKe uncen 1, \/i u {4/5 HaJ TOJIEM
paIMOHAJBHBIX YHCEJI!

1.30. Ilycrs U, V, W — noaupocrpanctsa B R™, npuaém UNV = VNW =UNW = {0}.
Bepuo s, ato dim(U +V + W) =dim U + dim V + dim W?
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1.31 (npsivas cymma aByx nognpocrpancrs). Cymma Vi + Vo mogmpocTpascTB npocTpaH-
crBa V naswiBaercs npamoti (obosuadenne: Vi O Vy), ecan aist sioboro Bekropa v € Vi+ V5
[IpeJ/ICTaB/JeHIe ¥ = Uy + Vo, e vy € V) u vy € Vo, enuncTBenno. /lokaxkure SKBUBa-
JIEHTHOCTD CJIEJIVIOIIHUX YCJIOBHil Jij1s moanpocTpancTs Vi, Va:

a) cymma Vi + Va npsmasi;

) VinV, ={0}.
B) ecin 0 = vy + vg, e v € V] 1 vy € Vi, TO v = vy = 0
r) dimVj + dim V5 = dim(V; + V,);

1.32 (mpsiMasi cy™MMa HECKOJBKHX MOAMPOCTPAHCTB). Cymmoli HECKOIBKUX TIOIITPO-
crpaucts Vi, ..., V, npoctpancTBa V Ha3blBaeTcd JUHEHHAs 000JI0YKA UX 00beTHHEHUS:

Vi+...+V,=(MViU...UV,).

Cymma Vi + ...+ V,, HazbiBaeTcs npamoti, ecan Ajs Ja0boro Bektopa v € Vi + ...+ V,
peacTaBiAeHne v = vy + ...+ v,, I1e v; € V;, e IMHCTBEHHO.

Yoenurecn, uto ycaosud V; NV, = {0} mpu 1 < i < j < n He ABIAIOTCS JTOCTATOY-
HBIMH JIJIST TOTO, 9T00bI cymMma Vi + ... + V,, ObL1a npavoit. /lokazKuTe SKBHBAJIEHTHOCTh
CHAEAYIONUX YCIOBUM:

a) cymma Vi + ...+ V,, npamas;

6) Vﬂ(Vl—l— +V;,1+V}+1+...+Vn) = {0} maa moboro i =1,...,n;
B) Vin(Vigi+ ...+ V) = {0} ayia moGoro i =1,...,n—1;
F)eCﬂHO—Ul+ 4o, tnev; €V, tovy =...=v, =0;
a) dimVy + ... +dimV, =dim(V; + ...+ V},).

1.33. CocTaBbTe cucTeMy JUHEHHBIX YPaBHEHUH, 3aJAI0NIYI0 JUHEHHYIO 000JIOUKY CUCTe-
MBI BEKTOPOB:

a) (1,1,1,1), (1,

1,2,1,3);
6) (1,1,1,1), (1,

2,1
1,1,3), (3,-5,7,2), (1,-7,5,—2).
1.34. Haiitu pasmepHocTH U 0a3UCHl CYMMBI U IepecedeHus HOANpocTpaucTB Ly u Lo:

a) Ly =((1,2,3),(4,3,1),(2,—1,-5)), Ly = ((1,1,1),(-3,2,0), (—2,3,1));

6) Lli $1+$2—$3+£L’4—$5:0,
Ly={((1,1,1,1,1),(1,0,—1,1,-1),(0,1,—1,-1,1),(=2,1,0,1, —1));

$1—I2—I5:0.

r1+ 23+ x4 — 25 =0, r3+ 224 =0,
B)Lli{ 1+ X3 ;_ 570 LQ:{ 3 4
2 Ty = U,

1.35. Jlokazkure, 4T0 Oa3UCH € U €' OJIMHAKOBO OPUEHTHUPOBAHBI TOIJIA ¥ TOJBKO TOLJA,
Kora cymectyer gedopmarus e(t) 6asuca e, a1 koropoit e(1l) = e’
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2. A®®UHHBIE TPOCTPAHCTBA

B reoMeTpun Ha IIJIOCKOCTH WJIM B HPOCTPAHCTBE PACCMATPUBAIOTCA TOYKH MU BEKTO-
pol. g popMau3anun STHX MOHATUN W B3aMMOCBSA3€H MEXK/y HHUMH CJIYKUT IIOHSITHE
ahHUHHOTO TPOCTPAHCTBA.

2.1. Onpepgesienne, TOAIPOCTPAHCTBA, CUCTEMbI KOOPJAWHAT.

Ounpenenenne 2.1. Addunnvm npocmparncmeom uaspiBaercs napa (2, V), cocrosimast
13 MHOKECTBa 2, 371eMEeHTBI KOTOPOT'O HA3BIBAIOTCS MOUKAMU, U HANPABAAIOULE20 BEKTOPD-
HOTO mpocTpancTBa V Ha/ mojem K, ¢ om0/ IHATeIbHO oneparueil CI0KeHust

+:AxV =-2A, (Pv)—P+w

st P e A wu v € V. (Tosopst HedopMaabHO K TOUKe P MOKHO «IIPUIOKHUTH> BEKTOD U 1
TOTJIA ero «KOHer» — 310 Touka P+ v.) [Tpu arom Tpebyercs, 94ro0bl onepaius CJI0KeHHst
TOYEK W BEKTOPOB YAOBJIETBODIA CAEAYIONIUM YCIOBUAM:

1) P+ 0 = p mua moboit touku P € 2,

2) (P+u)+v=P+ (u+v) mia mobeix P €A, u,v €V,

3) agst mobeix P, Q) € 2 cymecTByeT eMHCTBEHHbIH BeKTOp v € V, Takoii, 4ro

P+v=0Q.

Pasmeprocmuvro abdunrnoro npocrpancrsa (2, V') HaszbiBaeTcsi pasMepHOCTb BEKTOPHOT'O
nmpocTpancTBa V.

Yacro adpuHHBIM TPOCTPAHCTBOM HA3LIBAIOT IIPOCTO MHOXKECTBO TOUeK 2l U3 ompeje-
JIeHWst BhiTe (0COGEHHO KOTJia W3 KOHTEKCTa MOHSATHO, KAKOe BEKTOPHOE MPOCTPAHCTBO V/
nMeercs BBUY). BeKTOp v, OJIHO3HAYHO comocTaBisieMblii mape Touek P, Q) € 2 B cuty
croifcTpa 3), obosnagaerca PQ. Toraa us croiictba 2) BhiTekaer, uto PQ + QR = PR.

Bameuarue. Cpoiicra 1)-2) u3 onpejgesenust abGUHHOrO TPOCTPAHCTBA O3HAYAIOT, UTO
Ha MHOXKecTBe 2l 331aH0 deticmeue abesieBoil TPYIIIBI BEKTOPOB mpocTpancTBa V. CBoii-
CTBO 3) 10 ONPEJIEJIEHUIO 03HAYALT, 9TO 9TO JAeficTBue c80600Ho u mpanaumusho. MHo-
JKeCTBO, Ha, KOTOPOM 33J[aHO CBOOOJHOE W TPAH3UTHBHOE nelicTBue Tpymnibl (G HA3BIBAET-
CsT 2406HbIM 00HOPOOHBIM Npocmparcmeom Tpynnbl G. Takum obpaszom, adpduaHOE TPO-
cTpaHcTBO 2 — 3TO TJIABHOE OJHOPOJHOE MPOCTPAHCTBO abesieBoil rpymms V.

ITpumep 2.2.

1. Toukn maockocTH U (TPEXMEPHOI0) HPOCTpaHcTBa 00pasytor adduHHbIe TPOCTPAH-
CTBa. 3aMeTHM, 9TO TOYKHU «HE TIOMHAT» Hada/1a KOOPAUHAT: BCE TOUYKH HA TIOCKOCTH WIN
B MPOCTPAHCTRBE PABHOMPABHBI, TOKA MBI HE BBEJIN TaM CUCTEMY KOOPIMHAT.

2. PaccMoTpuM COBMECTHYIO HEOTHOPOIHYIO CUCTEMY JTHHEHHBIX YypaBHeHnH Ax = b, rie
A — marpuna, a x u b — crosbipl. [lycts A — MHOXKECTBO pelreHHil & 9TOH CHCTEeMBI, a
V' — BeKTOpHOE MPOCTPAHCTBO pemienuit y ogrnopoanoit cucremsr Ay = 0. Torma (A, V) —
adunnoe mpocrpanctso. leicreurensuo, ecmmxz € Any € V, 1o A(x+y) = Ar+ Ay =
b u noatomy = + y € 2.

3. I3 BcgKOro BEKTOPHOI'O MPOCTPAHCTBA V' MOXKHO HOJAYy4InTh adPUHHOE TPOCTPaH-
crBo A(V), B3sB B KadecTBe 2A MHOKECTBO BEKTODOB V' IPU TOM CJIOKEHHWE TOYEK W
BEKTOPOB — 3TO MPOCTO CJOYKEHME BEKTOPOB B MCXOAHOM mpocTpancTtee V. Adduuuoe
IPOCTPAHCTBO, MMOJIYyYaeMOe IIPU MOMOIIH dTO nporneaypsl u3 R™, Mbr OyjiemM 0603HaYaThH
qepes A",
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Ounpenenenune 2.3. Addunnol cucmemotd koopdurnam (wmu penepom) B adpdunOM TIPO-
crpancrBe (2, V) maswiBaercs wHabop Oe ... e,, cocrosmii u3 Touku O € 2, Has3bIBa-
eMoil Hauasom Koopduram, u Oasuca eq,..., €, B BeKTOpHOM IpocrpancTse V. BekTop
rp = OP HasbiBaercs paduyc-6eKmopom TOYKA P OTHOCHTEIBHO CHCTEMBI KOODJIHHAT C
nagajom O.

Koopdurnamamu toukn P € 2 B cucreme koopaunat (Oe; ... e, HA3BIBAIOTCSI KOOP/IH-
HATH T1, ..., T, 66 PaAnyc-BeKTopa BekTopa OP B 6asuce eq,. .., e,, T.e.

OP =zx1e1+ ...+ 1€,
Bribop addunnoit cucrembl KOOPAMHAT TO3BOJIAET OTOXKIECTBUTH adduHHOE IPO-

crpanctBo (2, V) co cranmaprabiM abdUHHBIM TPOCTpaHCTBOM A" B KOTOPOM M TOYKH
¥ BEKTODBI 331al0TCsI Habopamu u3 n duces, riae n = dim V.

IIpengioxkenune 2.4 (bopmyasl 3amens abduHHBIX KoopauHat). [Tycmo 6 adidurrom
npocmpancmse (A, V) zadanw dee cucmemv, koopdunam Oe; ...e, u O'€)...e,. Tozda
dsa nabopa xoopdurnam mouwky P € A 6 amux cucmemaxr ceA3aHbL COOMHOULEHUAMU
/ /
X1 = C1124 + ...+ C1nZ,, + 01,

UNU
1 ) 01
=Cl ]+,
T x! On
ede C = Coe — Mampuuya nepexoda om basuca ey,...,e, k basucy €,...,€e , a
(01,...,0n) — KoOpOunamu, mouru O' 6 cucmeme Oe; . .. €.

Jlokazamenvemso. Mot nmeem OP = OO0’ + O'P nam rp = r'lp + 1o, A Tp 0 T/p —
paamyc-BekTOpHI Toukn P B cuctemax koopaunar Oe; ...e, u O'e] ... el , cooTBeTCTREH-
HO. 3alnChiBasg KOOPAUHATHL 3TUX BEKTOPOB B Oasuce e, ..., €, U UCIOIb3ys BEKTOPHYIO
dbopmysy 3amenst koopauHaT (Teopema 1.24), momydaem TpeGyemoe. O

Ounpepenenune 2.5. Adgunnom nodnpocmparncmeom B apdununom npocrpancrse (A, V')
HasbiBaercs mapa (B, W), cocrosmas u3 noamaoKecTBa B C 2A U BEKTOPHOTO MOAIPO-
crpancrBa W C V| rakas, aro (B, W) apisercs adduHHBIM TPOCTPAHCTBOM OTHOCH-
TespHO onepanuit B (2A, V).
DksuBajgeHTHO, (B, W) HazsiBaercsa addunabiM noATpOcTpancTsoM B (A, V), ecom
1) pos sobeix P € B u w € W touka P + w sexkur B B;
2) nng mobex P, Q € B sexTop PQ nexur B W,

Oxnomepubie addunHbIE TOIIPOCTPAHCTBA HA3BIBAIOTCI NPAMBIMU, & JIBYMEPHBIE —
NAOCKOCTAMU.
Addunnse nomxnpocrpanctsa (B, W) B A™ MOXKHO 3a/1aBaTh JBYMsl CIOCOOAMH:

a) pemepom, T.e. Toukoii P € B u Gazucom f,...,f, BEKTOPHOrO MPOCTPAHCTBA
W c R™ Tlpwm srom sobas apyras rouka P’ € B upeacrapasiercs B sujge P =
P+axif,+...+x,f,. ag takoro conocoba 3a1aHH HCIOIb3YETCI 0003HAUYEHNE

1 k

B=P+W =P+ (fy,....f).
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6) Kak MHOYKECTBO DerieHuii COBMECTHON HEOJHOPOIHO CHCTeMBI ypaBHEHHIi:
B ={xrecR": Az = b}.
[Tpu s3rom W — 310 mpocTpaHCTBO pelnenuii ogHOpoaHO#H cuctembl Ax = 0.

[lepBoiit crrocob 0600IIaeT MapaMeTpHIECKOe 3a/IaHHe HpsIMbBIX U ILTOCKOcTeil. Bropoi
crocob 06o0IIaeT 33 aHne MPSIMBIX U IIOCKOCTeH ypaBHEHHSMH (CM. CJIeIYIOMuil mapa-
rpad).

[lepexom oT BTOpOro cmocoba 3aJaHus MTOIIPOCTPAHCTBA K IEPBOMY 3aKIIOUAETCSI B
peleHnn HEeOMHOPOAHOM cucTeMbl Ax = b: TOYKa p — 39TO YacTHOE perreHne, a HabOP
fi,-- -, fr — 910 byHmamenTanabhas cucreMa perenuit onnopoanoii cucrembl Axr = 0.

Jlns mepexosa OT mepBoro cmocoba 3aaHus MOAMPOCTPAHCTBA KO BTOPOMY HEOOXO MO
3a/1aTh JHHEHHY0 060109Ky (fy, ..., f;) omHOpOAHO# cuctemoii Ax = 0; Torma crosber b
IPaBBIX YacTeil HEOJHOPOTHOMN cUCTeMbI Ax = b MOJy9aeTcs IpH HOACTAHOBKE KOODINHAT
Touku P B ypaBHenus cucremel Az = 0.

2.2. Ilpambie u maockoctu B A? u A3, Tpaaunuonno, KoopauHaThl Ha adbdUHHOIM
mwiockocrn A% oboznagatorca (r,y), a KoopauHaThl B aOUHHOM TPEXMEPHOM 1IPOCTPaH-
cree A3 oboznauatorcs (x,y, 2).

Buauase paccmorpuMm mpambie B A2 Tlpu mepsom cmocobe 3amanus npsamasa { C A2
onpeJesisieTcs TOUKoil Py € £ v HeHyJIeBBIM BEKTOPOM U M3 HATPABJISIIOIIErO OJJHOMEPHOTI'O
BEKTOPHOTO TOAITpocTpancTra. Toryta s jiroboit apyroit touku P € { umeem P = Py4v't
J1s1 HeKoToporo t € R,

[Iycth TOUKa P uMeeT KOOpAMHATHL (Zg,Yo), & BEKTOp v — KoopauHatsl (a,b) # (0,0).
Torma koopauaatsl (z,y) TPOU3BOIBHON TOUKH P € ¢ YyI0BIETBOPSIOT COOTHONIEHUSIM

T =z + at,

4
() y:yﬂ‘i'bta

rae t € R. 9To COOTHOIIEHNST HA3BIBAIOTCSA NAPAMEMPUUECKUMY YPABHEHUAMU NPAMOT
B A2, I136aBig4ch OT TapaMeTpa, 3TH YPABHeHNS YacTO 3aIUCHIBAIOT B BHIE
T—To Y—Y
a b
[Ipu sToMm moapasymeBaetcst, uro pu a = 0, b # 0 ypaBHEeHUE BBIIIE €CTh IPOCTO T — Ty =
0, m ananoruano npu b = 0, a # 0.
[Ipu Bropom crocobe 3aganng nupsamasg £ C A? 3a1aéTcsd 0HIM HEOHOPOAHBIM JIHHEH-
HBIM ypaBHEHHEM

Arx+ By +C =0,
KOTOpOe Ha3BIBAeTCA 06uwum ypashenuem npamoti 8 A2, [Ipn 3ToM, 9T0OBI TPOCTPAHCTBO
pemennii onHOpoaHoro ypapuenusa Az + By = 0 ObLI10 0IHOMEPHBIM, HEOOXOIUMO, YTOOBI
X0Ts GBI OHO n3 uncea A 1 B ObLI0 OTIMYHBIM OT HYJIS.

Teneps paccmorpuM mtockoetn B A3, TIpu mepsom crocobe 3a1auud a0cKocTh m C A3
onpenessierca Toukoii Py = (xo, Y0, 20) € T W mapoil HEKOJTMHEAPHBIX BEKTOPOB VU =
(a1,b1,¢1) m ve = (a1, bs, ca) M3 HATIPABJIAIONIETO IBYMEPHOTO BEKTOPHOTO TIOIIPOCTPAH-
crBa. KoopauHats! (z,y, 2) IpOU3BOJIBHO TOUKH P € T YIOBJIETBOPSIOT COOTHOIIEHUIM

x =20+ a1ty + asta,
(5) Y = Yo + bity + bata,
Z=2zy+ Cltl + CQtQ,



16

rye ty,t, € R — He3aBucuMbIe TapaMeTpbl. DTO COOTHOIIEHUS HAZBIBAIOTCSI NAPAMEMPU-
NECKUMU YPasHeHUAMU naockocmu B A3,
[Ipu BropoM crocobe 3ajanusd IIOCKOCTh T € A3 3a1a8TCs OJHUM HEOHOPOTHBIM JIH-
HEWHBIM YpaBHEHUEM
Ar+ By+Cz+ D =0,

KOTOpOe HazblBaeTcs 06ujum ypasHeruem naockocmu B A3, TIpu 3ToM HE0GX0IMO, YTOOHI
xoTst Ob1 oHO U3 uncen A, B u C ObLIO OTJIMYHBIM OT HYJIS.

Haxomnern, pacemorpuM npamble B A%, ITpu mepsom cmocoGe 3amanus mpamad ¢ C A3
onpejessiercs To9koit Py = (g, Yo, 20) € ¢ 1 HeHyJIeBBIM BeKTOpOM v = (a, b, ¢). Takum
o6pazoM, napamempuueckue ypasHenus npamot B A® umeror Bu

T = x9 + at,

Y ="%Yo + bta

z =2y +ct,
e t € R. N36aBiasgsach oT napaMerpa, moJjydaem

T—%Zy Y—Y 2~ %0

a b b
(3TUM ypaBHEHUSIM HYZKHO MPHIABATH JOHOJHUTEIbHbIH CMBIC], KOTJA OJHO WM JiBa U3
qucse a,b, ¢ 06paIaTCs B HYJIb).
I[Ipu BTOPOM CIOCOGe 3aJaHusd II0CKOCTh T C A3 3amaéTes cucTeMoil 3 ABYX HEOIHO-
POAHBIX ypaBHEHUN

AllE + Bly + C’lz + D1 = O,
A2$ + Bzy + CQZ + D2 =0.
[Ipu 3TOM, 9TOOBI TPOCTPAHCTBO PEIIeHU T 3TO CUCTEMBbI ObLIO OJTHOMEPHBIM, HEOOXOIMMO,

910661 BeKTOPHI (A1, By, Ch) 1 (Asg, By, Cs) 6bl11 HeKOLTHHEAPHBIME. [ €OMEeTPHYECKH 5TO
03HAYAET, YTO NpAMast 3aJa8TC KaK MMePecedeHne AByX II0CKOCTEH.

Jlng 3anucu IpgMBbIX U ILIOCKOCTEH YpaBHEHHSMHU YI00HO IOJIb30BATLCA OIpE e/ THTe-
Jasgvu. Hampumep, eciim MI0CKOCTh 33/laHa apaMeTpUYecKuMu ypasHeHusMu (5), To eé
obIiee ypaBHeHHE MOYKHO 3aIlUCAThL B BUJIE

r—%0 Y—Yo =— %20
aq b1 C1 = 0.
a2 by C2

Ob1ree ypaBHeHHE MIOCKOCTH, MPOXOJAIIeil depe3 Tpu TOUKH (To, Yo, 20), (T1,Y1,21) U
(T2, Y2, 22), MMeEET BUT

T—To Y—Y 22— %0

T1—%o Y1—Yo 21— 20| =0.

T2 —To Y2—Yo <2~ %20

3amaun U ynpakHeHus.

2.6. B rpeyrosibauke ABC uposejennt mejuanbl AD, BE u C'F. Haiitu cymMmy BEKTOPOB
AD + BE +CF.

2.7. [an npocrpancrBeHHbIl YeTbIpéxyroabHuk ABC D. VsBecTHbl BeKTOPHl AB = u u
CD = v. Haiitu BekTtop E'F, coenunsronuii cepenunnl guaronaneit AC' u BD.
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2.8. BriBenure (opmysbl 3aMeHbl KoopauHaT B abdUHHOM MpPOCTPAHCTBE (IMPeIorKe-
nue 2.4).

2.9. HaiiTu reoMerpuyueckoe MECTO TOYEK TepecedeHus JImaroHaJieil napaJjuieorpaMMoB,
BIUCAHHBIX B JAHHBIH 4eTHIPEXYTOJbHUK TaK, YTO CTOPOHBI 3TUX MapaJLIeIOrPaMMOB Tia-
paJLIe/ibHBL JUATOHAJISIM 9eThIPeXYTOJIbHUKA.

2.10. /lanwsl ypaBHEHHS JIBYyX CTOPOH TpeyrojbHuka 2 —y = 0, 5r —y = 0 u ypaBHeHnue
3x —y = 0 omuoit u3 ero Mmequan. CocTaBbTe ypaBHEHNE TPEThell CTOPOHBI TPEYTOIbHUKA,
3Has, YTO Ha Hell JIeXKUT Touka (3,9).

2.11. Corsacno oHOl U3 akcuoM EBKInIA, npsMas JeJUT IJIOCKOCTh Ha JBE HOJIYILIOC-
KOCTH, KOTOPBIE ONPEJIETAI0TCS YCJIOBAEM: OTPE30K, COeJIMHAIONINAN IBe TOUYKU U3 Pa3HBIX
OJIYILIOCKOCTEH, IIepeceKaeT IMpAMYIO, & OTPEe30K, COSIMHAIONINN ABe TOUYKHA U3 OJHOHN 110-
JYILTOCKOCTH, He IepeceKaeT IpaMmylo. Ilyers npamaa ¢ € A? zanana ypasnenueMm [ =
Az + By+C = 0. lokaxure, uro nojamuoxkecrsa Fy = {(z,y) € A*: Ar+By+C >0} n
F_={(z,y) € A*>: Ar+ By+C < 0} cyrb (OTKpbITbIE) IO/IyIJIOCKOCTH OTHOCUTENLHO /.

2.12. Haiitu ycjioBusi, HeOOXOMMbI€ 1 JIOCTATOUHBIE JIJIs TOIO, YT00bl TOYKaA (Tq, Yo) Jie-
JKajla BHYTPH TPEYTOJAbHUKA, 00pa3oBanuoro npsambeivu A1z + By + Cp = 0, Asx + Boy +
CQZOI/IAgl’—l-Bgy—'—Cg:O

2.13. IlycTs gannl ase npamble B A2, 3agannsie obmuyu ypasaeanavu A, z+Biy+C; = 0
u Asx 4+ By + Cy = 0. Haitanre HeoOXOMMMbIE W TOCTATOYHBIE YCJAOBHUS /IS TOTO, YTOOBI
9TH MpsIMble a) [ePeceKaJTnch B OJHON ToUKe; 6) OblIN MapaiIe bHbl; B) COBIAIAM.

2.14. Ilycrs gamnl ase npsamble P 4+ ut u Q + vt B A3, Jlokaxkure, 9T0 3TH IIPAMBIC
CKDeIUBAIOTCA (T. €. He HMEIT ODIMHMX TOYEK U He MapaJjuiesibHbl) TOTIa W TOJIBKO TOIJA,
KOT/Ia BEKTOPHI PQ, 4 1 v HeKoMILTaHapHbl. Haif tuTe HeoGXoAMMBIe I JJOCTATOUHEIE YCIO-
BUSL JIJIsl TOPO, YTOOBI IPSIMbIE &) HEePeCeKAIUCh B OJHON TOUYKe; 6) ObLIN TAPAJIICIbHBL; B)
COBTIA/TAJIH.

2.15. ITycrs npsambie {1 u o B A® 3a1am0b1 TapaMeTpIYecKn. 3anummre odmiee ypaBHeHne
IJTOCKOCTH, cofiepzKarieii ¢, W napajieabHol (o (IIpeBapuTesbHO YKa3aB yCJIOBUS, MPH
KOTODBIX TaKasl MJI0CKOCTh CYIECTBYET).

2.16. IIycts npamsie {1 u {5 B A® cKpemuBaoTes, 1 IyCcTh @ — TOYKa, He JeyKalnasd Hi Ha,
OJTHO#T W3 JABYX TPsAMBIX. Beerya i cymecTByeT upsaMasi £, TPOXOIAIiast 9epe3 a u mepe-
ceKalolast Kaxkayo u3 npsameix ¢ u lo? (Ecan na, mpuBecTn J0Ka3aTebeTBO, €ClI HeT,
YKa3aTh ABHBII KOHTpHpuMeD ¢ duciamu.) Haiitu ypaBHenue npsimoii £ (mapaMerpudeckoe
WK KaK [epecedeHne JIBYX MI0CKOCTel ), ecu psaMble {1 U (o 3aTaHbl TApAMETPHYECKH.

2.17. CocraBuTb NapaMeTpUYeCKUe ypaBHEHUH MPAMOM, MPOXOJAINe depe3 TOUKY
(2,3, 1) mapajutesibHo WwiockocTH = — y — 1 = 0 u nepecekatoreii ocb Oy.

2.18. CocrTaBuThb ypaBHeHUd IpAMOil, JiexKarieit B mockocTu « + z = 0 u mepecekarorieit
IPAMYIO
r—2 y—8 z-3
3 11 27
HO He mMerolieit odmux Touek ¢ mpamoit v = 1 +t, y =3+4t, z = —1 —t.
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2.19. Jlanwl Tpu npsmMbie
r=3+t y=-1+2t, z=4t
r=—-243 y=-1, z=4-—1;
T —3y+2z=0,
{x+y—z+4:0
Hanmcarts ypaBHeHUS TpAMOil, IepeceKaloleil mepBble ABe U3 YKa3aHHBIX MPAMBIX U Ta-

paJjuieabHOil Tperbeil.

2.20. Hamucars ypaBruenust npsiMoii, mpoxogsieit aepe3 Touky (1,2,3) u mepecekaroreit

IpsAMBbIe
r y+1l =z-2
2 2 17 4 0 3
2.21. llokazath, 9TO TpH MWaocKocTH « + 2y — 2 —4 = 0, 3xr — 2y +32 —6 = 0 mn
4y — 3z + 3 = 0 0O6pa3yioT NpU3My, 1 HAIUCATH ypaBHEHUE ILIOCKOCTH, MIPOXOJISINeii depes

JMHUIO lIepEeCcedYeHnsl EePBbIX ABYX I'DaHeil Hpu3mbl U l1apaJsiieJbHOll Tperbeil.

r y+2 =z

2.22. Cobcmeennvim nyukom niockocmeti Ha3plBaeTCa MHOZKECTBO BCeX ILIOCKOcTel B A3,
MPOXOASAIIHNX Yepe3 (DUKCHPOBAHHYIO NpAMYI0. Hecobemeentvim nyukom naockocmeti Ha-
3BIBAETCST MHOYKECTBO BCEX IJIOCKOCTEH, MapasieJbHbIX JTaHHON IIOCKOCTH. AHATOTHYIHO
ONpeIe/IsSIOTCs My YKn IpsaMbiX B A2,

Jokazxkure, 910 mi1ockocTb F' = Ax+By+Cz+D = (0 npuHaIeKUT Iy 9Ky ILIOCKOCTE,
OTpeeasaeMOMY JIBYMs HECOBIAMAMINME 1miockoctavu Fy = Ajx + Biy+ Ciz+ D1 =0
u Fy = Asx + Boy + Coz + Dy = 0 Torma w TobKO Toraa, koraa F = aq I 4+ asFy, 11e
(v, a9) # (0,0). AHATIOTHYHO JIJIST TTYYKOB TIPSAMBIX.

2.23. Cobemeennoti ceaskoli naockocmeli Ha3bIBAETCA MHOIKECTBO BCEX ILIOCKOCTe B A3,
POXOAAINX depe3 bUKCUpPoBaHHy0 TOUKY. Hecobecmeennoti ceaakoti naockocmer Ha3bI-
BaeTCAd MHOXKECTBO BCEX IIJIOCKOCTEH, HapaJule/IbHbIX JAHHOU IIPAMON.

Hokaxkute, 9To maockocth F' = Ax + By + Cz + D = 0 npuHaJJIe’KUT CBA3KE TJIOCKO-
creit, onpemensemoit Tpems miockoctsasmu F; = Ajx + By + Ciz + D; = 0,1 =1,2,3, He
IPUHAIEZKAIIMMHI OJHOMY IIYYKY TOTJA U TOJBKO TOrna, Koraa F = aq F + as Fy + asFs,
TN, SKBUBAJEHTHO,

Al B1 Cl D1
Ay By Cy Dyl 0
Ag Bg 03 D3 e
A B C D
2.24. OnumuTe Bce BO3MOXKHBIE CIOCOOBI B3aMMHOTO PACIOJOXKEHHUS JBYX IJIOCKOCTEl

B A°.

2.25. Ilycres manbr aBa adduHHBIX momanpocTpancTBa B = P+W n € =Q + U B A™.
B tepmunax todek P, () u JjimHeitnpix npoctpancts W, U 3amnuimure HEOOXOJIUMOE U JIO-
CTATOYHOE YCJIOBHE I TOTO, 9T00b B u € mepecekaanch (MMeIH XOTst Obl OJHY OBIIYTO
TOYKY ).

