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Ïåðñèñòåíòíûå ãîìîëîãèè è áàðêîäû

R⩾0 � íåîòðèöàòåëüíûå âåùåñòâåííûå ÷èñëà (êàòåãîðèÿ ÷.ó.ì. ⩽).

Ïåðñèñòåíòíûé ìîäóëü � ýòî (êîâàðèàíòíûé) ôóêòîð

M : R⩾0 → k-mod

â êàòåãîðèþ âåêòîðíûõ ïðîñòðàíñòâ íàä ïîëåì k.

Ò. å. ñåìåéñòâî âåêòîðíûõ ïðîñòðàíñòâ {Ms}s∈R⩾0 è ëèíåéíûõ
îòîáðàæåíèé {φs1,s2 : Ms1 → Ms2}s1⩽s2 , òàê ÷òî φs,s = id : Ms → Ms è
φs2,s3 ◦ φs1,s2 = φs1,s3 ïðè s1 ⩽ s2 ⩽ s3.
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Ïðèìåð

Ïóñòü I ⊂ R⩾0 � èíòåðâàë. Îïðåäåëèì èíòåðâàëüíûé ìîäóëü

k(I ) : R⩾0 → k-mod, s 7→ k(I )s :=

{
k, åñëè s ∈ I ;

0, èíà÷å.

Òåîðåìà (èíòåðâàëüíîå ðàçëîæåíèå)

Ïóñòü M = {Ms}s∈R⩾0 � ïåðñèñòåíòíûé ìîäóëü, ïðè÷¼ì âñå Ms

êîíå÷íîìåðíû. Òîãäà

M =
⊕

I∈B(M)

k(I )

äëÿ íåêîòîðîãî íàáîðà (ìóëüòèìíîæåñòâà) B(M) èíòåðâàëîâ â R⩾0.

Íàáîð èíòåðâàëîâ B(M) íàçûâàåòñÿ áàðêîäîì ìîäóëÿ M.
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(X , dX ) � êîíå÷íîå ïñåâäîìåòðè÷åñêîå ïðîñòðàíñòâî (îáëàêî òî÷åê).

Ôèëüòðàöèÿ Âèåòîðèñà�Ðèïñà {R(X , t)}t⩾0 ñîñòîèò èç
ñèìïëèöèàëüíûõ êîìïëåêñîâ Âèåòîðèñà�Ðèïñà R(X , t) ñ ïàðàìåòðîì
áëèçîñòè t.

R(X , t) � êëèêîâûé êîìïëåêñ ãðàôà ñ ìíîæåñòâîì âåðøèí X , â
êîòîðîì x è y ñîåäèíåíû ðåáðîì, åñëè dX (x , y) ⩽ t.
R(X , t1) ↪→ R(X , t2) (ïîäêîìïëåêñ) ïðè t1 ⩽ t2.

X = R(X , 0) ↪→ · · · ↪→ R(X , t1) ↪→ · · · ↪→ R(X , t2) ↪→ · · · ↪→ R(X , t3) ↪→ · · ·

Ðèñ.: Îáëàêî òî÷åê è ôèëüòðàöèÿ Âèåòîðèñà�Ðèïñà.
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Ìîäóëü n-ìåðíûõ ïåðñèñòåíòíûõ ãîìîëîãèé

PHn(X ) : R⩾0 → k-mod, t 7→ Hn(R(X , t)),

ãäå Hn(−) � n-ìåðíûå ñèìïëèöèàëüíûå ãîìîëîãèè.

B(X ) = B(PH(X )) áàðêîä ìîäóëÿ PH(X ) =
⊕

n⩾0 PHn(X ).

Êëàññ ãîìîëîãèé α ∈ H̃n(R(X , t))

(1) ðîæäàåòñÿ â ìîìåíò r , åñëè

(i) α ∈ im
(
H̃n(R(X , r)) → H̃n(R(X , t))

)
;

(ii) α /∈ im
(
H̃n(R(X , p)) → H̃n(R(X , t))

)
ïðè p < r ,

(2) óìèðàåò â ìîìåíò s, åñëè

(i) α ∈ ker
(
H̃n(R(X , t)) → H̃n(R(X , s))

)
;

(ii) α /∈ ker
(
H̃n(R(X , t)) → H̃n(R(X , q))

)
ïðè q < s.

[r , s) íàçûâàåòñÿ èíòåðâàëîì ïåðñèñòåíòíîñòè êëàññà α.
Äëÿ t ∈ R⩾0 ðàçìåðíîñòü ïðîñòðàíñòâà H̃n(R(X , t)) åñòü ÷èñëî
èíòåðâàëîâ ïåðñèñòåíòíîñòè, ñîäåðæàùèõ t.
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B(X ) = B(PH(X )) áàðêîä ìîäóëÿ PH(X ) =

⊕
n⩾0 PHn(X ).

Êëàññ ãîìîëîãèé α ∈ H̃n(R(X , t))

(1) ðîæäàåòñÿ â ìîìåíò r , åñëè

(i) α ∈ im
(
H̃n(R(X , r)) → H̃n(R(X , t))

)
;

(ii) α /∈ im
(
H̃n(R(X , p)) → H̃n(R(X , t))

)
ïðè p < r ,

(2) óìèðàåò â ìîìåíò s, åñëè

(i) α ∈ ker
(
H̃n(R(X , t)) → H̃n(R(X , s))

)
;

(ii) α /∈ ker
(
H̃n(R(X , t)) → H̃n(R(X , q))

)
ïðè q < s.

