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The moment-angle complex

IC an abstract simplicial complex on the set [m] = {1,2,...,m}
I ={ih,...,ik} € K a simplex; always assume & € K.

Consider the m-dimensional unit polydisc:

D™ = {(z1,...,Zm) € C™ : || < 1for i =1,...,m}.
The moment-angle complex is
Zc= (H]D) x HS) cD™
lex “iel i¢l
where S is the boundary of the unit disk .

Zic has a natural action of the torus T.

When K is a simplicial subdivision of sphere (e.g., the boundary of a
simplicial polytope), Zx is a topological manifold, called the
moment-angle manifold.

v
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Example

1. Let € = A (the boundary of a triangle). Then

Zr=DxDxS)UDx S xD)U(S x D x D) =9(D?) = S°.

2. Let K = (the boundary of a square). Then Z = S3 x S3.

3. Let K = a Then Zc =2 (S3 x SY) #---#(S3% x S*) (5 times).

4. Let C=4 o (three disjoint points). Then

Zk=MDxSxS)U(SxDxS)U(SxSxD)~S3vS3vSvstyst

(not a manifold).
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We define an open submanifold U(K) C C™ in a similar way:

uk) = (H(C X HCX), C* =C\ {0}.
ek iel i¢l
U(K) is a toric variety with the corresponding fan given by

Y ={Rx(e:i€l)y: I € K},

where ¢; denotes the i-th standard basis vector of R™.

Theorem

(@ ury=c™\ |J {z==2=0
{il,.,.,ik}ilc
(the complement to an arrangement of coordinate subspaces);

(b) There is a T™-equivariant deformation retraction U(K) — Zi.

Eg, K= A Then U(K) = C3\ {z1 = 2 = z3 = 0} =5 85 = Z.
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Simplicial fans, complex-analytic structures

Suppose K is the underlying complex of a complete simplicial (not
necessarily rational) fan X in an n-dimensional space V.

Then the deformation retraction U(K) — Zx can be realised as the
projection onto the orbit space of a smooth free and proper action of a
non-compact subgroup R C (C*)™ isomorphic to R™~", as described next.

v

Taras Panov (MSU & HSE) Basic cohomology of holomorphic foliations Algebraic Groups SPB 13 Jul 5/25



Choose generators aj, .. ., any of the one-dimensional cones of X (a marked
fan). Consider the linear projection

q:Rm—>V, € — aj.

Set t = Kerg,
R=-exp(t)={e":ret} Cc (R*)", H =exp(it)C T".

The subgrp H' € T™ is not closed unless t C R™ is a rational subspace.

Theorem

The action of R on U(K) free and proper, and the quotient U(K)/R is
T™-equivariantly homeomorphic to the moment-angle manifold Zj.

The subgroup H" C T™ acts on Zx = U(K)/R by restriction.
The H’-action on Z is almost free (finite stabilisers).
We therefore obtain a smooth foliation of Zx by the orbits of H'.

v
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Assume that dim Zx = m + n is even (otherwise add ghost vertices to ).
A T™-invariant complex structure on Zx is defined by two pieces of data:

— a marked complete simplicial fan ¥ = {K; a1,...,am} in V with
underlying simplicial complex /C and generators ay, ..., am;

— a choice of a complex structure on the kernel of g: R™ — V, ¢ — a;.

A choice of a complex structure on Ker g is equivalent to a choice of an
T>"-dimensional complex subspace h C C™ satisfying the two conditions:

(a) the composite fh — C™ B Rm s injective;

(b) the composite hh — C™ B rm 95 v/ is zero.

Consider the ™5"-dimensional complex-analytic subgroup

H = exp(h) C (C*)™

It acts on U(KC) holomorphically.
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Theorem

Let ¥ be a marked complete simplicial fan in V =2 R" with m
one-dimensional cones, and let I = Kx be its underlying simplicial
complex. Assume that m — n = 2{. Then

(a) the holomorphic action of the group H = C* on U(K) is free and
proper, so the quotient U(K)/H is a compact complex manifold;

(b) there is a T™-equivariant diffeomorphism U(K)/H = Zx defining a
complex structure on Zic in which T™ acts by holomorphic
transformations.
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Example (holomorphic tori)

Let I be empty on 2 elements (that is, K has two ghost vertices).
We therefore have n =0, m =2, £ =1, and g: R> — 0 is a zero map.

A 1-dim complex subspace b < C? is given by z ~— (v1z,722) for some
v1,72 € C, so that

H = {(e™*,e7%)} C (C*)%

Condition (b) above is void, while (a) is equivalent to that 71,2 are linerly
independent over R. This implies that exph = H — (C*)? is an inclusion
of a closed subgroup, and the quotient (C*)?/H is a complex torus T?:

(C*)?/H = C/(nZ & 1Z) = T>.

