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Polyhedral product

(X,A) ={(X1,A1),...,(Xm,Am)} a sequence of pairs of spaces, A; C X;.
K a simplicial complex on [m] = {1,2,..., m}, agek.
Given | = {i,..., ik} C [m], set
(X,A)’:le---me whereY,-:{/)L\(:: :i:;;’
The polyhedral product of (X, A) over K is

(X, A)F = | J(x,A) = U(Hx > HA)C Hx

lek lek “iel j¢l i=1

Notation: (X, A)* = (X, A)X when all (X;, A;) = (X, A);
XN = (X, pt)E, XF = (X, pt)~.
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Category of faces cAT(K).
Objects: simplices | € KC. Morphisms: inclusions | C J.

TOP the category of topological spaces.
Define the cAT(K)-diagram

Ti(X, A): caT(K) — TOP,
I — (X, A),

which maps the morphism | C J of cAT(K) to the inclusion of spaces
(X,A) c (X, A)’.

Then
(X, A)* = colim™" Ti(X, A) = colim 28 (X, A)'.
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C a symmetric monoidal category with finite colimits.

X = (Xi,...,Xm) a sequence of objects in C. Set

x'=T1[x.

icl
where the product is taken with respect to the monoidal structure.
Consider the diagram
Cx(X): car(K) — ¢, 1+ X',
taking a morphism / C J to the canonical morphism X' — X7
The polyhedral product

XX = colim® Cxe(X) = colim§ X'.
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OA[m: boundary of simplex on [m].

The polyhedral product X221 of pointed topological spaces Xi,..., Xp is
known as their fat wedge. When m = 2, it is the wedge X; V X>.

Definition
A symmetric monoidal category C with finite colimits is fat if the canonical
morphism

m
XOBm —y XAm = H X;
i=1

is an isomorphism for any objects Xi,..., X, and m > 3.
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Examples of fat categories:

GRP:

TMN:

TGP:

ASS:

LIE:

groups (the monoidal product is cartesian, the coproduct is the free
product);

topological monoids (the monoidal product is cartesian, the coproduct
is the free product);
topological groups (a full subcategory of TMN);

associative algebras with unit over a commutative ring R (the
monoidal product is the tensor product, the coproduct is the free
product);

Lie algebras over R (the monoidal product is the direct sum, the
coproduct is the free product).

In each of these categories, a set of pairwise commuting elements of a
group (algebra) generates a commutative subgroup (subalgebra).

On the other hand, the category TOP is clearly not fat.
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Proposition

In a fat category C, the morphism XK 5 XX is an isomorphism for any
simplicial complex KC and sequence of objects X = (X1,...,Xm) .

I" a simple graph.

Complete subgraphs in ' form a flag simplicial complex ('), the clique
complex of T.

Every flag complex K is the clique complex of its 1-skeleton !,

For a sequence X = (Xi,..., X;y) of objects in ¢ and a simple graph I on
m vertices, the graph product X" is the polyhedral product Xxm),

If ¢ is fat, then X" is canonically isomorphic to XX for any K with K1 =T.
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Example (graph product of groups)
G =(Gi,...,Gp) a sequence of m (topological) groups.

Since the category TGP is fat, we have
G = G* = colim]SE G'.
Explicitly,

m
G’C = I?SGk/(g,gj = &j8i for 8i € Gia 8j € Gj7 {Iv./} GIC),

where *Tzl Gy denotes the free product of the groups Gy.

There are canonical injective homomorphisms G — G* for I € K.
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When a functor between two categories preserves graph products? This is
certainly the case when the functor preserves finite products and colimits.
Other examples include the classifying space functor and the loop
homology functor, considered next.

BG the classifying space for G, EG — BG the universal G-bundle.

(BG)" the polyhedral product corresponding to the sequence of pairs
(BG, pt) = {(BGy, pt),...,(BGpy, pt)} in TOP.

(EG, G)* for (EG, G) = {(EG, G1),...,(EGm, Gm)}.
Here each G; is included in EG; as the fibre of EG; — BG; over pt.
There is a homotopy fibration of polyhedral products

(EG,G)* — (BG)* — ][] BG.
i=1
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The classifying space functor B: TGP — TOP does not preserve colimits
over small categories in general, but it does preserve homotopy colimits
under appropriate model structures on TOP and TGP.