2.26. Ilycrs 3aganbl gBa adbdurnbx noanpocrpancrea B = P + (bq, by, bz, by, bs) n
¢ = Q+ (e, €2, c3) B addunnom npocrpancree, npuaém dim B = 5 u dim € = 3. C momo-
b0 paHroB r u R cucteM BeKTOpoB {by, ..., bs, €1, o, c3} u {PQ, by,..., b5, c1,ca, c3}
BBIPA3UTH HEOOXOAMMBIE U JOCTATOTHBIC YCJIOBUS TOTO, YTOOBI JAHHBIC IMOANPOCTPAHCTBA



CKPEIUBAJIUCH IO TOYKE;

HepeceKauch B OJHONR TOYKeE,;
CKPeIUBAaJIUCE 110 IIPAMOI;

MEPECEKAJIUCH 10 MTPAMOMN;

CKPEIUBAJIUCDH 110 JIBYMEPHO# IJIOCKOCTH;
[epecekaJInuch o JABYMEPHOHU IIJIOCKOCTH;
OBLTN TapaJIeTbHBI;

COBITQIAJIN.
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3. EBKJIUTOBHI TPOCTPAHCTBA (HPOCTPAHCTBA CO CKAJIAPHBIM
HPOI/IBBEAEHHEM)

3.1. Onpegesienne, npumepbl. HepaBeuncrBo Komun—-ByHsakoBckoro, HepabeH-
CTBO TPEYTOJIbHUKA.

Onpeaenenne 3.1. JluneiliHoe mpocTpaHCTBO HaJI 1oJieM R Ha3bIBaeTCd e6KAUIOEHIM,
ecJM Ha Tapax ero BeKTopoB ompefeieHa dbyukuus f: V x V. — R (obosHauaemast
(a,b) :== f(a,b) n HA3BIBAEMAS CKAAAPHBIM NPOUIEEICHUEM ), YIOBIETBOPSIONIAS CJIETYI0-
UM CBOICTBaM:

1) burunetinocmo, T.e.

(AMur + Aous, v) = A (w1, v) + Ao(uz,v) u
(w, vy + pov2) = pir(u, v1) + po(u, vs)

JIISE JTIOOBIX A1, Ao, i1, o € R 1w, uy, ug, v, 01,09 € V;

2) cummempuunocms: (v, u) = (u, v) st JOOHIX w, v € V;

3) noaosrcumensvnas onpedeaénnocmo: (v,v) > 0 mag moboro v € V, npuuém
(v,v) =0 Tosbko pn v = 0.

CsoiicTBO OMIMHEHHOCTH BBIpaXKaeT JUHEHHOCTH CKAJISPHOIO MPOU3BEICHUS 10 KayK 10~
MY M3 apryMeHTOB. BBUIY HAIHUUs CBOUCTBA CAMMETPUIHOCTH, OMIUHEHHOCTD OUE€BUIHO
BBITEKAET M3 JIMHEHHOCTH 110 JIIOOOMY U3 JIBYX apryMeHTOB.

Onpenenenne 3.2. Jluneiinoe npocrpanctso Han noieMm C HA3BIBACTCS 2PMUMOGHIM,
eciM Ha Tapax ero BeKTopow ompeneinena dyukmus f: V x V. — C (obozHauaemas
(a,b) := f(a,b) u HA3BIBAEMAS CKAAAPHOLM NPOU3GEICHUEM ), YIOBIETBOPSIONIAS CJIETYI0-
UM CBOHCTBAM:

1) noaymoparunetinocmo, T.e.

(Aru1 + Xotg, v) = A (ur, v) + Ao(ug, v) m
(u, p1v1 + pova) = pi(u, v1) + po(u, v2)

JUTSL JTIOOBIX A1, Ao, i1, p2 € C 1w, uy, us, v,v1,v5 € V;

2) apmumosocmov: (v, u) = (u, v) aust J00bIX u, v € V; B wacrnocru, (v, v) Bere-
CTBEHHO JIg Jiroboro v € V.

3) noaosrcumenvran onpedeaénnocmyu: (v,v) = 0 ans gawboro v € V, npuuém
(v,v) =0 Tosbko ipn v = 0.

CBOICTBO Oy TOPATHHENHOCTH BBIPAKAET JUHEHHOCTH CKAJISIPHOTO TPOU3BEICHUS IO
BTOPOMY apryMeHTy U aHMUAUHETHOCMS TI0 IepBOoMY. BButy Hanausa cBoiicTBa 3pMUTO-
BOCTH, MOJYTOPAJINHEHHOCTh OYEBUJHO BbITEKACT U3 JIMHEHHOCTHU 110 BTOPOMY apryMeHTy.

ITpumep 3.3. 1. Cmandapmmoe cKaIspHOE MPOU3BEIEHNE BEKTOPOB U = (U1, ..., Uy,) U
v = (vy,...,v,) B mpoctparcTBe R" onpesessercst o dpopmysie
(6) (u, ) 1= ugvy + UV + ... + Uy U,.

Ckangproe mpoussegenne BekTopos B C" onpenensiercs mo opmyiie

(7) (U, ’U) = ﬂlvl +E2’U2 —+ ... +ﬂnvn
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2. CrassipHoe mpousBejieHue B mpocrpancree Matc(n, n) KBagpaTHBIX KOMILIEKCHBIX
MaTpHI| pazMepa N 3a1aéTCs ¢ MOMOIILIO (DOPMYJIBI

—t " -
(A, B) = TI'(A B) = aijbij.

1,j=1

Ipu oromecrsiaennn upocrpancrsa Mate(n,n) ¢ C* 910 cKaaspHOe HPOU3BEJCHUE T1e-
PEXOIUT B CTAHJAPTHOE CKAJIAPHOE NPOU3BEICHUE U3 TIPEBIIYIIEr0 IPUMepa.

3. Pacemorpum mpocrpanctBo Cla, b BermecrBeHHO3HAYHBIX (DYHKIUIT, HEPEPBIBHBIX
Ha oTpe3ke [a, b]. Sagaanm ckansipHoe ipousBenenne GyHKIWA f 1 g mo Gopmy.e

(£.9) = int f(z)g(x)do.

Torya ceoiicTa 1) 1 2) CKAJAPHOTO POU3BEICHUsT OYEBU/THBL, & 3) BBITEKAELT U3 TOLO, UTO
unrerpai int® f2(z)dx or neorpunaresnoii nenpepoisroii yukiuu f2(x) neorpunaresen
u obparaercs B Hy/JIb ToabKo npu f(z) = 0.

Ananornuno, cKaagpHOE MPON3BEJICHIE B IIPOCTPAHCTBE KOMILIEKCHO3HAYHBIX (DYHKIM
MOZKHO onpenenuth 1o dopmyre (f,g) = int® f(x)g(z)dz.

Omnpenenenne 3.4. Ilycts V — eBKINI0BO WM 3pMHUTOBO nipocTpancTBo. uga v € V
BesinanHa \/ (v, v) Ha3biBaeTCsl daunoll BEKTOpa v U 0603HaYaeTcs |v|.

BekTops! u, v € V, cKalasgpHoe Mpou3BeieHne KOTOPBIX PABHO HYJIIO, HA3BIBAIOTCS Nep-
NeHOUKYAAPHOLMU WITH 0PMO20HAAbHuLMU. B sTOM ciaydae numyr u L v.

ITpennoxxenue 3.5. [lycmv u — nenyresoti 6exkmop e6KAUIOBA U IPMUMOBE NPO-
cmpancmea V. Tozda das mobozo eexmopa v € V' cyujecmeyem eduncmeentoe padnontce-
HUE V= v + Vg, 20e 8EKMOP V) KOAAUHEGDEH BEKMOPY U, G GEKMOP Vo OPMO2OHAAEH U.

Jloxasamenvecmeo. CHavaga JOKAXKeM eJIMHCTBEHHOCTD. [1ycTh v = v1 + v9 — TaKoe pas-
goxkenne. Torna g A € R umeem v = Au, vo = v — Au. YejaoBue u 1 vy Biedér

0= (u,vs) = (u,v —\u) = (u,v) — A(u, u).
Orciona A = (u,v)/(u, u) n
(u,v)
(8) vy =
(u, u)
TeM caMBIM BEKTODHI V] M Uy = U — ¥ OHpejeseHbl ogHo3Hauno. C Apyroil CTOpoHSHI,
onpesiesinB vy 1o 31oil popmyse, Mbl ToayIuM vo = (v — v1) L u. O

Omnpenenenne 3.6. Bekrop (8) HasbiBaeTcsi opmozonaaviol npoekyuell BEKTOpa v Ha
HaIlpaBJIeHNEe BEKTOpa ¥ U 00O3HAYaeTcs Pr,, U, & BEKTOp ¥ — Pr,, U HA3BIBAETCS 0PMO20-
HANDHOT COCTNABAANULET, BEKTOPA ¥ OTHOCUTEJHLHO % U 0003HAYAETCH OTty, v.

JInuHa opTOroHaJIbHOM MPOEKIINH BBIYUCISIETCS 10 (hOPMYJIe

| pr,, v| = /(pr, v, pr, v) = ((u’v)u Cu,v)u) B

(u,u)  (u,u)

Teopema 3.7 (mepaBeHcTBo Komu—ByHAKOBCKOTO). Jlas 4066 08y 6eKmopos u, v e6-
KAUDOBA UAU IPMUMOBE NPOCTPAHCNEA UMEETM, MECTNO HEPABEHCTNEO

|(w, v)| <[] -],
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npudeMm paceHCcIneo UMeem Mecmo moaAbKo 6 CaAYydace, K020a G6EKMOPbL, U, UV KOANUHEAPHDL.

Joxazamenvcmeo. Ecim u = 0, yrepxKaenue oueBuano. llycts v # 0. Sanumem v =
v1 + vg, T V1 = pr, ¥ U vy = orty, v. Torma (v, va) = 0, U MBI HMeeM

|’U|2 = (’U, ’U) = (1)1+UQ, ’l)1+’l)2) = (’Ul, ’1)1)+(’01, ’Ug)+(’UQ, ’Ul)+(’02, ’Ug) = "01‘24“’02‘2.

Orcoga |vy| < |v|, upu4yém paBeHCTBO JOCTUIAETCS TOJIBKO IPU Uy = 0, T.€. KOrJia BEKTOP
— _ [(wv)|
¥ KOJUIMHEAPeH BeKTOpY . OCTanaoch 3aMeTHThb, 9T0 |vi| = |pr, v| = i

HepaBeHCTBO |v1| < |v| 9KBUBAJIEHTHO TPeGyeMOMY. O

TaK 49TO

Onpegenenne 3.8. Yziom MexKIy ABYMsI HEHYJIEBBIMU BEKTOPAMHU U, ¥ €BKJIUIOBA IIPO-
CTPaHCTBA HA3bIBAETCY BeJIUYINHA
(u, v)

€ [0, 7.
|| [v]

Z(u,v) := arccos

Hepaencro Konmm—bByHgaKoBCKOro rapanTupyer, 4To yroj MezKJIy HEHYJIEBbIMH BeK-
TOpPaMH BCETIa ONPee/ICH.

CaencrBue 3.9 (HEepaBEHCTBO TPEYTOJbHUKA). JlAf A100bT 06YL 6€KMOPOS U, V C6KAU-
0064, UAU IPMUMOEE NPOCTNPAHCTNGE BBINOAHEHO HEPABEHCTNEO

u+ v < [ul + Jv].
Joxazamensvcmeo. B obenx 4acTgax HEPABEHCTBA CTOAT HEOTPHUIATEIbHBIC BETUYHHDBI, T10-
9TOMY IIPU BO3BE/ICHUHU B KBaJPaT IHOJIYYaeTCsd PABHOCUIBHOE HEPABEHCTBO

(u+v,u+v) < (u,u)+ (v, ) +2[ul |v].
[Tocsie packpbITHSI CKOOOK B JIEBOI YaCTU U COKPAIIEHUS MOJ00HBIX YJIEHOB MbI MOy YaeM
ceyrollee HepaBeHCTBO:
(v, v) + (v, u) < 2ul|v],
KOTOpOe cjaeyeT u3 HepapeHcTBa Kommu—byHaKoBeKoro. [

3.2. OproroHaJbHBIE CUCTEMBI BEKTOPOB, OPTOHOPMUPOBaHHbIE Da3uckl. OpTo-
roHanausanuga 'pama—ITIMmuara.

ITpennoxxenune 3.10. Ilycmv vy, ..., v — HGOOP NONAPHO OPMO2OHANDHHLLT HEHYAECHLT
eexmopos. Tozda amu 6ekmopvl AUHETHO HE3ABUCUMDL.

oxazamenvemeo. 1lycTh HeKOTOpast InHetHAT KOMOMHAIIAS JaHHBIX BEKTOPOB paBHA HY-

JITO: .
=1

YMHOXKHM 00€ 4acTH 3TOr0 PaB€HCTBa CKaJIAPHO Ha V; U BOCIIOJIb3YyEMCHA JUHEXHOCTBHIO
CKaJIAPHOI'O IIpOU3BEACHHUA 110 BTOPOMY apryMeHTYy:

k k
0= ('vj’ Z)\wz) =D Ailvy, ) = Ay, v),
=1 =1

TaK KaK 110 YCIOBHIO OCTAJbHBIE cJlaraeMble B 3TOH cyMMe paBHBI HYJ0. 11ockoabky mo
ycJIoBHIO v; # 0, U3 IOJOXKHTENBHOH OIpPeIeeHHOCTH CKAJISPHOIO IIPOU3BEeHHs CJle-
ayet, uto (v, v;) # 0, a 3na4nt, A\; = 0. D10 BRIIOIHEHO Ay moboro j = 1,... Kk,
CJIeJIOBATE/IHHO, JNHEITHAS KOMOWHAIIHS Zle A;U; TPUBHAJIHHA. ]
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Onpepnenenne 3.11. bBasuc ey, ..., €, €BKANI0BA WIK SPMHUTOBA MPOCTPAHCTBA HA3bI-
BAETCSA OPMO20HANLHbLM, €CJIN er0 BEeKTOPBI MOTAapHO OPTOTOHAJBHBI. Hcam mpm 3ToM
JUTMHA KazKJI0ro BeKTopa paBHa 1, To 0asmc Ha3bIBaeTCd OpMoHOpMUposarHvim. CKa-
JIIDHBIE TPOU3BeJIeHNs BEKTOPOB OPTOHOPMUPOBAHHOTO 0a3uca 3aJaf0TCs COOTHOITEHHEM
(61‘, ej) = 5ij7 rue

1, ecom 1 = j;

0ij = 0, ecau i # j

— TakK Ha3bIBaeMbIil cumeon Kponexepa.

Teopema 3.12. Ilycmo aq, ..., a; — HabOP AUHETHO HE3ABUCUMBLT BEKMOPOE NPOCMPAH-
emea V. Tozda cywecmsyem makoti Habop nonapHo opmo20HaLbHbLE 8exmopos by, . . ., by,
umo oaa kancdozo i = 1,... k aunetinas oborowka (b, ..., b;) coenadaem c (@, ..., a;).

Hoxasameavemso. Ilpu k = 1 yTBepKaeHHe 0YeBHIHO: MOXKHO B3dTh by = ap. Ilpen-
OJIOXKHM, UTO YTBEpP:KIEeHHe BEPHO ik HaOOPOB M3 7 BEKTOPOB, U IOKaXKEM ero s
nabopoB m3 i + 1 Bekropa. Ilycts by, ..., b; — opToroHaabHBI! HAOOP, HMOCTPOCHHBI
1o Habopy @i, ..., a;. Mbl xXoTUM, 4TOOBI JIJId HOBOTO BeKTOpa b; 1 Juneilinasg 000J104-
ka (by,...,b;, b;41) coBnanana c (ay,...,a; a;r1) = (by,..., by, a;1), u mosromy Gyaem
uckarb b, 1 B BUjE

biv1=a;1+Mbi+...+ N\b,.

Kosdpdunmentor Aq, ..., \; OyaeM moadupaTh Tak, 9ToObI BeKTOP b; 1 ObLI OpTOroHAJIEH
BCEM IMPENBIAYIIM BeKTOpaM bi,...,b;. YMHOXKHB CKAJSIpPHO HPEIbIAYINee pPaBEeHCTBO
ciesa Ha b; u ucnosnssosas 1o, uto (b, by) = 0 npu j # ¢, nonyuaem

0= (bj,biy1) = (bj,ais1) + A;(bjs, bj),

(bj,ai41)

OTKYyJa \j = — b, AW j=1,...,i. OxoHuaTe/BHO Jjis BeKTOpa b,y mOoTydaem
VRAaV)
biii —a (bluai-i-l)b (b27ai+1)b (biaai+1>b _
i1 =iyl — 3 01— 0y~ ... 0 =
(9) (b1,b1) (b2, b2) (bi, bi)
= Qi1 — Ply, Qi+1 — Plyp, Qi1 — ... — PIp, Ait1-
[Tpu stom b; 1 # 0 (tak kax by ..., b;, a;, 1 JuHelino HezaBucHMbL), b; 1 OPTOrOHATEH
BexTopam by, ..., bi, a (b1,...,bi, biy1) = (b1,...,bi,ai1) = (@1,..., @i, ai11). O
NuaykTuBHAA 1pOILEe a mepexoja oT Habopa ai..., @, K OPTOrOHAJBLHOMY Ha-
)
oopy bi,..., b, HazpIBaeTcsa npoueccom opmozonasudavuu I'pama—Illmudma. Yciaopue
(by,...,b;) =(ay,...,a;) mpui = 1,... k o3Hadaer, 4T0 MATPUIIA IEPEXO/IA OT @1 . . ., A
K by,..., by aBasieTcsa seprHempey20abHotl.

CaenctBue 3.13. B eskaudosom usu spmumosom npocmparcmee V. cywecmsyom op-
MOHOPMUPOBAHHBLE OA3UCHL.

Joxazamenvcmeo. elicTBUTEIbHO, BO3bMEM ITPOU3BOJILHBIN Oa3uc mpocrpancrsa V u
npuMeHuM K Hemy oproronasmm3anuio ['pama—Illmuara. B pesynbrare mojiyuum opro-
roHa/ibHbIl 6a3uc by, ..., b,. Torma 6asuc, cocrodiuii 13 BEKTOPOB %, cee “';—:‘ byzaer
OPTOHOPMHUPOBAHHBIM. 0J
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IMpennoxxenue 3.14. [lycmo sexkmopol © U U UMEWOM KOOPOUHAMDBL Ui, ..., U, U
Vi,...,Up 8 HEKOMOPOM OPMOHOPMUPOBAGHHOM 0a3UcCe e8KAUO0BAL UAU IPMUMOBHE NPO-
cmpancmea V. Tozda ux crasaproe npoussedenue SuUUCAAEMCA 1O POPMYAE

(u, v) = W1 + Uge + . .. + Uy Uy,
Jlokxazamenvemso. Ilycts ey, ..., e, — opronopmupoBauubiii 6asuc. Torma (u,v) =
(> uies, Zj vje;) = Z” wv;(e;, €;) = U1vy + Ugva + . . . + Uy Uy, O
3.3. OproroHajbHbIe U YHUTAPHbIE MATPpUIbI. () R-pa3joxKeHue.

Onpenenenne 3.15. Marpuma mepexoga OT OJIHOTO OPTOHOPMHPOBAHHOIO Oa3uca eB-
KJIUI0Ba (COOTBETCTBEHHO, IPMHUTOBA) MPOCTPAHCTBA K JPYTOMY OPTOHOPMUPOBAHHOMY
6a3ucy Ha3BIBACTCS 0PMO20HAALHOT (COOTBETCTBEHHO, YHUMAPHON).

ITpepnoxkenne 3.16. Caedyrowjue ycrosus sK68USAAEHMHDL:

a) mampuya C' opmozonasvha (CoOMEememseeHno, YHUMapHa);

6) C'C = E (coomeemcmseno, c'c = E);

B) cmoabyv, mampuyv C 06pasytom opmonopmuposarnud basuc npocmparcmea R™
(coomeememsenno, npocmpancmea C");

r) CC' = E (coomsemcmeenno, CO = E);

) cmpoxu mampuyv, C 0bpasyrom opmoropmuposannbil bazuc npocmparcmea R™
(coomsememesenno, npocmpancmea C").

Jlokasameavemso. VenoBust 6) W ') 9KBUBAJIEHTHBI, TAK KAK KayKI0€ W3 HUX SKBUBAJEHT-
1o pasercrsy C' = C~! (coorsercrsenno, C' = C~1). DxpusanentnocTn 6)< B) 1 1)< 1)
BBITEKAIOT W3 MPAaBUIa YMHOXKeHWsT MaTpuil 1 dhopmys (6) n (7) Ajist CKaIAPHOTO MPOU3-
Bejenus B R” u C”.

Hokazkem uMmIukanuto a)=06). Ilycts ey,...,e, u €},..., e/, — aBa OPTOHOPMH-
pOBaHHBIX Gaszuca B 3pMUTOBOM mpocTpancTBe U C' = (¢;) — MaTpulia mepexoja, T.e.
e, = > . Cike;. Torna (e;, e;) = 0;; u (e}, e]) = O, OTKynA

Or = (), €1) = (D2, cin€i, 2 j cnej) = D, i Cuncii(€i, €5) = D2, i CinCiubij = D, CirdijCji.
Cor1acHO IPaBUILy YMHOXKCHUS MATPUIL, 3TO 3KBHBAJICHTHO MaTPHYHOMY COOTHOLICHUIO
E=CFECwmCC=E.

Ocrasoch JoKa3aTh UMILTHKAIUIO 6) = a). [lycTh nMeer MecTo TOXKIECTBO c'c=E
AN Z” Cik0ijCj1 = Op;. BO3BMEM TTPOM3BOILHBIT OPTOHOPMUPOBAHHLIH 0a3NC €1, .. ., €.
3 coorromenus O C' = E BLITEKaeT, 9T0 MaTpuna C' HeBBIPOKICHA, W IO3TOMY MOZKHO
PaccMOTPETh HOBbIH Oasuc e,..., e, re e, = Y, ¢jpe;. Torga aHajorudHo mpebLy-
el BBIKJIaJKe Mbl ojaydaeM (e}, e)) = Z” Cir0ijCjt = Ok, T.¢. OA3UC €, ..., el Takxe
opronopMupoBat, u C' — MaTrpuna mepexoga OT OJHOI0 OPTOHOPMUPOBAHHOIO Oa3mca K
JIPYTOMY. O

ITpumep 3.17 (oproronanbhbie Marpuibl 2 X 2). V3 npeioxkenns 4.7 6) BbITeKaeT, 410

Cc C
ycjaoBue OPTOTOHAJIBHOCTH MaTPHIIBL ( 1 12 3allUCBIBACTCA TpeMd COOTHOIIICHUAMU

Co1  C22
2 2 2 2
T =1, cncatcencn =0, cy+cp=1,

2 (2 | .2y _
Bripazkast €12 13 BTOPOTO COOTHOIIEHUS U MOACTABISIS B TPEThE, MOLYIaeM (oo (5 +¢11) =
cl, oTKyJa c3, = c3. Orciofa nojydaem cj; = COS, Cop = SN, Cop = £ COSQY, C1p =
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€2 €2

© €1 © €1

a) 6)
Puc. 1. OpronopMuposannble 6a3ucs B R?

Fsin g ana Hekoroporo ¢, 0 < ¢ < 27. CoOTBETCTBYIOIIHE OPTOrOHAJIBHBIE MATPHUIIBI
UMEIOT BH]L

(10) cosp — sin ¢ . cos ¢ sin ¢
sinp  cosp sinp —cosy
Mur umeem det C' = 1 giist mepBoro cemeiicrsa marpui n det C' = —1 17151 BTOpOTO.

DTOT BUJI MATPHUI[ MOXKHO TAKKe IOJIYIUTHh €OMETPUIECKH, BOCIIOJIb30BABIINACH UCXO/I-
HBIM OIIpejieJIeHHeM OPTOTOHAIBHBIX Marpuil. llycts C' = (¢;;) — MaTpHIa mepexoia oT
OPTOHOPMHPOBAHHOTO Ga3uca e, e; K OPTOHOpMUpOBaHHOMY 6asucy e, eh. Torma B mep-
BOM CTOJIOIE MATPHIILI CTOST KOOPAWHATHI BEKTOpa €] B Oasuce ej, s, T.e.

/ .
€, = C11€] + C21€2 = COS ey + Sinpesq,

riae ¢ € [0,27) — yros or BeKTOpa €; J0 BEKTOpa €3. Tak Kak BEKTOP €, OPTOrOHAJEH
BEKTODY €}, BO3MOXKHBI J[Ba CJIydas: JUOO yroJ OT €s K €5 paBeH @, cM. puc. 1 a), aubo
9TOT YTOJI paBeH ¢ + 7, cM. puc. 1 6). B nepBom ciydae 6asucel €1, € U €}, e, OTuHAKOBO
OPHEHTHPOBAHBI U MBI IIOJTy4aeM nepsoe cemeitctso (10). Bo Bropom cirydae 6a3uchl €1, o
U €', e, IPOTUBOMOIOKHO OPUEHTHPOBAHBI M MBI HIOJIy4aeM BTopoe cemeficTso (10).

Teopema 3.18 (QR-pazsoxkenue). s 410000 Heewposcdennoli eeutecmeentoti (coom-
BEMCMBEHHO, KOMNAECKCHOU) MAmpuybl, A umeem Mecmo pasironHcenue

A=QR,

ede Q — 0pMO2OHAABHAA (COOMBEMCMBEHHO, YHUMAPHGA) Mampuya, a R — eeprrempe-
Y20NDHAA MOGMPUYG C NOAOHCUMENDHBMU YUCALGMU HA JUG2OHAAU.

Jlokasameavemso. Ilycts ay, ..., a, — 6asuc npocrpancra R™ (mau C"), cocrosimuii u3
cronbmos marpunsl A. [lpumenus k mHemy oproronanu3anuto [ pama-[IImuara, moayanm
opToroHaabublil 6a3uc by, ..., b,. llycte C' — marpuma nepexosa, T.e.

(by ... b,)=(ay...a,C

nin B = AC, rne B — marpura, cToadmpl Koropoit ¢yt bq,...,b,. Ilpu srom mar-
puiia C' — BepXHETPeyToabHAS ¢ €JIUHUIAME HA JUATOHATN (ITO CJIEIyeT U3 COOTHOIIe-
muit (9)). Ilpu nepexome or oproronasbHoro 6asuca by, ..., b, K OPTOHOPMUPOBAHHOMY
Gazucy b},..., b, rue b, = %, mbl osiydaem B = B'D; tue B’ = (b),..., b)) — opro-
rOHaJbHAsT MaTpuna, a [ — auaroHajgbHas MaTpuia ¢ duciamu |b;| wa guaronanm. 113
coornomenniit B = AC u B = B'D mu nonyaaem A = B'’DC~!. Toraa nonoxus Q = B’
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n R = DC~!, mp momyunm Tpebyemoe pasmoxenne A = QR, Tak kak R — BepxHerpe-
YTOJIbHASI MATPHUIIA, HA JUATOHAIN KOTOPOIl CTOST MOJOKUTENbHBIE Yncaa |b;|. OJ

Bameuanue. () R-pasioxenue uMeeT MECTO TaKzKe U JJIsl BBIPOKICHHBIX MaTpul, A (1mpu
STOM Ha JuaroHajn R MOTYT CTOATH HYJIH), a TakzKe JJisi MPIMOYTOJbHBIX MaTpui, A
IPOU3BOJILHOTO pa3mepa (3a1aua).

3.4. OproronajabHoe gonojiHenune. [Ipoeknug u opToroHajibHag COCTABJIMIONIAS.
Yroa MexkJay BEKTOPOM UM HOAIIPOCTPAHCTBOM.

Onpeaenenne 3.19. Ilycts W C V — noanpocTpaHCTBO €BKJINI0BA WA SPMUTOBA IIPO-
crpancTBa. Opmozonasvnsim donoanernuem K W HasbiBaeTcs MHOZEKecTBO W, cocTodmee
3 BEKTOPOB, OPTOTOHAJIBHBIX BCceM BeKTopaMm m3 W, T.e.

WH={veV:(v,w)=0 nuancex wc W}
JIerko BUJIETDH, 9TO OPTOrOHAIBHOE Jono/HeHne WL apjigerca MoampocTPaHCTBOM.

IIpennoxxenne 3.20. /i arwbozo nodnpocmpancmea W C V' umeem mecmo pasiosrce-

wue V=W a W,

Hoxazameavemso. 1lycts aq,. .., a, — 6asuc B W, gonoaaum ero o 6asuca BCero mpo-
cTpaHcTBa V' BEKTOpPaMHU @p.i1,. .., a,. lIpumenus oproronanusamnuio ['pama—Illmuara,
OJIyYUM OPTOTrOHaIbHBIH 6asuc by, ..., by, byi1,...,b, BV, npuwuém ero nepsoie k Bek-
Topos GynyT Gasucom B W, tak Kak (by,...,bg) = (a1,...,a;) = W. B 10 xKe Bpems
bit1,...,b, nexxar B W 110 onpeeiennio opToroHaILHOTO ToIoaHeHus. VTak, 18 JTIo-
6oro BekTOpa v € V MBI HMeeM pa3/oKeHHue 1Mo HDa3ucy

v=Mb+...+ )\kb13+3\k+1bk+1 + ...+ )\nb@,

-~

~
cew ewd

Te. V=W + W,

OcraJsioch J0Ka3aTh, 4TO 3Ta cyMMa mnpamMad. Ilyere v € W N WL, Tak kak v € W,
Mel nmeeM (v, w) = 0 ga Becex w € W. Tax kak v € W, B KadecTBe W MBI MOXKEM B3STh
cam BekTop v. Torma (v, v) =0, .e. v = 0 n cymma — mpsimasi. O

Omnpenenenne 3.21. Ilycrs W C V — noanpocTpaHcTBO €BKJ/IN/I0Ba X SPMUTOBA HIPO-
crpancTBa. Jljs mpon3BOIBLHOTO BeKTOpa v € V 3amuineM pasjioxKeHue v = v + Vg, 1€
vi € W, a vy € Wt. Torma BeKTOp v HA3BIBAETCH 0PMO20HAALHOT npoexyuelti BEKTOPA
v Ha nojupocrpancTso W n obo3HawaeTcs pry, v, a BEKTOP Uy = U — DIy, ¥ Ha3bIBa-
eTCsd 0PMO20HAALHOT COCMABAAOWET BEKTOPA ¥ OTHOCHUTE/IBHO mojnpocTpancTtsa W u
obosHavaeTcda ortyy v.

fcno, aro orty v = pryyL v.