Similarly, if K is empty on 2¢ elements (so that n =0, m = 2{), we can
obtain any complex torus T2 as the quotient (C*)%¢/H.
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Conversely, suppose Zx admits a T™-invariant complex structure.
Then the T™-action extends to a holomorphic action of (C*)™ on Zj.
Have a complex-analytic subgroup of global stabilisers

H={g e (C)™: g-x=xforall x € Z}.

h = Lie(H) is a complex subalgebra of Lie(C*)™ = C™ and satisfies

(a) the composite h — C™ B Rm s injective;

(b) the quotient map g: R™ — R™/Re(h) sends the fan Xk to a
complete fan g(Xx) in R™/Re(h).

Theorem (lIshida)

Every complex moment-angle manifold Zx. is T™-equivariantly
biholomorphic to the quotient manifold U(K)/H.

Thus, Zx admits a complex structure if and only if X is the underlying
complex of a complete simplicial fan (i. e., a star-shaped sphere).
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Canonical holomorphic foliation on Zg
Recall g: R™ — V, ¢ — a;j, t = Kerg,
R=-exp(t)={e":ret} c (R*)", H =exp(it)C T".

Consider the complexification t¢c = Ker(gc: C™ — V¢) and
Rc = exp(rc) C (Cx)m, Rc/H = H'.

v

Holomorphic foliation F on Zx = U(K)/H by the orbits of Re/H = H'. J

If the subspace v C R™ is rational, then Rg C (C*)™ is closed (and
algebraic), and the complete simplicial fan X := q(Xx) is rational.
The rational fan ¥ defines a toric variety

Xs = Zx/H = U(K)/Rc.

The canonical holomorphic foliation becomes a holomorphic Seifert
fibration over the toric orbifold X5 with fibres complex tori Re/H = T™".

v
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The rational case:

cm D U(K)
H=c*
Re = (C*)* Zx
A—I ~ T2
toric variety Xy

moment-angle manifold

The non-rational case:
Have U(K) A, 2,

and a holomorphic foliation F of Zj by the orbits of Re/H = H' C T™.

v

The holomorphic foliated manifold (Z, F) is a model for an ‘irrational

toric variety'.
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De Rham and Dolbeault cohomology

The face ring (the Stanley—Reisner ring) of K is
CIK] :=Clva, ..o, vm]/ I = Clva, ..oy V] [ (Vi - - vi, : {i1, .- ik} € K,

where C[vy, ..., V] is the polynomial algebra, deg v; = 2, and g is the
Stanley—Reisner ideal.

Proposition

The T'™-equivariant cohomology is given by

Hrn(2x) = Hr»(U(K)) = C[K].
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The toric variety Xy is Kahler (equivalently, projective) if and only if X is
the normal fan of a nonsingular (Delzant) polytope P.

Theorem (Danilov)
The Dolbeault cohomology of complete nonsingular Xy is given by

H5"(Xs) = Clvi, ..., vin] /(e + J5),

where v; € Hg’l(X):), I is the Stanley—Reisner ideal,
Js is the ideal generated by the linear forms > ;" 1 (ak, u) v,
ax = q(ex) are the generators of 1-dim cones of ¥, u € V*.

The nonzero Hodge numbers are given by hPP(Xs) = hp,
where h(X) = (ho, h1, ..., hyp) is the h-vector of X.
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Theorem (Buchstaber-P.)
The de Rham cohomology ring of Zi is given by
H*(Zx) = Torgyy,,....v.,)(CIK], C)
= H(/\[ul,...,um]®(C[IC],d) du; = v;, dv; =0
> H(A[t1, ..., tm—n] @ H*(Xz), d) At1, ... tmn] = H*(H)

= @ i’/v*_w_l(’cl).

I1C[m]
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Theorem (P.-Ustinovsky)

20
Let X be a rational fan, Zx L Xs a holomorphic torus fibration. Then
the Dolbeault cohomology ring of Zx is given by

Hg*(ZK) = H(A[Elv "'75@7771? "'7"”] ® Hg*(XZ)a d)v

where N[éx, ..., &6, M, -] = Hy™(T?), & € Hy°(T?), nj € HYY(T?),
dvj = dnj = 0, d§; = c(&),
c: H(%’O(T%) — Hg’l(X):) is the first Chern class map.

Corollary

20
(a) The Borel spectral sequence of the holomorphic fibration Zx LN Xy
(converging to Dolbeault cohomology of Zi) collapses at the E3 page;
(b) The Frélicher spectral sequence (with E; = Hg’*(Z;C), converging to
H*(Zx)) collapses at E;.
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Basic cohomology

M a manifold with an action of a connected Lie group G, g = LieG.
2(M)pas, ¢ = {w € 2(M): tew = Lew =0 for any & € g},

Hp s (M) = H($2(M)bas, 6, d) the basic cohomology of M.