Theorem (P-Ray-Vogt)
There is a commutative square of natural maps

hocolim]2F BG' —— Bhocolim]¢F. G’

TOP TGP

colimf%. BG' —— Bcolim[SE G,

in TOP, where the top and left maps are homotopy equivalences, and the
right map is a homotopy equivalence when K is a flag complex.

Corollary

(BG)X — B(G") is a homotopy equivalence when K is flag.
That is, the classifying space functor preserves graph products.
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Example
Let K be a flag complex in these examples.
1. Let G; = Z. Then G¥ is the right-angled Artin group

RA = 7F = F(ay,.. .,am)/(a,-aj = aja; for {i,j} € IC),

where F(a1,...,am) is a free group on m generators. The classifying space
of RAx is the polyhedral product (BZ)* = (S)*, a subcomplex of the
m-torus T™ = (S1)™. There is a homotopy fibration

(R>Z)K — (SI)K — (Sl)m’
where all spaces are aspherical. Passing to the fundamental groups,
1 — RA}. — RAc 25 2m 1,

where Ab is the abelianisation map and RAj- is the commutator subgroup.
V.
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Example

2. Let G; = Zy, a cyclic group of order 2, for i =1,..., m.
Then G” is the right-angled Coxeter group

RCx =17k = F(a1,...,am)/(a} =1, aja; = aja; for {i,j} € K).
The classifying space of RCyc is (BZy)* = (RP>®)X.
The polyhedral product (EZy,7Z>)" is homotopy equivalent to the real
moment-angle complex R = (D!, S°)*.There is a homotopy fibration

R — (RP®Y — (RP)™,

where all spaces are aspherical. Passing to the fundamental groups,

1— RCy — RCx 22727 — 1.
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Example

3. Let G; = T! (a circle group) for i = 1,..., m. The corresponding graph
product G* is the colimit of tori T/, known as the circulation group:

Circ = T = colim[Sk T'.

Its classifying space is (BT1)X = (CP>)X, the Davis-Januszkiewicz space.
The polyhedral product (ET?, T!)* is homotopy equivalent to the
moment-angle complex Zx = (D?, S')X. There is a homotopy fibration

Zx — (CP®YF — (CP>)™.

Applying the Moore loop space functor {2: TOP — TMN we obtain a
commutative diagram in Ho(TMN)
2Zx —— CP) —— Tm
1 —— Cirfk ——  Circ Ab , m y 1

Taras Panov (MSU&HSE) Fields 29 Jul 2024 13 /26




Example |

4. More generally, let G; be the Moore loop monoid 2X; of a simply
connected space X;, i =1,...,m. There is an equivalence in Ho(TMN)

(X)) ~ (2X)F = colim2R(02X)’

for flag K. The Moore loop functor preserves graph products up to htopy.

R a commutative ring R with unit.

The loop homology H.(£2X; R) of a simply connected space X is an
associative noncommutative algebra with respect to the Pontryagin
product.

Get a functor H.{2: TOP — ASS.

When R is a field or H.(£2X; R) is free over R, there is a cocommutative
coproduct H,(2X; R) — H.(2X; R) ® H.({2X; R) induced by the
diagonal map A: 2X — 02X x 02X, which makes H.(2X; R) into a
cocommutative Hopf algebra.
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Given a sequence A = (Ay,...,An) of associative algebras, the polyhedral
product

AF = colim (S ®A
i€l

is also the graph product, since the category Ass is fat.

Theorem (Dobrinskaya, Cai)

Let K be a flag complex, X = (X1,...,Xm) a sequence of simply
connected spaces, and R a field. There are isomorphisms

H. (2(X); R) = (H.(2X; R))*
= /?E H*(_QX,-)/([X,-,XJ-] =0 for x; € H,(02X;), x; € H(£2X;), {i,j} € /C)

of graded R-algebras, where [x;, x;] = xixj — (—1)PilXlx;x;.
That is, the loop homology functor H,{2: TOP — ASS with field

coefficients preserves graph products.
v
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The cases X; = S?Pt1 and X; = CP™ are of particular importance.