ITpennoxkenue 3.22. Ilycms nodnpocmparncmeo W C V' 3adano xax sunetinas 060s0uka
cucmemv, eexmopos: W = (ay, ..., a). Tozda npoexyus eexmopa v € V. na W ecmo
AUHETHAA KOMOUHAUUA

Pry v =A@y + ...+ \pay,
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Koapuruermal Komopoti HATOOAMCA U3 CUCTNEMBL AUHETHYT YpasHeHul
(a1, @)\ + (a1, a) Ao+ ... + (a1, ap) N\, = (a1, v),
(ag, al))\l + (ag, CLQ))\Q + ...+ ((12, ak)Ak = (az, ’U),

(ag, @)A1 + (ag, a2) Ao + ... + (ag, ap) \p = (ag, v).

oxazamenvcmeo. 3anumeM v = pry, v + orty v. Torma BekTop orty v = v — A\ja; —
... — AL @) OPTOIOHAJIEH KaZKJIOMY U3 BEKTOPOB @1, . . . , @k. B35B CKaJsIPHOE IIPOU3BEICHUE
a; ¢ ortyy v, MBI IIOJIy4aeM

(a;,v —N\ag —...— \gay) =0,
YTO SKBUBAJEHTHO i-MY YPABHEHUIO CUCTEMBI. O

Onpegenenne 3.23. Ilycts V' — eBKINIOBO IPOCTPAHCTBO. Y240M MEKILY BEKTOPOM ¥ €
V' u nopupocrpancrsom W C V TouHas HUKHS I'PaHb YIJIOB MEXKJ/Iy U U IIPOU3BOJIbHBIM
BekTOpoM w € W:
L(v, W) = inf Z(v,w).
weW

Tounast nuKmss rpaub inf, ey (v, w) cymecTByeT, Tak KaK MHOKECTBO yIUI0B £ (v, w)
orpaHuyeHo cHudy HyJsiéM. Ha caMoMm Jiejie ToYHasi HUZKHsIsSI PAHD JIOCTUIAeTCs HA BEKTOPE

= Iy ¥, KaK [HOKA3aHO B CJEAYIONEM YTBEP/KICHIUM.

ITpennoxkenue 3.24. Yzon meocdy 6ekmopom u noonpocmparncmeom paser Yaay Mercoy
BEKMOPOM U €20 NPOEKUUET HaA IMO NOINPOCTPAHCNGO:

L(v,W) = Z(v, pry v).

Jlokasameavemso. Tlycts w € W — npoussonbabiil BekTop. O603HaunM o = Z(v, pry, v),
g = Z(v,w) n v; = pry v. Heobxoaumo nokazark, ato o < . Tak kak 0 < «, f < ,
HEPaBeHCTBO @ < [ 9KBUBAJIEHTHO HEPABEHCTBY COS (v > COs 3, T.e.

(v, vy) (v, w)
(1) ol o] = TolTwl

Barmmiem v = vy + vy, THE Uy = ortyy v € Wt Torma (v, vy) = (vy + v2,v1) = |v1?
u (v, w) = (vy + vy, w) = (vy, w). [oxcrasus 1o B (11), momyuum |vq| > (”|1u’,1‘”),
BBITEKaeT W3 HepaBeHCTBa Komm-byHAKOBCKOTO.

qTO

3.5. AddurHBIE €BKANOOBBI IpOocTpaHCcTBAa. PaccTogHME OT TOYKMU A0 MOAIPO-
ctpaHcTBa. PaccTogame Mekay mognpoOCTPAaHCTBAMM.

Onpenenenne 3.25. Addunnoe npocrpancrso (2, V') HaspiBaeTcss e6kAuIOGHLM, ECTH
JIMHEHHOe TPOCTPAHCTBO V SIBISETCS eBKIMIOBBIM.

Pacecmosnuem mexay roukamu P u (Q adpdunnoro eskingosa npocrpancrsa (2, V)
Ha3bIBAETCS [JIHHA BeKTOpa PQ):

d(P,Q) = [PQ)].

Pacemosnuem mex iy Toukoii P u adbdunubim noaupocrpancrsom (B, W) nassiBaercs
TOYHAST HUYKHSISI TPAHb PACCTOSTHUN MeXky P u mpom3BOIbHON TOUKOM () € B:

d(P,*B) = érelf% d(P,Q).
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Pacemoanuem mexay abdurabivu noanpocrparctsamu (€, U) u (B, W) nazpiBaercs
TOYHAsT HUKHSISI TPAHb PACCTOsTHUi Mexkay Toukamu P € € u () € B:

d(€,B) = Peglcge% d(P, Q).

Caenyiorree yreepzKaeHne 0000IaeT yTBEPKICHIS O PACCTOTHAN MEYK Ty TOYKOH 1 mpsi-
MO# WJIN ILTOCKOCTBIO U3 aHAJATHYICCKONH I'€OMETPHN.

Teopema 3.26. Paccmosanue meotcdy moukoti P u apdurrvim nodnpocmparcmeom
(B, W) pasno daune opmozonasvroti cocmasaaowets eexmopa PQ, coedunaowezo P c
nPouaeosvHotll moukol Q) € B, omuocumesvho npocmpancmsa W :

d(P,B) = |orty PQ| dns a0600 mouru Q) € B,

oxasamensvemeo. BHaganae Mbl JOKaxKeM, 9TO OPTOrOHAJbHAS COCTABJISAIONIA ortWP_Q
He 3aBHCHT OT BbIOOpa Toukn @ € B. Ilycrs Q' € B — apyras Touka. Mbl nveem PQ =
pry PQ+ortyy PQ u PQ' = pry, PQ' +orty, PQ'. C apyroii croponb, PQ’ = PQ +QQ)’,
e QQ' € W. Torna

PQ’ = pry, PQ' +orty PQ' = QQ' + PQ = QQ’ + pry, PQ + orty PQ ..
\ ; N - / A/—/
cw cwL ew ewd

Orcrona B culy €JUHCTBEHHOCTH PA3/IOKeHHs BeKTopa B mpamoit cymme V = W @ w+t
nosty4daeM orty PQ’ = orty, PQ, 910 1 Tpe6oBaIoCh.

Teneps nokazkem, uro ms 060t Toukn () € B Mpl umeeM |PQ)| > |orty PQ)|. Heit-
CTBHUTEJILHO,

[PQI* = (PQ, PQ) = (pry PQ + ortw PQ, pryy PQ + ortw PQ) =
= (pryy PQ, pry, PQ)+(orty PQ,orty PQ) = | pry PQ|*+|orty PQ|* > |orty PQJ?,

[Je B MPe/IIoCaeHeM PABEHCTBE Mbl BOCIOJIB30BAINCH TeM, 9To (pry, PQ, orty PQ) = 0.
Crenosarensuo, d(P,B) = infgeq |[PQ| = |orty PQ)|.

OcraJioch JioKa3aTh, 4To 3Hadenne | orty PQ| pocturaercs, T.e. |[PQ’| = | orty PQ| nis
HeKoTOpo#t Toukn Q' € B. Jljis s10r0 Bo3bMEM B KadecTse Q' Touky P +orty PQ. Torna,
o onpejesieHuto paccrosuust, | PQ)'| = |orty PQ)|. C apyroii ¢TopoHsi,

Q' = P +orty PQ = P+ PQ — pry PQ = Q — pry, PQ,
rie Q € B u pry, PQ € W, te. Q' € B. O

B anasmTuveckoit reoMeTpun paccTosSHUE MEXKIY CKPENTUBAIONIMMUCH MPIMBIMHA B TTPO-
CTPAHCTBE BBIYUCISIIOCH KAK JIJTAHA UX OOIEro mepreHInKy/asspa. AHATOTHIHBIM 00pa3oM
BBIYHUC/ILETCH PACCTOSHUE MKy adPUHHBIMU HOANPOCTPAHCTBAMHU B ODIIEM CJIydae:

Teopema 3.27. Paccmosanue meoncdy deyma addunnvmu nodnpocmparncmeamu (€, U) u
(B, W) pasro daune opmozonarvhoti cocmasamoweti eexmopa PQ, coedunarouezo npo-
uzsoavhyto mouky P € € ¢ npoussoavhol moukold Q) € B, omHocumesvHO NPOCmpaH-
ecmea U+ W:

d(¢,B) = |ortyw PQ) oaa mobwx movex P € € Q) € B.
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Jokasamenvcmeso. JlokazaresbCTBO aHAJOIHIHO TpEeAbAyIeMy. BHadae qoKaxkeMm, 9T
OPTOTOHAIBHAST COCTABISONAs orty y PQ He 3aBucuT or BHIGOpA TOuek P € €, QQ € B.
[ycts P’ € €, Q' € B — apyrue touku. Mbl umeem PQ = pry,y PQ + ortyiw PQ u
PQ = pPryw P'Q + ortyw P'Q'. C apyroii croponsl, P'Q' = P'P + PQ + QQ’, e
P'PecUnQQ €W. Torna

P'Q = pryw P'Q +ortyw P'Q' = P'P + QQ" + pry .y PQ +ortyw P_Q
eU:W e(U:rrW)L GUIW G(U:rrW)L

Ot1cioia B CHJIy €JIMHCTBEHHOCTH DPA3JIOXKEHHS BEKTODA B LPIMOH CyMMe IOJIydIaeM
ortyw P'Q) = ortyw PQ), 910 1 TpeboBaJIOCH.
Tak ke, KaK B IPeJIBLIYIIEM IPe/TIOKeHNH, MBI J0Ka3biBaeM, 410 Jyid P € Cu ) € B
MBI nmeeM |PQ)| > |ortyw PQ)|. CienosatensHo,
d(€,B) = inf |PQ|=|ortyiw PQ)|.

Pec,Qe®B

OcTamoch T0Ka3aTh, 9T0 3HAUEHUE | ortyyw PQ)| mocTuraeTcst B HEKOTOPO# mape TOUek,

Te. |[P'Q'| = |orty w PQ| nna mexoroprix Touek P € €, Q' € B. Bammmem BeKTOD
pryw PQ € U+ W B Buje cymmbr:
(12) prU—s—WP_Q: U+ w,

rne u € U u w € W. Tenepb Bozbmém P = P + u, torga ouesuguo P € (€, U).
Hamee, Bozpmém ) = P’ + ortyw PQ. Torma, no onpenenenunio paccrosgnus, |P'Q)'| =
| orty w PQ|. C apyroii ¢cToponbi,

Q/:P,+OrtU+WP_Q:P+u+m_prU+WP_Q:Q_wv
e @ €BuwelW, re. Q € (B,W). O

Ecu d(€,B) # 0, To Toukn P’ u (), HaiiieHHbIe B IPeIBIIYINEM TOKA3aTeNbCTBe, Pa3-
auaHel. [psavas, conepxkamasg P u (', nepueHIMKyJIsSpHa KazxKJI0OMY U3 HOIIPOCTPAHCTB
(€, U) u (B, W) un nazpiBaerca ux obujum nepnendukysapom. Takas mpsmast e THHCTBEHHA
TOTJA U TOJIBKO TOTJA, KOTJIA BEKTOPB ¢ U W B pasyoxkenuu (12) onpeeaeHsbl 0JHOZHAY-
uo, T.e. kKorga U NW = {0}. Hanpumep, 910 TaK B ciydae CKPENUBAIONMXCS NPSIMBIX B
3-MepPHOM TIPOCTPAHCTBE.

3.6. Onpenenutesib MaTpunbl I'paMa m MHOTOMEPHBIT 00BEM.

Onpenenenne 3.28. Mampuued I'pama cucreMbl BEKTOPOB @1, . . ., @) HA3BIBAETCH MaT-
puna

<a17a1> (a’170’2) (a17a’k)

(G,Q,Cll) (a27a2) (a27ak‘)

G=0G(a,...,a) = . ‘
(ax,a1) (ag,az) ... (ag, ay)

Marpuna G cummverpuuna (G = G) B €BKIMIOBOM MPOCTPAHCTBE U 3PMUATOBA, (@t =G)
B 3PMUTOBOM.

Matrpuna I'pama yke nogmjsiiach KaK MaTpulla CUCTEMbl JIJIg HAXOXKjIeHusd K03 hu-
[IMEHTOB TPOEKIMN BEKTOPA Ha MOANPOCTPAHCTBO (@1, . . ., @) (CM. IpemaoxeHue 3.22).
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IMpennoxxenue 3.29. Ilycmv G — mampuuya 'pama cucmemvt 6eKmopos aq, . . ., G, G
A = (a;;) — mampuya, 8 cmosbybL KOMOPOT 3aNUCAHb KOOPOUHAMYL 6EKMOPO8 Gy, . . . , G
8 HEKOMOPOM OPMOHOPMUPOBAHHOM basuce. Tozda umeem Mecmo coomHowerue

G=A'A (G = A'A 6 esxaudosom npocmpancmee,).

Hokasamenvbcmso. DTO CIeIyeT U3 3aKOHA YMHOKEHUS MATPHIL U (DOPMYJIBI JJI CKAJISIP-
HOTO MPOHM3BE/IEHAs B OPTOHOPMUPOBAHHOM Oasuce (mpemaoxkenue 3.14). 0

Omnpenenenne 3.30. Ilycts P € (A, V) — Touka B addUHHOM MTPOCTPAHCTBE, 2
ai,...,a; — HADOD BEKTOPOB B jimueiinom npocrpancrse V. Iapassesenunedom c Bepiim-
HOit B TOuke P, HATSIHYTBHIM H& BEKTOPHI @1, ..., Gk, HA3BIBACTCH CJIEIYIONIee MHOKECTBO
Touek aduHHOTO TTpocTpancTsa 2A:

I(P;ay,...,ar) ={QeA: Q=P+z1a1+ ... + xrap, 0<z; <1}

Onpenenenne 3.31. Omnpegenum  k-mepHuiti  066ém VOl — Tapasuresenuiessa

II(P;a,...,a;) B abdUHHOM €BKIUIOBOM MPOCTPAHCTBE WHYKTHBHO:
1) omuoMmepHBIit 00bEM voly II(P; aq) := |a1| — 910 JTHHA BEKTODA;
2) vol, II(P; @y, ..., a,) :=voly_1 (P aq,...,a5-1) |ortia,  ap 1) Okl

Do ompeesenne 06obMmaeT ompeeseHre MIOMAIN TapasiesorpaMMa (Wi obbéMa
3-MepHOTO HapaJlIe/enune/1a) Kak TpOu3BeleHHe JJINHbI (MM [LIOMAM) OCHOBAHUS Ha
BeicoTy. U3 onpenenenust 06béma volg II(P; ay, .. ., a;) BUAHO, 9TO OH HE 3aBUCHT OT Bep-
wuHbl P; 1103roMy jajiee Mbl Oy/eM uCIi0/ib30Barh 0003Hauenue vol, [l(aq, ..., ay).

Teopema 3.32. Keadpam obséma pasen onpedeaumento mampuise I'pama:
2
(VOlk (ay,..., ak)) =detG(ay,...,a).
B wacmmnocmu, 06sém vol, I(ay, ..., a;) He sasucum om nopadka 6exmopos.

Joxasameavemeo. Nnnykuua no k. [pu k = 1, oueBuano, |a|*> = (a1, a1).

[Iyctsb yTBep:KIeHne H0Ka3aHO JJid Vol _1, jJlokaxkeMm ero jig vol,. Paccmorpum pasiio-
KeHHe A = PTig,  a, ) @ktTOT(a, ay ) Gk TAE DI, o 1) Ok = A1G1+. . .+ Ap18x1,
u obozHauuM b = orte,,. a, ;) @k Torga (a;,b) =0nmpui =1,....k —1u (ayb) =
(b, b). Mbr umeem

(al,al) (al,ak) (al,al) (ahak,l) (al,)\lal—&—...—i—)\k,lak,l—l—b)
(ak,a1) ... (ag,ag) (ak,a1) ... (ax,ap—1) (ag,Aia1+...+ A g—1a5-1+b)
(01701) cee (alaakgl) (01,01) (01701) cee (alvakfl) (a1,akf1)
=\ ; : : P Y : ; : +
(ax,a1) ... (ag,ar—1) (ag, aq) (ag,a1) ... (ax,ar—1) (ag,ar_1)
(al,al) (al,ak_l) (al,b) (al,al) (al,ak_l) 0
o z S I z ol
(ak-1,a1) ... (ap—1,ar-1) (@r—1,b) (ak-1,a1) ... (@p—1,ar-1) 0
(ak,a1) ... (ak, ar—_1) (ak, b) (ak,ar) ... (ax,ar—1) (b, b)

(a1,a1) ... (a1, @k-1)
- : : (b, b) = (voly_1 T1(a1, ..., ar_1))°[b* = (volp T(ai, ..., ax))”.

(ap—1,a1) ... (@r—1,ar-1)
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O
CaenctBue 3.33. Bekmopol aq, . .., G; AUHETHO 346UCUMDL MO204 U MOAbKO mo2da, KO-
eda det G(ay,. .., ar) = 0.
LHoxazameavemeo. HelicTBUTEIBHO, NPEANOI0KIUM, 9TO BEKTOPH @1, . .., G} JAHEHHO 3a-
BucuMbI. MOXKHO cYUTaTh, YTO @) JUHEHHO BbIPaXKaercsd 4Uepe3 aq,...,ai_1. lormia
Ort(ay,...ap ) Ak = 0 u, caemoBaTeabHO,
2 2 2
det G = (VOlk (a,..., ak)) = (Volk,l (ay, ..., ak,l)) |ortiay, . ar o) @r|” = 0.
O6parno, nycts det G = (vol, II(ay, . .., a))? = 0. Torga, B CHIy HHIYKTHBHOTO OTIpe-
nejenns obbema, mbl umeeMm vol; II(aq,...,a;) = 0, a vol;_1I[I(ay,...,a;_1) # 0 mas
nexoroporo i. Taxk kak vol;II(aq,...,a;) = voli_1Il(a,...,a;—1)|orte,,  q; ;) @i, 91O
O3HAYAET, ITO Olt(q, . a; 1) Bi = 0, T.e. a; THHEHHO BBIpAXKAETCS depe3 @i, ..., a;_1. L]

CaencrBue 3.34. [lycmo dimV =nu A = (aé) — K6adpammas Mampuya u3 Koopouram
BEKMOPOS @y, . . ., Gy 68 HEKOMOPOM OPMOHOPMUPOSaHHOM basuce. Tozda

vol, [I(ay,...,a,) =|det A.
Hoxazameavcmeo. U3 npenyiokennd 3.29 u npeaplayIieil TeOpeMbl MOTydaeM

(vol, (@, .. ., an))2 = det G = det(A'A) = (det A)*.

O
Onpenenenune 3.35. B npocrpancree A" opuenmuposartvim 006EMOM N-MEPHOTO Ta-
pannenenunena 1I(P;aq, ..., a,) vazeiBaercs unciao vol) Il(ay,..., a,), paBHOe 1O MO-
ayao 0obémy vol, Il(aq, ..., a,) n nveroriee 3HaK TIIIOC (MUHYC), €CIH @1, ..., G, — TO-

JIOZKUTETHHO (OTPUIATENHHO) OPUEHTPHPOBAHHBIH Gasuc.

13 upejpiaymero cieicrpus BeiTekaeT HhopMyIia st OPUEHTUPOBAHHOIO 00bEMa:
vol?"(aq,...,a,) =det A =det(aq,...,a,).

3.7. BekTopHoe npousseaenne. /Ipymepubiii 06bém napaienorpamma I(a, b) — sto
ero IJIOMA/Ib, KOTOPYIO MBI OyaeMm obo3nadars S(a, b). Anamorudno, TpéxMepHbiit 06bEM
napasutestenuena 1l(a, b, ¢) Mot Oynem oboznadars V(a, b, ¢). OpueHTupoBanube TLI0-
mwaab 1 00bém Oy yT obosnadarbes epe3 S (a,b) u Vo (a, b, ¢).

[Lnomap mapaJjiesiorpaMma  Ha BeKTOpax a,b MOXKHO BBIYHCIATH 110 popmyJie
S(a,b) = |al||b|sina, rme a — yron mexay Bektopamum a u b (3amaua). B nBywmep-
HoM TpocTpancTee R? sta gopMmyna Takike Ta8T OPHEHTHPOBAHHYIO ILJIOIAML, €CJIH B
KadecTBe v OpaTh yroja ot a Jio b.

B tpéxmeprom mpocrpancTse A® cymmecTByeT OminHefHaA omepalns Ha BEKTOPAX, pe-
3yJIbTATOM KOTOPO#l sIBJIsIeTCsS BeKTOP. LIt 3Toi omepanun OTCYyTCTBYET HEIHOCPEeICTBEH-
HBI{l MHOTOMEPHBIH aHAJTIOT (CM., OHAKO, 3aj1a4y 3.78).

Onpegenenune 3.36. Bexmoprvim npoussedenuem IBYX BEKTOPOB @ U b B opueHTUPO-
BAHHOM TPEXMEPHOM TIPOCTPAHCTBE HA3BIBACTCS BEKTODP ¢, 0O603HaYaeMbIil [a, b| u ompe-
JiesisieMblit ciieryronumM obpazom. Eciin BeKTopbl @ u b HEKOJJIMHEAPHBI, TO € OJHO3HATHO
33Ta€TCA CAeAYIONMMHI CBOMCTBAMH:

1) nauHA BEKTOpA € paBHA momaau napasuenorpamma [1(a, b);
2) BEKTOD € MepIeHAuKYJIspeH a u b,
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3) 6azuc a, b, ¢ MOAOKUTETHHO OPUEHTHPOBAH.

Ecnu Bexropst @ u b xommuneapust, o ¢ = 0. Hucio (a, b, ¢) := ([a, b], ¢) nasbiBaercs
CMEULAHNBIM NPOUssedenuem TPOIKHE BEKTOPOB a, b, c.

13 onpenenennst cpa3y BBITEKAET, YTO JIsI JTIOOOTO MOJOKHTEILHO OPUEHTHPOBAHHOIO
OPTOHOPMHUPOBAHHOT'O Da3uca ei, €y, €3 UMeeM

le1, ex] = €3, [er,e3] =—ea, [ez,e3]=e1, (e1, ez e3) =1
IIpengoxxenune 3.37. (a,b,¢c) =V (a, b, c).

Zoxazamenvemeo. 3 ompeneneHnit BHITEKAET, YTO 3HAKU ITHX JBYX UHCE]T COBIAIAOT.
[IpoBepum coBnagenue abCOTIOTHBIX BEJIUYUNH:

|<a'7 b, C)| = |[a'v b” ) |C’ ) ‘COSZ(C, [a, b])| = S(a7 b) ) |Ort<a,b> Cl = V(a, b, C)?
rJie mocJje/iHee PAaBeHCTBO CJe/lyeT U3 OIPeIeseHIs TPEXMEPHOro 00béMa. O

ITpennoxkenne 3.38. Cmewarroe npousdsedenue AUHETHO N0 KAHCIOMY GPRYMEHMY U
KOCOCUMMEMPUYHO (MEHAEM 3HAK NPU NEPECTNANOEKE MOOUT J8YT 6EKMOPOS).

Jlokasamenvemso. Tak xak (a, b, ¢) =V (a, b, c) = det(a, b, ¢), 31u cBoiicTBa BHITEKA-
I0T U3 CBOMCTB OIIPEeICTHTEIL. O

IMpennoxkenue 3.39. Bexmoproe npoussedenue OuAUHETHO U KOCOCUMMEMPUUHO:
[a,b] = —[b,a], [Ma,b]=A\a,b], [a1+ a2, b] =]ai,b]+ [asb]

Jloxazamenvcmeo. 1lepBble nBa paBeHCTBa Cpa3y BBITEKAIOT U3 onpejeaenud. Ina moka-
3aTeTbCTBA TPETHErO PACCMOTPUM BEKTOp ¢ = [a1 + aq, b] — [a1, b] — [as, b]. Torma

(C, C) = ([a’l + ag, b] - [a’lu b] B [a’27 b]7 C) = (&1 + as, b7 C) - (0’17 b7 C) - <CL2, b? C)
COTJIACHO HpeaplayeMy upeaioxkennio. CiaegoBareabao, ¢ = 0. O

IIpengioxkenne 3.40. Ilycmv eexmopv. a u b umerom xoopdunamuv (aq,as,as) u
(b1, b2, b3) 6 noaosrcumesbHoM OPMOHOPMUPOBAHHOM basuce ey, e, es3. Tozda

Gz as az aj a; Qg
a, bl = e+ ey + ‘€
[a, ] by b3 ! bs by 2 by b $
YINO CUMBOAUNECKY 3ANUCHEAECNCA 6 6ude
€1 € €3
[G,, b} = |ay a9 as
by by b3

,ﬂonasameﬂbcmeo. BI)I‘{I/ICJIHGM, HCIIOJIL3Yyd HPpeAblAYIINE YTBEP2KICHUA:

{G,, b] = [Z aiei,ijej] = Zaibj[el-, ej] =

= (a2b3 — a3bg)61 + (Clgbl — a1b3>62 + (CleQ — a2b1>€3 =

a2

as Qa aq a; Qs
by b3

3
by b - eq+ by by - es. O

'61“‘
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3.8. ®opmyasl ang paccrosHuit B A2 u A3, Cucrema koopmauuar Oe; . .. e, Ha3LIBa-
eTcst NPAMOoY204vHot, ecin (€1, ..., €,) — OPTOHOPMUDOBAHHBIN Ha3HC.

37ech MbI OyJieM TpenosiaraTh, 9To (x,y, 2) — KOOPAUHATHI B HEKOTOPOIT MPIMOYTOJIb-
HOM cHCTeMe KOOPAMHAT B TPEXMEpPHOM a(hGUHHOM €BKJIHIOBOM IPOCTPAHCTBE, TEM Ca-
MBIM OTOKIECTBIAA ero ¢ A3, Anagorumuno, (z,y) — IpAMOYTOJbHbBIE KOOPIUHATHL B JBY-
MEpPHOM IPOCTPAHCTBE.

IMpennoxxenue 3.41. ITycmo naockocmo m 3adana ypaswenuem Ax + By + Cz + D =
0. Bekmop n = (A, B,C) opmozonasen smot naockocmu. Ecau npuaosrcums eexmop
n 6 HeKOMOPOU MovKe NAOCKOCTNU, O €20 KoHey bydem AedHcamd 6 NOAOHCUMENDHOM
NOAYNPOCMPAHCMEE.

Jlokazamenvemso. Iycrs P = (x1,y1,21) u Q = (T2, Y2, 22) — JIBE TOUKH ILIOCKOCTH, T. €.
Axi+ By1 + Cz1 + D = Axg + Boy + Coz + D = 0. Torna

("7P_Q) = A(xy —21) + By — 1) + C(2z2 — 21) = 0,

T. €. BEKTOP T OPTOrOHAJIEH JIIDOOMY BEKTOPY, COCJUHAIONIEMY JBE TOUYKH HA IJIOCKOCTH.
CraemoBaTeIbHO, I OPTOTOHAJIEH ILIOCKOCTH 7.

Hoxkaxkem BTOpoe yTBepKaeHue. Ecian NpuioKuTh BEKTOp 1 B TOUKe (T1,¥1,21) € T,
TO €ro KOHeIl OyIeT UMeTh KOOPAUHATDHI (Il + Ay + B,z + C). Mpbr nmeem

A(z1+A)+B(y1+B)+C(21+C)+D = A’ + B2+ C? 4 (Ax1+ By +Cz +D) = A>+B*+C? > 0,
T. €. TOUKA (351 + Ay + B,z + C) JEKUT B HNOJOZKUTEJHHOM IOJYIPOCTPAHCTBE. 0

Awnanormano, Bektop n = (A, B) oproronanen npsmvoit Ax + By + C = 0 u «cMoTpuT»
B LOJIO2KUTE/IbHYIO 10JIYILJIOCKOCTD.
IIpennoxxkenne 3.42.

a) Paccmosnue om mouxu P = (z1,y1) do npamoti {: Az + By+C =0 6 A? svnuc-
AAEMCH N0 phopmynre

_ |Azy + By + C|
WPl =—rorp

6) Paccmosnue om mowku P = (x1,y1,21) do naockocmu m: Axr + By+Cz+ D =0
6 A3 ewvucaaemes no gopmyae

- |A.I'1 + By1 + 021 + D‘
VAZ+ B>+ C?
oxazamenavcmeo. O6e (hopmysibl JTOKA3BIBAIOTCS AHAJOIMIHO; J0KazxKeM 1epByio. Co-
riacHo obuieit popmysie u3 reopemsl 3.26, paccrosmue d(P,{) paBHO JUIMHE OPTOrOHA/b-
HO¥ coCTaBIAONIEH ort, PQ), TJe v — HAIPABJISONI BeKTOp psaMoit £, a Q = (g, yo) —
IIPOM3BOJIbHAS TOYKA Ha MpsaMoit. Mbl mMmeem
— — n, PQ
P.8) = Jort, PG| = [pr, PG = 00
[A(21 — 20) + B(y1 — wo)| _ |Azy + By, + C|
VA% + B? VAZ+B?

d(P, )
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IMpennoxkenue 3.43. Paccmoanue om mouxu (Q do napamempurecku 3a0aHHOT npamo
(: P+ vt 6 A? swnucasemes no gopmyase:

d(Q, ) =

v, PQ)|

||

Jlokasameavemso. Paccrosiane d(Q, ¢) — 9T0 BbICOTA B TTapasliesorpaMe Ha BekTopax PQ)
u v. bonee popmanbuo,

[v, PQ]| = S(v, PQ) = [v] - |orty, PQ| = [v] - d(Q, 0),
OTKy/la cjejyer Tpedbyemast popMmy.ia. Il

ITpennoxkenue 3.44. Paccmosanue meancoy CEpeuju6aouuMucs Uit nepecekarouumuc
npamoimu £1: Py + vt uly: Po+ vt 6 A3 svuucasemes no gopmyae:

|(’Uh ’02,P1P2)|
o, ]|

Jlokasameavemso. Paccrosiaue d({1, () — 970 BbIcOTa B MapaJlieenuie/ie Ha BEeKTOpax
PP, v u vo. Bonee dopmanbHo,

|(Ul, U27P1P2)| = V('Ub U2>P1P2) = S('Uh ’02) : |Ort(v1,v2) P1P2| = |[121, 172]| 'd(€1,€2),
OTKy/Ja cjaeayer Tpedbyemas hopmy.ia. [

d(gh 82) -

3.9. Meron HamMeHbIINX KBAAPATOB. 1acTo Ha MPAKTUKE PU UCCTAETOBAHIUN KAKOI'O-
HUOY/Ib MPUPOIHOTO WU COIUATBLHOTO SBJICHUA JEIACTCA JOIYIIEHUE, YTO ITO SIBJICHUE
omuckIBaeTcsd auneinoit hopmysoit. Tounee, MbI TIpeJiToaraeM, 9ToO HEKOTOPas BEJIUUNHA,
b nMuHENtHO 3aBUCHUT OT APYTHX BEJIUYUH aq, ..., 0,, ¥ XOTUM HANTH 3Ty 3aBUCAMOCTH

b=aix1+ ...+ a,x,,
T. €. HAliTH Heu3BeCTHBIE KOIMDMUIUEHTHI X1, . . ., Ty (ITO HABBIBACTCH MOOEALIO AUHETHOT
pezpeccun). st HAXOXKACHUST 3aBUCHMOCTH b OT @y, . . ., 4, JAenaercs 6osbinoe qucao N

u3Mepenuii (Kak mpasuso N > n), u 00 TabJIUIe H3MEPEeHHBIX 3HAYEHUIl 3aInChIBACTCS
cucTeMa JUHEHHbIX YpaBHEHUN

a1xry + ...+ ATy = b1
(13)
aN1Zy + ...+ anpT, = bN
B KOTOPOIl UMCJIO HEM3BECTHBIX MEHbIIIe YHC/a ypaBHeHni. Takas cucreMa, Kak IMpaBuiio,
HecoBMecTHA. [o3TOMy HaXOMUTCs «HAMIYdIiee TPUOJIMKEHHOE» PENeHue X1, . . . , Ly, JJIs
KOTOPOTO OTKJIOHEeHWe 3HadYeHuit b; oT a;1x1 + ... + a;,T, OyIeT HAMMEHBITNM.
Meto1 HAaUMEHBIINX KBaIPATOB PeIIaeT 3aa4y HAXOXK/IeHUs HAUJIYYIIero mpud TnKEH-

HOT'O pelieHus B IPeINoI0KEeHNN, YTO B KA4eCTBE MePbl OTKJIOHEHUs OepETcs cyMMa KBaJI-
e n
paToOB pasHOCTEll BEJMYUH » =1 @iy 1 b;.