[r , s) íàçûâàåòñÿ èíòåðâàëîì ïåðñèñòåíòíîñòè êëàññà α.
Äëÿ t ∈ R⩾0 ðàçìåðíîñòü ïðîñòðàíñòâà H̃n(R(X , t)) åñòü ÷èñëî
èíòåðâàëîâ ïåðñèñòåíòíîñòè, ñîäåðæàùèõ t.
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X = R(X , 0) ↪→ · · · ↪→ R(X , t1) ↪→ · · · ↪→ R(X , t2) ↪→ · · · ↪→ R(X , t3) ↪→ · · ·

Ðèñ.: Áàðêîä ôèëüòðàöèè Âèåòîðèñà�Ðèïñà
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Èçîìåòðèÿ è ñòàáèëüíîñòü

Òåîðåìà ñòàáèëüíîñòè óòâåðæäàåò, ÷òî áàðêîäû ïåðñèñòåíòíûõ
ãîìîëîãèé óñòîé÷èâû îòíîñèòåëüíî âîçìóùåíèé äàííûõ â ìåòðèêå
Ãðîìîâà�Õàóñäîðôà. Ýòî êëþ÷åâîé ðåçóëüòàò, îáåñïå÷èâàþùèé
øèðîêîå ïðèìåíåíèå ïåðñèñòåíòíûõ ãîìîëîãèé â àíàëèçå äàííûõ.

Òåîðåìà (òåîðåìà ñòàáèëüíîñòè)

Ïóñòü (X , dX ) è (Y , dY ) � êîíå÷íûå ïñåâäîìåòðè÷åñêèå ïðîñòðàíñòâà,

à B(X ) è B(Y ) � áàðêîäû ïåðñèñòåíòíûõ ãîìîëîãèé PH(X ) è
PH(Y ). Òîãäà

W∞(B(X ),B(Y )) ⩽ 2 dGH(X ,Y ).
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Õàóñäîðôîâî ðàññòîÿíèå ìåæäó ïîäìíîæåñòâàìè A è B
ïñåâäîìåòðè÷åñêîãî ïðîñòðàíñòâà (Z , d) åñòü

dH(A,B) : = max
{
sup
a∈A

d(a,B), sup
b∈B

d(A, b)
}
.

Ðàññòîÿíèå Ãðîìîâà�Õàóñäîðôà ìåæäó êîíå÷íûìè
ïñåâäîìåòðè÷åñêèìè ïðîñòðàíñòâàìè (X , dX ) è (Y , dY ) åñòü

dGH(X ,Y ) : = inf
Z ,f ,g

dH(f (X ), g(Y )),

ãäå èíôèìóì áåð¼òñÿ ïî âñåì èçîìåòðè÷åñêèì âëîæåíèÿì f : X → Z â
g : Y → Z â íåêîòîðîå Z . Ýêâèâàëåíòíî,

dGH(X ,Y ) =
1

2
min
C

max
(x1,y1),(x2,y2)∈C

|dX (x1, x2)− dY (y1, y2)|,

ãäå ìèíèìóì áåð¼òñÿ ïî âñåì ñîîòâåòñòâèÿì ìåæäó X è Y .
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Ïóñòü B è B ′ � êîíå÷íûå ìóëüòèìíîæåñòâà èíòåðâàëîâ âèäà [a, b).
Ïîëîæèì B = B ∪∅|B′|

(äîáàâèì ê B ïóñòîé èíòåðâàë ∅ êðàòíîñòè |B ′|.
Àíàëîãè÷íî, B ′ = B ′ ∪∅|B|.
Òåïåðü B è B ′ îäèíàêîâîé ìîùíîñòè.

Îïðåäåëèì ôóíêöèþ ðàññòîÿíèÿ π : B × B ′ → R⩾0 ∪ {∞}:

π
(
[a, b), [a′, b′)

)
= max{|a′ − a|, |b′ − b|}, π([a,∞), [a′,∞)) = |a′ − a|,

π([a, b),∅) =
b − a

2
, π(∅, [a′, b′)) =

b′ − a′

2
, π(∅,∅) = 0,

π([a,∞), [a′, b′)) = π([a, b), [a′,∞)) = π([a,∞),∅) = π(∅, [a′,∞)) = ∞

Ïóñòü D
(
B,B ′

)
� ìíîæåñòâî áèåêöèé θ : B → B ′.

∞-ðàññòîÿíèå Âàñåðøòåéíà (bottleneck distance) åñòü

W∞(B,B ′) = min
θ∈D(B,B′)

max
I∈B

π(I , θ(I )).
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Ìîìåíò-óãîë-êîìïëåêñ

K � ñèìïëèöèàëüíûé êîìïëåêñ íà [m] = {1, 2, . . . ,m}
I = {i1, . . . , ik} ∈ K � ñèìïëåêñ; âñåãäà ∅ ∈ K.

Ðàññìîòðèì m-ìåðíûé åäèíè÷íûé ïîëèäèñê:

Dm = {(z1, ..., zm) ∈ Cm : |zi |2 ⩽ 1 for i = 1, ...,m}.
Ìîìåíò-óãîë-êîìïëåêñ

ZK :=
⋃
I∈K

(∏
i∈I

D×
∏
i /∈I

S
)
⊂ Dm,

ãäå S � ãðàíèöà äèñêà D.