We have H.(£25%P*1; R) = R|v],

v| = 2p.

For flag KC, the graph product algebra H,(£2(S?P1)X; R) is the algebraic
counterpart of the right-angled Artin group:

Theorem (Bubenik-Gold)
For any flag complex IC and p > 1, there are isomorphisms
H*(Q(Szpﬂ)’c; R) = RIV]® = colim{3%- R[v;: i € /]
= T(vi,...,vm)/(vivi — vjv;i =0 for {i,j} € K)

of graded R-algebras, where T(vi,...,vm) is the free associative algebra,
Rlvj: i € ] is the polynomial algebra and |v;| = 2p.
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Similarly, the algebra H,(£2(CP>)X; R) is related to right-angled Coxeter
groups. To elaborate on this, consider the exterior algebra

H.(2(CP*)™ R) = H(T™, R) = A[u1, - .., um],
where |u;| = 1.The homotopy fibration Zx — (CP>®)* — (CP>)™ gives
R — H(RZx; R) — H(R2(CP®Y R) 22 Aluy, ..., um] — R.

H.(02Zx; R) is the commutator subalgebra of H,(2(CP>)¥; R).

Theorem (P-Ray)
For any flag complex IC, there are isomorphisms
H,(2(CP>®)%; R) = Alu]® = colim{$%. A[u;: i € /]
=~ T(un,...,um)/(u? =0, viuj+ uju; = 0 for {i,j} € K)

of graded R-algebras, where N[u;: i € 1] is the exterior algebra and |uj| = 1.
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Theorem (Grbi¢—P-Theriault-Wu) |

Assume that KC is flag. The commutator subalgebra H.(Q2Zx) is generated
by 3= icpm) dim HO(IC)) iterated commutators of the form

[uj’ Ui]v [uk1v [uj’ ui]]v ° 009 [uk1v [ukp T [ukm—27 [ujv ui]] T ]]

where ki < kp < --- < kp <j >, ks # i for any s, and i is the smallest
vertex in a connected component not containing j of the subcomplex
IC{kl’_._.,kp Jj.iy- Furthermore, this mu/tiplicati.ve. generating set is minimal,
that is, the commutators above form a basis in the submodule of
indecomposables in H,(QZx).

Theorem (P—-Veryovkin) |

The commutator subgroup RCic = m1(Ri) = H.(QRx) has a minimal

generator set consisting of ) ;- rank Ho(K,) iterated commutators
(gj>gi)7 (gku(gjagf))a ceey (gkp(gkza'"(gkm_za(gjvgi))'“))>

with the same condition on the indices as in the previous theorem.
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Central series and associated Lie algebras

Given two subgroups H and W of G, denote by (H, W) the subgroup
generated by all commutators (h, w) with h € H and w € W.
In particular, (G, G) = G’ is the commutator subgroup.

A (descending) central series or central filtration on G is a sequence of
subgroups I'(G) = {I'x(G): k > 1} such that I1(G) =
Fk+1(G) C Fk(G) and (Fk(G),F/(G)) C Fk_,_g(G) for any k,f.

The fastest descending central series is the lower central series y(G), given
by 71(G) = G and %(G) = (1%-1(G), G) for k > 2.

The associated Lie algebra of a central series I'(G) is the associated
graded abelian group

gre I'(G) = P Ie(G)/Tk41(G)

k>1

with the Lie bracket defined by (g, g/] = (g«,g¢), where g, denotes the
image of gk € I'k(G) in the quotient group I'x(G)/I'k+1(G).
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By the classical result of Magnus, the Lie algebra associated with the lower
central series of a free group F(a1,...,am) is a free Lie algebra
FL(31,...,3am) over Z.This generalises to right-angled Artin groups:

Theorem (Duchamp—Krob, Papadima—Suciu)

The Lie algebra associated with the lower central series of a right-angled
Artin group RAi is given by

gre V(RAK) = FL(v1,. .., vm)/([vi, vj] = 0 for {i,j} € K).