Ounpenenenune 3.45. [lcesdopewenuem cucrembr (13) HasbiBaeTcst HAGOD Ty, . . ., Ty, KO-
TOPBIA MUHUMU3UPYET CYMMY KBaJAPAaTOB PA3HOCTEN JIEBBIX U IPaBbIX YacTell YpaBHEHUI
CHCTEMBI, T. €. MUHUMU3UPYET BEAUINHY

(14) (Z?:l a1;T5 — b1)2 + (Z?:l A2;T; — b2>2 + ...+ (Z?:l aN;Tj — bN)2

10 BCeM (Z1,...,%,) € R". Dra Benunna HA3BIBAETCS KEAOIPAMUYHBIM OMKAOHEHUEM.
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[lycrs A = (a;;) — marpuna cucrems (13), a1, ..., a, € RY — Bekropbi-crosbus 31oii
Marpunpl, a b € RY — BekTop mpasbIxX gacTeil.

Teopema 3.46. [lcesdopewenue cucmemo, (13) naxodumes kak pewsenue cucmemol

(a1, a1)z1 + ...+ (a1, ap)x, = (a1, b),

(G, a1)z1 + ...+ (ay, a,)x, = (a,, b).

Apyzumu caosamu, ncesdopeuwenue — amo Habop KoIPHUUUEHMOE 6 PasA0IHCERUU NPOEK-
YUU DL q, oy b 10 6EKMOpAM @1, . .., Gy, a KEadpamuHOE OMEAOHEHUE NCEGIOPEUEHUA —
2mo keadpam OAuHvL 6eKMOpPa Ort(q, . a.) b.

Jlokasamenvemso. Kpagpatuanoe orkiaonenue (14) wabopa 1, ..., &, — 3T0 MO OIpee-
JIEHIIO KBA,IPAT JTHHBI BEKTOPA ) .| @;7; — b, T.e. KBaJIpaT PACCTOSHUSA MEZKTy TOTKAMH
bn Z;‘:l a;r; € (ai,...,a,) abdunnoro npocrpancrea AN. Mpr 3HaeM u3 Teopemsr 3.26,
4YTO PACCTOSTHUE MeXKy b u TOUKOi Z?Zl @;T; TOANPOCTPAHCTBA (@1, . . ., G,) MEHIMAITH-
HO, KOIJIA Z?Zl @;r; — 3TO LPOeKIus BeKTopa b Ha (ay,. .., a,). Koaddunuenrsr B pas-
JIOZKEHUH HPOEKIUHU 10 BEKTOPaM IOANPOCTPAHCTBA, HAXOAATCS U3 YKA3AHHOH CHCTEMBI
(npesioxkenne 3.22), a MHHUMAJIbHOE PACCTOSTHHUE PABHO | OIt(q,,  q,) |- O

AHaJIOrmIHO, METOI0M HAMMEHBIINX KBAJIPATOB MOXKHO HAXOIUTH OOJee CIOXKHBIE 3a-
BHCHMOCTHU BeJIMYUHBI b OT ay, ..., a,. Hanpumep, B cirydae HeomHOPOAHON JinHEHHON 3a-
Bucumoctu b = xg + a1x1 + ... + a,T, MOXKHO HAXOAUTH KOIDPUIHMEHTHI Tq, T1,. .., Ty.
B cay4ae, korma mpejmosiaraeMasi 3aBUCHMOCTh b OT OXHON BENWYUHBI G BbIPAYKAETCS
MHOTOWJIEHOM n-i cTenenn b = xg + axy + a’xy + ... + a”x, ¢ HemsBecTHHIMT K03 DUIN-
€HTaMU Xg, L1, ..., Ty, METO HAUMEHBIUX KBaJIPATOB MO3BOJSET HAXOJAUTH HAWIYUIIEE
OpUOJIHKeHNe JIJIsd STHX KO3DMUIUEHTOB.

3amauu U ynpakHeHUud.

3.47. JloKaxKuTe, 9TO B eBKJIMJOBOM HIpocTpancTBe R? cymmecTByeT eImHCTBEHHOE CKa-
JISIPHOE TIPOU3BEJIeHNe, JIJTsl KOTOPOTO BBINOJIHEHO cooTHomenue (v, v) = |v|? — xBajpar
JJIMHBI BEKTOPpa V.

3.48. Jlokaykurte, 9TO JJIsT JTIOOBIX JTUHEHHO HE3ABUCUMBIX BEKTOPOB @1, . . . , G} €BKJINI0BA
IPOCTPAHCTBA HAlIETCs Takoii BekTop b, 910 (@;,b) >0 mua i =1,... k.

3.49 (dbopmynsl mesenust orpeska). [lycrs Toukn A u B addunHOrO €BKIHIOBA TPO-
CTPAHCTBA UMEIOT KOOPIAUHATHI (A, ..., a,) u (b1, ..., b,), coorBercTBenno. IlycTh Takxke
JlaHO OTHOIIeHue A : i, tae A > 0 u pu > 0. Ckaxkem, ato Touka X deaum ompesox AB 6
OMHOUWEHUL X [4, €CTIT % = % JlokaxkuTte, 9TO KOOPJAUHATHI TAKOH TOUKH X 3a1a10TCA
dopmynamu

_pag + Ab;

A A

Jajiee paccMOTpuTe Cjay4dail MPOU3BOJILHBIX BEIECTBEHHBIX A U fi. Toraa popMysbl Bbi-
e JIA0T KOOPAWHATH HekoTopoit Toukn X, ecm A + p # 0. Kak 3anucars yciosue,
cBaspiBaromee Toukn A, B, X B obmem ciaydae? llpoananu3upyiiTe ciaydanm B3auMHOTO

pacrosoxennsa To9ek A, B, X B 3aBUCHMOCTH OT A U /.

T; , 1=1,...,n.
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3.50. Haitqure e IuHUYHBIN BEKTOP BIOJIb OUCCEKTPHUCCHI yIIa, 00Pa30BAHHOIO BEKTOPAMU
a=(-3,0,4)ub=(5-2—14).

3.51. Haiinure oproronanpuyo npoekiuio Bektopa ¢ = (0,2,1) Ha IOCKOCTH, Ompe/Ie-
asemyto Bektopamu @ = (1,1,1) u b = (2, —1,2), u BeIYHCAUTE YTOJ MEXKIY BEKTOPOM €
U €T0 MPOEKITNEeH.

3.52. JlonoJiHuTE JAHHYIO CUCTEMY BEKTOPOB JI0O OPTOHOPMHPOBAHHOT'O Da3uca SPMHUTOBA
npocrpancrea C*: ay = \/Li(z, 0,0,—1), ay = \/LE(O, 1,4,0).

3.53. Merogom oproronaymsanuu |'pama—IlIMuara mocrpoiite opToroHaIbHBIR OGaszuc
MOIIIPOCTPAHCTBA MPOCTPAHCTBA MHOTOUICHOB, HOPOKICHHOr0 MHOTOUIeHaMH 22, T4, 27,

I6 CO CKaJIAPHBIM IIPOU3BEACHUEM, 3aJaHHBIM HHTEI'paJIOM:

a) (f,g) = intl, f(z)g(x)dz;
6) (f,9) = intg f(2)g(z)dx

3.54. Jlokaxkute, 4To mporecc oproronaan3amnuu ['pama—IlIMuara He yBemauBaeT u-
HBI OPTOTOHAIM3UPYEMBIX BEKTODOB, T. €. |bk| < |ak|, k =1,...,n, e BekTopw! by mosy-
YeHbI U3 G, IPOIECCOM OPTOroHau3anuu. [Ilpu Kakux yCaoBUsIX [ HEKOTOPOTro k MMeeT
MecTO paBeHCTBO |by| = |ak|?

3.55. JlokaxKuTe, 9TO B MPOIECCE OPTONOHAJN3AINN CUCTEMBI BEKTOPOB { @1, . . ., G, } BO3-
HUKAeT HYJIeBOil BeKTOP by TOrja W TOJBKO TOTJA, KOTJIA UCXO[HAS CHCTeMa { @1, ..., a,}
JuHelHo 3aBucuMa. Tounee, by, = 0 TOrma U TOJIBKO TOTJA, KOTAA A € (@q,..., G 1)

3.56. Mnozounrenw, Jlesrcandpa Py(x) onpenensitorcs hopMyiaMu

1 d
a) Jlokazkure, 9T0 MHOTOUWICHBI JIeKaHIpa yA0BIETBOPSIOT PEKYPPEHTHBIM COOTHO-
MICHU M
Poor(x) = Qkkjllxpk(x) - i Pia(e), k>1
Haiinure sisubie Boipakenus mis Py (xz), Py(z), Py(z), Py(x), Ps(x).
6) Hokaxwure, uro muorousnenst Jlexaunpa Py(x), Pi(z), ..., Py(x) obpasyor opro-
rOHaJIbHBIN Ga3uc B mpocrpancTse R, [z] co ckamapubiv npoussenenuem (f, g) =
int', f(x)g(z)dz.

B) Haiinure kBagpar quubl MHOTOWIeHA Py (7).

3.57. Muozounrenwn, Hebvuesa Ti(x) onpenensiorest hopMytamu
To(x) =1, Ty(cosf) =coskd, k=>1.

a) lokazkure, 410 MHOTOWICHBl UeObIIeBa ya0BIeTBOPSIOT PEKYPPEHTHBIM COOTHO-

HIEHUSIM
Tii1(x) = 22Ty (v) — Te—r(z), k=1
Haiigure sigable Boipaxkenus 1is 11 (x), To(x), T3(x), Ty(z), Ts(x).

6) Hokaxwure, uro muorouwiensl Yebwimesa Ty(z), T1(x), ..., T,(x) obpasyor opro-
roHaJsIbHbI Gasuc B nmpoctpancTse R, [z] co ckansapubiv npoussenenueM (f, g) =
int!  £@e@) 1.

—1 12 O

B) Haiinure kBajgpar qymmasl MEOTOWIeHA T) ().
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3.58. Ilycts ey, ..., e — Habop OPTOHOPMUPOBAHHLIX BeKTOPOB B R". Jlokaxkute, 9TO
J1st aoboro € € R™ BeinosineHo HepaseHcmeo Becceas

k 2 2
Yii(en ) <=,
npuaém paBeHCTBO (pasencmeo Tlapcesans) TOCTHTAETCS JUIA BCEX & TOTAA U TOJHKO
TOrJa, KOTJa €y, ..., €, — OPTOHOPMUPOBAHHBIN Oa3uc, T.e. k = n.

3.59. [lokaxkure, uro () R-pa3iokeHne WMeeT MeCTO s JIIOOBIX TTPAMOYTOJIBHBIX MaT-
puil. A UMEHHO, JTOKaXKUTe, 9TO JI00YIO BEIeCTBEHHYI0 MaTpUIly A pasMepa m X n MOXK-
HO mpeacTaBuTh B Buge A = QR, rae () — opTOroHaJIbHas MAaTPHIA pa3Mepa m X m, a
R = (r;j) — BepXHETpeyTo/IbHAs MATPUIA pa3sMepa M X N ¢ HeOTPUIATEIbHBIMH THCJIAMU
Ha «anaronaan» (r.e. r; =0 opui > jury; > 0).

3.60. lcnoab3yga mporece oproronann3anuu 1'pama—IlIMuara, mpegacTaBuTh MaTpPHILY

1 -1 5

-2 0 -3

2 -1 -7
B Bujie QR, riae () — oproronajibHasi Marpuia, a R — BepXHETPEYrojbHAs MATPHIA C
ITIOJIOZKUTECJbHBIMI YHUCJIAMHU Ha AMAT'OHAJIH.

3.61. Hcnosab3ys nporecc oproronanun3anuu 1 pama—IlIMuara, npegacraBuTb MaTpPHILY

-1 1 1
0 -1 2
-3 =2 6

B Buge R(Q), rae () — OpTOrOHAJbHAS MATpHUI@A, a [ — BepXHETPEYTrOJbHAS MATPHIA C
MMOJOYKATEJIbHBIMA YNCJIaMA Ha JUArOHAJNA.

3.62. Hcnoab3yya nporecc oproronann3annu 1 pama—IIIMuara, npeactaBuTh MaTpPHILY

1+: —2—1
l 1

B Buse UR, rne U — yauTtapHag MaTpuia, a i — BepXHeTpeyrojbHasg MaTPUTIA C TTOJIOXKHU-
TeJIbHBIMH YHCJIAMH Ha JUATOHAJIH.

3.63. ObocnyiiTe «reoMerputdeckues» onpejeseHus opuentamuit B R? u R3:

6aszuc a, b B R? moaoKuTeIpHO0 OPHEHTHPOBAH TOTJIA U TOJIBKO TOT/A, KOTJa YroJa OT a
710 b menbire 7 (KparTdaiimuii HOBOPOT OT @ K b NPOUCXOANUT MPOTHB YACOBOI CTPEJIKH);
6azuc a,b,c B R3 1M0/10:KHTEIBHO OPHEHTHPOBAH TOIVIA W TOJBKO TOIJA, KOIJIA, eCJIn
CMOTPETD € KOHIIA BEKTOPa €, KpaTJYaHIIuii ToOBOPOT OT @& K b MPOUCXOIUT IPOTUB YaCOBOi
CTPEJIKH.

3.64. Cropount BC, CA u AB tpeyrosbnuka ABC pasjesnenst toukamu P, Q u R B
ornomenusix BP : PC =\, CQ : QA = pu AR : RB = v. Haiitu orHOIeHne 1wiormam
OPMEHTUPOBAHHOTO TpeyrojbHuKa PQR K miomaan OpHeHTHPOBAHHOTO TPEyrOJbHUKA

ABC.

3.65. Jlokaxure, uto S(a,b) = |a||b|sina, rme a — yroa mexkiy Bekropavu a u b. Jlo-
KazkuTe, 9To B R? 912 hopMyIa TaKKe TaéT OPUEHTHPOBAHHYIO IUIOMAIL, CJIH B KAYECTBE
« 6paTthb yroja or a Jjio b.
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3.66. JlokakuTe cJie/IyroIne TOXK/IeCTBA:

a) [a,[b,c]] = b(a, c) — c(a, b);

6) [a,[b,c]] +[b,[c, a]] + [c, [a, b]] = 0 (moocdecmeo kobu);
8) ([a,b],[b,c],[c, a]) = (a,b, c);

r) ([a,b],[c, d]) + ([a, c],[d, b]) + ([a, d], [b, c]) = 0;

[
(a,z) (b,z) (c =)
) (a,b,c)(z,y,2z) = |(a,y) (by) (cy)|.
(a.2) (b.z) (c,2)
3.67. B tpéxrpannom yrime OABC nycrs ganbl miockue yribsl ZBOC = o, ZCOA = §3,
/ZAOB = ~ u nporupojiexaiiue uM asyrpanuasie yrasl A, B, C. Jlokaxure (Hopmyast
cdepudeckoii reoMeTpun:
a) Meopema CuHYCos:
sina  sinfl  siny
sinA  sinB  sinC’

6) meopema KocuHycos:

sin « siny cos B = cos f — cos . cos 7y,
sin A sinC cos § = cos B 4 cos A cosC.

3.68. Jlanpl aBe mepecekatoriuecsa upsmbie Ajx + By + Cp = 0 u Asx + Boy + Cy =
0 u Touka (zg,Yyp), He JIeKAMAsT HU HA OTHONW U3 9TuX mpsiMbix. CocTaBbTe ypaBHEHTE
OUCCEKTPHUCCHL TOTO YIJIa MEKIAY OPSMBIMU, B KOTOPOM JIEXKHUT 9Ta TOUYKA.

3.69. Janwi jBe upsimble 2 —y — 1 =0wu 11z 4+ 2y 4+ 8 = 0.
a) CocraBbre ypaBHEHHE OMCCEKTPHCCHI OCTPOIO yIJIa MEK/LY IIPAMBIMH.

6) CocraBbre ypaBHeHHE GHCCEKTPUCCHI TOTO YIJIA MEZKIY MPIMBIMH, B KOTOPOM Jie-
xKut Touka (1,2).

3.70. Janot ase npsampie: {1: x +y =0 u ly: x — 2y + 6 = 0. Haiigure Takyo npamyio
U3, 9TO {5 sABIsI€TCSA OUCCEKTPUCCOM yIyia Mexkay ¢1 u (3.

3.71. CocraBbTe ypaBHEHHE IIOCKOCTH, TPOXOJsIeil depe3 TouKy (x1,¥1,21) U MEpIeH-

= 2 X=X _ YTYo _ Z2—Z0
JUKYJISIPHON K IpAMOR =% = = ==,

3.72. CocraBbre ypaBHeHUe [IE€PIEHIUKYJIsIPA, OLYHIEHHOIO U3 TOYKHU (X1, Y1, 21) HA
a) mnockoctb Az + By + Cz+ D = 0;

6) mpsiMyto

T—To _— Y—Yo _ 2—Z20
b c

3.73. Haiigure ypaBHeHue mnepresaukyispa u3 touku P = (1,—1,2) Ha upamyo

(: 2 = L2 = = y paiimre paccrosmne d(P, ().

3.74. Haitnute TOUKY,

a) cumMmeTpuuHyIo Touke (1,3, —4) OTHOCHTENBHO IOCKOCTH 32 + y — 22 = 0.

o r—8 _ y—11 _ z2—4
6) cnvMerpuunyio Touke (1,2,3) oTHOCHTENBHO mpaAMOil f° = Y== = =,

+

3.75. CocraBbTe ypaBHEHHE ODTOTOHAJBHOI IPOEKIHH mpsMoi it = Y — 222

3 2 1
IIOCKOCTD 0% + 6y — 22 + 1 = 0.
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3.76. Cocrasbre ypabHeHHe OOLIETO IEPUEHIMKY/IAPA K JABYM LDPAMbBIM { = uted

z
3 2
r—3 — y+2 _ 243

2 -3 -2

z—1 _ y—2 __ z-3
3.77. Cocrapbre ypaBHeHue 00IIero MepHeHInKyaapa K IByM IIPAMBIM o= = = = %

nx+y=1 x4+ 2y+ 2z = —1, naiijjure paccTodHIEC ME¥XKJIYy ITUMU HPAMbIMUA U TOUKH
nepecedeHns 0OIIEro NeprneHInKy/asapa ¢ STUMA TPIMbIMH.

3.78. B opueHTHpPOBaHHOM €BKJINIOBOM 7N-MEPHOM TPOCTPAHCTBE 0000W,EHHBLM BEKMOP-

HbLM NPouseederuem YIOpsaaodeHHoro nabopa u3 n — 1 BeKTopa ai, . . ., @,_1 Ha3bIBAaeTCAd
BEKTOD €, 0003HAYAEMbIii [a1, ..., @, 1] U OJHO3HAYHO 3a/1aBAeMBbIil CJIEYIONMMHA CBOM-
CTBaAMU:

1) |C‘ = VOlnfl(al, Cey an,l);

2) (a;,¢)=0mpui=1,....,n—1;

3) ecau BEKTODHL @1, .. ., G, 1 JUHEHHO HE3ABUCHMBI, TO 0A3UC @1, . .., G, 1, C TOJO-

KHUTeJIbHO OpUEeHTHPOBAH.

Hokazkure, 910 06001IEHHOE BEKTOPHOE [TPOU3BEIEHIE TOJNINHEHHO (JTMHERHO M0 KaxK-
JIOMY apryMeHTY @;) W KOCOCHMMETPHYHO (MEeHsieT 3HaK W IePEeCTAHOBKE JIIOBIX JBYX
BEKTODOB @; 1 @;).

3.79. /lokaxkuTe cJeAyIOIIHe CBOMCTBAa OPTONOHAJLHOIO JIONOJHEHUS I  IOJIPO-
crpadctB U u W (KOHEUHOMEPHOTO) eBKJIMI0BA MM 3PMHUTOBA POCTPAaHCTBA V'

a) (UH)t =U.

6) (U+W)t=Utnw.

B) (UNW)t=Ut+ Wt

3.80. a) Haiimure yron mexay Bektopom v = (4,—8,0,1) ¥ IIOCKOCTBIO T =
((—1,1,2,3), (2,0,1,1)).
6) Haiinure yroa mexay Bektopom v = (1, —5,—3, —5) U IIOCKOCTBIO T, 33JAHHOI
—Adr+3y+22+1t=0

cCHUCTEeMOM aBHEHUI
yp r—=2y+z=0

3.81. a) Haiinure paccrostaue Mexk 1y npsimoii [ = (2, 3,2,9)4((0, —1,2, —5)) u mioc-
kocthio ™ = (4,1, —2,5) 4+ ((0,1,—-2,4), (1,1, -3, 3)).
6) Haitnure paccrosinue mex ity upsmoit | = (—1,3,4, —1)+((1, -2, —1, —1)) u mioc-
20 +y—22+2t=4

KOCTBIO 7, 3aJaHHOHN CcHUCTeMOI aBHeHUil .
e yp Sr+2y — Tz —6t = -7

3.82. Edunuunvim xybom I™ B n-meprHoM adOUHOM €BKIXIOBOM HPOCTPAHCTBE HA3bIBA-
eTCsI apasLIeenues ] Ha BeKTOpax, 00pa3yoiux OPTOHOPMUPOBAHHBIN HA3MC.

a) Haiijure paccrognue MezKjy JBYMEpHOIl IpaHbI0 YeThIpéxMepHoro Kyb6a I u ero
JIMAroHAJIBIO, HE IepeceKalonieil 3Ty IpaHb.

6) okazkute, 9TO OPTOrOHAJIbHBIE TIPOEKIUN BepIIuH Ky6a [™ Ha J00YI0 ero auaro-
HAJIb JIEJIIT €€ Ha N PABHBIX dacTei.

B) Haiinure yros mexy nnaronaibuio Kyba I™ u ero k-MepHOil rpaHbio.

3.83. Kakume TpéxmepHble Teja MOJIYyYalOTCsl B CeYeHHM 4YeThIpEXMepHOro Kyba {z €
R*: —1<2; <1, i=1,2,3,4} TpéxmepHOil rUNEPILIOCKOCTLIO T + Ty + T3 + T4 = € pHU
3nadenusx € = 0,2, 3,4,57 CpaBHUTe pe3y/IbTaThl ¢ AHAJOTHIHON TPEXMEpHOil 3a1a4eii.
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3.84. Jlanbl Tpu CUMMETPHUYHBIC MATPHUITHI

1 -2 3 121 2 1 1
Hl-2 4 —6], (21 1], 3|1 1 -1
3 —6 10 112 1 -1 1

B KayK/10M U3 CJIydaeB BBIACHUTE, MOKET JIM MATPHUIA ObITh MaTpuieil ['pava
a) JTMHEHHO He3aBHCHUMON CHCTEMBI BEKTODOB;
6) cucTeMbl BEKTOPOB (He 00sI3aTeIbHO JIMHEHHO HE3aBUCHMOI ).

3.85. Jlokaxkure 0bobwénroe nepasencmeo Adamapa:
detG(ay,...,a;) <detG(aq,...,a;)detG(a;i1,...,a), i=1,... k,
U BBISICHUTE €ro TeOMeTPHYECKHil ¢cMBICI. Korma oHO IpeBpainaercs B paBeHCTBO?

3.86. [lokaxkure, 4ro paccroguue mexjy adduuabivMu noanpocrpancrsamu B = P +
(by,....,bp) U € =0Q + (c1,...,¢) BA" MOXKHO BBIYUCHATE 110 GHOPMYJIe

detG<b1,...,bk,Cl,...,Cl,P_Q)
d(*8,¢) =
( ’ ) \/ detG(bl,...,bk,cl,...,cl) 7

rie det G — onpegenurenb MaTpuibl ['pama.

3.87. Kak BHIMISIUT MHOrOMepHOe 06o0menue pbOpMyJIbl I/ PACCTOSHUS MEXKILY CKpe-
MABAIOMIUMHECS TPSIMBIMA U3 TIpeiozkernst 3.447 (Ykazanue: UCIONb3YATe JBE TPEIBIILY-
e 3a/1a4u. )

3.88. Meroj0M HaMMEHBINX KBAJAPaTOB HalANTe TCEBIOpEIIeHne CJIeIYIOINX HeCOB-
MECTHBIX CUCTEM JIMHCHHBIX YPaBHEHUN:

T =2, 20 — 2z =1,

r+ay=1, 2wy =1, y+z=—1,
a) 20 +4y =1, 0) r— 2y =1 B) Tyt
vy =0 T+Y=2; r—z=—1

3.89. Merosi0M HAMMEHBITHX KBAJAPATOB HANJNTE WHTEPHOJAINI (HAMIyUIIee CpejHe-
KBajipaTuaHoe npubanzxkenune) dyaknuu f, 3anannoii snadenuavu f(0) = 1, f(1) = 2,
f(2) =3, £(3) =5

a) JMHEHHBIM MHOIOWJIEHOM b2 + bo;

6) KBaJpATHIHBIM MHOTOWICHOM box? + by + bo;

B) KyOMYecKIM MHOTOWIEHOM b3z + byx? + byx + by.

B KazKJ0M U3 9TUX CJIy4dacB Haﬁ,ZLI/ITe KBaJApaTU4IHOEC OTKJIOHEHHUE.
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4. TPyHNbl TPEOBPA3OBAHUI

4.1. Jluneiinbie onmepaTopbl, n30MOP@PU3MBI, JUHEIHAA T'PYIIIIA.

Onpegenenne 4.1. [Iycts V u W — nuneiinsie mpoctpancTsa Haj nojgem k. Orobpazke-
nne A: V — W naswsiBaeTcs Aunelinbm, eCIn JJId JI0OBIX BEKTOPOB %, v € V U cKaJgpa
A € k BbIIIO/THEHBI PABEHCTBA

A(u+v) = A(u) + A(v), A(\v) = AA(v).

Mpur wacro Gygem nucars Av Bmecto A(v).

Buextusnoe (T.e. B3anMuo oanosnadnoe) juueiinoe orobpaxenne A: V — W nasbisa-
ercst uzomoppusmom. Ilpocrparcrsa V u W Ha3BIBAIOTCA M30MOPMHBIME, €CIH MEKTY
HUMU CYIIECTBYET H30MOPQU3M.

3 orpeieieHust J1erKO BBITEKAET, YTO H30MOP(U3M HEePEBOAUT Oa3uc B 6a3HC, a MOTOMY
M30MOpPgHBIE IPOCTPAHCTBA UMEIOT OJHHAKOBBIE pa3MepHOCcTH. BepHo u obpaTHOoe: 1Ba KO-
HEYHOMEPHBIX ITPOCTPAHCTBA OJIHOW Pa3MepHOCTU U30MOPMHBI: N30MOPMU3M IOy YAETCSI
[POJIOJIZKEHUEM 110 JTMHEHHOCTH JII00O0# OHeKnun MeK Ly Gasucamu (JeTajn OCTaBJISIIOTCS
B Ka4eCTBe YIPaKHEHMUs ).

MHuoxkecTBO BCex smHelinbx orobpazkennii A: V' — W ¢ onepanmamu cioxenns (A; +
A)(v) := Ajv + Ayv u ymuOKeHust Ha ckangpsl (AA)(v) := A(Awv) aBisercst JuHERHBIM
npocrpancroM. Ono obosnadaercs Homy (V, W).

Omnpenenenne 4.2. Jluneiinoe orodopaxkenne A: V' — V mpocrpanctsa V' B cebs Ha3bI-
BaeTCst AuHelnuM onepamopom (wimu sndomopdusmom upocrpancrsa V).

Komnosuyua suneiiabix onepatopos A u B ects nuneiinbrit oneparop A - B: V — V|
(A-B)(v) = A(B(v)). JTuueitasiit oneparop A: V — V asiserca usomopduzMom Toraa
U TOJILKO TOTJIA, Korja oH obpamum. llociienee o3nadaer, 4To CYIIECTBYeT OOpaTHBI
oneparop A~ A7 A=id, rae id: V — V — Toxaectsennsiit oneparop, id(v) = v.

O6paTuMble OEPaTOPHI TAKzKe HABBIBAIOT GGMOMOPHUSMAMU WA AUHETHHMU NPEOD-
pasosarusmu pocTpancTBa V. OHH 00pa3yioT IPyHIy OTHOCHTEIBHO KOMIIO3UIIUH. DT
IPYIINa HA3BIBACTCS AUHEUHOT epynnotl mpocTpancTBa V u obosuadaercs GL(V).