Íà ZK äåéñòâóåò òîð Tm.
Åñëè K � ñèìïëèöèàëüíîå ðàçáèåíèå ñôåðû (íàïðèìåð, ãðàíèöà
ñèìïëèöèàëüíîãî ìíîãîãðàííèêà), òî ZK � òîïîëîãè÷åñêîå
ìíîãîîáðàçèå, ìîìåíò-óãîë-ìíîãîîáðàçèå.
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Ïðèìåð

1. K = s
s

s�
��

A
AA

(ãðàíèöà òðåóãîëüíèêà). Òîãäà

ZK = (D× D× S) ∪ (D× S× D) ∪ (S× D× D) = ∂(D3) ∼= S5.

2. K = s
s

s
s

(ãðàíèöà êâàäðàòà). Òîãäà ZK ∼= S3 × S3.

3. K = ss s
s s��@@

Òîãäà ZK ∼= (S3 × S4)# · · ·#(S3 × S4)︸ ︷︷ ︸
5

.

4. K = s
s

s (òðè òî÷êè). Òîãäà

ZK = (D× S× S) ∪ (S× D× S) ∪ (S× S× D) ≃ S3 ∨ S3 ∨ S3 ∨ S4 ∨ S4

(íå ìíîãîîáðàçèå).
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ZK = (D× D× S) ∪ (D× S× D) ∪ (S× D× D) = ∂(D3) ∼= S5.

2. K = s
s

s
s

(ãðàíèöà êâàäðàòà). Òîãäà ZK ∼= S3 × S3.

3. K = ss s
s s��@@

Òîãäà ZK ∼= (S3 × S4)# · · ·#(S3 × S4)︸ ︷︷ ︸
5
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4. K = s
s
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Êîëüöî ãðàíåé (êîëüöî Ñòåíëè�Ðàéñíåðà) êîìïëåêñà K:

k[K] := k[v1, . . . , vm]/IK,
ãäå èäåàë IK ïîðîæä¼í ìîíîìàìè vi1 · · · vik , ñîîòâåòñòâóþùèì
íå ñèìïëåêñàì I = {i1, . . . , ik} /∈ K.

Òåîðåìà

Áèãðàäóèðîâàííîå êîëüöî êîãîìîëîãèé ZK

H∗(ZK) ∼= Tork[v1,...,vm]
(
k[K], k

)
∼= H

(
Λ[u1, . . . , um]⊗ k[K], d

)
∼=

⊕
I⊂[m]

H̃∗(KI ).

Çäåñü
(
Λ[u1, . . . , um]⊗ k[K], d

)
� êîìïëåêñ Êîñþëÿ ñ

bideg ui = (−1, 2), bideg vi = (0, 2) è dui = vi , dvi = 0.

H̃∗(KI ) � ïðèâåä¼ííûå ñèìïëèöèàëüíûå êîãîìîëîãèè ïîëíîãî

ïîäêîìïëåêñà KI ⊂ K (îãðàíè÷åíèÿ K íà I ⊂ [m]).
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Áèãðàäóèðîâàííûå ãîìîëîãèè è áàðêîäû

Áèãðàäóèðîâàííûå êîìïîíåíòû êîãîìîëîãèé ZK ñóòü

H−k,2ℓ(ZK) ∼=
⊕

I⊂[m] : |I |=ℓ

H̃ℓ−k−1(KI ), Hp(ZK) =
⊕

−k+2ℓ=p

H−k,2ℓ(ZK).

Ðàññìîòðèì ôàêòîðêîëüöî êîëüöà Êîñþëÿ Λ[u1, . . . , um]⊗ Z[K]:

R∗(K) = Λ[u1, . . . , um]⊗ k[K]
/
(v2i = uivi = 0, 1 ⩽ i ⩽ m).

Òîãäà R∗(K) êîíå÷íîìåðíî ñ áàçèñîì èç ìîíîìîâ uJvI , ãäå J ⊂ [m],
I ∈ K è J ∩ I = ∅.

R∗(K) îòîæäåñòâëÿåòñÿ ê êëåòî÷íûìè êîöåïÿìè C ∗(ZK)
ìîìåíò-óãîë-êîìïëåêñà ZK, èäåàë (v2i = uivi = 0, 1 ⩽ i ⩽ m) ÿâëÿåòñÿ
d-èíâàðèàíòíûì è àöèêëè÷íûì, ÷òî äà¼ò èçîìîðôèçì

H∗(ZK) ∼= H
(
R∗(K), d

)
.
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Äëÿ ãîìîëîãèé ìîìåíò-óãîë-êîìïëåêñà ZK =
⋃

I∈K (D, S)I ⊂ Dm èìååì

Hp(ZK ) =
⊕

−i+2j=p

H−i ,2j(ZK ) ∼=
⊕
J⊂[m]

H̃p−|J|−1(KJ).

Áèãðàäóèðîâàííûå ÷èñëà Áåòòè êîìïëåêñà K (ñ êîýôôèöèåíòàìè â k):

β−i ,2j(K ) := dimH−i ,2j(ZK ) =
∑

J⊂[m] : |J|=j

dim H̃j−i−1(KJ).

Ïðè j = m èìååì β−i ,2m(K ) = dim H̃m−i−1(K ).
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∗

∗

∗

∗

∗ 2m

H̃0(K) H̃n−1(K)· · ·

−(m − 1) −(m − n)

Ðèñ.: Áèãðàäóèðîâàííûå ÷èñëà Áåòòè (n − 1)-ìåðíîãî K ñ m âåðøèíàìè.
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(X , dX ) � êîíå÷íîå ïñåâäîìåòðè÷åñêîå ïðîñòðàíñòâî.
{R(X , t)}t⩾0 ôèëüòðàöèÿ Âèåòîðèñà�Ðèïñà.

