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1. Âû÷èñëèòå êîëüöî öåëî÷èñëåííûõ êîãîìîëîãèé 8-ìåðíîãî ìíîãîîáðàçèÿM =
(S3 × S5) # (S4 × S4) (ñâÿçíîé ñóììû ïðîèçâåäåíèé ñôåð S3 × S5 è S4 × S4).
Ñóùåñòâóþò ëè ðåòðàêöèè M → S2 è M → S4?

2. Çàäàéòå â ÿâíîì âèäå îáðàçóþùèìè è ñîîòíîøåíèÿìè êîëüöî Z2-êîãîìîëîãèé
ãðàññìàíèàíà G3(R5).

3. à) Äîêàæèòå, ÷òî RP 10 íåëüçÿ ïîãðóçèòü â R14 è âëîæèòü â R15.

á) Äîêàæèòå, ÷òî CP 4 íåëüçÿ ïîãðóçèòü â R11.

4. Ïóñòü N ⊂ CP 2 × CP 2 � êîìïëåêñíîå 3-ìåðíîå ïîäìíîãîîáðàçèå, äâîéñòâåí-
íîé ê ïåðâîìó êëàññó ×æåíÿ c1(T (CP 2×CP 2)) ∈ H2(CP 2×CP 2). Âû÷èñëèòå
õàðàêòåðèñòè÷åñêèå ÷èñëà

〈c31(N), [N ]〉, 〈c1c2(N), [N ]〉, 〈c3(N), [N ]〉.

5. Âû÷èñëèòå êîëüöî öåëî÷èñëåííûõ êîãîìîëîãèé H∗(ΩCP 2;Z) ïðîñòðàíñòâà
ïåòåëü íà êîìïëåêñíîé ïðîåêòèâíîé ïëîñêîñòè.

6. Âû÷èñëèòå H∗(K(Z2, 2);Z2) è H
∗(K(Z2, 3);Z2) âïëîòü äî ðàçìåðíîñòè 6.
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß

1.
H∗(M) ∼= Λ[a, b]⊗ Z[c, d]/(c2 = d2 = ac = ad = bc = bd = 0, ab = cd),

deg a = 3, deg b = 5, deg c = deg d = 4. Ðåòðàêöèÿ íà S4 ñóùåñòâóåò, à íà S2 � íåò.

2.

H∗(G3(R5)) = H∗(G2(R5)) = Z2[w1, w2]/(w
⊥
4 = w⊥5 = 0) =

= Z2[w1, w2]/(w
4
1 + w2

1w2 + w2
2 = w3

1w2 = 0).

3. à) w(RP 10) = (1 + t)11 = (1 + t8)(1 + t2)(1 + t) = 1 + t + t2 + t3 + t8 + t9 + t10,
w⊥(RP 10) = 1 + t+ t4 + t5, w⊥5 (RP 10) 6= 0.
á) p(CP 4) = (1 + v2)5, p⊥(CP 4) = 1

(1+v2)5
= 1− 5v2 + 15v4, p⊥2 6= 0, çíà÷èò íîðìàëüíîå

ðàññëîåíèå èìååò ðàçìåðíîñòü > 4.

4. c31 = c1c2 = 0, òàê êàê c1(N) = 0. ×èñëî c3 ìîæíî âû÷èñèëèòü íàïðÿìóþ, ëèáî
âîñïîëüçîâàâøèñü ôîðìóëîé s3 = c31 − 3c1c2 + 3c3 = 3c3. Ïóñòü V = CP 2 × CP 2,
ν = ν(i : N ↪→ V ) � íîðìàëüíîå ðàññëîåíèå. Èìååì〈

s3(T N), [N ]
〉

=
〈
−s3(ν) + i∗s3(T V ), [N ]

〉
=

〈(
−c31(T V ) + s3(T V )

)
c1(T V ), [V ]

〉
=

=
〈(
s3(T V )c1(T V )− c41(T V )

)
, [V ]

〉
=

〈
−c41(T V ), [V ]

〉
=

〈
−(3u+ 3v)4, [V ]

〉
= −486.

Îòñþäà 〈c3(N), [N ]〉 = −162.

5. Ðàññëîåíèå S1 → S5 → CP 2 äà¼ò ãîìîòîïè÷åñêîå ðàññëîåíèå ΩS5 → ΩCP 2 → S1,
êîòîðîå òðèâèàëüíî (òàê êàê èìååò ñå÷åíèå). Ïîýòîìó ΩCP 2 ' S1 ×ΩS5 è

H∗(ΩCP 2) ∼= Λ[u]⊗ Γ[x], deg u = 1, deg x = 4,

ãäå H∗(ΩS5) ∼= Γ[x] � àëãåáðà ðàçäåë¼ííûõ ñòåïåíåé (ïðî ýòî áûëî íà ëåêöèÿõ). Òîò
æå èçîìîðôèçì ìîæíî âûâåñòè íåïîñðåäñòâåííî èç ñïåêòðàëüíîé ïîñëåäîâàòåëüíî-
ñòè ðàññëîåíèÿ ïóòåé-ïåòåëü íà CP 2.