Omnpenenenne 4.3. Mampuueti aunetinozo onepamopa A:V — V 6 basuce eq,..., e,
Ha3bIBaCTCA KBaJApPaTHAA MaTpUIla

ay; a1 ... Qpp

Qg1 Q22 ... Q2
A= ,

Ap1 Ap2 ... QGpp

B KOTOPOi#i i-if cToI0€eI] coCTaB/IeH n3 KOOpAWHAT BekTopa Ae;:

n

Aei: E aj;€;.

J=1

Bnast marTpuily JuHeiHOro omneparopa A, Mbl MOXKeM HaiiTi 00pa3 JH00ro BEKTOpa
x € V caenyromuM obpa3om.
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ITpennoxenne 4.4. [Tycmv y= Ax, t=11€1+...+ 1€, Yy=cre1+...+y,e,. Tozda

n Y1 apy ... Qin X

Yi = g ;5T UAU : =

J=1 UYn Api -+ Qpp Ty
Joxazameavcmeso. JlelicTBUTEBHO,
Y yiei=y=Az = A(Zj Tje;) = Ej rjAe; = Zj xi (D2 aijei) = Zi(Zj aijT;)€;.
Tak kak {e;} — 6a3uc, oTcoma CJaeayer, 9To y; = Zj ai;T;. O

IIpumep 4.5.

1. Toowcdecmeernnniti onepaTop id mepeBoIUT KaxKIblh BeKTOp v € V B cebs: idv = v.
Matpuneit oneparopa id B 000M Oa3uce siBaseTcss enwHu4IHas maTpuna F. Obpatho,
eca Marpuna oneparopa A B Kakom-To bazuce ectb F, to A = id.

d
2. Pacemorpum onepatop tuddbepennuposanua - B IpocTpancTse Ko[r| Muorowienos

41— - d 2 i
crenenn me Boine 2. Torpa -1 =0, Zx = 1n - 2° = 2. Takum obpaszom, marpuneit

oreparopa % B Gasuce 1, z, 2 apigerca MaTpUIa

o o O
S O =
o N O

3. B npocrpancree R? paccMoTpuM onepaTop pr,, OPTOrOHAIBHOTO TIPOCKTHPOBAHHISA Ha
Hanpasienue Bektopa v = (1,1,1). Haiigém marpuity sroro oneparopa B CTaHIAPTHOM
basuce e; = (1,0,0), ex = (0,1,0) u e3 = (0,0,1). JTnsa jo6oro BekTopa u € R mbl

_ (uw)
MMEeM DIyt = 5250, CrenoBaTesbHO,
1
Pryer = pryez = pryes = 5(1,1,1) = cer+ gea t es.

Takum 0b6pazom, MaTpHIla onepaTopa pr, UMeeT BHJ

Wl W= W
Wl Wl Wl
Wl Wl W

4. Kak obobmienne npeaplaynero npuMepa, pacCMOTPUM OIEPaTOP IIPOEKTUPOBAHUS

(u, v)

pr,: V=V, uw—
(v,v)

Ecim BeKTOp v 33JaH Kak BeKTOp-croiben, v = (v1,...,0,)" KOOpAUHAT B HEKOTOPOM
OPTOHOPMHPOBAHHOM 0a3uce, TO MAaTPUIla OlepaTOpa pr, B 3TOM Hasnce ecTh

U1 (vl Vg - vn) V101 V12 -+ U1V
1 V2 1 VU1 VU2 -+ V2Up

t

1
UV = =
|v]® v | |v]?

Un VpU1 Upls -+ UpUp
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Teopema 4.6 (3aKoH W3MeHEHHsI MATPUIIbI JuHeiHOrO oneparopa). [Tycmv A — mam-

puya onepamopa A:'V — V' 6 basuce ey,...,e,, A\ — mampuya 6 basuce €y,..., €, u
C' — mampuya nepexoda om basuca ey, ..., e, k basucy €,..., €, . Toeda umeem mecmo
COOMHOWEHUE

A =CAC,

Aoxazamenvemeo. Ilyers A = (a;5) u C = (¢ji), Torga

Aej, = A, cines) =22, cipAe; =3 cin(D2; aijes) = 32,07 aijcjr) €.
C npyroii croponbl, eciin A" = (a’y;), To
Aej, = j ajpe; = Zj %(Zi cij€;) = 21(23 Cijaz‘k)ei'
Tax xax {e;} — Gasnc, noy1aem Y _; a;;Cjp = Y Cij@y,. DTO SKBUBAIEHTHO COOTHOIICHHIO

AC =CA' re. A =CTAC. O

Matpunpt A u A’, ynosaersopsiontue coornomennio A’ = C~1AC, tne C — HeBBIPOXK-
JTeHHAs MATPHIIA, HA3BIBAIOTCA 10d00HbMU. TaKIM 00pa30oM, MATPHIIEL OJHOIO OIEPATOPA
B pa3HBIX 0a3ucax MOJ00HDI.

HemocpeacTBeHHO poOBepsIeTCs, YTO MaTPUIA KOMIIO3HUIUH onepaTropos A - B B so6oMm
Hasuce ectb HpousBeeHue Marpul, oneparopos A u B B a1om Hasuce.

Tak kak det(C~'AC) = det A, onpejesnresnn MaTpunpl oneparopa A He 3aBucur o
fazuca; OH Ha3BIBACTCA onpedeaumenem onepamopa u obozuadaercd det A. Oueparop A
obpaTuM TOTJA U TOJHKO TOT/A, KOTJA OH Hesupostcden, T.e. det A # (.

MuozkecrBo Homy (V, V') Becex aumneitubix omeparopos A: V' — V B durcupoBanHOM
npocrpancTBe V' obOpasyer KOJbIO OTHOCHUTEJBHO OIEepaIuil CIOXKEHHS W KOMIIO3HUIUH.
Ecan BKIIOYATH B paCCMOTPEHHE M YMHOXKEHHE OIIepaTOpOB Ha dJeMeHTH mojs K, To mo-
JydaeMblit 00beKT HaspiBaeTcs aazebpoti uaa k. Hapsaay ¢ Homy (V, V') mis sToro kosbia
(mtm anrebpsl) ucnosb3yercst oboznadenne End(V). Koabio (anrebpa) End(V) uzomopd-
HO KOJIbIly (asrebpe) kBagparubix Marpun Maty(n, n), rae n = dim V; uzomopdusm ycra-
HABJIMBAETCS COMOCTABJIEHUEM OTEPATOPY €ro MaTpHUIlbl B (DUKCUPOBAHHOM Oasuce.

Juneiinag rpynma GL(V'), cocrosiinas n3 o0paruMbIx (HEBBIPOXKJIEHHBIX) OMEPATOPOB,
n3oMopdHa IpyIie HeBbIPOXKIEHHBIX KBaJPATHBIX MaTPHUIL Pa3Mepa 71 C dJeMeHTaMHu u3
nosig k mo ymuoxemnuio; sta rpynna obosnagaerca GL, (k).

Omeparopsl ¢ onpeneauteaeM 1 obpasytor noarpynmny B GL(V'); sra moarpymmna Ha3bl-
BACTCS CNEUUasvroll aunetnot epynnot u obozuadaercs SL(V). Anasoruano, noarpymma
MaTpHIL ¢ onpejgeauTeneM 1 obosunadaercs: SL, (k).

4.2. Oproronasibabie (M30MeTPUYECKNE) ONEPATOPHI, OPTOrOHAJIILHAS TPYIINA.
B srom maparpade V' — eBKJINI0BO IPOCTPAHCTBO.

IIpennoxkeunne 4.7. Caedyrouwue ycaosusn das onepamopa A: V — V sxeusasenmmos.

a) onepamop A coxpansem daunv, sexmopos, m.e. |Av| = |v| daa awboeo v € V;

6) onepamop A corpansem cxaraproe npoussedenue, m.e. (Au, Av) = (u,v) das
21000 u, v €V

B) onepamop A nepesodum opmoHOPMUPOSAHHBLE OA3UCHL 6 OPMOHOPMUPOSAHHbLE,
m.e. ecau ey, ..., e, — OPMoHOPMUPosannutl basuc, mo Aei, ..., Ae, — maxoce
OPMOHOPMUPOBAHHDIT Oa3UC;

r) mampuua A onepamopa A 6 0pmMOHOPMUPOBAHHOM 0A3UCE OPMO2OHANLHA, M. €.
A'A=E.
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Joxazamenvemeo. Mbl mokaykeM HMIIHKANUA a)< 0) u 6)= B)=>r)=>0).
a)=0). Umeem (v + v,u +v) = (u,u) + 2(u,v) + (v, v), oTKyIa

(u,v) = %((u—l—v,u—l—v) — (u,u) — (v,v)).

[Toaromy, eciiu oneparop A coxpaHsieT JJIMHbI, T.e. CKaJsIPHbIE TPOU3BeIeHus Bua (v, v),
TO OH COXPAHLET U BCE CKAJIAPHBIC HPOU3BEICHHUS.

6)=-a). OgeBuaHO.

6)=8). Ilycrs (Au, Av) = (u,v). Torga ecan ey, ..., e, — OPTOHOPMUDOBAHHbIIT Ga-
suc, 1o (Ae;, Ae;) = (e;, e;) = d;;, T.e. 6azuc Aey, ..., Ae, Takke OPTOHOPMUPOBAL.

B)=1). [lycTh A mepeBouT OPTOHOPMHUPOBAHHBINH Oa3uc ey, ..., €, B OPTOHOPMUPO-
BaHHBI Gasuc Aey,...,Ae, 1 A = (a;;) — MaTpuna omeparopa B 0a3uce ei,...,e,.
Torma

0ij = (Aei, Aej) = (3, arier, ), ajer) = Zk’g akiaei(ex, €r) = Zk’g ariOkeag;.

TO SKBHBAJEHTHO MATPHIHOMY cooTHomennio F = A'EA wm A'A = E.
r)=6). [lycts A'A = E. 3anumem BeKTOPHl % U ¥ CTOJOMAME KOODJWHAT U U U B
oproHopmupoBanuom 6azuce. Torja

(Au, Av) = (Au)' (Av) = ' (A'A)v = v'v = (u, v),
T.e. A coXpaHsieT CKaJsIpHOE TIPOU3BeIeHHe. O

Omnpenenenne 4.8. Jluneiiuwiit omeparop A: V — V, yIoBIeTBOPAIONINNA OJTHOMY M3
SKBUBAJICHTHBIX YCJOBUI U3 NpejjiozkeHns 4.7, Ha3bIBAETCS OPMO20HAALHYM WU U30-
MEMPUNECKUM.

OproronajbHble OnepaTopbl 06pa3y 0T TOArpynny B auHeiinoi rpynne GL(V') eBkiu1o-
Ba MPOCTPAHCTBA, HA3BIBAEMYIO 0pMo20oHaAbHol epynnotd u obo3uadaemyo O(V). T'pynna
OPTOTOHAJBHBIX MATpHI| pasMepa n oboznavaercs O, wmu O, (R).

U3 coornomenns A'A = F BoiTekaer, uro det A = +1 1719 0pTOroHAILHOIO OIEpaTOpPA.
Oproronasnpubie omnepatopsl A ¢ det A = 1 #asbBaoOTCS co6CMBENHBLMU, & OPTOTOHAD-
ueie omneparopsl ¢ det A = —1 — necobemeenmnvimu.

[Tonrpynmna coOGCTBEHHBIX OPTOrOHATBHBIX OIEPATOPOB HA3BIBACTCI CNEUUAALHOT 0PMO-
eonanvrol epynnot u oboznadaercsa SO(V). Met umeem SO(V') = SL(V)NO(V). I'pynna
OPTOrOHAJIBHBIX MATPUI pasMepa n ¢ oupejgeaureneM 1 obosuadaerca SO, nin SO, (R).

4.3. OpToroHaJIbHBIE ONEPATOPhI KAK KOMIO3UIINN OTPA>KEHUIT 1 IIOBOPOTOB.

IIpumep 4.9 (opTOroHaJIbHBIE OMEPATOPHI B JIByMEPHOM TpOCTpaHcTBe). IlycTh eq, e —
OPTOHOPMHUPOBAHHBIN Oa3uc aByMepHoro mpocrpancrsa V. Coracno npumepy 3.17, op-
TOTOHAJbHAS 2 X 2-MaTPUIA UMeeT OJWH U3 JIBYX BUJIOB!

cos — sin cos sin
(15) a) (¥ 7)., 6 (O 7.
singp  cosp sinp —cosp
OproronasbHblil oneparop, 3agaBaembiii Mmarpuneii (10) a) B 6asuce e, €3, TOBOpa-
YUBaET KaKIblii BEKTOP Ha YroJ ¢. DTOT OIEpPATOp HA3LIBACTCA NOGOPOTMOM HA Y204 (.
[ToBopoT 3a7aéTcs OHO U TOW YKe MaTpuIei B 41000M OPTOHOPMUPOBAHHOM Oa3uce JBY-
MepHOro npocrpascrsa. [Ipu ¢ = 0 Mbl I0Jy4aeM TOKJIECTBEHHBIH OmepaTop.
OproronaibHbliil oneparop, 3agaBaembiii Matpurieit (10) 6) ocraBiser BeKTOp €] =
@

L o I (@ @ L __p!
(cos £,sin ¥) HeMOABMKHBIM H MEPEBOJUT BEKTOD e := (—sin £,cos ¥) B BekTOp —e5. B
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3TOM MOZKHO y6e,ZLI/ITbCH HEImoCcpeaCTBEHHO, IIPOBEPUB COOTHOHICHHEC
cosp sing cos £ cos £
) C2)=(."2]).
singp —cosp ) \sing sin £
0

.. 1
Takum obpa3om, B 6azuce €/, €, 3TOT oneparop 3aAaéTCsA MATPUIEH . On Ha3bI-

0 -1

BACTCH OMPAAHCEHUEM HIH CUMMEMPUel OTHOCUTEILHO IPAMOil (e]).
Bseném caeapyroree obiiee onpeseieHue.

Omnpegenenne 4.10. [ycts V = WO W, tne W — noanpocrpanctso. OpToronagbHE
onepaTtop Ry, HepeBOAANINIl BEKTOD ¥ = PIy, U + Ortyy v B BeKTOp Ry v = pPryy v —
ort,, v, HA3bIBACTCS OMPANHCEHUEM WA CUMMEMPUET OTHOCATEIBHO HoApocTpancTsea W,
OmnepaTop Ry uneoatomusen, T.e. Ry, = id.

BazKHBIM YaCTHBIM CIyYaeM SBIACTCA 0MpPasicenue 6 eUnepniockocmy > ¢ HOpMaIb-
HBIM BeKTOpoM u # 0. Mbr umeem

_ _ _ (u,v)
Ryrtv =pr,. v —ort,. v=v—2pr,v=ov— 2(u7u)u.
Ecnu ey, ..., e, — oproHOpMHpOBaHHBIH 6a3zuc B W, a eri1,...,€, — OPTOHOPMHU-
poBanublii 6asuc B W+, Torma omepatop Ry B 0asuce ey, ..., e, 3aJaéTcad MaTpHIeil

E
(0 —E)’ rje o0k F u —FE umeror pasmep k u n — k, COOTBETCTBEHHO.

ITpennoxkenue 4.11. Jhobwvie d6a passuvhus 6exkmopa 00uHaKro60l dAUHbL NEPEBOJAMCA
dpye 6 Opyea ompasncerHuem 6 HEKOMOPOTl 2unepnioCKkoCmu.

Hoxasamenvcmeo. Ilycrs |u| = |v|. Torma mis oTpamkenus R (y_y)L AMEEM
_ 2_
Riu—v)l® = U — 2—(151107’;”:)1)) (u—v)=u— Z—W‘Jﬂv‘z(f;(’i,v) (u—v)=u—(u—v)=v. O

Teopema 4.12. w60t opmozonasvHutl opmozonasoHull onepamop A 6 n-meprom es-
KAUDOBOM NPOCMPAHCMEE NPEICMABAAECMCA 6 6ude KOMNO3UuLY He bosee n ompaxcenutl 6
2UNEPNAOCKOCTNAL.

oxasameavcmeo. Bynem BecTn MHIYKINIO MO pa3sMepHocTH n. Eem n = 0 wm A = id,
TO JOKA3BIBATH HEUero. B MpoTUBHOM cJiydae CyIecTBYeT BEKTOp v, i Kotoporo Av #
v. [Iyctb R — orpaxkenue B ruinepiuiockoctu, nepesogsinee Av B v. Torua komuosunus
RA ocraB/seT BeKTOp v HemoBIKHbIM, a 3HaunT RA(v1t) C vt. Cregosarenbno, Mbr
MOYKeM paccMoTperh orpannuenne RA|, . oneparopa RA ma nomnpocrpancrtso vt. Tax

kak dimv’t = n — 1, 10 NPeINOIOKEHNI0 HHILYKIINH HMeeM RA|,. = Ry Ry, rue
R;, i = 1,...,k, — oTpaskeHHs B I'HIEPIUIOCKOCTAX B IpocTpaHcTBe v mw k < n — 1.
Hanee, R; = R.|,1, tne R, — oTpakeHue B MPOCTPAHCTBE V OTHOCHTEIBHO HEKOTOPOH
IHIEPIVIOCKOCTH, cojepzkatieil BekTop v. Ilostomy mbl mmeem RA = R --- R}, OTKyIa
A =TRR)--- R}, 910 3aBepuiaer mar HHIYKIUH. O

CDOpMaJH/I3y€M HEKOTOPbIEC NIOHATHUA U3 IMPEeAbIAYIICIO JO0Ka3aTe/JIbLCTBa.

Omnpenenenne 4.13. [loanpoctpanctso W C V HazbIBaeTCSI uHBAPUGHMHBLM OTHOCHU-
resibHo oneparopa A: V — V. eciu A(W) C W. Ecoiu W C V — unBapuanTHOE 110,11DO-
CTPAHCTBO, TO onpeaeaeH auueiinbiii oneparop Aly : W — W — ozpanuuenue oneparopa
A ma nogupocrpancrso W.
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Henynesoit BekTop v € V masbiBaercsa cobcmeenmvim g oneparopa A, econ Av =
Av ggs Hekoroporo A € k. Jluneitnas 000/i109ka cOOCTBEHHOTO BEKTOPa — OJIHOMEPHOE
MHBaPUAHTHOE IOIIIPOCTPAHCTBO.

Teopema 4.14. Jlaa aunetinozo onepamopa A 6 HEHYACEOM GEULECTNEEHHOM NPOCTPAH-
cmee V' cywecmsyem o0HoMeEPHOE UAY 08YMEPHOE UHBAPUAHMHOE NOINPOCTIPAHCTIEO.

Hoxazamenvcmeo. Ilycrs dimV = n > 0 u Bo3bMEM HenyJieBoii BekTop v € V. Torna
n + 1 sextopos v, Av, A%v, ..., A"v IuHeitHO 3aBUCHMEI, T. €.

aov + a1 Av + ay A%v + ...+ a, A"v =0,

rje He BCe a; paBHbI Hyo. [Tociaennee paBeHCTBO MOXKHO 3anmucarh B Bujge P(A)v = 0,
rae P(x) = ag + a1z + ... + a,2" — MHOroOWwIeH HoJoKuTebHOM cremenn u P(A) =
apid +a;A+. . .+a, A" — pe3yabrar nojctanoBku oneparopa A B muorouien P(x). Pasio-
JKHM MHOTOYJIEH Ha JIMHEeHHbIe U KBaIpaTudHbie MuoxuTe n: P(r) = c¢Py(x) - - - Pi(), T1e
kaxapiit P;(z) mveer Bug  —a wim 22 — ax — b, PaccMOTpUM HAMMEHBITIEE i, TS KOTOPOTO
BeKTOp u := Py -+ Py(A)v emé ne pasen nymo. Torna Pi(A)u = 0. Ecu Py(r) = z—a,
10 Au = au n (u) — unBapuanTHoe nomupocrpancrso. Ecin Pi(x) = 22 — ax — b, 1o
A(Au) = aAu + bu u (u, Au) — HHBAPUAHTHOE HOIIPOCTPAHCTBO. O

Coracuo npumepy 4.9, OpTOTOHAJIBHBII OMEPATOP B JIBYMEPHOM IMPOCTPAHCTBE SIBJIsI-
eTcs anb0 MOBOPOTOM, OO orTpazKkenuem. Jlajgee MbI MOJIyYrUM MHOTOMEpPHOE 0DODIIeHHEe
9TOT0 HAOJIIOICHUI.

Teopema 4.15. /Jlasa 1106020 opmozonanvrozo onepamopa A 6 esxaudogom npocmpars-
cmee V' cywecmsyem pasaoorcenue V =U, B ... U, W1 B ...E W, 6 npamyro cymmy
NONAPHO 0PMO2OHAALHHLT UHBAPUAHMHLLT nodnpocmpancms, 20e xascdoe U; deymepro u
onepamop deticmeyem 6 Hém nosopomom, a xaxcdoe W, odnomepro u onepamop deticmey-
em 6 ném xax +id.

B coomsememsyrowem opmoropmuposartom basuce mampuua onepamopa A 6.404Ho-
Jduazorarvras ¢ baokamu pasmepa 1 usu 2, npuswém 6aoku pasmepa 1 umerom eud (1)
cosp —singp

sing  cosg )’ 2de v # wk ¢ yeavm k.

usu (—1), a 6aoku pazmepa 2 umerom eud
Joxasamenvcmeo. B mpocTparcTBe pa3mepHocTd 1 OpTOrOHAIBHAS MATPHUILA U TAK HMEET
Bun (1) wim (—1). Cayuait pasmeproctu 2 paszobpan B npumepe 4.9. Tamee mpopeém
MHJIYKIIMIO 110 Pa3MEepPHOCTHU IpocTpaHcTBa V.

B cuny Teopemsr 4.14 miaa omeparopa A cymecrByer l-MepHOe WIH 2-MepHOe HHBa-
puanTHoe mogupocrpancteo W C V. Tak kak omeparop A coxpaHsieT CKaJsPHOE IPO-
U3BeJeHNe, OPTOroHaNbHOe ToToaHenne WL Tak:ke muBapmanTHO. 110 Tpeanono:KeHnio
uHAyKIuK, B npocrpancrsax W oum W umerorcs TpebyeMble OPTOrOHAIBHBIC PA3/I0Ke-
Hus. Bmecre onn jaloT TpedyeMoe OpTOroHAJIbHOE pa3J/ioxkeHue mpocTpancTsa V. [

Pazyioxkenue u3 Teopembl 4.15 Ha3bIBACTCA KAHOHUYECKUM, & ONUCAHHBIN TaM BHJ MaT-
PUIIBI — KAHOHUYECKUM 61uJoM OPTOTOHATBLHOTO omeparopa A.

IIpumep 4.16. B TpéxMepHOM OPOCTPAHCTBE KAHOHUYECKHI BHJ OPTOrOHAJBLHOI'O OIle-
paTopa ecTh
cosp —sing 0
singp cosp 0
0 0 +1
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IJe B JIEBOM HUKHEM yrjly CTOMT 1, ecam omeparop coberBeHubiii, 1 —1 nnade. (Ome-
paTopbl, KAHOHWYECKHUH BHJ KOTOPBIX nMeeT Tpu 610ka (1) mau (—1), mosydarorcs npu
¢ = wk.) CobcTBeHHBII omepaTop IpeacTaBiseT coboil TOBOPOT (BOKPYD OCH TPETHErO
BekTOpa Hasuca). KoMIosuIyst ByX MOBOPOTOB — 9TO CHOBA MOBOPOT BOKPYT HEKOTOPOH
OCH, TAaK KaK B KAHOHHMYECKOM BH/E NPUCYTCTBYET BCEro OJMH MOBOPOT. HecobeTBeHHbIIH
OIEpPaToOp — 3TO «IOBOPOT € IEPEBOPOTOM», T.€. KOMIIO3UIM IIOBOPOTa M CHUMMETPUU
OTHOCHUTETHHO MJIOCKOCTH, TIEPHEHINKYISIPHON OCH MOBOPOTA.

ITpumep 4.17. B deTbIpéXMepHOM IPOCTPAHCTBE y2Ke OBIBAIOT «HE3aBUCHUMBIE IIOBOPO-
ThI». A MMEHHO, KAHOHHYeCKUil BUJ cOOCTBEHHOI'O OPTOrOHAJIBHOTO OIEePaTOpa IpeacTaB-
JIieT coboit MaTpHIly U3 ABYX OJIOKOB pa3Mepa 2:

cosp —sing 0 0
siny  cosp 0 0
0 0 cosy —siny
0 0 siny  cosy

DTO — KOMIIO3UIUS JIBYX HE3aBUCHMBIX IMOBOPOTOB: HA YTOJ ¢ B IJIOCKOCTH MEPBOTO U
BTOPOro DA3MCHBIX BEKTOPOB U HA yIOJI 1) B ILIOCKOCTU TPETHEr0 U YeTBEPTOro DA3UCHDBIX
BeKTOpOB. Takoit omepaTop He CBOAUTCA K OJHOMY MOBOPOTY.

4.4. Tlapamerpuzarus rpynnsl SO(3) yriiamu Diijepa u KBATePHHOHAMH. 3/1€Ch
MBI PACCMOTPHM J[Ba orucanust rpynibl SO(3) coOCTBEHHBIX OPTOTOHATIBHBIX MATPHIT 3 X 3.

[TepBoe omucanue (yruibl Diliepa) MUPOKO UCIOIb3YETCS B TEOPETUUECKOH U MPUKJIAI-
HON MexaHHMKe TBEpIOro Tesa. llomoxkenwe cucTeMbl KOODAWHAT, CBSI3AHHOW ¢ TEJIOM B
IPOCTPAHCTBE, OTHOCHTEIBHO CTAHIAPTHON CHCTEMBI KOODIMHAT OMKCHIBATCS MPH II0-
MOIIM TPEX JEMEHTAPHBIX YIJIOB. DTO JAET MapaMeTPU3AIMI0 OPTOrOHAIBHBIX MATPHIL
C € S0(3), Koropbie PacCMaTPUBAIOTCH KaK MaTPHUIbL LEPexojia 0T OPTOHOPMHUPOBAH-
HOTO Gasuca €i, ez, €3 (MCXOMHON CHCTEMBl KOOD/MHAT) K OPTOHOPMUPOBAHHOMY Oasucy
e, e, el Toil xKe opueHTANNH (CHCTEeMe KOOD/MHAT, CBA3AHHON C TEJIOM).

[Ipeamosokim BHAYATE, YTO BEKTOPHI €3 U €4 HEKOJINHEAPHBl. DTO HOPMAIbHBIE BEK-

TOPHI K IIOCKOCTAM (e, es) u (€}, e)). Torna f = ﬁ;—i:ﬂl —
IPSAMOI MepecedeHnst STUX TIOCKOCTeR (HA3BIBAEMO 0cbl0 Y3408 ).

Yenor dlsepa onpeendaioTcs CJIeAYIONHIM 00Pa3oM:

y2oa npeyeccul @ — 10 yroa or e; K f, ¢ € [0,2m);

yeon nymayuu @ — 310 yroa or ez K e, 0 € [0,7);

yeon cobemeennozo epauserus ) — 1o yroa ot f K e, ¥ € [0, 2m).

Ecnu BeKTOpBI €3 1 e KOMIHHEeAapHbI, TO ¢ U 1) He oupejaeneHs], a § = 0 win 0 = .
[Tepexos o1 0JHO#I CHCTEMBI KOODJAMHAT K JIPYTON TOIIA OLPE/Ie/IseTCs YIJIOM OT €1 JI0 €.

[lepeoiii mar — mepexon or Gasmca €1, €9, €3 K basucy f, g, es3, KOTOpHIil 3amaércs
[OBOPOTOM Ha yTOJ  BOKDPYT OCH BeKTOpa e3. COOTBETCTBYIOIIAS MATPUIA MMEPEXO0/IA
UMeeT BUI

HAIPABJILIOIIUA BEKTOP

cosep —sing 0
sinp cosp 0
0 0 1

Ha sropom miare ocymectBuM mnepexon ot 6asuca f, g, es k 6asucy f, h, e}, KoTopbrit
3aaéTca moBopoToM Ha yroa @ Bokpyr ocu Bektopa f. Ilpm srom (f, h) = (e, e}).
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CooTBeTcTBYONIAS MATPHUIA TIEPEX0Ia UMEET BT

1 0 0
0 cosf —sinf
0 sinf@ cos@

!/ / !/ /
Hakomnern, Ha TpeTheM IIare ocymiecTBAM Iepexof oT 6asuca f, h, €5 x 6asucy e}, ), ej,
KOTODBIN 331aéTCs TIOBOPOTOM HA YTOJ 1 BOKPYI OCH BeKTOpa es. CoOTBeTCTBYIOIIAs
MaTpHUIIA TEePeX0Ia NMeeT BI

costyy —siny 0
siny  cosy 0
0 0 1

Tem caMbiM HaMU JIOKA3aHAa CJIELYIOIIAsT

Teopema 4.18 (Diisep). IIpouseosvhan cobemeentas opmozonasvhas mampuyae C €
SO(3) donyckaem pasaooicenue 6uda

cosp —sing 0 1 0 0 cosy —siny 0
(16) C=|sing cosp O 0 cosf —sind siny cosv 0],
0 0 1 0 sinf cosé 0 0 1

2de ¢ € [0,2m), 0 € [0, 7], ¥ € [0,2m). Ipu 0 # 0,7 2mo pazioscenue eduHcmeeHHo.

Eciu 0 = 0, To C' ectb MaTpuIla HOBOPOTa BOKPYT OCH BEKTOpa €3 Ha YroJ ¢ + 1. Ecian
0 = m, To C' ecThb MaTPHUIA IOBOPOTA BOKPYT OCH BEKTOPA €3 Ha YIoJ ¢ — 1.

JamHasi mapaMeTpu3alis OMUCHIBACTCST «BHYTpeHHUMHI» (instrinsic) yriaamu Diimepa:
KasKIBll U3 TPEX IMOBOPOTOB HA COOTBETCTBYIOIIMHA YIO 3aJa8TC BO «BHYTpEHHEH» CH-
cTeMe KOOPJMHAT, CBA3AHHOM ¢ TestoM. BHavasie n3 cucreMbl KOOpAUHAT X, Y, 2 HOBOPOTOM
Ha YIOJI (0 BOKPYT OCH 2 MOJIy4YaeTcs cucreMa koopaunat x', 1y, 2/, 3arem u3 o', ¢y, 2’ noso-
porom Ha yrog 6 Bokpyr ocu z’ monaydaercs cucrema koopauuar x”y” 2" n makounen us
2" 9", 2" moroporom Ha yroJ 1) BOKpyr ocu 2z’ mosyuaercs cucrema xkoopaunar z” " 2",
D10 KoAUpyercsa cuMBosamu 2z — &' — 2.