Ìîäóëü áèãðàäóèðîâàííûõ ïåðñèñòåíòíûõ ãîìîëîãèé ðàçìåðíîñòè
(−i , 2j) åñòü

PHZ−i ,2j(X ) : R⩾0 → k-mod, t 7→ H−i ,2j(ZR(X ,t)).

Áèãðàäóèðîâàííûé áàðêîä BB(X ) � íàáîð èíòåðâàëîâ
ïåðñèñòåíòíîñòè áèãðàäóèðîâàííûõ ãîìîëîãèé H−i ,2j(ZR(X ,t)).
Äëÿ t ∈ R⩾0 ðàçìåðíîñòü ïðîñòðàíñòâà H−i ,2j(ZR(X ,t)) ðàâíà ÷èñëó
èíòåðâàëîâ ïåðñèñòåíòíîñòè, ñîäåðæàùèõ t.
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Áèãðàäóèðîâàííûé áàðêîä BB(X ) îáëàêà òî÷åê X � äèàãðàììà â
3-ìåðíîì ïðîñòðàíñòâå.
Å¼ âåðõíèé ýòàæ � îáû÷íûé áàðêîä B(X ).

persistence intervals

2j

−i

2m

0

2

4

0−1

Ðèñ.: Áèãðàäóèðîâàííûé áàðêîä.
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Ïðèìåð

X1 = {(0, 0), (2, 0), (0, 4)}, X2 = {(0, 0), (2, 0), (1,
√
15)}.

Íà ðèñ. ïîêàçàíû êîìïëåêñû Âèåòîðèñà�Ðèïñà ïðè t = 0, 2, 4, 2
√
5.

Ýòè îáëàêà òî÷åê íå ðàçëè÷àþòñÿ îáû÷íûìè ïåðñèñòåíòíûìè
áàðêîäàìè, íî ðàçëè÷àþòñÿ áèãðàäóèðîâàííûìè áàðêîäàìè.

X1

X2

Ðèñ.: Äâå ïîñëåäîâàòåëüíîñòè êîìïëåêñîâ Âèåòîðèñà�Ðèïñà.
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Ïðèìåð

t

2j

−i

2 4 2
√
5

t

2j

−i

2 4
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Äâîéíûå (âòîðè÷íûå) ãîìîëîãèè

Èìååì
Hp(ZK) ∼=

⊕
I⊂[m]

H̃p−|I |−1(KI ),

Äëÿ j ∈ [m] \ I ðàññìîòðèì ãîìîìîðôèçì

φp;I ,j : H̃p(KI ) → H̃p(KI∪{j}),

èíäóöèðîâàííûé âëîæåíèåì KI ↪→ KI∪{j}.Ïîëîæèì

∂′p = (−1)p+1
⊕

I⊂[m], j∈[m]\I

ε(j , I )φp;I ,j ,

ãäå
ε(j , I ) = (−1)#{i∈I : i<j}.

Ëåììà

∂′p :
⊕

I⊂[m] H̃p(KI ) →
⊕

I⊂[m] H̃p(KI ) óäîâëåòâîðÿåò (∂′p)
2 = 0.
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ãäå
ε(j , I ) = (−1)#{i∈I : i<j}.
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∂′p :
⊕
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⊕
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2 = 0.
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Ïîëó÷àåì öåïíîé êîìïëåêñ

CH∗(ZK) := (H∗(ZK), ∂
′),

ãäå
∂′ : H̃−k,2ℓ(ZK) → H̃−k−1,2ℓ+2(ZK)

ïî îòíîøåíèþ ê áèãðàäóèðîâàííîìó ðàçëîæåíèþ

Hp(ZK) =
⊕

−k+2ℓ=p

H−k,2ℓ(ZK), H−k,2ℓ(ZK) ∼=
⊕

I⊂[m] : |I |=ℓ

H̃ℓ−k−1(KI ).

Äâîéíûå (âòîðè÷íûå) ãîìîëîãèè

HH∗(ZK) = H(H∗(ZK), ∂
′).
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Â êîãîìîëîãè÷åñêîé âåðñèè, äëÿ i ∈ I èìååì ãîìîìîðôèçì

ψp;i ,I : H̃
p(KI ) → H̃p(KI\{i}),

èíäóöèðîâàííûé âëîæåíèåì KI\{i} ↪→ KI ,

è

d ′
p = (−1)p+1

∑
i∈I

ε(i , I )ψp;i ,I .

Îïðåäåëèì d ′ : H∗(ZK) → H∗(ZK) íà H∗(ZK) =
⊕

I⊂[m] H̃
∗(KI ):

d ′ : H−k,2ℓ(ZK) → H−k+1,2ℓ−2(ZK).

Èìååì (d ′)2 = 0 è êîöåïíîé êîìïëåêñ

CH∗(ZK) := (H∗(ZK), d
′).

Áèãðàäóèðîâàííûå êîãîìîëîãèè

HH∗(ZK) = H
(
H∗(ZK), d

′).
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Áèêîìïëåêñû

Äëÿ I ⊂ [m] ðàññìîòðèì Cp(KI ) (p-ìåðíûå ñèìïëèöèàëüíûå êîöåïè).

αL,I ∈ Cq−1(KI ) � áàçèñíàÿ êîöåïü, ñîîòâåòñòâóþùàÿ
îðèåíòèðîâàííîìó ñèìïëåêñó L = (ℓ1, . . . , ℓq) ∈ KI ; îíà ïðèíèìàåò
çíà÷åíèå 1 íà L è 0 íà îñòàëüíûõ ñèìïëåêñàõ.

