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Vector configurations and exponential actions

V = R¥ a k-dimensional real vector space
'={7y1,...,7m} a configuration of m vectors in the dual space V*.
Allow repetitions, but assume that 71,...,vm span V*.

The exponential action of V on R™:

V xR™ — R"

(v,X) > v-x= (em"’)xl, e e<7’""’>xm).

A classical dynamical system taking its origin in the works of Poincaré.
The linear properties of I determine the topology of the foliation of R by
the orbits of the action. )
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Applications

Exponential actions V x R™ — R™ and their holomorphic versions arise in
several important constructions of algebraic geometry and topology:

@ Leaf spaces of holomophic foliations & topology intersections of real
and Hermitian quadrics
(topology & holomorphic dynamics)

@ The quotient construction of toric varieties (the Batyrev—Cox
construction)
(toric geometry)

@ Smooth and complex-analytic structures on moment-angle manifolds
and their partial quotients
(complex geometry and toric topology)
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Linear Gale duality

= (7,...,7Ym) defines a linear map I': R™ — V*, e; — ;.
Let W := Ker I', and consisder the dual exact sequences

0—>W—>R’"L>V*—>O,
0— v IRrm A w0,

where I'* = ((71,v), ..., {(ym,V)). Let a; :== A(e)).

The vector configuration A = {a1,...,an} in W* is the Gale dual
of T ={"1,...,Ym}. The Gale dual of A is T.

If we choose bases V and W, then I' becomes a k x m-matrix with

columns 71,...,9m and A becomes an (m — k) x m-matrix with columns
ai,...,am. Then AI'* =0, i.e. the rows of A form a basis in the space of
linear relations between ~v1,...,vm.

v
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When the action is free and proper: the fan condition

For I C [m], the subconfiguration A; = {a;: i € I} is linearly independent
<= T;={yi:i¢ I} spans V*.

The independence complex

K(F) :={I C [m]: A is linearly independent} = {/ C [m]: ['; spans V*}.

o

A simplicial complex IC on [m] = {1, ..., m} defines the complement of an
arrangement of coordinate subspaces:
UK)=R™\ U {x: x;, =--- = x;, = 0}.
{it,-.sip }EK
Proposition

Then for any subcomlex IC C IC(I'), the restriction of the exponential
action V x R™ — R™ to U(K) is free.

v
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A simplicial fan X in W* 2 R" is determined by two pieces of data:
- a simplicial complex K on [m];
- a configuration of vectors A = {a1,...,an} in W* such that for any
simplex | € IC the subset A; = {a;: i € I} is linearly independent.

The collection of cones {cone(A;): | € K} patches into a fan ¥ whenever
any two cones intersect at a common face. In this case, we say that the
data {IC, A} defines a fan X, or {KC, A} is a triangulated configuration.

Theorem

Let K be a simplicial complex on [m], and let A = {ay,...,an} and
'={v1,...,Ym} be Gale dual configurations. The following conditions
are equivalent:

(a) {K,A} is a triangulated configuration (defines a fan ¥);
(b) relint cone(A;) Nrelint cone(A ) = @ forany I,J € IC, | # J;
(c) relint cone(I';) Nrelint cone(l ;) # @ for any I, J € K.
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For the exponential action

VxR™ — R™

(v,X) > v-x= (e<““"'>x17 e e<7"”">xm)
we have )
Theorem
Let IC b a simplicial complex on [m], and let A = {ay,...,an} and

'={v1,...,Ym} be Gale dual configurations in V* and W*. Then

(1) the action V x U(K) — U(K) is free if and only if A; is linearly
independent for any | € K;

(2) the action V x U(K) — U(K) is proper if and only if {IC,A} is a
triangulated configuration.
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Completeness and compactness

Theorem

(1) The orbit space U(K)/V of a proper exponential action is compact if
and only if the fan ¥ = {IC, A} is complete, i.e. |X| = W*.

(2) U(K)/V is homeomorphic to the real moment-angle complex
Ry = (DY, S°)X (a subcomplex in the m-cube [0,1]™).

Corollary

Let K be the underlying complex of a complete simplicial fan (a
star-shaped sphere triangulation). Then

(1) the real moment-angle complex Ry = (D*, S°)X is a smooth
manifold;

2) U(K) and Rx have the same homotopy type.
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Normal fans and intersections of quadrics

A simple polytope in W = R"
P=PA,b)={we W:(aj,w)+b >0, i=1...,m}

The normal fan ¥ p:
@ the normals A = {aj,...,an,} are generators of one-dimensional
cones;
@ cone A; € ¥p if the facets with normals a;, i € | have nonempty
intersection.

Not every simplicial fan is the normal fan of a polytope! J
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Theorem

Let A={ai,...,am} and I = {y1,...,vm} be Gale dual configurations.
Suppose ¥ = {cone A;: | € K} is a complete fan. The following
conditions are equivalent:

(a) X is the normal fan of a polytope;
(b) Mk relint cone(l;) # 2.