Pazsoxkenune Diiiepa (16) MOKHO TaKzKe paACCMATPUBATE KAK PA3I0KeHHE OPTONOHAIb-
HOTO olleparopa B R? B KOMIIO3UIHIO HOBOPOTOB OTHOCUTEIBLHO KOOPAMHATHBIX OCel HCX0/1-
HOM CHCTEMBI KOODJMHAT I, Y, 2 HA «BHeIrHue» (extrinsic) yrisl Ditepa. 910 MOBOPOTHI
LIPOU3BOJAATCA B 00PATHOM HOPSJIKe: CHAYa/a MOBOPOT HA YroJl 1) BOKPYD OCH Z, 3aTeM
HOBOPOT HA yroJ 6 BOKpPYr oCH X, U HAKOHEIN, IIOBOPOT HA yIOJ (© BOKPYT OCH 2. DTO
KOJIMPYETCHA CUMBOJIAMH 2 — & — Z.

Knaccnaeckue yruibr Diijiepa HCHOIB3YIOTCs, HAIPUMED, B HeOeCHON MexaHuKe (OTKY-
Jla ¥ TPOMCXOMSIT HA3BAHUsI TPEX yIVIOB). B IPyrux paszjesax MeXaHWKH WCIOJb3YIOTCS
HapaMeTpH3aliyd TPeMs yIJaMH II0BOPOTOB OTHOCHTENIBHO APYTUX KOOPIMHATHBIX OCEId.
Hanpumep, B aBHalMu HOJOKEHHE CAMOJIETA 3aTAETCA Y2AAMU PHICKAHUSA, MaH209CA U
kpena. lImeercs cucreMa KOOpAMHAT HA3EMHO CTAHIIUU CJIEXKEHUSI ¢ OCIMHU CEBEP—BOCTOK—
BepX U CHCTeMa KOOPAMHAT, CBA3aHHAS C CAMOJIETOM: IIPOIOJIbHAS OCH-IIOIEepeYHast OCh—
BEPTHKAJIbHAS OCh. YTJIbl PHICKAHUS, TAHIAZKA U KPEHA, OIIPEILIAIOTCA KAK YIVIbl Diliepa

JUTSI TTOCJIeIOBATEILHOCTH TIOBOPOTOB BOKPYT oceit z — y' — x”.

Henocrarkom napamerpu3amuy yriiamMu Jiljiepa sB/sieTcss HeOJHO3HAYHOCTb IIPU HEKO-
TOPBIX 3HAYEHUSIX YIVIOB (XOTSI C 9TUM CBS3aHBI Pa3Hble WHTEPECHbIE MeXaHUIECKUe sB-
senust). ONHO3HAYHON HapaMeTpu3alliy He CyIecTByeT (9T0 — Tomogorndeckuii daxr:
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rpynna SO(3) He romeomopdHa 061aCTH TPEXMEPHOIO MPOCTPAHCTBA, 06 3TOM MOHAET
pedb B Kypce Tonosorun). OnHAKO MBI Jajiee OMUIIEeM JPYIYIO MapaMeTpPH3aInio, Heo -
HO3HAYHOCTH KOTOPOHi Jierde KOHTPOJIUPYETCH.

Keamepruono, onpeaensiorcd Kak JHHelHbIe KoMOuHanuu a+bi+cj+dk, riae a, b, ¢, d —
BeIlleCTBEHHBIE YUCIA, A %, j, k — CUMBOJIBI. OIpee MM MHOXKECTBO KBATEPHUOHOB

H={¢=a+bi+cj+dk:ab,c,deR}.

Torma H — yeTnipéxmMepHOe BelecTBEHHOE JTUHEHHOE TPOCTPAHCTBO. BBeIéM ciieayiontyio
TabJIMIY YMHOYKEHHS CUMBOJIOB 17, ], k:

ij=—ji=k, jk=—-kj=1i, ki=—ik=j, i®=j>=k=-1.
Kak noka3zbiBaeT mpoBepka, Ipo0JIzKeHIe 3TOT0 yMHOXKeHud 110 ounnneiinoctu wa H npe-
BpalllaeT MHOYKECTBO KBAaT€PHHOHOB B ACCONMATHBHYIO, HO He KOMMYTATHUBHYIO aiarebpy
Ha1 mojieM R (HAOMHAM, 9TO @.42e6pa — KOJIBIIO U BEKTOPHOE IMPOCTPAHCTBO, B KOTOPOM
YMHOXKeHHe GUITHHEHO).

Ompenenum onepanuto conpsizkeans B H, monaras

g=a—b —cj—dk aass q = a+ bi + cj + dk.
Henocpeacreennast mpoBepKa MOKA3hIBAET, YTO UMEIOT MECTO COOTHOIIEHWS

G+ e=G+G Ge=Ga  q@=|d’=+++&, |anel =l el

DTO MO3BOIAET ONPEIEINTDL 11 ¢ # 0 0OpaTHLI KBaTepHHOH dopMyIoit ¢ ! = #, ITO

npespaiaer H B meao («mones ¢ HEKOMMYTATHBHBIM YMHOKEHIEM ).
Paccmorpum B H noanpocTpancTBO «9MCTO MHUMBIX» KBATEPHUOHOB:

Hoy={x=bi+cj+dkeH} ={x eH: T=—z}.
D10 — TpPEXMEpHOE eBKJMI0BO MPOCTPAaHCTBO, |z|> = 0% + ¢® + d>.

IIpengoxxenune 4.19. Ecau |q| = 1, mo npeobpasosanue

ag: Hy — Hy, x> qxq’l,

eCmMb OPMO2OHANLHYLT 0NEPamop 6 mpéxmeprom eskaudosom npocmparcmee Hy = R3.

Joxasameavcmeo. Nmeem qrq—' = ¢~ TG = —qrq™', Tak uto mpeobpazoBanne a, mepe-
soant Hy B ce6a. Kpome Toro, [qrg™| = |z|, Tak uto o, — oproronampusiii oneparop. [

KBaTepHUOHBI e IMHUYIHON I IUHBI 00PA3YIOT T'PYIILY
Sp(1):={qeH: |¢g|=1}={a+bi+cj+dk e H: > +V* +*+d* =1}

o ymuHOXkeHuo. Kak Mmuoxkectso rpymmna Sp(1) mpeacrasiser coboit eITMHIIHYIO TPEXMep-
HyI0 cepy B 4eTBIPEXMEPHOM IIPOCTPAHCTBE. JIeIrKO BUIETD, YTO (Y g, = Qg - gy, TAK UTO
orobpakenue g — «, 3agaér romomopdusm rpynnst Sp(l) B rpynny SO(Hy) = SO(3).
MOXKHO TPOBEPHTH, 9TO ITOT TOMOMOP(MHU3M CIOPBHLEKTHBEH, & €r0 SApO €CTh MOArPYIIIIa
{1,—1} € Sp(1). Tem cambiM MBI 3aja1u apaMerpusanuio rpyimnsl SO(3) KBaTepHHOHA-
MU €JIMHUIHOMN JIJTAHBI; IPH 3TOM KBATEPHUOHAM ¢ M —( OTBEYAET OJHA W Ta YK€ MATPUILA.
[TponsBeast BHIYUCACHNUS, MBI Oy IaeM
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Teopema 4.20 (Kanu-Kuneiin). JTas awboz2o sexmopa edunuunots daunwl (a, b, c,d) € H =
R* mampuya

a?+ b0 —c*—d? 2(bc — ad) 2(ac + bd)
2(ad + be) a? — b+ —d? 2(cd — ab)
2(bd — ac) 2(ab + cd) a’?— b -+ d?

aeazemca mampuuets us SO(3) u awbas mampuya uz SO(3) umeem makoi 6ud.

4.5. Adbdunrnable npeobpa3zoBanusd, apdpurHaa rpynma. lTenepb Mbl U3y4uM Lpe-
obpazoBanust apPUHHBIX TPOCTPAHCTB.

Onpegenenne 4.21. buektuBHOe oTOoOpazkenue f MHOKecTBa To4eK 2 adhduHHOTO TIPO-
crpancrBa (2, V) B cebs HasbiBaeTcs adiurnvim npeobpa3osanuem, eCau B HEKOTOPO
addunnoi cucreme Koopaunar Oe; ... e, 0HO 3amaéTcs dpopMmytoit

T 11 - Q1n T by
=3l IETV L]+
Tp Ap1 - Ann T bn

mwin Kpatko f: A — A v — Axr+b, rae A = (a;;). BuekrusnocTs Takoro npeobpa3oBanus
skBuBaseHTHA ycaouio det A # 0. 113 dopmys 3amensl koopauHaT (npeayoxkenue 2.4)
cJIeyeT, 9To ecau npeobpasoBanue 3a0aéTcsa GOPMYIIOiil BBINIE B HEKOTOPOH CHCTEME KO-
OP/JIMHAT, TO OHO 3aJaéTCs AHAJOTUIHON hopMmysol (BOo3MOXKHO, ¢ apyrumu A u b) B
moboii cucreme KoopanHaT. HeBbipoxaennas marpuna A = (a;;) Ha3BIBAETCS MamMpuyed
agpurrozo npeobpasosanus B cucteme Koopaunat Oe; ... e,.

Addbunnbe mpeobpa3oBanus 00pa3yiOT T'PYINY OTHOCHTEIBHO KOMIIO3UIIUU, KOTOPAs
HasbiBaeTcst afdunnot epynnot u oboznavaercs Aff(2A) (mnorga Aff(V)).

C xaxapiv adduaabiM npeodpazoBanmem f: A — 2A cBa3aHo JuHeitHOE TPeodpa3o-
Baune fi,: V — V, sagannoe dopmymoi fii,(PQ) := f(P)f(Q). B xoopamHaTax mmeem
f11n<$) = Aux.

Addunnoe npeobpasosanue f: A — A, aynst koroporo b = 0 (1.e. f(z) = Az), Ha3biBa-
ercst aunelinbm, a addunnoe npeobpasosanue, st Koroporo A = F (1.e. f(r) = x+b),
HA3BIBAETCSI cO6U20M (A TAKIKE MPAHCAAUUET WITH NAPastesvhvim neperocom). (ITpoBepb-
Te, UTO ITU ONMPEJIeJeHHs He 3aBUCST OT CHCTEMbI KOODJIUHAT. )

U3 oupenenennii BoiTekaer, uto adpunnoe npeobpaszosanue nepeBoaut addunnbie
HONPOCTPAHCTBA (TIPSIMBIE, TJIOCKOCTH, THIEPIUIOCKOCTH U T.7.) B adduHHbIE MOAITpO-
CTPAHCTBA TOil 2Ke pa3MepPHOCTH, COXpaHdeT IMapaJsiebHOCTb U OTHOIIEHUS JIUH OTPEe3-
KOB Ha IIPAMOM.

Tak:ke u3 ompejesieHnl BhITEKaeT, YTO Besikoe adbuaHOE npeobpa3oBaHue sIBIASIETCS
KOMIIO3UIIMEH TUHEHHOTO Tpeobpa30BaHus U CABHUra (ITO MOXKHO OBLIO GBI B3AThH 3a OIpe-
nesenne adbdunnoro npeobpasosanus). Takum 06pazom, Besikoe addunuoe npeodpasoBa-
mue f:2A — A 3axaéres napoii (A, b), tne A € GL(V) u b € V. Mbi OyjieM HCIOIBb30BaTH
obosHauenne f4p. B KoopauHaTax nmeem

fA’b(l’) = Ax + b.
Haitném xommosunuio npeobpasoBanuii fap 1 far 4

fap - fap(x)=AA T +V)+b=AA2 + (AV' + D) = fan, ap'+0(2).
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Orcroa BUAHO, UTO JIMHEHHBIE TPeoOPA30BAHNS W TPAHCIANNA HE KOMMYTHDPYIOT:

Jao - fiap = faav # fap = fiap - fao

DTH BLIYUCICHUS TIOKa3bIBaoT, uTo adbdunnas rpynma Aff(2() kak MHOKeCTBO TpecTaB-
Jisier coboii jiekaproso npoussejperue GL(V) X V' jiuHeiHON rpyLiibl U IPYIIIbI TPAHCIIsI-
1y, a oneparus upoussegennst Ha saementax (A, b) € GL(V) x V onpenenena cieayio-
UM 00pazoMm:

(A, b) - (A, b)) = (AA", Ab"+ ).

DTa KOHCTPYKIWST HA3BIBACTCS NOAYNPAMOULM Npouseedenuem munedHO rpymnsl GL(V) n
rpynmbl Tpancysnuit Vo (orHocuTenbno geiicteug GL(V) na V nuneiiHbiMEu peoOpas3oBa-
ausiMu) 1 oboznavaerca GL(V) x V. Hrtak, Mbl nMeeM

AE(V) = GL(V) x V.

4.6. Addunnasie n3omerpun (aBUXKeHN ), KiIaccuduKanus ABUKEHUI MI0CKO-
CTU U TPEXMEPHOTO MPOCTPAHCTBA.

Omnpenenenne 4.22. Addbunnoe npeodbpazopanne [ adGUHHOIO €BKIMI0BA ITPOCTPAH-
CTBa Ha3BIBAeTCHA adunnols uzomempuets (W deusiceruem), €CTM OHO COXPAHSET PAC-
crosinust Mexk iy Toukamu, T.e. d(f(P), f(Q)) = d(P, Q) s obbix Touek P, Q.
Matrpuna adpdunnoii n3oMeTpun B NpsMOYTOJLHON cuCTEeMe KOOPJIMHAT OPTOrOHAILHA
(3TO JOKA3BIBAECTCS TAK K€, KAK U JJIsT OMEPATOPOR).
Ananornano addunnoil rpynne, epynna apdunnmr uzomempuis Isom(V) ects mosy-
IpsgMOe IPOou3BejieHne opTorona buoit rpymnsl O(V') u rpynnbl Tpascaanuii V:

Isom(V) =0(V) x V.

Tak Kak OPTOrOHAJIBHBI OMEPaTop B JIBYMEPHOM TPOCTPAHCTBE (IJIOCKOCTH) €CTh JIHOO
OBOPOT, JIUOO CUMMETpHsI, BesdKas addUHHAS U30METPHS IJIOCKOCTH €CTh KOMIIO3HITUS
IOBOPOTOB, CAMMETPHIl U CABUTOB. DTO OMUCAHUE MOYKHO CHIBHO YIIPOCTHUT.

Cronrvaawet cummempuedi Ha IJIOCKOCTH HA3BIBAETCSA KOMITO3UIUST CUMMETPHUH U CIBH-
ra Ha BEKTOD, MapaJIeJbHBI OCH CHMMeTpuH (3TH 1Ba npeobpa3oBaHusi KOMMYTHDYIOT,
TaK 9TO KOMIO3HUIMIO MOXKHO 6parh B JIOOOM nopsizike). B mpsamMoyronbHoil cucreme Koop-
quaar Oeqeq, Tae e; — BEKTOP BIOJAb OCH CUMMETPHUH, CKOJIB3SIasd CAHMMETPHUS 3a1a8TCs

dopmy.ioii
(:1:) <:1: + a> ‘
Y -y

Teopema 4.23 (Illasnb). Beaxasa addunnan usomempus naockocmu ABAAEMCA AUOO
cdsuzom, Aubo NoBOPOMOM, AUbO CKOAb3AULET cummempued.

oxazamenvemeo. PaccMoTpuM cHadasia cobcTBennyio adpdunnyo nzomerpuio f. B nps-
MOYTOJIBHOM CHCTeMe KOOPJAMHAT OHa 3aJaéTcs (POpMYJIoit

()~ () G)+6)
Y singp  cosp Y b

Ecmu ¢ = 0, to f— casur. Ilycts ¢ # 0, Torma f gaBasercs KOMIO3HUIHEH MOBOPOTA U
capura. Mbl goKazkeM, 910 f HA CAMOM JieJie SBJISIeTCS MOBOPOTOM OTHOCHTEIHLHO JPYTOit
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TOYKH. DTy TOUKY MOKHO HAflTH KakK (eAMHCTBEHHYIO) HEIOIBHYKHYIO TOUYKY Ipeobpa3o-
Banus f. Urak, nycrs f(P) = P, tne P = (20,Y). MbI nmeem

TpCosp —Ypsiny +a = x,
Tosing +ypcosp +b = yp.

Takum 06pa3oM, KOOPIMHATH (X, Yo) HAXOAATCS U3 HEOJHOPOMHON CHCTEMbI JIMHEHHBIX
yPaBHeHHUii ¢ onpejeauTesiemM
cosp—1 —singp

— . 2 .2
sin ¢ cosp — 1 = (cosp — 1) 4+ sin”“ p # 0.

[losromy memompm:kHas Touka P = (g, Yyp) CYIIECTBYeT U eIHHCTBeHHA. 1OTa B HOBOI
cucTeMe KOOpAuHaT ' = & — Xg, Y = y — Yo ¢ HauagaoM B P mnpeobpasoBanue f 3amaércs

dopmy.toii
o cos — sl !
Y sinp  cosp Y
T. €. IBJIZETCS IIOBOPOTOM Ha yroJ (o BOKPYT TOYKH P.

Teneps paccMoTpuM HecodbcTBeHHYIO addunnyo nsoMmerpuio f. B npsaMoyroabuoi cu-
creme KoopauHaT Oeqey oHa 3amaéTcs (popMyIoit

0 (2 =2) ) ()
Yy sing —cosp/) \y b

Jluneitnas 9acTh 3100 npeobpa3oBaHus — CUMMETPHUS OTHOCHUTEHHO IPSIMOi, Copeprka-
meit BekTop ey = (cos £,sin £). B cucreme koopannar Qe €5, npeobpasopanmue f 3anaéres

dbopmy.toii
x . ' +a
Y —y' +b)

Haxkonen, B koopaunarax x’ = ', y" =y — % npeobpasosanue [ 3amaérest popMysIoi

:L,// . x/l + a
/! /" Y
Y —Y
T. €. OHO ABJALETCA CKOJIL3AINEH CUMMETpPHUEH. ]

13 TeOpeEMBI Olanst B 9acTHOCTH BbITEKa€T, 9TO KOMIIO3HIHUA ABYX IIOBOPOTOB €CTb
IIOBOPOT MJIM CABUI, a KOMIIOSHIIMA IIOBOPOTa U CKOJII)SHHIGI/HL/'I CHUMMETPHUN — CKOJIb3dIlad
CHUMMETPUAI.

Teneps paccmorpum addunHbe H30METPUU TPEXMEPHOTO HpocTpancTBa. Oupeaesnm
TPH BBIIEICHBIX KJacCa IIPeodpa3oBaHuil.

Bunmosoe deustcernue — KOMIO3UIMST TOBOPOTA BOKPYT HEKOTOPOH OCH W CABUTA HA
BEKTOD BJOJb 3T0it ocn. B noaxossimieit cucreme KoopanHaT 3aaaércss GopMyIoi

T cosp —sing 0 z 0 T Cosp —ysing
(17) y|— |sing cosp 0 y|l+ 10| =|xsinp+ycosyp
z 0 0 1 z c z+c

Iosopom ¢ nepesopomom — KOMIIO3UIIHS TMOBOPOTA BOKPYT OCH U CUMMETPHH OTHO-
CHUTEJBbHO IJIOCKOCTH, MePIeHIuKYJIIpHOil 3Toll ocu. B moaxoagiieit cucreme KooOpmHAT
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3ataéres popmynoit

T cosp —sing 0 T T Cos — ysin
(18) y|— [sing cosp 0 y| =|xsing+ycosyp
z 0 0 —1 z —z

CKoavaauan cummempua — KOMIIO3UTIAST CAMMETPHHA OTHOCUTEIHHO MJIOCKOCTH U C/IBU-
ra Ha BEKTOP, MapasielbHbI{l JIOCKOCTH cuMMeTpru. B nojaxoisineii cucreMe KOOpImHaT
3ataéres popmysioit

x T+ a
(19) yl—y+b
z —Zz

Teopema 4.24. Beakxaa apdunnas usomempus mpexmeprozo npocmpaHcmen A6AAEm-
cA AUO0 BUHMOBHIM JeudCeHUEM, AUDO NOBOPOMOM € NEPEBOPOMOM, AUOO CKONLIAULEL
cummempued.

Hoxazameavcmeo. Paccmorpum cHadasa cobcreeHuy 0 adbduaHy 0 n3omerpuio f. 113 Teo-
peMe 0 KAHOHMYECKOM BHJIe OPTOrOHAIBHOTO omeparopa (cMm. mpumep 4.16) caemyer, 9410
B HEKOTOPOI IPAMOYTOJbHOI crcTeMe KoopauHaT f 3amaércesa dpopMyJIoil

x cosp —singp 0 x a
y|— [sing cosp 0 yl+10
z 0 0 1 z c

Ecsm ¢ = 0, nosry4aem ¢aBur — 4acTHBIA Caydail BAHTOBOrO jBuzKenus. Ecan ¢ # 0, To
MBI MOXKEM HaHTH (T, Yo) Kak B mokazaresbcTse Teopembl [ans. Toraa B HOBO# cucreme
KoOpAMHAT ' = = — Xo, Y = Yy — Yo, 2’ = 2z € HAYAJIOM B TOUKe (Zo, Yo, 0) mpeobpazoBanme
f zamaérest bopmystoii (17), T.e. sABIsIeTCS] BHHTOBBIM JIBUZKEHHEM.

Teneps pacemorpuMm HecoOcTBeHHYIO addunnyo uzomerpuio f. B Hekoropoit npsmo-
YyIOJIbHOH cucteme koopaunar f 3amaéres popmylioi

x cosep —sing 0 x a
y|— |sing cosp 0 y|+ |0
z 0 0 —1 z
Ecim ¢ = 0, To MBI TOJTy4aeM 1mpeoopa3oBaHue
x r+a
yl— 1| y+b
z —zZ+c

B HoBoil cucreme koopaunar &' =z, y =y, 2/ =z —

ABJIACTCA CKOJBb34IICH CUMMETPHUER.

Ecaun ¢ # 0, To Ml Haiiném (zg,yo) Kax B gokazaresbcte Teopembl [lams. Torma
B cucreme KoopauHar ' = x — xg, ¥ = y — Yo, 2 = 2z ¢ HayajsoMm B TO4Ke (Tg,Yo,0)
npeobpazoanue f 3a1aéTcst HOPMyJIOit

$ omo mpuobpetaer Bux (19), T.e.

x’ cosp —singp 0 x’ 0 x' cosp —y' sing
Yy | — [sing cosp 0 v+ 0] =|a"sinpg+y cosy
Z' 0 0 —1 2 c —2' +c
Haxkonemn, B HOBO# cucreme xoopaunar r” = 2/, 3" = 3/, 2" = 2/ — § ono mpuoGperaer

Buz (18), T. €. ABASIETCS] TOBOPOTOM C TIEPEBOPOTOM. O
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3amaun U ynpakHeHUs.

4.25. Jlokaxure, 4T0 JIBA KOHEYHOMEPHBIX JIMHEHHBIX HPOCTPAHCTBA U30MOPGHBI TOI/IA
1 TOJIBKO TOIJIA, KOI'JIa OHU MMEIOT OJIJMHAKOBYIO Pa3MepHOCTb.

4.26. OupenennTe MATPHUILY JHHEHHOTO orobpaxkenuss A: V — W mo orHomenuio K 6a-
3ucamM B V' u W u BbIBeIuTe 3aKOH M3MEHEHHs] MATPHUILI JMHEHHOTO 0TOOparkKeHus MpH
3aMeHe Da3ucoB.

4.27. Ilycts moampocTpanctso W B n-MepHOM TpocTpaHCcTBe V' 3a1aHO Kak JIMHeHHas
obostouka BekTopoB: W = (by, ..., by), mpmaém BeKTOpHI by, . . ., by, THHEHHO HE3ABHCHMBI.
[Iycts B — matpura pasMepa n X k, cocraBjieHHas U3 CTOJOIOB KOOPAMHAT BEKTOPOB
by,..., b, B HEKOTOPOM OpTOHOpMUpOBaHHOM Oa3uce. Haiiiure MmaTpuily OproroHaabHOTO
npoekTopa pry : V. — V, v — pry, v, B 3TOM Daszuce.

4.28. B crammapTHOM 0a3mce eBKIHIOBA IpocTpaHcTBa R? HaliamTe MaTpHIBI OPTOro-
HaJIbHOI'O IIPOEKTOPa U OTPpazKeHUA OTHOCUTEJIbHO IIOJAIIPOCTPAaHCTBA,

a) 3a/IaHHOTO YpaBHEHWEM T + To + X3 + 14 = O
1+ Ty = O7

6) 3aJ]aHHOTO CHCTEMOM
r3+ x4 = 0.

4.29. Bepno Ju, 9T0 A/ 100010 oneparopa A B eBKJIHIOBOM IPOCTPAHCTBE CBOHCTBO

AW) c W Baewér A(WL) Cc WE?

4.30. Haiignre KaHOHUYECKU BUJ U COOTBETCTBYIOIINI OPTOHOPMUPOBAHHBIN Oa3uc Op-
TOrOHAJIBHOTO OIIEPATOPA, 33 IaHHOT0 B HEKOTOPOM OPTOHOPMUPOBAHHOM Oa3uce MaTpHiiei

1 0 10 00 10

a)1:2_23_26‘ 6)L0101. p |10 00

7 ’ V20 -1 01} 0 0 01
2 —6 -3

-1 0 10 0 =100

4.31. Jlokaxkurte, 9T0 0TOOpasKeHHE
a: Sp(l) — SO(Hy) = SO(3), g+ (v~ qrq™)
ABJISIETCS CIOPBEKTUBHBIM TOMOMOPdu3MoM ¢ sapom {—1, 1},
4.32. JlokaxkuTe, 9TO OTOOparKeHme
a: Sp(1) x Sp(1) — SO(H) = SO(4),  (a1,%) = (v — qrg; )
ABJISIETCST CIOPBEKTUBHBIM ToMOMOpdu3MoM ¢ siapom {—1, 1}.

4.33. Onpejesum cneyuarviyro yrumaphyto epynny SU(n) Kak rpyiiy KOMIJIEKCHBIX
YHATAPHBIX N X N-MATPHUIL ¢ oupeaeantenaem 1, T.e. marpur C, yIOBIETBOPSIONIAX COOT-

Hormermsm C C = E, det C' = 1. [Tokaxkute n30MOPQPU3MBIL:
a) SU(2)/{1, -1} = Sp(1)/{1, -1} = SO(3);
6) (SU(Z) X SU(2))/{1, —1} = 50(4).
4.34. Jloxakure, uT0 OMeKTHBHOE O0TOOpaskenune apOUHHOTO eBKJINI0BA, ITPOCTPAHCTBA B

cebsi, COXpaHdgIolIee PaCCTOAHUS MEKy TOYKaMHU, sBjsgeTcd adp@UuHHON n30MeTpHeii.

4.35. Jlokaxkure, uro eciu adduaHOE Npeodpa3oBaHue ILJIOCKOCTH HMEEeT €JIMHCTBEH-
HYIO HEMTOJABUKHYIO TOUKY, TO BCAKAd NMHBAPDHAHTHAA IIPAMad MPOXOJANT Yepe3 3TY TOUYKY.
CKOJIbKO B 9TOM CJIy9ae MOXKET ObITh WHBAPUAHTHBIX TIPIMBIX !
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4.36. CymectByer qin adppurHOE TPEOdPA30BAHIE TPEXMEPHOTO MPOCTPAHCTBA, HE UME0-
miee MHBapUaHTHBIX NPAMBIX WU HEIMOJABUZXKHBIX TOYEK, HO UMEIOIIce NHBAPUAHTHYIO IIJIOC-
KOCTB”!

4.37. Ilycrb {4, (5, {3 — TpH MONAPHO CKPEIIHBAIOIINXCS IPSIMBIX, He TapaJslie/bHble OI-
HO# 1mockoctn, u ), 05, (%, — Ipyrue TP MONAPHO CKPENTHBAIOIINXCS MPSMBIX, TAK/Ke He
napaJiieIbHbIe OTHOM ILI0CKOCTH. JloKaxkuTe, uTo cymecTByer adduuHoe mpeodpasoBa-
HHUE TPEXMEPHOI'O IIPOCTPAHCTBA, lIepeBo/idllee 11ePBYI0 TPOHKY LIPsAMbIX BO BTOPYIO.

4.38. Tlycrs (1,05, {3 — Tpu MOMAPHO CKPEIUBAIOININXCS MPSIMbBIX, TaPAJIeTbHbIE OTHOM
wiockoctn, n ¢, ¢, ¢t — npyrue TpH MOMAPHO CKPENTUBAIONIHXCS MPSIMBIX, TAKKE HapaJi-
JIeJIbHBIE HEKOTOPOiT mmockocTu. CymtectByer jin adppunHOe mpeodpa3oBaHne TPEXMEDPHO-
r'o MPOCTPAHCTBA, MEPEBOILAIIee HEPBYIO TPOWKY MPIMBIX BO BTOPYIO?

4.39. Haitaure oTIMYHYIO OT TOXKICTBeHHOH adDUHHYIO H30METPUIO TPEXMEPHOTO IIPO-
CTPAHCTBA, OCTABJSIONIYIO HemoapmkubiME Toukn (1,0,0), (0,1,0) u (0,0, 1).

4.40. Bpisicuure reoMeTpudecKuil CMbIC/I M HAWIUTe KAHOHUYECKUI BUJI e ytomux ad-
GUHHBIX U30METPHUl TPOCTPAHCTBA:

a) ('rayv’Z) = (_Z + 1,x,y),

6) (z,y,2) = (2 + L z,y).
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5. BBITYKJIAS TEOMETPUSA

5.1. JInuueiiunie pyHkmuu. JIBoiicTBEHHOE IMTPOCTPAHCTBO. JIuHetinotl dynryuoret
(mmu aunetinom GyHKULOHaL0M) HA THHEHHOM MPOCTPAHCTBe V' Ha3bIBaeTCs JTHHEHHOe
otobpaxkenue f: V — k. Kak n Bcsikoe MHOYKeCTBO JTMHEHHBIX OTOOPazKeHUN MeXKy JIBY-
Ms MPOCTPAHCTBAMU, MHOXKECTBO JUHEHHBIX (DYHKIUl dBIgeTCS JUHEHHBIM MPOCTPAH-
CTBOM.