Ñèìïëèöèàëüíûé äèôôåðåíöèàë d : Cp(KI ) → Cp+1(KI ) åñòü

dαL,I =
∑

j∈I\L, L∪{j}∈K

ε(j , L)αL∪{j},I .

Ðàññìîòðèì ãîìîìîðôèçì ψp;i ,I : C
p(KI ) → Cp(KI\{i}),

èíäóöèðîâàííûé âëîæåíèåì KI\{i} ↪→ KI , è îïðåäåëèì

d ′
p = (−1)p+1

∑
i∈I

ε(i , I )ψp;i ,I .
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Â êîìïëåêñå Êîñþëÿ Λ[u1, . . . , um]⊗ k[K] äèôôåðåíöèàë d áèñòåïåíè
(1, 0) çàäà¼òñÿ êàê

duj = vj , dvj = 0, ïðè j = 1, . . . ,m.

Ââåä¼ì âòîðîé äèôôåðåíöèàë d ′ áèñòåïåíè (1,−2) íà
Λ[u1, . . . , um]⊗ Z[K], ïîëîæèâ

d ′uj = 1, d ′vj = 0, ïðè j = 1, . . . ,m,

è ïðîäîëæèâ ïî ïðàâèëó Ëåéáíèöà. Â ÿâíîì âèäå

d ′(uJvI ) =
∑
j∈J

ε(j , J)uJ\{j}vI , d ′(vI ) = 0.

Äèôôåðåíöèàë d ′ òàêæå îïðåäåë¼í íà êîíå÷íîìåðíîì
ïîäïðîñòðàíñòâå R∗(K) ⊂ Λ[u1, . . . , um]⊗ k[K], ïîðîæä¼ííîì
ìîíîìàìè uJvI ñ J ∩ I = ∅.
(Ïðè ýòîì èäåàë

(
v2i = uivi = 0, 1 ⩽ i ⩽ m) íå ÿâëÿåòñÿ

d ′-èíâàðèàíòíûì, òàê ÷òî (R∗(K), d ′) íå ÿâëÿåòñÿ ä.ã. àëãåáðîé.)
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Ëåììà(⊕
I⊂[m] C

∗(KI ), d , d
′), (Λ[u1, . . . , um]⊗ k[K], d , d ′) è

(
R∗(K), d , d ′)

ÿâëÿþòñÿ áèêîìïëåêñàìè, ò. å. dd ′ = −d ′d .

Ïî îïðåäåëåíèþ, HH∗(ZK) åñòü ïåðâûå äâîéíûå êîãîìîëîãèè
áèêîìïëåêñà

(⊕
I⊂[m] C

∗(KI ), d , d
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Òåîðåìà

Áèêîìïëåêñû
(⊕

I⊂[m] C
∗(KI ), d , d

′) è
(
R∗(K), d , d ′) èçîìîðôíû.

Ñëåäîâàòåëüíî, HH∗(ZK) èçîìîðôíî âòîðûì äâîéíûì êîãîìîëîãèÿì

áèêîìïëåêñà
(
Λ[u1, . . . , um]⊗ k[K], d , d ′):

HH∗(ZK) ∼= H
(
H
(
Λ[u1, . . . , um]⊗ k[K], d

)
, d ′).

Íàáðîñîê äîêàçàòåëüñòâà.

Îïðåäåëèì ãîìîìîðôèçì

f : Cq−1(KI ) −→ Rq−|I |,2|I |(K),

αL,I 7−→ ε(L, I ) uI\LvL,

ãäå ε(L, I ) =
∏

i∈L ε(i , I ) = (−1)
∑

ℓ∈L #{i∈I : i<ℓ}.
Òîãäà f � èçîìîðôèçì è êîììóòèðóåò ñ d è d ′.
Ïîëó÷àåì èçîìîðôèçì áèêîìïëåêñîâ

f :
(⊕
I⊂[m]

C ∗(KI ), d , d
′) −→ (

R∗(K), d , d ′).
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Ñëåäñòâèå

Äâîéíûå êîãîìîëîãèè HH∗(ZK) ÿâëÿþòñÿ
ãðàäóèðîâàííî-êîììóòàòèâíîé àëãåáðîé, ñ óìíîæåíèåì

èíäóöèðîâàííûì èç êîãîìîëîãè÷åñêîãî óìíîæåíèÿ â H∗(ZK).
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Ïðåäëîæåíèå

à) d ′-êîãîìîëîãèè áèêîìïëåêñà Λ[u1, . . . , um]⊗ k[K] íóëåâûå:

H
(
Λ[u1, . . . , um]⊗ k[K], d ′) = 0.

á) Åñëè K ̸= ∆m−1, òî d ′-êîãîìîëîãèè áèêîìïëåêñîâ
⊕

I⊂[m] C
∗(KI )

è R∗(K) íóëåâûå:

H
(⊕
I⊂[m]

C ∗(KI ), d
′) = H

(
R∗(K), d ′) = 0.

Òàêèì îáðàçîì, âòîðûå äâîéíûå êîãîìîëîãèè è òîòàëüíûå

êîãîìîëîãèè áèêîìïëåêñîâ
(⊕

I⊂[m] C
∗(KI ), d , d

′) è
(
R∗(K), d , d ′)

íóëåâûå, çà èñêëþ÷åíèåì ñëó÷àÿ K = ∆m−1.