S(g*) the symmetric algebra on g* with generators of degree 2.
The Cartan model is

Co(£2(M)) = ((S(g") @ 2(M))*, dy),

where (S(g*) ® £2(M))? denotes the g-invariant subalgebra.

An element w € Cy(£2(M)) is a “g-equivariant polynomial map from g to
2(M)". The differential dj is given by

dp(w)(€) = d(w(€)) — te(w(€)). )
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Theorem

Hias, (M) = H(Co(£2(M)), dy).

If in addition G is a compact, then

Hyas. 6 (M) = Hg (M) = H*(EG x g M)  the equivariant cohomology.

v
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Now consider Zx with the action of H' (a holomorphic foliation F). J

Theorem (Ishida—Krutowski—P.)

There is an isomorphism of algebras:
Hl:as, H’(Z/C) = C[Vlv aaog Vm]/(I’C + JZ)?
where I is the Stanley—Reisner ideal of KC, generated by the monomials
Vip =" Vi, with {il,...,ik}géIC,

and Jy is the ideal generated by the linear forms

m
Z(a;, uyv;i withu € V*.
i=1

This settles a conjecture by [Battaglia and Zaffran| (arXiv:1108.1637). )
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If H" is a compact torus (the fan X is rational), then we get
Hpas, (Zx) = H*(Zxc/H') = H*(Xs)

and we recover well-known description of the cohomology of toric
manifolds, due to [Danilov and Jurkiewicz].

The proof of the theorem is based on the following formality result. Let
t = Lie(T™) = R™ and consider the Cartan model

C(2(2k)) = ((S() ® 2(2k) ™, db).

Since T™ is compact, we get

H(C(2(2k))) = Him(Zx) = Clvt, oo, Vim] /M-

Lemma

The DGA Ci(£2(2x)) is formal. Furthermore, there is a zigzag of
quasi-isomorphisms of DGAs between Ci(§2(Zx)) and Hrm(Zx) which
respect the S(t*)-module structure.
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Generalisation: maximal torus actions

M a connected complex manifold with an effective action of a compact
torus T by holomorphic transformations.

The T-action on M is maximal if there is x € M such that
dim T +dim T, = dim M.
If the T-action is maximal, then T is a maximal compact torus in the

group of diffeomorphisms on M.

Examples of maximal torus actions include the half-dimensional torus
action on a smooth toric variety and the T™-action on a complex
moment-angle manifold Zj.
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Let t = Lie T and expy: t — T the exponential map.
Let € = t®pr C = t@® it and p: t€ — ¢ the first projection.

To a maximal torus action (M, T) one assigns the fan data (X, ), where
@ Y is a nonsingular fan in t with respect to the lattice Ker expr;

o h € is a complex subspace such that ply: b — tis injective;
we denote by g: t — t/p(h) the quotient projection;

o Y :=q(X)={q(c) Ct/p(h): 0 € £} is a complete fan.

The category of holomorphic maximal torus actions (M, T) is equivalent
to the category of pairs (X, h) with appropriate morphisms [Ishida].

To recover the maximal torus action from (X, h) one takes M := X5 /H,
where Xy is the toric variety associated with ¥ and H is the subgroup of
the algebraic torus TC corresponding to h C €.

In particular, if ¥ is a subfan of the standard fan in t = R™ defining C™,
then Xs/H is T-equivariantly homeomorphic to the moment-angle
manifold Zy, where K is the underlying simplicial complex of X.

)
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Transverse equivalence

Given a maximal torus action (M, T) with the fan data (X, ) and

p: t€ = t, let b’ := p(h) C t and consider the corresponding Lie subgroup
H" C T. The action of H on M is almost free.

Get the canonical foliation Fpy of M by H’-orbits.

Two smooth (or complex) foliated manifolds (My, F1) and (My, F,) are
transversely equivalent if there exist a foliated manifold (Mo, o) and

surjective submersions f;: My — M; for i = 1,2 such that
° fi_l(x,-) is connected for all x; € M;, and

@ the preimage under f; of every leaf of F; is a leaf of Fy

Proposition

If foliated manifolds (M1, F1), (Ma, F2) are transversely equivalent, then
there is a DGA isomorphism §2, (My) = £2f (M>).

v
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Lemma

Every complex manifold M with a maximal torus action and canonical
holomorphic foliation F, is transversely equivalent to a complex
moment-angle manifold Zj.

Theorem (Ishida—Krutowski—P.)

The basic cohomology of a maximal torus action (M, T) with the fan data
(X,h) and the canonical foliation Fy is given by

Hgas(M) = (C[Vlv 2009 Vm]/(llc =+ Jz),

where Ixc is the Stanley—Reisner ideal of the complete fan Y = q(X), and
Js is the ideal generated by the linear forms

m
Z(a,-, u)v; withue V*.
i=1

Here V = t/b’ and a; = q(e;), where e; is the primitive generator of the
ith cone of X.
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