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1. ÏóñòüX = Sn∪en+1 � ïðîñòðàíñòâî, ïîëó÷åííîå èç ñôåðû Sn, n > 1, ïðèêëåè-
âàíèåì îäíîé (n+1)-ìåðíîé êëåòêè en+1 ïî îòîáðàæåíèþ Sn → Sn ñòåïåíè m.
Âû÷èñëèòå ãðóïïû ãîìîëîãèé è êîãîìîëîãèé ïðîñòðàíñòâà X ñ êîýôôèöèåí-
òàìè â Z è Zp, ãäå p � ïðîñòîå.

2. à) Ïóñòü X � äîïîëíåíèå ê 3 êîîðäèíàòíûì îñÿì â R3:

X = R3 \
(
{x1 = x2 = 0} ∪ {x2 = x3 = 0} ∪ {x3 = x1 = 0}

)
.

Îïèøèòå ãîìîòîïè÷åñêèé òèï X è âû÷èñëèòå åãî ãðóïïû ãîìîëîãèé.
á) Ïóñòü Y � ñëåäóþùåå äîïîëíåíèå ê 5 òðåõìåðíûì ïëîñêîñòÿì â R5:

Y = R5 \
(
{x1 = x2 = 0} ∪ {x2 = x3 = 0} ∪ {x3 = x4 = 0}∪

∪ {x4 = x5 = 0} ∪ {x5 = x1 = 0}
)
.

Äîêàæèòå, ÷òî Y ãîìîòîïè÷åñêè ýêâèâàëåíòíî ïîâåðõíîñòè ðîäà 5 (ñôåðå
ñ 5 ðó÷êàìè).

3. Ðàññìîòðèì êîìïîçèöèþ îòîáðàæåíèé

S1 × S1 × S1 q−→ (S1 × S1 × S1)/ sk2(S1 × S1 × S1) = S3 p−→ S2,

ãäå sk2(S1×S1×S1) îáîçíà÷àåò 2-ìåðíûé îñòîâ 3-ìåðíîãî òîðà S1×S1×S1, à
p : S3 → S2 � ðàññëîåíèå Õîïôà. Äîêàæèòå, ÷òî ýòà êîìïîçèöèÿ èíäóöèðóåò
òðèâèàëüíûé ãîìîìîðôèçì êàê â ãîìîòîïè÷åñêèõ ãðóïïàõ, òàê è â ãðóïïàõ
ïðèâåä¼ííûõ ãîìîëîãèé, íî íå ãîìîòîïíà îòîáðàæåíèþ â òî÷êó.

4. Ïóñòü w : Sk+l−1 → Sk ∨ Sl � ïðèêëåèâàþùåå îòîáðàæåíèå äëÿ (k+ l)-êëåòêè
ïðîèçâåäåíèÿ Sk × Sl ñî ñòàíäàðòíîé êëåòî÷íîé ñòðóêòóðîé (ñ 4 êëåòêàìè).
Ïðîèçâåäåíèåì Óàéòõåäà ñôåðîèäîâ f : Sk → X è g : Sl → X íàçûâàåòñÿ
ñôåðîèä, çàäàâàåìûé êîìïîçèöèåé

[f, g]w : S
k+l−1 w−→ Sk ∨ Sl f∨g−→ X,

à òàêæå åãî êëàññ â ãðóïïå πk+l−1(X).
à) Äîêàæèòå, ÷òî [f, g]w ëåæèò â ÿäðå ãîìîìîðôèçìà Ãóðåâè÷à

h : πk+l−1(X)→ Hk+l−1(X).
á) Äîêàæèòå, ÷òî [f, g]w ëåæèò â ÿäðå ãîìîìîðôèçìà íàäñòðîéêè

Σ : πk+l−1(X)→ πk+l(ΣX).

5. Îïèøèòå êîëüöî êîãîìîëîãèé áóêåòà CP∞ ∨ CP∞.
6. Âû÷èñëèòå H2(RP 4 × RP 4;Z) è H3(RP 4 × RP 4;Z).
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ÓÊÀÇÀÍÈß È ÐÅØÅÍÈß

1. Íåíóëåâûå ãðóïïû öåëî÷èñëåííûõ ïðèâåä¼ííûõ ãîìîëîãèé è êîãîìîëîãèé ñóòü

H̃n(X,Z) = Zm, H̃n+1(X,Z) = Zm

Íåíóëåâûå ãðóïïû (êî)ãîìîëîãèé ñ êîýôôèöèåíòàìè â Zp ñóòü

H̃n(X,Zp) = H̃n+1(X,Zp) = Zp, H̃n(X,Zp) = H̃n+1(X,Zp) = Zp,

åñëè p äåëèò m; â ïðîòèâíîì ñëó÷àå âñå íóëåâûå. Ýòî ñëåäóåò èç ðàññìîòðåíèÿ êëå-
òî÷íîãî öåïíîãî êîìïëåêñà, êîòîðûé èìååò âèä

. . . −→ 0 −→ Z
n+1

·m−→ Z
n
−→ 0 −→ . . .