â) Åñëè K = ∆m−1, òî åäèíñòâåííàÿ íåíóëåâàÿ ãðóïïà

d ′-êîãîìîëîãèé áèêîìïëåêñîâ
⊕

I⊂[m] C
∗(KI ) è R∗(K) åñòü

H2m ∼= Z, ñ îáðàçóþùåé α[m],[m] è v1 · · · vm, ñîîòâåòñòâåííî.
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Ñâÿçü ñ äåéñòâèåì òîðà

S1 × X → X � äåéñòâèå îêðóæíîñòè íà X . Èìååì

H∗(X ) → H∗(S1 × X ) = Λ[u]⊗ H∗(X ), α 7→ 1⊗ α+ u ⊗ ι(α),

ãäå ι : H∗(X ) → H∗−1(X ) � äèôôåðåíöèðîâàíèå

Ïðåäëîæåíèå

Äèôôåðåíöèðîâàíèå, ñîîòâåòñòâóþùåå äåéñòâèþ i-é êîîðäèíàòíîé

îêðóæíîñòè S1i ×ZK → ZK, èíäóöèðîâàíî äèôôåðåíöèðîâàíèåì ιi
êîìïëåêñà Êîñþëÿ (Λ[u1, . . . , um]⊗ Z[K], d), çàäàííûì íà îáðàçóþùèõ

ïî ôîðìóëå

ιi (uj) = δij , ιi (vj) = 0, for j = 1, . . . ,m,

ãäå δij � ñèìâîë Êðîíåêåðà.

Äèôôåðåíöèðîâàíèå, ñîîòâåòñòâóþùåå äèàãîíàëüíîìó äåéñòâèþ

S1d ×ZK → ZK, åñòü äèôôåðåíöèàë d ′.
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Òðè îïðåäåëåíèÿ HH∗(ZK)

Áèãðàäóèðîâàííûå êîãîìîëîãèè HH∗(ZK) îïðåäåëÿþòñÿ êàê

êîãîìîëîãèè êîöåïíîãî êîìïëåêñà

CH∗(ZK) := (H∗(ZK), d
′),

ãäå d ′ îïðåäåë¼í íà H∗(ZK) =
⊕

I⊂[m] H̃
∗(KI ) ïóò¼ì âçÿòèÿ

çíàêîïåðåìåííîé ñóììû ãîìîìîðôèçìîâ Hp(KI ) → H̃p(KI\{i}),
èíäóöèðîâàííûõ âëîæåíèÿìè KI\{i} ↪→ KI ;

ïåðâûå äâîéíûå êîãîìîëîãèè áèêîìïëåêñà(
Λ[u1, . . . , um]⊗ k[K], d , d ′

)
with duj = vj , dvj = 0, d ′uj = 1, d ′vj = 0.

êîãîìîëîãèè ïî îòíîøåíèþ ê äèôôåðåíöèðîâàíèþ íà H∗(ZK),
âîçíèêàþùåìó èç äèàãîíàëüíîãî äåéñòâèÿ òîðà S1d ×ZK → ZK.
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êîãîìîëîãèè ïî îòíîøåíèþ ê äèôôåðåíöèðîâàíèþ íà H∗(ZK),
âîçíèêàþùåìó èç äèàãîíàëüíîãî äåéñòâèÿ òîðà S1d ×ZK → ZK.
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Òðè îïðåäåëåíèÿ HH∗(ZK)

Áèãðàäóèðîâàííûå êîãîìîëîãèè HH∗(ZK) îïðåäåëÿþòñÿ êàê

êîãîìîëîãèè êîöåïíîãî êîìïëåêñà

CH∗(ZK) := (H∗(ZK), d
′),

ãäå d ′ îïðåäåë¼í íà H∗(ZK) =
⊕

I⊂[m] H̃
∗(KI ) ïóò¼ì âçÿòèÿ

çíàêîïåðåìåííîé ñóììû ãîìîìîðôèçìîâ Hp(KI ) → H̃p(KI\{i}),
èíäóöèðîâàííûõ âëîæåíèÿìè KI\{i} ↪→ KI ;

ïåðâûå äâîéíûå êîãîìîëîãèè áèêîìïëåêñà(
Λ[u1, . . . , um]⊗ k[K], d , d ′

)
with duj = vj , dvj = 0, d ′uj = 1, d ′vj = 0.

êîãîìîëîãèè ïî îòíîøåíèþ ê äèôôåðåíöèðîâàíèþ íà H∗(ZK),
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Âû÷èñëåíèå HH∗(ZK)

Ïðåäëîæåíèå

Ïóñòü K = ∂∆m−1 � ãðàíèöà (m − 1)-ñèìïëåêñà. Òîãäà

HH−p,2q(ZK) =

{
k ïðè (−p, 2q) = (0, 0), (−1, 2m);

0 èíà÷å.

Òåîðåìà

Äëÿ ñèìïëèöèàëüíûõ êîìïëåêñîâ K è L èìååò ìåñòî èçîìîðôèçì

öåïíûõ êîìïëåêñîâ

CH∗(ZK∗L) ∼= CH∗(ZK)⊗ CH∗(ZL).

Ñëåäîâàòåëüíî, HH∗(ZK∗L) ∼= HH∗(ZK)⊗ HH∗(ZL).
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Âû÷èñëåíèå HH∗(ZK)
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Â ýòèõ ïðèìåðàõ HH∗(ZK) âåä¼ò ñåáÿ àíàëîãè÷íî H∗(ZK).
Äàëåå ïðîÿâëÿåòñÿ ðàçëè÷èå.

Òåîðåìà

Ïóñòü K = K′ ⊔ pt � íåñâÿçíîå îáúåäèíåíèå íåïóñòîãî êîìïëåêñà K′ è
òî÷êè. Òîãäà

HH−p,2q(ZK) =

{
k ïðè (−p, 2q) = (0, 0), (−1, 4);
0 èíà÷å.