If § € (e relint cone(l';) # @, then ¥ is the normal fan of
P=P(Ab)={we W: (aj,w)+b; >0, i=1,...,m},

where § = biy1 + ...+ bmYm-

That is, the data {IC, A} defines a fan ¥ if the Gale dual cones conel5,
I € K overlap pairwise, and ¥ is a normal fan if the Gale dual cones have
a common interior point.
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Example

1 0 -1 1 0 -1 1 -1 0 -1 1 O
A=|0 1 -1 O 1 -1}, Ir=10 1 -1 0 -1 1
11 1 -1 -1 -1 1 1 1 1 1 1
72 6
Y4 71
73 -’Y5

Taras Panov (Steklov Institute) Holomorphic foliations 8th TTTW 26 Feb 2026 11/24



Intersections of quadrics

pre R = V5 (1, Xm) B G X Ym |

Theorem

Let ¥ = {cone A;: | € K} be the normal fan of a polytope P = P(A,b),
and T = {m1,...,vm} the Gale dual configuration.
Let 6 = Z:n:l bivi. Then

e d e jex relint cone FT;
o u7'(9) C U(K);
@ 0 is a regular value of ur;

@ the exponential action V x U(K) — U(K) is free and proper,
and the quotient U(Kp)/V is diffeomorphic to the level set uz*(5),
which is the intersection of k quadrics:

U(Kp)/V = {(x1,. .., xm) ER™: y1xZ + -+« + Ymx2 = 5}

v
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Holomorphic exponential actions

V =(V,J)=Ct where 7: V — V is a complex structure on V = R¥
(assuming k = 2/ is even). N N
'={7,...,Ym} a vector configuration in V* = Hom¢(V/,C).

The holomorphic exponential action of V on C™
VxCm—C"
(v,2) vz = (eVicz, .. elmvics ).

v

Restrict to the complement of a complex coordinate subspace arrangement
Uc(lC):((C,(Cx)IC:(Cm\ U {Z;zilz...zzipzo}
{i1,ip} K

Theorem

The holomorphic exponential action V x Ug(K) — Ug(K) is free and
proper if and only if {KC, A} is a triangulated configuration.
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Theorem
(1) The orbit space Uc(K)/ V of a proper holomorphic exponential action
is compact if and only if the fan ¥ = {K, A} is complete.

(2) Uc(K)/V is homeomorphic to the moment-angle complex
Zx = (D?, SYHF.

Corollary

Let K be the underlying complex of a complete simplicial fan (a
star-shaped sphere triangulation). Then

(1) the moment-angle complex Zic = (D?,S')* has a structure of a
compact complex manifold;

2) Uc(K) and Zx have the same homotopy type.
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Example (holomorphic torus)
Exponential action of V = C on C2 defined by a configuration {y1,72}:
V xC2— C?, (v,z1,22) — (e7Vz1, €7 2).

Let K = {@} on [2] = {1,2}, so that Ug(K) = (C*)2. If R{y1,72) = R?,
then the restriction of the action to (C*)? is free and proper. The quotient
(C*)?/V =C/(Zim,72) = T?

is a one-dimensional complex torus.

More generally, let I = {71,...,ym} be a real basis in V =~ C’ Then A is
a configuration of m zero vectors in W* = {0}, K = {@} on [m] = [2/]
and Ug(K) = (C*)™. The quotient (C*)™/V = T2 is a holomorphic
torus. Any holomorphic torus can be obtained in this way.

Proposition

A complex moment-angle manifold Zx = Uc(K)/V is non-Kahler, unless
it is a holomorphic torus.
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Holomorphic torus-exponential action and partial quotients

Have Gale dual A ={a;j,...,ap} C W*and T ={m,...,ym} C VX
Then V is the space of linear relations between a;p,...,an, and v, € V*
maps a linear relation to its kth coefficient. This gives

I VoR™ v (), (7, V).

A subspace Q C V is rational (with respect to I') if it is generated by
relations with integer coefficients, that is, if @ C R{(I™*)~}(Z™)).

Here (I'*)~(Z™) is a lattice in V of rank between 0 and k = dim V/, and
R{(I'*)~%(Z™)) is the largest rational subspace in V.

A rational subspace @ C V contains a full-rank lattice

L= Z™"NnQ={a€Q: (%.,q) €Z for k=1,...,m}.

The image of [ under the dual projection V* — Q* is a rational vector

~

configuration T = {31,...,7m} in Q* with Z(T) = L*.

o
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The lattice L in a rational subspace Q@ C V defines an algebraic torus
Cf =L®zC* = Qc/(2niL),
where Qc = Q ®r C = Q @ iQ, and a compact torus
T = Loz S* = Q/(2nL).
Have C = Q x T, as (real) Lie groups.