Omnpenenenne 5.1. TIpocrpancreo Hom(V, k) nuneituprx dyukmumii f: V' — k nassiBa-
ercst deoticmeennuim (T CONPANCEHHBIM) npocmparcmeom K V n obo3Hadaercs V>,

llycTh ey, ..., e, —06a3uc B V. 3nadenue auneinoit pyuknuu f € V* Ha 110060M BeKTOpE
r =) .xie; €V onpenensercs eé 3HaUEHUIMN Ha OA3UCHBIX BEKTOpAX, Tak Kak f(x) =
> . xif(e;). Oupenenny nuHeiinbie GYHKINA €1, . .., &, € V* 10 IpaBuIy

ei(e;) =0y
Torya miist 11060T0 BEKTOpa T = Zj xje; MBI HMeeM
ei(z) =X, v5e5) = 22  miei(e;) = D0, w0y = m.
B cBs3u ¢ 3TuM (DYHKINU €; 9aCTO HAZBIBAIOT KOOPOUHAMHOLMU PYHKUUAMU.
ITpepnoxenne 5.2. Jlunetnve pynkyuu €1, ..., &, obpadytom basuc ¢ V*.

Hoxazamenavcmeo. JluneitHas HE3aBUCUMOCTh. IIycTh a1614. . .+a,&, = 0. DTO PABEHCTBO
O3HAvAeT, 4TO JuHelHas GyHKuus f = ) . a;&; PaBHA Hy/JI0 HA JIOO0M BekTOpe m3 V.
Beraucinm eé ma Bextope e;: 0 = f(e;) = > . aci(e;) = a;. Utak, Bce koabdupmenTs!
@; PABHBI HYJIO, a 3HAYHT €1, ...,E, € V™ JINHEHHO HE3aBUCUMBI.

Teneps mpoBepuM, 4TO €1, . . . , £, TOPOKIAIOT BCE MpocTpaHcTBO V*. MBI yTBepkK1aeM,
4qTO JI0bad JuHelHas (pYHKIUS f HpeacTaBidercd B BUJe JUHeHHON KoMOuHamum f =
> wigi, tae a; = f(e;). JeiicTBuTeabHO, 114 T000T0 BEKTOpA T = Zj zrje; € V umeem

Yo aiEi(x) = a0 =), fle)wi = f(3 2, vie;) = f(z).

CnenoBarensuo, f =) . a;g;, T.€. €1,...,&, — 6azuc B V*. O
Onpeaenenne 5.3. basuc ¢y,...,c, npocrpancrsa V* Ha3bIBaeTCd 060UCMEEHHBLMU
(mnu conpascérnvim) 6a3uUcom K ey, . .., en,.

CaenctBue 5.4. /lra koneunomeprozo Vo umeem dimV = dim V>,

Takum 06pa3oM, B KOHEIHOMEPHOM cJiydae npocrpanctsa V u V* uzomopdubr. Ograko
JUTsi TOCTpoeHnst n3oMopdu3Ma MeKy HUMH HaM HeoOXoamMo BbiOparh Gasuc B V' (u
nBoficTBenHbIi Gasuc B V*); uzomopdusm mexiy V u V* «HeKAaHOHUYEH» B TOM CMBICIIE,
9TO OH 3aBHCHT OT BhIOOpa Oasuca. PasHble 6a3uchl J1al0T pasHble N30MOP(MU3MEL.

s 6ecKOHEIHOMEPHBIX IPOCTPAHCTB CUTYallMs HHas: mpocTpancTa V u V* nukxoada
He u3oMopHbI (3a/1a9a), TpocTpancTBo V* Beerga «Bosbiies.

Tenepb pacemoTpuM emopoe deoticmeennoe npocmparncmeo V**. Ilo onpenenennio, ero
9JIEMEHTAMH SABJISIIOTCS JIMHEeHHbIe (DYyHKINKM Ha IPOCTPAHCTBE JIMHEHHbIX hyHkmmit V>,
3/ech nMeeTcs KaHOHUYIecKoe (He 3aBucsiee 0T BLIOOpa 6a3nucoB) JuHeRHOe 0TOOpazKeHue
V — V** koropoe gBjisiercsd n30MOPMPU3MOM B KOHEYHOMEPHOM CJIyYae.
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Teopema 5.5. Omobpascenue p: V. — V¥ conocmasasouiee eexmopy € € V. aunetinyio
Pyrryur pi Ha V*, sadasaemyro Gopmyrod

polf) = f(®)  dan f eV,

ABNACNCA SUHETHOIM, O 8 KOHEUYHOMEPHOM CAYHAE — U3OMOPHUSMOM.
Hoxasamenvcmeo. OueBUIHO, UTO (p, — JauHeitHas dynkug #a V*. Kpome Toro,

P(T +Y) = Pary = Yz + 9y = 9(z) + ¢(y)
u p(Ax) = Ap(z), T. e. oTOOpAKeHHE Y JTUHEHHO.

[Iycth Tenepn V' komeunomepno. [loxkaxkem, uro ¢: V. — V** unbexktusno. [lycrn
o(z) = vy = o. llocaeanee paBeHCTBO 03HAYACT, YTO Y, (f) = f(x) = 0 mra moboii
JuHeiHoM dyukmuun f € V*. B gacTHOCTH, 9TO BEpHO JId BCeX JIHHEHHBIX (DYHKIUI
€1,...,Ep JABOMCTBEHHOrO Ha3Uca K MPOU3BOJIbHOMY 6a3ucy eq, ..., e, B V. CienoBareb-
HO, £;(x) = x; = 0, T.é. Bce KOOPAUHATH BeKTOpa & € V B 6asuce ey, ..., €, PABHBI HYJIO.
910 o3uauvaer, uro £ = 0, 1. e. ¢ uabekTUBHO. Tak kKak dim V' = dim V** u ¢ nuabekTusno,
OHO TIepeBOIUT Oaszuc mpocrpancTsa V' B 0a3uc npocrpancTsa V**, a nmoromy gBiageTcs
n30MOPPU3MOM. [

astee, 9T0OBI MOTIEPKHYTH CUMMETPHIO MeKIy mpocTpaHcTBamu V u V', Mbl Oyaem
obo3HAYATH 3HAUYEHUE JuHeHON dbyHKIM a € V* Ha BekTOpe & € V depes (a, x) (oHO
JKe ecTh 3HadeHeHue JnHeiinoit pynknun & € V** =V na Bextope a € V7).

5.2. BeimykJibie MmHO2KecTBa. llycTth V' — eBKINMIOBO TPOCTPAHCTBO Pa3MepPHOCTH N U
A(V) — cBaszannoe ¢ HuM adPUHHOE TPOCTPAHCTBO.

Addurnoti oborouroti nogmuoxecrsa S C A(V') nasbiBaercst Haumenbliiee acbduHHOE
nognpoctpancrso aff S, cogepkamiee S. Habop u3 k Touek x4, ..., zy € A(V) HazpiBaeTcs
apunro nesasucumvim, eciu dimaff(z1, ..., x,) = k—1. Pazmeprocmoio TOIMHOKECTBA
S C A(V) nasbiBaercst pasmepHocTh ero addunnoit obonouku: dim S := dim aff S.

Omnpenenenne 5.6. [Togmuoxecro C' C A(V) Ha3BIBAeTCS 66INYKABIM, €CITH BMECTE €
JIIOOBIMU JIBYMSI TOUKAMU L1, Lo € C' OHO COAEPKUT OTPE3OK

[.’Bl,.’BQ] = {)\1$1+)\2.’B2 € A(V) )\1,)\2 2 O, )\1"—)\2 = 1} = {(1—>\>$1+)\.’B2 A E [O, 1]}

AHaTOru4HO OMpeNeIAIOTCS UHTEPBA (X1, £2) U MOJIYHHTEPBAT (L1, o).
Buinykaot obosouroti nogmuokecrsa S C A(V) HasbiBaercs HauMEHbIIEE BbIILYKJIOE
IOJMHOZKECTBO conv S, comepzKariee S.

dcHo, uTo Begkoe adbdurHOE TOAITPOCTPAHCTBO BHITYKJIO. BoT npyroit 6a30Bbiit mpumMep
BBIIIYKJIOI'O MHOYKECTBA.

IMTpumep 5.7. [lycts x4, ...,z — adpdbunno mezapucumbie To9ku. CUMNAEKCOM C BEP-
IMAHaMW Zq, ..., T HA3BIBACTCA ITOIMHOXKECTBO
A(wl,...,wk) = {A1w1+...+/\kwk€A(V): A =0, )\1—|-...—|—)\k:1}.

dcno, aro dim Az, ..., x;) = k— 1. HyibMepHble CHMILIEKCHI — TOYKH, OJHOMEPHbBIE —
OTPE3KH, JIBYMEPHBIE — TPEYTOJbHUKHU, TPEXMEPHBIE — TeTPadIPHL.

Jiobasg Touka £ € A(xy,...,x)) OAHO3HAYHO 330a6TCS THCTAME Ap, . .., Ak, KOTOPbBIE
HA3BIBAIOTCS €€ BaPUUEHMPUNECKUMU KOOPOUHAMAMU.

Jlerko Bumerh, uro A(Zq,...,Tr) — BHIIYKJIOE MHOKeCTBO. KpoMme TOro, MHOXKe-

crBo S C A(V) BbImyksI0 TODjJa U TOJBKO TOTLJA, KOLAA BMECTE C JIOOBIMH TOYKAMIH
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Z1,...,Tp € S oHO comep:xkur cummiaeke A(zy, ..., xy) (3amada). B casu ¢ stum sm-
HEWHYI0 KOMOUHAINIO A\ L1+ ...+ \pxp ¢ Ay =01 A +...4+ A\ = 1 HA3BIBAIOT 8LINYK.AOT]
KombuHayueld movex &1, ..., Ty. BeIIyKiaag 060J09Ka MHOKECTBA S €CTh MHOXKECTBO BCEX
BBIIYKJIBIX KOMOUHAIMI €ro TOYeK.

Omnpenenenne 5.8. Touka x HazbiBaeTCs gHympenneld moukol MHoxkecTBa S C A(V),
eCJIH [IJTsT HEKOTOPOro € > () MHOXKEeCTBO S COIEPKHUT 0MKPbmbLil Uiap

B.(z)={z' € A(V): d(z,2') < ¢}

C TIEHTPOM B & ¥ PaanycoMm £. MHOXKeCTBO BCeX BHYTPEHHUX TOYEK MHOXKECTBA S HA3BI-
BaeTCs €ro 8HYMPEHHOCMbI0 U 0003HAYaeTcs int S.

MuozxkecTBO S HasbIBaeTCsa omkpouimoim, ecan S = int S. MHOXKeCTBO HA3BIBACTCI 3a-
MEHYMBIM, eci ero ponoaerne B A(V) oTKpbITo. BHYTPEHHOCTH MHOYXKECTBA S SIBJIsIET-
¢ HaubOJIBIITIM OTKPBITHIM MHOYKECTBOM, cojepzkariuMces B S. Haumenbiee 3aMKHyTOE
MHOYKECTBO, cojlepzKalee S, HABBIBACTCA €r0 3aMuikaruesm 1 obo3HadaeTcs S.

Hapsiy ¢ BHYTPEHHOCTBIO MHOXKECTBA S, ONPEIETUM €r0 OMHOCUMENbHYI GHYM-
pennocmed 1S Kak BHyTpeHHocTh S B mpocrtpancTee aff S. fcno, dro, BOOOIIE TOBO-
pa, riS # int S. Hampumep, eciim S — cobcTBennoe aduHHOE MOAIPOCTPAHCTBO, TO
intS = @, arisS = 5. 3amerum Taxk:Ke, U4TO JJIsT OJHOTOYEUHBIX MHOMXKECTB HMEEM
ri{z} = {x}. B 1o xke Bpems, Tak kak aff S — 3aMKHYTOe MHOXKECTBO, «OTHOCHTEIBHOE
sambikanue mMuoxecrsa S B aff S cosnagaer ¢ ero sambikannem S B A(V). Oupenesnum
TakzKe ommocumenvryio epanuyy tb S = S\ 1iS.

IMpennoxenne 5.9. /laa nenycmozo svinyksozo muoscecmea C umeem 1iC # .

Jlokasameavemso. Tlycrs pravane C' = A(xq, ..., Ty) — cuMiurekc. JIerko BujeTh, 94To
riA(ml,...,mk) = {>\1$1++)\kmk € A(dfl,...,mk)I A > 0} 7é .

[IycTs Teneps C' — MPOU3BOIBLHOE BBITYK/I0€ MHOXKeCTBO, Tpuuém dimaff C' = k—1, k > 1.
Bribepem k addbuHHO HE3aBHCHUMBIX TOYEK 1, ...,T; € C. Torna C' D A(xy,..., o) 1
riC Drid(zy,...,xx) # 2. O

Jlemma 5.10. Ilycmv C' — sunyksoe muooscecmeo. Toeda 0an A1006LT PA3AUNHBLT TMOYERK
zeriC uye C umeem [x,y) CriC.

Jlokazamenvemeo. He orpanmuanBast o6MIHOCTH MOXKHO cuntarh, uro aff C = A(V), T.e.
riC =int C. Ilycrs ) = (1 — N)x + Ay, tae A € (0,1); vHago nposepurh, uto ) € int C.
Tak kak € int C, Ml umeem B.(x) C C' s Hekotoporo € > 0. Torma

(1 =XA)B:(x) + Ay = Bu-x:(z»)
— map ¢ meHTpoM ) u paguycom (1 — N)e > 0. JleBag gacTh paBeHCTBA MOKA3BIBAELT, ITO
sror map cogepxurcs B C, Tak kKak C' — BbIIyKJI0e MHOXKecTBO. UTak, ) € int C. [

Addunnoti Pynkyuet na npocrpancrse A(V') maseiBaercs dyuknus A(V) — R Buna
z+— (a,z)+b,t1e a € V*ubeR. Ecim a # 0, 1o takast adpdunnas dbyHKIHs 3a1a6T
IUIEPILIOCKOCTD (adDUHHOE MOAMPOCTPAHCTBO pasMepHocT n — 1)

H(a,b) ={x € A(V): (a,z) + b= 0}
1 NOAOJCUMEADHOE U OMPUUAMEALHOE TOAYNPOCTNPAHCINEA

Hi(a,b)={xz € A(V): (a,z)+b > 0} i H (a,b)={xz € A(V): (a,z)+b < 0}.
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Omnpenenenne 5.11. [lycte C' — 3aMKHYTOE BBHIIYKJ/I0€ MHOYKECTBO. | MIIEPILIOCKOCTD
H waswiBaercss onoprot ans C, ecoim H N C' # @ u C comepKUTCs B OJTHOM W3 TOJIY-
upocrpancts H, mnu H_. Ilonyupocrpancreo H, wnun H_, B KoTopoMm comep:kutcs C
HA3BIBACTCS ONOPHHIM NOAYNPOCTPAHCITLEOM.

Teopema 5.12. [lycms C' — nenycmoe 3amrnymoe 8binykaoe muoscecmso. aa 410601
mouku & € tb C' cywecmesyem onopras eunepnaockocmv H, npoxodawas wepes x u He
umerowai obuwgur movex ¢ 1iC (6 wacmmuocmu, ne codeporcawan C).

Jloka3aTeabCTBO 3TOH TeoOpeMbl OIIMPAETCS HA CJAEIYIONIYIO JIEMMY.

Jlemma 5.13. ITyemo U — nenycmoe omxpumoe swnyrioe mnoscecmeso 6 A(V). Jhobas
mouka x ¢ U codeporcumes 6 eunepnaockocmu H, ne nepecexarowed U.

Hoxazameavcmeo. Tlpoeném uuayknnio mo pasmeproctr dim V. OueBuaHO, yTBEpIKIe-
nue Bepuo npu dimV = 0,1. JIng mara MHAYKIUA HaM TakKxKe MOHAJI00MTCT CJydail
dimV = 2. Urak, nmycth U — HemycToe OTKPBITOE BBHIIYKJIOE MHOXKECTBO Ha IMJIOCKOCTH
u nycth ¢ ¢ U. JlokaxkeM, 9TO Ha IUIOCKOCTH CYIIECTBYeT Takas npsiMast £, 910 & € /¢
n LNU = @. llyctb S — nmpousBosibHAs OKPYXKHOCTH € IIEHTPOM B . g Kaxkmoii
Touky u € U 0603HaunM depe3 u' TOUKY MepecedeHus MOJyIpAMOil, BRIXOAAINeH U3 £ u
Hpoxojsiei yepes u, ¢ okpyzuocrbio S. Muoxkecrso S' = {u': u € U} upeacrasiser
coboit orkpbiTyio ayry Ha S. Tak kak € ¢ U u U BBIILYKJIO, HUKAKHE B JUAMETPAJIb-
HO MPOTUBOIOJIOKHBIE TOYKH HA S He MOIYT OJHOBPEMEHHO NpuHajexkarh S'. 3HaduT,
YTOJI MEYK/Iy TOMYTIPIMBIME, BBIXOAAIUMA U3 L W TPOXOAAIIAMI Yepe3 KOHIbI jiyru S’
He mpeBocxoauT 7. IloaToMy B KadecTBe ¢ MOXKHO B34Th JIIOOYIO U3 JBYX HPSMBIX, II0-
POXKIAEMBIX ITUMU MOJYIpsiMbIME. (B cilydae, Korja yKa3aHHBIH yToJ paBeH 7, MpsiMast
{ e TUHCTBEHHA. )

[Iycth Temeps dim V' > 2. [IpoBeaém depes £ Npou3BOIBHYIO IBYMEPHYIO ILIOCKOCTD T,
nepecekaoinyo U. Torga U N7 — HelycToe OTKPBITOE BBIILYKJIO€ MHOXKECTBO B T, HE CO-
sepxkariee . CorracHo MPeablIyIeMy yTBePZKIeHNIO, CYIecTByeT Takas npsavas { C T,
gro z € L u (N(UN7) = (NU = &. Beibepem npon3BOIbHY O THIEPILIOCKOCTh R, OpTOro-
HAJBHYIO K IPSMOil £, 1 PACCMOTPHUM OPTOrOHAJIBHYIO Tpoekiio pry: A(V) — R. Torma
prp U — HemycToe OTKPBITOE BHIIIYKJIO€ MHOMKECTBO B [?, He cojep:Kalliee TOUKY PI'p T
(tax kax pry'(prp) = ¢). Ilo upejnonoxennio MHAYKIUT, B R HaliA8TCa runepioc-
kocth H', Takas uto prpz € H' u H' Nprp U = @. Ho Torma H := aff(H' N {) = pry' H’
Oy/eT rUNepIIOCKOCTHIO B MCXOHOM MPOCTPAHCTRE, YI0BIETBOPSIONIEH yeaoBuam € € H

n HNU = @. O

oxazamenvcmeo meopemo, 5.12. llpumerum jgeMmy 5.13 K HEIIyCTOMY BBIIIYKJIOMY MHO-
xkectBy U = ri C', KoTopoe oTkpbiTo B ipocrpanctse aff C', u touke € rb C. Torna « ¢ U
Dto gaér Ham runepiiockocts H' C aff C, nias koropoit € € H' uri CNH' = @. OueBu-
HO, 4TO Haiinéres runepmiockocts H C A(V) ¢ aff C N H = H'. Toraa Mbl mo-npexknemy
nveeM £ € H uriCNH = &. Mbl yTBep:KaaeM, 9To H — onopHas runepiiockoctsb. Jleii-
CTBUTEIBHO, yCTh Y € ri C' 1 npenooKuM, 910 Haliaércs Takas Touka 2 € C) 910 y u
z Jiexkatr 1o paszubie croporbl or H. Torga naiinérca touka u € (y, z), Aexamas Ha H.
Ho cornacuo semme 5.10 umeem u € ri C. Crenosarenbuo, u € ri C'N H. [IporuBopeune.
Urak, H — onopuas runepriockocth jyisa C. [

Teopema 5.14. Beaxoe nenycmoe samrnymoe evinyxaoe mmosncecmeo C' cosnadaem c¢
NEPECEUCHUEM CEOUT ONOPHBIT NOAYNDOCIPAHCING.
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Puc. 2. Bepmunb u Kpafinue TOYKHU

Jlokasameavemso. Yreepxaenne septo, ecim dim C' = 0 (to ecte C' — Touka) nim C' =
A(V) (Torma mer onopubIx mosynpocTpaicts). Ilycrs C' — cobeTBeHHOe TOMHOKECTBO B
A(V') monoxkuTenbHOit pasMepHOCTH. JJ0CTaTOYHO JOKA3aTh, ITO s J1t060it Touku & ¢ C'
HaliIéTCs Takas omopHasi runepiutockocts H, ato C C Hy,a ¢ ¢ H,.

Ecin ¢ ¢ aff C, to naiinérca takas runepmiockocts H, uarto aff C € H uw ¢ ¢ H.
MoxHo cunrarh, uto * ¢ H, (unaue samenum H wa —H), tak uro H — TpeGyemas
OIIOpHaAd I'MIIepPIIJIOCKOCTb.

[lycts Teneps x € aff C. Beibepem cormtacuo npesgoxkennuto 5.9 Touky z € ri C. Torma
z,z] N C = [z,y], tme y € tbC u [z,y) C riC (cm. memmy 5.10). Corstacao Teope-
Me 5.12 cymecTByer Takag omnopHast runepiiockoctb H, uto y € H uriC N H = &. Mu
YTBEXKIaeM, ITO 9TO M eCThb TpedyeMas ONOpHAs MUIEPILIOCKOCTD. [leficTBUTEIBHO, TIyCTh
H = H(a,b). Torna (a,y) +b =0 (tak kak y € H) 1 MOKHO cIUTATD, 9TO (@, 2) +b > 0
(tak kak z € riC uriC' N H = &). Tak Kak y — BHYTPEHHsIS TOYKA OTPE3KA [2, L], MBI
nmeeM (a,x) +b <0, T.e. x ¢ H,, kak u Tpebyercs. O

Omnpenenenne 5.15. I'patvro 3aMKHYTOTO BBRITTYKJIOTO MHOYKecTBA C' HA3BIBAETCS TIepece-
qenne H NC ¢ m060it omopHoit runepriockoctbio H, He comepxkarieit C. 'panb aBiasieTcst
BBIMTYKJIBIM MHOKECTBOM Pa3MEPHOCTH CTPOro MeHbIIe, deM pasMmepHocTb C'. HyabMmepHbIe
IPaHN HA3BIBAIOTCSA 6EPUIUHAMU, OTHOMEPHBIE T'PAHH — pEOPaMU, a TPAHH Pa3SMEPHOCTH
dim C' — 1 HA3BIBAIOTCS 2UNEP2PAHAMU.

Touka x € C HasbIBaeTcs kpalineti Is1 BRITYKJIOr0 MHOXKecTBa C, €C/Id T He SBJIsIeT-
¢l BHYTPEHHeil TOYKO#H HUKakoro orpeska ¢ konnamu B C. Kaxkjas BepiinHa siBJsieTCs
KpaiiHeil To4Koil, HO 06paTHOE, BOOGIIE TOBOPS, HEBEPHO (CM. IPUMep HUZKe).

TepMunosiorus rpafeil MpoOUCXOIUT U3 BBIIYKJIBIX MHOIOTPAHHUKOB, KOTOpbLIE OYyIyT
PACCMOTPEHBI B CJIEAYIONEM pa3jese. 3Jech Mbl PACCMOTPUM JIBa HPHMEPA BBIITYKJIBIX
MHOYKECTB, JIJIs1 KOTOPBIX I'PAHU YCTPOEHBI He KAK Y MHOTOTDAHHUKOB.

ITpumep 5.16. Bce rpannynbie TOYKH 3aMKHYTOTO Iapa ABILGIOTCA €r0 BEPIIMHAMU, &
rpaHeil mOJIOXKUTEJAbHOI pa3MepHOCTH HeT.

PaccMmorpuM BBIITYKJIOE MHOZKECTBO Ha PHUC. 2, OTPAHUYEHHOEe JABYMS HOJTYOKPYKHOCTSI-
MH U JIByMsI OTpe3KaMu. Ero BepIIinHaAMHU SBJIAIOTCS BCe TOYKU OTKPBITHIX MOJTYOKPYKHO-
cTell, a KpalHUMHU TOYKAMU — TOYKH 3aMKHYTBIX HMOJYOKPYKHOCTeil. YeThipe BbIIesI€H-
Hble TOYKU ABJIAIOTCA KPAUHAMHA, HO HE SABJIAIOTCH BEPITUHAMUA.

Teopema 5.17. Beakoe 3amknymoe ozparuserntoe sunyxsoe muoscecmso C asasemcs
8uNYKNA0T 000404K0T CBOUT KPATHUL MOUEX.

oxazamenvemeo. 1lpoBeném naayikuio no dim C. YrBep:kaenne oueBuano npu dim C' =
0 u dimC = 1. Ilycts dim C' > 1. Heobxonumo goKa3aTh, UTO J00asg Touka £ € C' aBs-
€TCs BBIIYKJI0# KoMOuHanueit Kpailuux Touyek. Ecjiu £ — kpaiings To4ka, TO JOKa3biBaTh
Hevero. B mpOTHBHOM cilydae & sIBAsIeTCsl BHYTPEeHHEil TOUYKON HEKOTOPOro oTpeska [y, 2,
rae y, z € C. IIpognus, ecan HeOOXOAUMO, OTPE30K 38 €r0 KOHIIbI, MOYKHO CIUTATb, ITO
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Y,z € rb C (3mech ncnoabsyercst orpanndenHoctsb). CoracHo Teopeme 5.12 gepes ToUKH
Y, Z TPOXOIAT OIMOPHBIE THUIEINIOCKOCTH, He cofepxKamue C. DTO 03HAYAET, YTO TOUYKH
Y,z cojepxKarca B rpaHsx MHokecTBa C. Ilo mpenmosoKeHWI0 WMHIYKINAN, KaxKaas I3
TOYEK Y, Z ABJSIETCS BBIIYKJIOW KOMOMHAIIMEH KpalHUX TOYEK COOTBETCTBYIOMIEH I'paHu,
T.e.Yy=MY;+...F Y U2 = p121+...+ 2. Kpaiiaag Todka rpaHn TaKzKe sIBJSETCA
kpaitaeit Toukoit pisg C'. [losTomy

r = )\y + (1 — )\)Z = )\/\1y1 + )\)\kyk + (1 — )\)ulzl + (1 — )\)M@Zg

— BBIIYKJIas KoMOuHaIus kpaitnux rodek muoxkecrsa C. 0

5.3. BeImykJble MHOTOTPAHHUKM, MOJAPHOCThb. B Teopemax 5.14 u 5.17 mbI moJy-
YMJIM JBA IIPe/ICTaBJIeHNs 3aMKHYTHIX OI'DAHUYEHHBIX BBINYKJIBIX MHOXKECTB: «BHEITHEe»
(kak mepecedeHne OMOPHBIX MOJYITPOCTPAHCTB) U «BHYTPeHHee» (KaK BBITYKJIast 000J0YKa
KpallHUX TOYeK). BBIMyKJIble MHOTOIPAHHUKH HPEJICTABJISIOT cOB0ii MHOKECTBA, JJIsl KO-
TOPBIX KaxKJI0e U3 TUX Mpe/IcTaBIeHnil KonedHo. [Ipu 3ToMm TeopeMa 06 IKBUBAJIEHTHOCTH
JIBYX YCJIOBHUII KOHEUYHOCTU UMeeT BayKHOe TEOPETHYECKOe U MPaKTUIYECKoe 3HaYeHHUe.

Omnpenenenne 5.18. Bunykavim muozoepannurom P B abdunnom npocrpancrse A(V)
HA3BIBAETCS BBIMYK/Ias 000JI0UKA, KOHETHOTO HADOpa TOYEK:

P =conv(zy,...,Ts).

HousdparvHovim mHoxcecmsom Ha3BIBACTCS IepecevdeHre KOHEYHOrO YUCIa 3aMKHYTHIX
TTOJIYIIPOCTPAHCTR:

(20) Q= ﬁHJr(ai,bi) ={zcAV): (aj,z) +b;=>0,i=1,...,m}.

Teopema 5.19 (Munkosckuii-Beiinn). Muootcecmeo S A6AAEMCA 6ONYKADM MHOZ02DAH-
HUKOM M020a U MOALKO M020a, K0200 0HO ABAACTNCA 02PAHUEHHBIM NOAUIOPAALHBIM MHO-
2HCECTNEOM.

Jlokasamenvemso meopemv, 5.19 (docmamownocms). Tlycrs () — orpaHuYeHHOE MOJTHI/I-
panbHoe MHOKecTBO (20). fcHo, uro () BBHIIYKIIO0. [10 Teopeme 5.17 MHOKeCTBO () sIBJIsI-
eTcsl BBIIYKJI0i 000109KOi cBOMX KpaiHuX Tovyek. JJokazkeM, UTO BCAKast KpailHss TOYKa,
eCTh eJIMHCTBEHHAS TOUKA TepecedeHnst HeKOTOPBIX U3 runepiaockocteir H(a;, b;). Orcro-
Jia OyJeT cj1e/0BaTh, 9TO YUCA0 KPAWHUX TOYEK y () KOHEYHO, a 3HAYUT () — BBIILYKJIBII
MHOTOI'DAHHHUK.

[Iycth g € () — kpaiiags Touka. [losokum

I(q):{i: <aiaq>+bi:O}C{17""m}7
L(ig)={z € A(V): (a;,z) +b; =0 mupuiel(q)}.

Tak kax (a;,q)+b; >0 upu j ¢ I(q), Touka g gBJIgeTCS BHYTPEHHEN s HOJIIIIPaIb-
HOrO MHOXKecTBa ()N L(q) B mpoctpanctse L(q). Ho ¢ — kpaiiusgs Touka mas (), a 3HAYAT
u Kpaitass Touka Jist Q N L(q). Caenosarenbho, dim L(g) =0, r.e. L(q) = {q}. OJ

s nokazaTesbeTBa HEOOXOIUMOCTH HAM MTOHATOOUTCS MOHATHE HOJIAPHOCTH.
Ounpenenenune 5.20. [Hoasaprvim mmoscecmeom jiis S C A(V') Ha3biBaeTCsl MHOKECTBO

S*:={a € AV"): (a,z)+1>0 namusa awboro ¢ € S} = ﬂ H (z,1).

zeS
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13 sToro onpemeieHust CaepayeT, 9ro S SIB/ISETCS 3aMKHYTHIM BBITYKJIBIM MHOYKECTBOM,
cozepxkamum 0, Tak Kak 9TUM CBOHCTBOM 00J1a1aeT Kax,10e nosrynpocrpancrso Hy (z, 1).
Tak kak a € H,(x,1) Torna u TosibKO Torja, korna & € Hy (a, 1), Mbl uMeem

acS" & SCH(a,l).