Òåîðåìà

Ïóñòü K = K′ ∪σ ∆n ïîëó÷åí èç íåïóñòîãî K′ ïðîñîåäèíåíèåì îäíîãî

n-ñèìïëåêñà âäîëü ñîáñòâåííîé (âîçìîæíî, ïóñòîé) ãðàíè σ ∈ K.
Òîãäà ëèáî K ÿâëÿåòñÿ ñèìïëåêñîì, ëèáî

HH−p,2q(ZK) =

{
k ïðè (−p, 2q) = (0, 0), (−1, 4);
0 èíà÷å.
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Â ýòèõ ïðèìåðàõ HH∗(ZK) âåä¼ò ñåáÿ àíàëîãè÷íî H∗(ZK).
Äàëåå ïðîÿâëÿåòñÿ ðàçëè÷èå.

Òåîðåìà

Ïóñòü K = K′ ⊔ pt � íåñâÿçíîå îáúåäèíåíèå íåïóñòîãî êîìïëåêñà K′ è
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0 èíà÷å.

Òåîðåìà
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Â ýòèõ ïðèìåðàõ HH∗(ZK) âåä¼ò ñåáÿ àíàëîãè÷íî H∗(ZK).
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òî÷êè. Òîãäà

HH−p,2q(ZK) =

{
k ïðè (−p, 2q) = (0, 0), (−1, 4);
0 èíà÷å.
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m-öèêëû è äâîéñòâåííîñòü Ïóàíêàðå

Ïóñòü ZL � ìîìåíò-óãîë-êîìïëåêñ, ñîîòâåòñòâóþùèé m-öèêëó L.
Òîãäà ZL ãîìåîìîðôíî ñâÿçíîé ñóììå ïðîèçâåäåíèé ñôåð:

ZL ∼=
m−1
#
k=3

(
Sk × Sm+2−k

)#(k−2)(m−2
k−1).

Òåîðåìà

Ïóñòü L åñòü m-öèêë, m ⩾ 5. Òîãäà HH−p,2q(ZL) åñòü k â

ðàçìåðíîñòÿõ (−p, 2q) = (0, 0), (−1, 4), (−m + 3, 2(m − 2)),
(−m + 2, 2m) è 0 â îñòàëüíûõ ñëó÷àÿõ.

Ïðèìåð

Ïðè m = 5 âåêòîð ÷èñåë Áåòòè äëÿ H∗(ZK) åñòü (10055001), à äëÿ
HH∗(ZK) åñòü (10011001).
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m-öèêëû è äâîéñòâåííîñòü Ïóàíêàðå

Ïóñòü ZL � ìîìåíò-óãîë-êîìïëåêñ, ñîîòâåòñòâóþùèé m-öèêëó L.
Òîãäà ZL ãîìåîìîðôíî ñâÿçíîé ñóììå ïðîèçâåäåíèé ñôåð:
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m−1
#
k=3

(
Sk × Sm+2−k

)#(k−2)(m−2
k−1).
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ðàçìåðíîñòÿõ (−p, 2q) = (0, 0), (−1, 4), (−m + 3, 2(m − 2)),
(−m + 2, 2m) è 0 â îñòàëüíûõ ñëó÷àÿõ.

Ïðèìåð

Ïðè m = 5 âåêòîð ÷èñåë Áåòòè äëÿ H∗(ZK) åñòü (10055001), à äëÿ
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m-öèêëû è äâîéñòâåííîñòü Ïóàíêàðå

Ïóñòü ZL � ìîìåíò-óãîë-êîìïëåêñ, ñîîòâåòñòâóþùèé m-öèêëó L.
Òîãäà ZL ãîìåîìîðôíî ñâÿçíîé ñóììå ïðîèçâåäåíèé ñôåð:

ZL ∼=
m−1
#
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Sk × Sm+2−k
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ðàçìåðíîñòÿõ (−p, 2q) = (0, 0), (−1, 4), (−m + 3, 2(m − 2)),
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Òåîðåìà

Ïóñòü K � ãîìîëîãè÷åñêàÿ ñôåðà ðàçìåðíîñòè n − 1. Òîãäà äâîéíûå

êîãîìîëîãèè HH∗(ZK) ÿâëÿþòñÿ àëãåáðîé ñ äâîéñòâåííîñòüþ

Ïóàíêàðå. Â ÷àñíîñòè,

dimHH−k,2ℓ(ZK) = dimHH−(m−n)+k,2(m−ℓ)(ZK).

Îáðàòíîå íåâåðíî, â îòëè÷èå îò îáû÷íûõ êîãîìîëîãèé H∗(ZK).
Íàïðèìåð, åñëè K åñòü íàáîð èç m îòäåëüíûõ òî÷åê, òî HH∗(ZK)
ÿâëÿåòñÿ àëãåáðîé Ïóàíêàðå, íî K íå ÿâëÿåòñÿ ãîìîëîãè÷åñêîé ñôåðîé
ïðè m > 2.

Âîïðîñ

Îïèñàòü êëàññ ñèìïëèöèàëüíûõ êîìïëåêñîâ K, äëÿ êîòîðûõ HH∗(ZK)
ÿâëÿåòñÿ àëãåáðîé Ïóàíêàðå.
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Òåîðåìà

Ïóñòü K � ãîìîëîãè÷åñêàÿ ñôåðà ðàçìåðíîñòè n − 1. Òîãäà äâîéíûå

êîãîìîëîãèè HH∗(ZK) ÿâëÿþòñÿ àëãåáðîé ñ äâîéñòâåííîñòüþ

Ïóàíêàðå. Â ÷àñíîñòè,

dimHH−k,2ℓ(ZK) = dimHH−(m−n)+k,2(m−ℓ)(ZK).