The algebraic torus C;* embeds as a closed subgroup in (C*)™:

(I™|L ®z C*)(C) = exp IE(Qc)
= {(emmHilne) glma)+imu)y € (C)™: v + ju € Q).

Let J be a complex structre on V, V = (V,7) and Q = (Q,J) a
rational complex subspace. The holomorphic torus-exponential action

(C) xgV)xC™"—Cm

is the product of holomorphic actions of C;* and V, which agree on Q.

v
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Proposition

Let " and A be a pair of Gale dual vector configurations, Q C V a rational
subspace, I and A the corresponding rational configurations in Q* and
U*, and KC a simplicial complex on [m]. Suppose that

(a) {K,A} is a triangulated configuration defining a simplicial fan ¥;

(b) {K, ;‘:} is a nonsingular triangulated configuration defining a
nonsingular simplicial fan ¥ in U* C W*;

(c) Q= (Q,J) C V= (V,J) is a complex subspace.

Then the partial quotient Zxc /T, has a structure of a compact complex
manifold as the quotient Uc(K)/(C[ x5 V).
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The compact torus T; acquires a holomorphic structure as the quotient
T, =C[/Q, as in example above.
Have a commutative diagram of holomorpic quotient maps:

(CX
Uc(K) & Xs
/V i/(%)
7 _ g
e T, /T2 X/ (V]Q)

where X is the toric variety corresponding to the rational fan 5.

If the rational triangulated configuration {IC,K}Nis nonsingular, then the
actions of (Cf and T, are free, and Zx — Zx/ T, is a holomorphic torus
principal bundle over the holomorphic partial quotient.

More generally, Zx — ZK/7~'L is a holomorphic Seifert principal bundle
over the orbifold Zic/ T, = Xs/(V/Q), where the latter the quotient of
the toric orbifold Xs by a free proper action of V/Q.
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Irrational toric varieties

If the whole space V is rational with respect to I' = {71,...,vm}, then
L={veV:{(w,v)€Z fork=1,...,m}.

is a full rank lattice in V, and L* = Z({v1,...,Ym)-

The Gale dual rational vector configuration A = {ai,...,an} spans a full
rank lattice N = M* in W*.

The torus C;* embeds in (C*)™ as the closed algebraic subgroup
G =(I'"|L ®z C*)(C[) = exp [¢(Ve) = exp(Ker Ac: C™ — W)

= {(tl,...,tm) e (C)m: lr_n[tfe""""> =1, we I\/l}.
i=1

v

Taras Panov (Steklov Institute) Holomorphic foliations 8th TTTW 26 Feb 2026 20/24



The torus-exponential action (C/ x5 V) x C™ — C™ becomes the

algebraic action of C on C™:
Uc(K)

y

Xs

A perturbation of the vector configuration A destroys the rationality of the
fan {IC, A}, the subgroup G C (C*)™ ceases to be closed, the closed
holomorphic tori in the fibres of the bundle Zx — X5 “open up”, and the
fibre bundle turns into a holomorphic foliation F of Zx with noncompact
leaves G/ V.

The holomorphic foliated manifolds (Zx, F) model irrational deformations
of toric varieties.

v
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Basic de Rham and Dolbeault cohomology of the foliated manifold
(Zk,F) is descrided in the same way as the cohomology of the toric
quotient Xy = Zi/ T in the rational case:

Theorem (Ishida—Krutowski—P)

There is an isomorphism of algebras:

e 5 (2, F) = Clw, -, vl /(U + J5),

1,1 .
where v; € Hbasﬁ(Z;c,]:), i=1,....,m,
Ixc is the Stanley—Reisner ideal, generated by

k with {I'l,...,llk}g_flc,

Vl-l-..vl-

and Jy is the ideal generated by the linear forms
m

Z(a,-,w>v,-, we Ww.

i=1
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In the rational case, the E3 term of the Borel spectral sequence of the
holomorphic principal bundle Zx — X5 with fibre T; = T2¢ gives a dga
model for the Dolbeault cohomology Hz™(Zx):

(Hy*(TL) ® Hy*(Xx), d),
where Hy™(Xs) = Clvi, ..., vin] /(I + J5) (Danilov),

Hg’*(T[_) = A(V@v) — /\[617 O 75@77717 oo 7776]

& € Hy*(TL) = V. nj € HY(TL) = V, dv; = dnj =0, dg; = c(§)),

c: H(%’O('T'L) — Hg’l(X):) is the holomorphic first Chern class map (the
transgression). Similarly, in the irrational case,

Theorem (P-Ustinovsky, Krutowski—P)
The Dolbeault cohomology algebra of Zx is given by

B H"(Zc) = HNV @ V) ® Hgg;é (2, F),d),
where d(V) =0 and d: V — H'* -(Zx, F) is the foliated Chern class.
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