HaJgtee, gcHO, 9TO
Sl C SQ = Sf D) S;

IIpennoxenue 5.21. I[Iycms S — nodmmoocecmso ¢ A(V).

a) Ecau S ozpanuyeno, mo 0 — enympennas movwka oas S*.
6) Ecau 0 — snympennas mowka daa S, mo S* oepanuyerio.

Joxazamenvcmeo. Bruadane samerum, uro eciu B,.(0) — 3aMKHyTbI map pajguyca r ¢
nenrpouM B 0, To B,(0)* = By,,(0).

Jokazkem a). Ilycts S orpanmdeno. Torma S C B,(0) m1a mexkoroporo r > 0. Cremo-
Baresibio S* O By, (0), T.e. 0 € int S*.

Joxazkem 6). Ilycts 0 € int S. Torna B,.(0) C S ma zexotoporo r > 0. Cie0BaTeIbHO
By,-(0) D S*, r.e. S* orpanuueo. O

Teopema 5.22. /laa #106020 3amrknymozo nodmuoscecmea S ¢ A(V) umeem
S* = conv(0 U S),
m. e. S™ — HaumeHbUEe 3AMKEHYMOE BBINYKA0E MHOHCECMBO, codepacautee O u S.

Bamernm, uro conv(0 U .S) moxker e conagars ¢ conv(0U.S), gaxe ecoin S 3aMKHYTO
(em. 3ajmaay 5.39).

Joxazamenvemeo meopemu, 5.22. Mb1 nmeeMm

S = () He(a,1)= () He(a, ).
acs* SCH. (a,1)
Orcioga caemyer, 9To S™ — 3aMKHYTO€ BBIITYKJIOE MHOXKECTBO, comepsxkaiee 0 u S. Cie-
noBaresibHo, conv(0 U S) C S**.

Yrobsl JoKazaTh obpaTHOe BKIOUYeHHE, paccmorpuM y ¢ conv(0U S). HyxkHo goka-
3aTh, YTO HaligéTCst mosaynpocrpancrBo H,y (a, 1), comepzkaiiee S, HO He cojeprKaliee Y.
Tak Kak 3aMKHYTOe BbIyKJI0e MHOKecTBO conv(0 U S) coBnajaer ¢ mepecedeHneM CBO-
UX OHOPHBIX IOJYNPOCTPAHCTB (Teopema 5.14), HARAETCS OHOPHOE MOJIYIPOCTPAHCTBO
H.(a',b), e conepxamiee y. Tak kak 0 € conv(0 U S), mbr mveem b > 0. Torga waiigérces
takoe € > 0, uro y ¢ H (a',b+ ¢). Ilpu srom, Tak kax S C conv(0U S) C H (a',b),
MBI TeM Oosree mmveem S C Hy(a',b + ¢). Tenepn, nonoxus a = b‘_‘F—,&, MbI MMEEM
Hi(a,1)=H(a,b+¢),y¢ H (a,1) u S C Hi(a,l1), aro u rpeGoBaiocs. O

U3 npepjioxkenus 5.21 u TeopeMbl .22 HEME/JIEHHO BbITEKAET

CaenctBue 5.23. [Tycmv C' — 3aMKHYyMOE 02PAHUMERHOE BUNYKAOE MHOHCECTNEO, NPU-
wém 0 € int C. Toeda C* — mootce 3aMEHYMOE 02DAHUMEHHOE BUNYKAOE MHONMCECTNEO,
npuvém 0 € int C*. Kpome moeo, C** = (.

Tenepb IIpu IMMOMOIIH IMOJAPHOCTH YCTAHOBUM B3aMOCBA3b ME2KAY BBIIIYKJIBIMHA MHOI'O-
I'paHHUKaMW U ITOJIU3APaJbHBIMU MHO2KECTBAMMU.
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Teopema 5.24.
a) ITycmo P = conv(xy, ..., xs) — swnykavd muozoepannuk ¢ A(V). Tozda

Pr={ac A(V*): (a,z)+1>0, i=1... s}=[)Hu(z1).
=1

Taxum obpasom, P* — noasusdparvroe muosncecmeo u 0 € int P*,
6) Iycmo

Q={zc A(V): (a;,z) +1 >0, izl,...7m}:ﬁH+(ai,1)
i=1

— noausdparvroe muoscecmso. Toeda Q* = conv(0, ay, ..., ay). Fcau Q ozpanu-
ueno, mo Q* = conv(ay, ..., a,) u 0 € int Q*.

Horasamenvemeo. Joxkazxem a). Mer umeem P* = (N, _p Hy(z,1) C (i, Hi(z;,1). C

JIpyToft cTOpoHbl, /i aioboro © € P = conv(xy,...,x ) Hepasenctso (a,z) + 1 > 0
SABJISIETCST CJENCTBHEM HepaBeHcTB (a,x;) + 1 > 0, i = 1,...,m. CremoBarenbHo,
mxeP H+(:B, 1) - ﬂj:l H—i—(wia 1)

Hokazxem 6). [Monoxum P = conv(ay, ..., a,). Coraacuo a), () = P*, a 3xadur

Q" =P =conv(0U P) = conv(0, ay,...,an)

B cuty Teopembl 5.22. Hakoner, eciim () orpanundeno, To 0 € int Q* coryracHO npesiozxke-
o 5.21 a). Tak 910 B 3TOM cayuae Q* = conv(ay,..., any). O

Terepb MBI MOXKeM 3aBEPIIATH JTOKA3aTEIBCTBO TeOpeMbl 5.19.

Jlokasameavemso meopemv 5.19 (neobrodumocms). Tlycts P = conv(zy, ..., Ts) — BbI-
NyKJIBbI MHOTOTpanHuK. HeobxoauMo 1oKa3arh, 4To P — orpaHudyeHHoe MOJIU3PaIbHOe
MHOKecTBO. He orpannauBast o6mHOCTH MOXKHO cuuTarh, 4To 0 € int P. Torma P* — orpa-
HUYEeHHOe MOJII3IPATBLHOe MHOKECTBO B CHIIY Hpejioxkenus 5.21 6) u Teopembl 5.24 a).
CorytacHo y2Ke JOKa3aHHOW YacTH YTBeXKJeHUs TeopeMbl 5.19, MHOXkecTBO P* gaBigercs

BBIMYKJIBIM MHOTOTPAHHUKOM, T.e. P* = conv(ay, ..., a,,). CHOBa NMpuUMeHss yTBEpZK/Ie-
HEUE &) TeopeMbl 5.24, MBI 3aKja04aeM, 9T0 P*™* = P — orpaHHueHHOe MOJUIPATHLHOE
MHOYKECTBO. ]

5.4. Pemérka rpaueii. HamoMmamM, 9T0 TpaHbO 3aMKHYTOI'O BBIIYKJI0r0 MHOXKecTBa C'
HaspiBaeTcs nepecedenne H N C' ¢ j1060it onopHo#t runepiniockocTbio H, He cojepka-
meit C'. HyabMmepHble rpaln Ha3bIBaIOTCA BepIIMHAMHU, a rpanu pazMepnoctu dim C' — 1
HA3BIBAIOTCS THIEPIPAHSIMU.

BHaanIe OoluMImeM, KakK BbIIVIAAAT I'PaHi HHOJIU3/APaJIbHbIX MHOZKECTB.

Teopema 5.25. Beaxas epans F' noausdpanrvrozo muoscecmea
Q={zc A(V): (a,x)+b; >0, i=1,.. m}=[)He(ab)
i=1

umeem 8ud
F=0n (ﬂ Ha, bi)>
i€l
ona wexomopozo I = {iy, ... i} C{1,...,m}.
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Jlokasameavemso. Tomoxum [ = {i: F C H(a;,b;)}. Jnsg xkaxmoro j ¢ [ Haiinércs
Takas TouKa y; € I, aro (a;,y;) +b; > 0. [lycrs y := mT\I\ZJ Y; — TEHTD TAKECTH
cucrembl 3tux Touek. Toxa (aj, y) +b; > 0 mpu Beex j ¢ 1.
Teneps mosnoxum F' = QN (ﬂiel H(ai,bi)). Torma F' — mepecedenue rpaneit () N
H(a;,b;), i € I, u9ro nepecedenue nemnycro, tak kak ' C F'. CienoBarensno, F' — rpanb
(3amaua). Kpome Toro, y € ri F’. [To3TOMY BCsIKast OOPHAsI THIEPILIOCKOCTb, TIPOXOJISIIIAST

yepes y, cogepxkur F'. 1o pokaspiBaer obparnoe skamovyenne F' C I O

Takum 06pasoM, BCsiKas MPaHb MOJIU3JIPAJBLHOIO MHOMKECTBA () IOJYyYaeTCsi 3aMeHOM
JaCTH U3 33a10MnX () HepaBeHcTB papeHcTBaMu. OTCIONA JIETKO BBIBOIUTCS CJIEIYIONIee
yTBep:KIeHne (3a71a4a):

CrnencrBue 5.26. Beakasa 2pard nosusopaibH020 MHONCECTBA ABAAETNCA NEPECEUEHUECM
codeporcausux €€ 2unepepared.

Tenepb PaCCMOTPUM I'PaHH BBIITYKJIbIX MHOI'OI'DAHHUKOB.

Teopema 5.27. Beaxas epanv F evnykaozo mnozozparnura P = conv(xy, . .., &) umeem
sud F' = conv(z;: i € I) dan nexomopozo I C {1,...,s}.

Joxazamenvcmeo. llycts ext P — MHOXKeCTBO KpafiHUX TOYeK MHOrorpannuka P =
conv(zy,...,xs). Mbl yrBepxkmaem, uro ext P C {1, ..., zs}. JeficrBurenpro, B mpoTHB-
HOM CJIydae HalJaeTcs KpaiiHsas Touka & ¢ {xq,...,x }. [lo onpenesnennio KpaitHeil To4-
ki, P\ {x} — BBIIyKJI0E MHO)KECTBO, COjlepKallee &1, ..., Ts. Torma conv(zy,...,xs) C
P\ {z} C P. IlporuBopeuune.

Tenepw nycrb F' — rpanb. [omoxum [ = {i: ; € F}. Tak kak Kaxjaas KpaiHsst
Touka F' aBiasercs kpaiineii u qis P, mb1 umeem ext F' = ext PNF C {z;: i € [}. B cuny
Teopemnl 5.17, F' = conv(ext F), orkyna caenyer F' = conv(x;: i € I). O

Ha camom JeJie KazKJaad KpaﬁHHH TO4YKa BbIIIYKJIOTO MHOT'OI'DaHHHKaA. ABJIACTCA €0 BEP-

muHoi (3a7a4a). OTCIOma BHITEKACT

CnencrBue 5.28. Beakasa epand 8uNyKA020 MHO202DAHHUKG ABAAEMCA BUNYKAOT 000-
AOUKOT COOEPAHCAUUTCA 8 HET BEPUIUH.

U3 nio06oit u3 TeopeM 5.25 u 5.27 noaydaem
CaencrBue 5.29. Hucao 2paneti 8uinyki020 MHO202PGHHUKE KOHEUHO.

Tenepb pacCMOTPUM IPAHE TIPOU3BOJBLHOTO 3AMKHYTOTO OTPAHUIEHHOTO (KOMIIAKTHOTO )
BBIyK/JI010 MHOkecTBa C. Mbr Oyaem upemnonarars, aro 0 € int C. Torpa mossipuoe
MHOZKECTBO

C*={ac AV"): (a,z) +1 >0 muaa mwboro x € C} = ﬂ H (z,1).
zeC

TaKKe sIBJISIETCS BBITYKJIbIM KomnakTom u C** = C' (caeacrsue 5.23).
Teopema 5.30. Ilycmo F — epanv swnyraozo xomnaxma C, 0 € int C'. onoorcum

F°:={acC": (a,z) +1 =0 0duaa moboeo x € F} = ﬂC’*ﬂH(m,l).
Tl

Tozda
a) F° — epanv C*.
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6) Ecau F, G — epanu C u F C G, mo F° D G°.
B) F°° =F.

Joxazamenvemeo. a) Kaxnasg rouka ¢ € F jexkur Ha rpanune C\ int C' MHO)KeCTBa
C, a noromy H(z,1) aBasercs onopHoii runepiiockocTeio s C* (3azaua). [Tosromy
C* N H(zx,1) ssaserca rpaubio C*, a F° = __,C* N H(x,1) TakkKe sBIsieTCs] TPAHBIO
Kak lepeceyeHne rpaHei.

6) OgeBnmHo.

B) meem F°° = (,cp C N H(a,1). U3 onpenesnenna F° cieayer, 4To @ JIeKUT B
F° Torma u Tospko Torma, korna H(a,1l) — onopnas runepmiockocts aisa C) comeprka-
mas F. [Tostomy F°° ecTh nepecedenne Beex rpaneit Mmuoxkectsa C, comepzkamux F. 9To
IepecedyeHre ecTh caMa IpaHb F. ]

zelF

PaccMmorpuM MHOXKECTBO TpaHeil BBITYKJIOTO KoMmakTa (', YJaCTHYHO YIOPSI0UeHHOEe
OTHOIICHUEM BKJIIOUYCHMUII. ILO6aBI/IM K 9TOM MHO2KECTBY HaUMEHbIIUNR 3JIeMeHT & U Hau-
Gosbiuii semenT C' (MX HHOIJA HA3BIBAIOT HECOOCMEEHHuMU epaHamu). TloaydeHHOe
JaCTUYHO YIIOPATOIEHHOE MHOKECTBO HA3BIBACTCH Peuémrot 2pareli BRITTYKIOTO KOMITaK-
ta C. (B Teopun 9acTHIHO yIOPSIOYEHHBIX MHOXKECTB DENIETKON HAa3hIBAETCS YaCTHIHO
YIOPSAI0YEeHHOE MHOYKECTBO C HAMMEHDBIIMM ¥ HAUOOJIBIIMM 3JIEMEHTOM, B KOTOPOM JIJIst
JIIOOBIX JIBYX 9JIEMEHTOB CYIIECTBYET €IMHCTBEHHAS TOYHAS BEPXHAL I'PAHb U TOUHAA HUAZK-
Hsisl TPAHb. )

CaenctBue 5.31. /laa sunyxaozo komnakma C, 0 € int C, pewémra 2parets nosspHozo
komnaxma C* nosyuaemes ua pewémru 2panets C' obpauteHuem 8KANOUYEHUS.

Pemérka rpaneit BeITykJI0r0o MHOTOrpannuka P xkoneuna. Ecou 0 € int P, To P* — Tak-
’Ke BBINMYKJIbIfl MHOTOTPAHHUK, KOTOPBIA Ha3bIBaeTcs deoticmeentvim K P. B arom ciydae
MOYKHO JIOKa3aTh, 4TO ecjn F' — rpanb muororpannuka P, To dim F'+dim F° = dim P —1
(3amava). Tak, Bepmuabl P cooTBeTcTBYIOT runeprpanam P* u naobopor. JIBoiicTBeH-
HBIM MHOTOTPAHHUKOM K ITPABUJIBHOMY TETPA3/IPY ABJIAETCH MTPABUILHBIN TeTPad/Ip, ABOii-
CTBEHHBIM K KyOy — OKTa3/Ip, & JBOMICTBEHHBIM K JOJEKadIPy — UKOCAIP.

5.5. 3agaum JAMHENHOro mporpaMMupPOBaHus. MHOrme NpUKIAZHBIE 3a1a9d OITH-
MU3AIUA CBOJSITCS K CJIEJYIONIeH MOCTAHOBKe: HARTH MAKCUMYM (MM MHUHUMYM) JIHHE-
woit byuknun f(x) = (@, x) npw OrpaHUUeHUSIX, 33 JAHHBIX JUHEHHBIMI HEPABEHCTBAM.
Cucrema JIMHEHHBIX HEPABEHCTB 3aa6T MOJUIPAJbHOE MHOKECTBO, HA KOTOPOM M MaK-
cuMu3upyercs JjuHelinas pyHKnuda. J[amHast mocTaHOBKaA HA3bIBAETCA 300a4%ell AUHETH020
NPOPAMMUPOSAHUS.

B caydae, Korma nmoamsapaabHOE MHOMKECTBO SABJSIETCS BBIMYKJIBIM MHOTOIPAHHUKOM
(T. €. OrPAHUYEHO), UMEET MECTO

IIpengoxxenune 5.32. Maxcumym aunetinot f(x) = (@, T) Ha 8uNYKAOM MHO202DAHHUKE
P docmueaemcsa 6 00notli u3 €20 6epULUH.

Aoxazamenvemso. Umeem P = conv(xy,...,x,), tae xy,...,Ts — Bepmuasl P. s
moGoii Toukn ¢ € P umeem & = Y . Nii, > . A =1, A; > 0. Toraa
F(@) = S A (@) < max f(a,). =
" (2
K3

Bor ABa IIpUMepa OITHMU3aIUWOHHBIX 3a/Ja4, CBOAAIIUXCA K 3aJa4e JUHERHOr O Ipo-
I'PpaMMUPOBaHUA.
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ITpumep 5.33 (3ama4a o makcumu3anuu npubslin). [Ipeanpuarne pacnosaraer pecypcea-
vu Ry, ..., R, B Koaudectse by, ..., b, COOTBETCTBEHHO U IJIAHUPYET IPOU3BECTH MTPOJLY K-
muio TuuoB P, ..., P, B Koau4uecTse I, . . ., T, coorBeTcTBenHo. IlycTb a;; — KoaumdecTso
pecypca R;, HyKHOe JJid IIPOU3BOJICTBA eJIMHHIBI IPOAYKIUN P, U ¢; — IeHa eJUHHUIIbI
npoxykinun P;. Torga Mbl umeeMm cucTeMy JUHEHHBIX HepaBeHCTB

n

E ajjr; <b, i=1,....m, x;20, j=1,...,n,

Jj=1
KOTODBIE 33JIal0T MOJIWIpaTbHOe MHOXKecTBO () B mpoctpancTBe R™ ¢ KoopamHaTamu
X1, .., Ty, JIs Oy YEHUSI MAKCUMAJILHON HPUOBLIM HY KHO BbIOPATH TOUKY (L1, ..., T,) €

- - n . -

@, B Koropoil smmeiinas Gynkmusa )i ¢;x; (CTOMMOCTH MPOM3BEJSHHON NMPOIYKINM)
MaKCHMaJIbHA.

ITpumep 5.34 (rpancnoprHas 3ajgada). Vmerorcs mocrapuuku Aj, ..., A,,, pacmosa-
rafolipe HeKUM HPOJYKTOM B KOJUYECTBE a1, ...,0d,, COOTBETCTBEHHO, W IOTpeGHTE/Nn
By, ..., B,, KOTOpBIe JOIKHBI HOJIYYUTH 9TOT OPOAYKT B KOJUYeCTBe by, ..., b, COOTBeT-

. m n
CTBEHHO, IPUYIEM ) . a; = i—1 by Ilyerb x5 — KoMMeCTBO IPOJYKTa, KOTOPOe Ipes-
HoJIaraeTcs A0CTaBuTh or A; K Bj, U ¢;; — CTOMMOCTb JOCTaBKM €JAUHHUIBI IPOAYKTA OT
A; x Bj. MbI nmeeM ycioBus

n m
E ‘Iij = ay, E xij = bj l’i]’ 2 0,
j=1 i=1

KOTOPBIE 3aal0T MOJMIAPAILHOE MHOXKECTBO () B mpocTpancree R™" ¢ KoOpIuHATAME
T;j. 3a7a4a COCTOUT B MHHUMHU3ALNN JHHeHOH DyHKInm ) j CijTij (obrmeii cTonMocTH
TPAHCIIOPTUPOBKH) Ha ().

OCHOBHbIM AJITOPUTMOM pelHieHud 3aJda4q JIMHEHOI'O IporpaMMupOBaHud ABJACTCA
cumnaerc-memod. Ero cyrh cocTonT B ABUZKEHWH 1O pEOpaM MHOrorpanHuka P B Ha-
MpaBIeHNu Bo3pacTanus PyHKIUU f 70 TEX mMOP, MOKa 9TO BO3MOXKHO. /[BUKeHUe 3aKaH-
IUBAETCS B OJIHOI M3 BEPIUH, B KOTOPHIX JOCTUTAETCS MAKCUMyM (DYHKIHH f.

3amaun u ynpakHeHus.

5.35. [lycts C' — marpuna nepexoja ot 6as3uca ey, . .., e, K 0a3ucy €}, ..., e, npocrpa-
crBa V. Haiiiure MaTHIly Iepexoja oOT CONpAKEHHOT0 0a3uca €1, . . . , £, K COINPIKEHHOMY
6asucy €}, ...,&, npocrpancrsa V*.

5.36. /[lokaxkute, yTo ecau V' GeCKOHEYHOMEPHO, TO IpocTpancTsa V u V* Hen3oMOpQHBI.

5.37. [Hoxaxure, uro muoxectso C' C A(V') BBIIYKJIO TOTJIA W TOJBKO TOTMA, KOTIA
BMECTE C JIIOOBIMU TOUKAMHU &1, ..., L OHO COAEPKUT cuMIiLieke A(ETy, ..., Tk).

5.38. Ybenurech sBHO, YTO OTHOCHTE/IbHAS BHYTPEHHOCTH CHMILICKCA HEMYCTA.
5.39. BepHo Ju, 4T0 BBIIYKJIasg 000/J109Ka 3aMKHYTOI'0O MHOXKECTBa, 3aMKHYTa !

5.40 (cymma Munkosckoro). [las muoxkects S1, S; C A(V) MHOXKeCTBO
S1+ Sy :={x;+x2: ¢, €51, T2 € S}
Ha3bIBACTCS UX cyMmoli Munroscxozo. JlokazkuTe Ciepyionme CBORCTBA:
a) conv(S) + Sy) = conv Sy + conv Sy a5t JIOOBIX S7, So;
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6) ecau Cp,Cy — BBIMyKAbie MHOXKecTBa, TO C + Cy TakzKe BHITYKJIO;
B) ecau O, Cy — BBIyKAbie MHOXKecTBa, TO 1i(C) + Cy) = ri Cy + 11 Cy.

5.41 (reopema Kapareomopu). s sroboro noamuokecrea S C A(V) ¢ dimaff S = k
€ro BBHIMYKJasi 000J0UKa conv .S COBMAIACT ¢ MHOKECTBOM BCEX BBIMYKJIBIX KOMOHHAIHMIL
He Oostee 4eM k + 1 Todek u3 S.

5.42 (teopema Pasona). Ilycte S = {x1,...,z} — MHOKecTBO U3 k > n+ 2 To4YeK mMpo-
crpancrBa A(V), rme dim V' = n. Torga S MOXKHO TIPDEICTABUTH B BH/IE HECBSI3HOTO OObE TN~
HEHHUsI HellePeCceKarIMuXCs IIOAMHOKecTB, S = S U Sy, Takux 910 conv S MNconv Sy # &,

5.43 (reopema Xesmn). Ilycrs (C;)ie;r — nabop u3 |I| > n + 1 BBIIYKJIBIX MHOXKECTB B
A(V), dim V' = n. Paccmorpum cieyionine yTBepKIeHUS:

a) arobbie n + 1 u3 MEHOKecTB C; NIMEIOT HEIyCTOe IepecevdeHNe;
6) Bce MHOXKecTBa C; MMEIOT HEIYCTOe TePeceveHne.

Hokazxkute, ato ecan || < 0o, 1o a)=-6). (YKazanue: nposeaure HHAYKIHUIO 110 |/|, mpu-
MeHsist Teopemy Pajiona.)
[Tokazkure Ha TpEMepe, 9TO B ciaydae |[| = co uMmimkaiust a)=-06) yke HeBepHA.
Joxazkute, 9T0 ecan Bce MEHOXKecTBa C; 3AMKHYTHI U XOT< OBl OJJHO I3 HIX KOMIIAKTHO,
TO UMILIHKaIMst a)=-0) cupaseyiuBa 6e3 orpanndennii Ha I.

5.44. Tlycts (C;)ier — nabop suimyxieix muoxects B A(V). Hoxaxure, uro conv(| J,; Cs)
COBIA/IACT C MHOZKECTBOM BCEX BBIILYK/IBIX KOMOUHAIMI A\ &, + . .. + A\py,, e z;, € Cj.

5.45. Ilycrs C1, Cy — BBIIYKJIBIE MHOXKECTBA. | 0BOPAT, YTO IMIIEPILIOCKOCTE H pasdensem
Cin Oy, ectu Cy C H_, Cy C Hy u xots 6b1 oau0 n3 MHOKecTB (', Uy He cONepKuTCs
B H. Jlokaxkure, 4T0O MHIEPILIOCKOCTD, pasaeisiomas C u Cs, CylecrByer B TOM U TOJIbKO
ToM ciaydae, korga riCy) NriCy = &. (VKazanue: paccMOTPHTE BBIIYKJIOE MHOXKECTBO
C = C) — Cy u ucnonbayiite 3ama4y 5.40.)

5.46. Ilycre Cp,Cy — BBIIYKJIble MHOKeCTBa. ['0BOpAT, 4TO rumepiuiockocts H(a,b)
cuavno pasdessem Cy u Cy, ecau i mekotoporo € > 0 obe runemiockocta H(a,b—e) u
H(a,b+ ¢) pazpensiior Cy u Cy. Jokaxkure, 9TO MUMEPIIOCKOCTh, CHIBHO PA3IEISIONIAST
Cy u Oy, cymectByer TOTAAa W TOABKO Torda, koraa 0 ¢ (7 — Cy. (VkasaHwe: BHada-
Jie paccMoTpuTe ciydail, Korjga Cy — Toduka.) BeiBegure 0TCIOMA, UTO JJIs JHOOBIX JBYX
HEeIePeceKafomnuXcst 3aMKHYTBIX BBIIIYKJIBIX MHOXKECTB, OJHO U3 KOTOPBIX KOMIAKTHO, CY-
IECTBYET CHJIBHO Pa3IeIsioasi THIePILIOCKOCTD.

5.47. Ilyctb
Q:{(EGA(V)<G“$>+]_>O, Z:17ﬂm}:ﬂH+(alvl)
=1

— OrpaHMYEHHOE IOJIN3IPAIBHOe MHOKeCTBO. CKazkeM, ITO HepaBeHCTBO (aj, ) +1 >0
ABJIACTCA AUUHUM, €CJIU YIAJCHUE ero U3 CUCTEMbI HePABEHCTB He MEHSICT MHOKECTBO (),
T.e. Q = ﬂi# H.(a;,1). lokaxutre, aTo HepaBeHCTBO (@, )+ 1 > 0 gBIAeTCS JUITHAM
TOrJA ¥ TOJILKO TOIJA, KOIIa @, € conv(a;: i # j), T.e. TOUKa @; SBJSCTCS <«JIHIIHEily B
sanucn QF = conv(ay, ..., ap).

5.48. Ilycrs F' u G — rpanm 3aMKHYTOIO BBIIYyKJI0r0 MuO)KectBa O, npuuem F C G.
Hoxkaxkure, uro dim F' < dim G.
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5.49. Jlokaxkure, 4TO HEIyCTOE TIepecedeHune Jiroboro Habopa rpaneil 3aMKHYTOT'O BbIITYK-
JIOTO MHOZKECTBa YABJACTCA TI'DAaHBIO. (yKaSaHI/IeZ CHa4vaJla JOKaKUTE€ YTBEpzKACHUE IJIA
KOHEYHOT0 Habopa IpaHeii, a 3aTeM BOCIOJIb3YHTeCh MpeIblayIieii 3a1a4eii. )

5.50. /lokaxkuTe, 9T0 BegKas TpaHb MOJINIIPATHHOTO MHOXKECTBA SBJsdeTCd ITepecedeHueM
COJIEPXKAIUX €€ TUIleprpaHei.

5.51. JlokakuTe, 9TO KaK/1ad KpalHAd TOUKA BBHITYKJIONO MHOTOTPAHHUKA SIBISIETCS €r0
BEPIINHOM.

5.52. [lycrs C' — Boinykubiit komnakt, 0 € int C. Tokaxure, ato & € C'\ int C Torga un
TOJIHKO TOTA, Koraa H(x, 1) — omopHasi MrUmepriocKoCTh HOISPHOTO MHOKecTBa C*.

5.53. [lycts P — BbIIYKJIBIH MHOTOrpaHHuK, 0 € int P, nyctb F' — rpanb MHOIOIpaHHUKA
P, a F° — coOTBeTCTBYIONIAs I'PaHb MOJSIPHOTO (JIBOMCTBEHHOTO) MHOrOIpaHHUKA P*.
Hoxkazxkure, aro dim F + dim F° = dim P — 1.

5.54. Buinykavm MHO202PAHHOM KOHYCOM O B TPOCTPAHCTBE V HA3BIBACTCS MHOMKE-
CTBO HEOTPHUIATEIbHBIX JJMHEHHBIX KOMOUHAIMIT HEKOTOPOI'O KOHEYHOI'0 HaDOpa BEKTOPOB
Vi1,...,Us:

g = {)\1U1—|—...+)\s’031 )\z 2 O}
JlokazKuTe, 9T0 MHOYKECTBO SIBJSETCS BBIIYKJIBIM MHOTOIDAHHBIM KOHYCOM TOTJIA U TOJIb-
KO TOT/Ia, KOTJa OHO SIBJISTCS MEePEeCeIeHueM KOHETHOTO YHCIIA MOTYyIPOCTPAHCTB BUIA
H(u,0) (mpoxomsimux gepes 0).

5.55. IlycTb 0 — BbIlYKJIbIHT MHOIOIPpaHHbIN KOHYC. PaccMOTpUM MHOZKECTBO
o' ={ueV": (u,v) >0 nas aoboro v € o}.
JokazkuTe, 4TO

a) 0" — BBIYKJIbIi MHOTOTDAHHBIN KOHYC (OH Ha3bIBAeTCsl d60UCMEEHHbIM K O);

6) (0¥)" =03
B) dimo < dim V' Torma u TopKO TOra, KOTAA 0¥ COMEPKUT MPIMYIO.
5.56. Ilyctb 0, 0/ — nBa BBIMYKJIBIX MHOTOIPDAHHBIX KOHYCA, IPUYEM HX IepecedeHne

T := 0 N o’ 9BJIgeTcs rPaHbIO KaXKI0ro u3 HuX. JloKazkKuTe, 4TO CyHIECTBYeT TaKas THIIep-
wiockocth H,ato o C Hy, o' CH_u HNo=HNo' =r7.
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