Ïîñëå òåíçîðíîãî óìíîæåíèÿ íà Zp ãîìîìîðôèçì óìíîæåíèÿ íà m ñòàíîâèòñÿ íóëå-
âûì, åñëè p äåëèò m, è èçîìîðôèçìîì â ïðîòèâíîì ñëó÷àå.

2. à) Ìû èìååì

X = R× R× × R× ∪ R× × R× R× ∪ R× × R× × R,

ãäå R× = R\{0}. ÏðîñòðàíñòâîX äåôîðìàöèîííî ðåòðàãèðóåòñÿ íà 1-îñòîâ êóáà I3 =
D1 ×D1 ×D1:

X ' D1 × S0 × S0 ∪ S0 ×D1 × S0 ∪ S0 × S0 ×D1,

ãäå D1 = [−1, 1], S0 = {−1, 1}. Ñóùåñòâîâàíèå òàêîé äåôîðìàöèîííîé ðåòðàêöèè
íóæäàåòñÿ â äîïîëíèòåëüíîì îáîñíîâàíèè, òàê êàê ïàðà (D1, S0) íå ÿâëÿåòñÿ äåôîð-
ìàöèîííûì ðåòðàêòîì ïàðû (R,R×). Å¼ ìîæíî ïîñòðîèòü ïî ÷àñòÿì, êàê êîìïîçèöèþ
íåñêîëüêèõ ðåòðàêöèé, ëèáî ñðàçó çàäàòü ìèíèìàêñíîé ôîðìóëîé :

f(x1, x2, x3) =
( x1

max
{
|x1|, ε(x1, x2, x3)

} , x2

max
{
|x2|, ε(x1, x2, x3)

} , x3

max
{
|x3|, ε(x1, x2, x3)

}),
ãäå

ε(x1, x2, x3) = min
{
max{|x1|, |x2|},max{|x2|, |x3|},max{|x3|, |x1|}

}
.

1-îñòîâ êóáà ãîìîòîïè÷åñêè ýêâèâàëåíòåí áóêåòó 5 îêðóæíîñòåé (íóæíî ñòÿíóòü
ëþáîå ìàêñèìàëüíîå äåðåâî, êîòîðîå ñîäåðæèò 7 ð¼áåð). Òàêèì îáðàçîì, H0 = Z,
H1 = Z5.
á) Àíàëîãè÷íî, èìååì

Y = R× R× R× × R× × R× ∪ R× × R× R× R× × R× ∪ R× × R× × R× R× R×∪
∪ R× × R× × R× × R× R ∪ R× R× × R× × R× × R.

Ýòî ïðîñòðàíñòâî äåôîðìàöèîííî ðåòðàãèðóåòñÿ íà ñëåäóþùèé 2-ìåðíûé ïîäêîì-
ïëåêñ 5-ìåðíîãî êóáà I5:

Y ′ = D1 ×D1 × S0 × S0 × S0 ∪ S0 ×D1 ×D1 × S0 × S0 ∪ S0 × S0 ×D1 ×D1 × S0∪
∪ S0 × S0 × S0 ×D1 ×D1 ∪D1 × S0 × S0 × S0 ×D1.

Ýòî Y ′ � îðèåíòèðóåìàÿ 2-ìåðíàÿ ïîâåðõíîñòü, ñêëååííàÿ èç 8 × 5 = 40 êâàäðàòîâ
D1 × D1, êîòîðûå ñõîäÿòñÿ ïî 5 â êàæäîé âåðøèíå (òàê ÷òî îáùåå ÷èñëî âåðøèí
ðàâíî 40·4

5
= 32 � ÷èñëî âåðøèí êóáà I5). Òàê êàê â êàæäîì ðåáðå ñõîäèòñÿ ïî äâà
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êâàäðàòà, îáùåå ÷èñëî ð¼áåð ðàâíî 40×2 = 80. Èòàê, ýéëåðîâà õàðàêòåðèñòèêà ðàâíà
40− 80 + 32 = −8, ò. å. ìû èìååì ïîâåðõíîñòü ðîäà 5.

3. Åñëè F
i−→ E

p−→ B � ðàññëîåíèå è f : X → E � òàêîå îòîáðàæåíèå, ÷òî
êîìïîçèöèÿ p ◦ f : X → B ãîìîòîïíà îòîáðàæåíèþ â òî÷êó, òî ñóùåñòâóåò ïîäíÿòèå

f̃ : X → F , i ◦ f̃ = f . Â íàøåì ñëó÷àå, åñëè p ◦ q ãîìîòîïíî îòîáðàæåíèþ â òî÷êó, òî
ïîëó÷àåì ïîäíÿòèå q̃ : S1 × S1 × S1 → S1, ò. å. q ïðîïóñêàåòñÿ ÷åðåç îêðóæíîñòü S1,
÷òî íåâîçìîæíî, òàê êàê q èíäóöèðóåò èçîìîðôèçì ãðóïï H3.