Îáðàòíîå íåâåðíî, â îòëè÷èå îò îáû÷íûõ êîãîìîëîãèé H∗(ZK).
Íàïðèìåð, åñëè K åñòü íàáîð èç m îòäåëüíûõ òî÷åê, òî HH∗(ZK)
ÿâëÿåòñÿ àëãåáðîé Ïóàíêàðå, íî K íå ÿâëÿåòñÿ ãîìîëîãè÷åñêîé ñôåðîé
ïðè m > 2.

Âîïðîñ

Îïèñàòü êëàññ ñèìïëèöèàëüíûõ êîìïëåêñîâ K, äëÿ êîòîðûõ HH∗(ZK)
ÿâëÿåòñÿ àëãåáðîé Ïóàíêàðå.
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Òåîðåìà
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Ïóñòü X � ïñåâäîìåòðè÷åñêîå ïðîñòðàíñòâî (îáëàêî òî÷åê).
Ìîäóëü áèãðàäóèðîâàííûõ ïåðñèñòåíòíûõ äâîéíûõ ãîìîëîãèé
ðàçìåðíîñòè (−i , 2j) åñòü

PHHZ−i ,2j(X ) : R⩾0 → k-mod, t 7→ HH−i ,2j(ZR(X ,t)).

Áèãðàóèðîâàííûå ïåðñèñòåíòíûå ãîìîëîãèè � ôóíêòîð â êàòåãîðèþ
äèôôåðåíöèàëüíûõ ãðàäóèðîâàííûõ k-âåêòîðíûõ ïðîñòðàíñòâ:

PHZ(X ) : R⩾0 → dg(k-mod), t 7→ (H∗,∗(ZR(X ,t)), ∂
′).

Òîãäà
PHHZ(X ) = H ◦ PHZ(X ),

ãäå H : dg(k-mod) → k-mod � ôóíêòîð ãîìîëîãèé.
Ýòî óäîáíî äëÿ ñðàâíåíèÿ ðàññòîÿíèé ïåðåìåæåíèÿ (interleaving
distances).
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Ïóñòü X � ïñåâäîìåòðè÷åñêîå ïðîñòðàíñòâî (îáëàêî òî÷åê).
Ìîäóëü áèãðàäóèðîâàííûõ ïåðñèñòåíòíûõ äâîéíûõ ãîìîëîãèé
ðàçìåðíîñòè (−i , 2j) åñòü

PHHZ−i ,2j(X ) : R⩾0 → k-mod, t 7→ HH−i ,2j(ZR(X ,t)).

Áèãðàóèðîâàííûå ïåðñèñòåíòíûå ãîìîëîãèè � ôóíêòîð â êàòåãîðèþ
äèôôåðåíöèàëüíûõ ãðàäóèðîâàííûõ k-âåêòîðíûõ ïðîñòðàíñòâ:
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′).

Òîãäà
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ãäå H : dg(k-mod) → k-mod � ôóíêòîð ãîìîëîãèé.
Ýòî óäîáíî äëÿ ñðàâíåíèÿ ðàññòîÿíèé ïåðåìåæåíèÿ (interleaving
distances).
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Ïóñòü X � ïñåâäîìåòðè÷åñêîå ïðîñòðàíñòâî (îáëàêî òî÷åê).
Ìîäóëü áèãðàäóèðîâàííûõ ïåðñèñòåíòíûõ äâîéíûõ ãîìîëîãèé
ðàçìåðíîñòè (−i , 2j) åñòü
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BB(X ): äâîéíîé áàðêîä, ñîîòâåòñòâóþùèé áèãðàäóèðîâàííîìó
ïåðñèñòåíòíîìó ìîäóëþ PHHZ(X ).

Áèãðàäóèðîâàííûå ïåðñèñòåíòíûå ãîìîëîãèè íå îáëàäàþò ñâîéñòâîì
ñòàáèëüíîñòè, à áèãðàäóèðîâàííûå äâîéíûå ãîìîëîãèè èì îáëàäàþò:

Òåîðåìà (Áàðè�Ëèìîí÷åíêî-Ïàíîâ-Ñîíã-Ñòåíëè)

Ïóñòü BB(X ) è BB(Y ) áèãðàäóèðîâàííûå áàðêîäû ïåðñèñòåíòíûõ

ìîäóëåé PHHZ(X ) è PHHZ(Y ). Òîãäà

W∞(BB(X ),BB(Y )) ⩽ 2dGH(X ,Y ).
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BB(X ): äâîéíîé áàðêîä, ñîîòâåòñòâóþùèé áèãðàäóèðîâàííîìó
ïåðñèñòåíòíîìó ìîäóëþ PHHZ(X ).

Áèãðàäóèðîâàííûå ïåðñèñòåíòíûå ãîìîëîãèè íå îáëàäàþò ñâîéñòâîì
ñòàáèëüíîñòè, à áèãðàäóèðîâàííûå äâîéíûå ãîìîëîãèè èì îáëàäàþò:

Òåîðåìà (Áàðè�Ëèìîí÷åíêî-Ïàíîâ-Ñîíã-Ñòåíëè)

Ïóñòü BB(X ) è BB(Y ) áèãðàäóèðîâàííûå áàðêîäû ïåðñèñòåíòíûõ

ìîäóëåé PHHZ(X ) è PHHZ(Y ). Òîãäà

W∞(BB(X ),BB(Y )) ⩽ 2dGH(X ,Y ).
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