Furthermore, each component gr; v(RAx) is a free abelian group.

The Lie algebra (over Z) on the right hand side is known as the graph Lie
algebra, or partially commutative Lie algebra. It is the graph product
Z{v)* of trivial Lie algebras Z{v) = FL(v).
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The universal enveloping functor U : LIE — ASS is left adjoint and preserves
products, so it also preserves graph products. We obtain

Proposition

For a flag complex K, there is an isomorphism
U(gre7(RAK)) = H.(2(57PH1), Z)
of associative Z.-algebras, where p > 1.

The lower central series of a right-angled Coxeter group RCx is more
subtle. One has (7x(RCx))? C vk11(RCx), so gry 7(RCx) is a Lie algebra
over Zy. There is an epimorphism

Flz,(vi,--.,vm)/([vi,vj] =0 for {i,j} € K) — gr, 7(RCx)

of Lie algebras over Zy, where FLy,(v1,...,vm) = FL(vi,...,Vm) ® Z>.
This fails to be an isomorphism already when K is two disjoint points and
RCy = Zy x Zy [Veryovkin].
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Restricted Lie algebras and p-central series

Let p be a prime and let R be a field of characteristic p.

A restricted Lie algebra over R, or shortly a p-Lie algebra, is a Lie algebra L
over R equipped with a p-power operation x — x[P! satisfying
@ [x.yP=[..[xylyl....ylforxy €L
———
P
Q (ax)lPl = aPxlPl for x € L and a € R;
p—1
O (x+ )P =xlPl 4 ylFl 1% " 5(x, y),
i=1
where s;i(x, y) is defined by the expansion
p—1
[ [[xX;Ax+yl, Ax+yl, ..., Ax+y] = Z isi(x, y)A'

i i=1
for x,y € Land A € R. P

For example, if p = 2 then (x + y)I& = xP? + yPl 4 [x, y], and if p =3
then (x + y)PBl = X+ Bl 4 [[x, y], y] — [[x, y], x].
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A p-central series on G is a central series I'lPl(G) = {F,Ep](G): k>1}
such that if g € F,Ep](G), then gP € F;[;i](G) for all k.

Each quotient F,Ep](G)/F,E"ﬂl(G) is a Zp-module.

The lower p-central series is the fastest descending p-central series. It is
given by 117/(G) = G and 1/(G) = (1,(6), 6) (+}))°- Explicitly,

W)= T (vm(6))”

mp' >k
The associated p-Lie algebra is the graded Z,-module
gr. IP(G) = P rP(6)/ T (6)
k>1

with the bracket and p-power defined by

[Ekv?[] = (gkag€)¢ (gk)[p] = ;E

Taras Panov (MSU&HSE) Fields 29 Jul 2024

23/26



Recall RCx = Z’f. More generally, consider
Z’,f = colim{F¢ ZL = F(a1,...,am) /(a7 = 1, a;a; = aja; for {i,j} € K).

Theorem (P-Rahmatullaev)

For any simplicial complex IC and prime p, there is an isomorphism
gr, 'y["] (Zf) = Flp(ur, ..., um)/(u,[p] =0, [uj,uj] =0 for {i,j} € /C)

of p-Lie algebras over Zp.

The proof uses Quillen’s isomorphism of graded R-algebras
Up (814 /P1(G)) ®z R = gr,(RIG]),

where U,(—) is the universal enveloping of a p-Lie algebra and gr,(R[G])
is the graded ring associated with the filtration of the group algebra R[G]
by the powers of the augmentation ideal.
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Proposition

The functor gr, P! GrRP — LIE, preserves graph products of elementary
abelian p-groups.

Theorem

For any simplicial complex IC, there is an isomorphism
gre Y(RCk) = FLy(un, ..., um)/(uP) = 0, [uj, 4] = 0 for {i,j} € K)

of 2-Lie algebras over Z;.

Proposition

For a flag complex IC, there is an isomorphism

Us (gra YPI(RCK)) 2 H. (2(CP)X; Z2)

of associative Z-algebras.
v
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