4. à) Ýòî ñëåäóåò èç òîãî, ÷òî w èíäóöèðóåò íóëåâîå îòîáðàæåíèå â ãîìîëîãè-
ÿõ. Áîëåå ïîäðîáíî, ïóñòü α ∈ πk+l−1(S

k+l−1) � îáðàçóþùàÿ. Òîãäà h([f, g]w) =
([f, g]w)∗(α) = (f ∨ g)∗w∗(α) = 0, òàê êàê w∗ : Hk+l−1(S

k+l−1) → Hk+l−1(S
k ∨ Sl) = 0

ïðè k > 1 è l > 1. Ïðè k = l = 1 íàäî âîñïîëüçîâàòüñÿ òåì, ÷òî [f, g]w � êîììóòà-
òîð, à h : π1(X) → H1(X) � ãîìîìîðôèçì àáåëèàíèçàöèè. Ïðè k = 1, l > 1 íóæíî

óáåäèòüñÿ, ÷òî ñòåïåíü îòîáðàæåíèÿ Sl w−→ S1 ∨ Sl −→ Sl ðàâíà íóëþ.
Ìîæíî òàêæå äîêàçàòü, ÷òî ãîìîìîðôèçì Ãóðåâè÷à êîììóòèðóåò ñ ãîìîìîðôèç-

ìîì íàäñòðîéêè, è âîñïîëüçîâàòüñÿ ïóíêòîì á).
á) Íàäî âîñïîëüçîâàòüñÿ òåì, ÷òî Σ(X×Y ) ' ΣX∨ΣY ∨Σ(X∧Y ) äëÿ êëåòî÷íûõ

ïðîñòðàíñòâ. Ýòà çàäà÷à áûëà â ïðîøëîì ñåìåñòðå (ñì., íàïðèìåð, Õàò÷åð, ïðåäëî-
æåíèå 4.I.1). Â ÷àñòíîñòè, Σ(Sk × Sl) ' Sk+1 ∨ Sl+1 ∨ Sk+l+1. Ýòî â îçíà÷àåò, ÷òî
(k + l + 1)-ìåðíàÿ êëåòêà â íàäñòðîéêå Σ(Sk × Sl) ïðèêëåèâàåòñÿ ïî ãîìîòîïè÷åñêè
òðèâèàëüíîìó îòîáðàæåíèþ Σw : Sk+l → Sk+1 ∨ Sl+1. Òîãäà Σ[f, g]w = Σ(f ∨ g) ◦Σw
òàêæå ãîìîòîïíî îòîáðàæåíèþ â òî÷êó.

5. Îòâåò: H∗(CP∞ ∨ CP∞) ∼= Z[v1, v2]/(v1v2), deg v1 = deg v2 = 2.
Ìû èìååì H∗(CP∞ × CP∞) ∼= Z[v1, v2]. Ðàññìîòðèì âëîæåíèå êëåòî÷íîãî ïîä-

ïðîñòðàíñòâà i : CP∞1 ∨ CP∞2 ↪→ CP∞1 × CP∞2 . Èç ðàññìîòðåíèÿ êëåòî÷íûõ êîöåïåé
âûòåêàåò, ÷òî ãîìîìîðôèçì

H4(CP∞1 × CP∞2 )
i∗−−−→ H4(CP∞1 ∨ CP∞2 )∥∥∥ ∥∥∥

H4(CP∞1 )⊕H2(CP∞1 )⊗H2(CP∞2 )⊕H4(CP∞2 )
i∗−−−→ H4(CP∞1 )⊕H4(CP∞2 )

îòîáðàæàåò H4(CP∞1 ) è H4(CP∞2 ) òîæäåñòâåííî, à ãðóïïó H2(CP∞1 ) ⊗ H2(CP∞2 ),
ïîðîæä¼ííóþ ýëåìåíòîì v1v2 â íóëü. Ïîýòîìó i∗ : H∗(CP∞ × CP∞) → H∗(CP∞ ∨
CP∞) � ýïèìîðôèçì, ÿäðî êîòîðîãî åñòü èäåàë, ïîðîæä¼ííûé ýëåìåíòîì v1v2.

6. Îòâåò: H2(RP 4 × RP 4;Z) = Z2 ⊕ Z2 è H
3(RP 4 × RP 4;Z) = Z2.

Íàäî âîñïîëüçîâàòüñÿ âû÷èñëåíèåì ãðóïï ãîìîëîãèé H1(RP 4) = H3(RP 4) = Z2,
H2(RP 4) = 0, ôîðìóëîé Êþííåòà

0→
⊕
i

Hi(RP 4)⊗Hn−i(RP 4)→ Hn(RP 4×RP 4)→
⊕
i

Tor
(
Hi(RP 4), Hn−i−1(RP 4)

)
→ 0

è ôîðìóëîé óíèâåðñàëüíûõ êîýôôèöèåíòîâ

0→ Ext(Hn−1(RP 4),Z)→ Hn(RP 4;Z)→ Hom(Hn(RP 4),Z)→ 0


