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1. Çàäà÷è

îïèñàòü ãîìîòîïè÷åñêèé òèï ìîìåíò-óãîë-êîìïëåêñîâ ZK äëÿ
ðàçíûõ ñåðèé ñèìïëèöèàëüíûõ êîìïëåêñîâ K;
îïèñàòü óìíîæåíèå è âûñøèå ïðîèçâåäåíèÿ Ìàññè â Tor-àëãåáðå
H∗(ZK) = Tork[v1,...,vm](k[K], k) êîëüöà ãðàíåé k[K];

çàäàòü àëãåáðó Éîíåäû Extk[K](k, k) îáðàçóþùèìè è
ñîîòíîøåíèÿìè;

îïèñàòü ñòðóêòóðó àëãåáðû Ïîíòðÿãèíà H∗(ΩDJ(K)) è å¼
êîììóòàíòà H∗(ΩZK) ïðè ïîìîùè èòåðèðîâàííûõ è âûñøèõ
ïðîèçâåäåíèé Óàéòõåäà (Ñàìåëüñîíà);

îïèñàòü ãîìîòîïè÷åñêèé òèï ïðîñòðàíñòâ ïåòåëü ΩDJ(K) è ΩZK.
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2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

(X ,A) � ïàðà ïðîñòðàíñòâ.

K � ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå [m] = {1, 2, . . . ,m},
∅ ∈ K.

Äëÿ êàæäîãî I = {i1, . . . , ik} ⊂ [m] ïîëîæèì

(X ,A)I = Y1 × · · · × Ym, ãäå Yi =

{
X ïðè i ∈ I ,
A ïðè i /∈ I .

Îïðåäåëèì K-ïîëèýäðàëüíîå ïðîèçâåäåíèå ïàðû (X ,A) êàê

(X ,A)K =
⋃
I∈K

(X ,A)I =
⋃
I∈K

(∏
i∈I

X ×
∏
i /∈I

A
)
.
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Ïðèìåð

1 (X ,A) = (D2, S1),
ZK := (D2,S1)K � ìîìåíò-óãîë-êîìïëåêñ.
Íà ZK èìååòñÿ äåéñòâèå òîðà Tm.

2 (X ,A) = (CP∞, pt),
DJ(K) := (CP∞, pt)K � ïðîñòðàíñòâî Äåâèñà�ßíóøêåâè÷à.

3 (X ,A) = (C,C×),

U(K) := (C,C×)K = Cm
∖ ⋃
{i1,...,ik}/∈K

{zi1 = · · · = zik = 0}

� äîïîëíåíèå êîíôèãóðàöèè êîîðäèíàòíûõ ïîäïðîñòðàíñòâ.

Òåîðåìà

Ñóùåñòâóåò äåôîðìàöèîííàÿ ðåòðàêöèÿ

ZK ↪→ U(K)
'−→ ZK
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Èìååì ãîìîòîïè÷åñêîå ðàññëîåíèå

ZK −→ DJ(K) −→ (CP∞)m

‖ ‖ ‖
(D2,S1)K (CP∞, pt)K (CP∞,CP∞)K

êîòîðîå òðèâèàëèçóåòñÿ ïîñëå ïåðåõîäà ê ïðîñòðàíñòâàì ïåòåëü:

ΩDJ(K) ' ΩZK × Tm,

îäíàêî òàêîå ðàçëîæåíèå íå èìååò ìåñòà íà óðîâíå H-ïðîñòðàíñòâ.

Ïðåäëîæåíèå

Ñóùåñòâóåò òî÷íàÿ ïîñëåäîâàòåëüíîñòü íåêîììóòàòèâíûõ àëãåáð

1 −→ H∗(ΩZK) −→ H∗(ΩDJ(K))
Ab−→ Λ[u1, . . . , um] −→ 1

ãäå Λ[u1, . . . , um] � âíåøíÿÿ àëãåáðà, deg ui = 1.
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Ïóñòü k � ïîëå èëè Z.
Êîëüöî ãðàíåé (êîëüöî Ñòåíëè�Ðàéñíåðà) êîìïëåêñà K

k[K] := k[v1, . . . , vm]
/(

vi1 · · · vik = 0, åñëè {i1, . . . , ik} /∈ K
)

ãäå deg vi = 2.

Òåîðåìà

H∗(DJ(K)) ∼= k[K]

H∗(ΩDJ(K)) ∼= Extk[K](k, k) k � ïîëå

H∗(ZK) ∼= Tork[v1,...,vm](k[K], k)

∼= H
[
Λ[u1, . . . , um]⊗ k[K], d

]
, dui = vi , dvi = 0

∼=
⊕
I /∈K

H̃∗−|I |−1(KI ) KI = K|I

k[K] íàçûâàåòñÿ êîëüöîì Ãîëîäà, åñëè óìíîæåíèå è âûñøèå
ïðîèçâåäåíèÿ Ìàññè â Tork[v1,...,vm](k[K], k) òðèâèàëüíû.
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3. Ñëó÷àé ôëàãîâîãî êîìïëåêñà

K íàç. ôëàãîâûì êîìïëåêñîì, åñëè ëþáîå åãî ìíîæåñòâî âåðøèí,
ïîïàðíî ñîåäèí¼ííûõ ð¼áðàìè, ïîðîæäàåò ãðàíü.

{ôëàãîâûå êîìïëåêñû íà [m]} 1−1←→ {ïðîñòûå ãðàôû íà [m]}
K → K1 (1-îñòîâ)

K(Γ) ← Γ

ãäå K(Γ) � êîìïëåêñ êëèê ãðàôà Γ
(êàæäàÿ êëèêà (ïîëíûé ïîäãðàô) çàïîëíÿåòñÿ ãðàíüþ).
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Ãðàô Γ íàç. õîðäîâûì, åñëè ëþáîé åãî öèêë èç > 4 ð¼áåð èìååò õîðäó
(ðåáðî, ñîåäèíÿþùåå äâå íåñìåæíûå âåðøèíû öèêëà).

Ýêâèâàëåíòíî, Γ ÿâëÿåòñÿ õîðäîâûì, åñëè â í¼ì íåò èíäóöèðîâàííûõ
ïîäãðàôîâ-öèêëîâ äëèíû > 4.

Òåîðåìà (Ôàëêåðñîí�Ãðîññ)

Ãðàô ÿâëÿåòñÿ õîðäîâûì òîãäà è òîëüêî òîãäà, êîãäà åãî âåðøèíû

ìîæíî óïîðÿäî÷èòü òàêèì îáðàçîì, ÷òî äëÿ êàæäîãî i âñå ìåíüøèå
ñîñåäè i-é âåðøèíû îáðàçóþò êëèêó.

(perfect elimination ordering)
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Òåîðåìà (Ãðáè÷�Ï.�Òåðèî�Âó)

K � ôëàãîâûé êîìïëåêñ, k � ïîëå. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1 k[K] � êîëüöî Ãîëîäà;

2 óìíîæåíèå â H∗(ZK) òðèâèàëüíî;

3 Γ = K1 � õîðäîâûé ãðàô;

4 ZK ãîìîòîïè÷åñêè ýêâèâàëåíòåí áóêåòó ñôåð.

Ýêâèâàëåíòíîñòè (1)⇔ (2)⇔ (3) áûë äîêàçàíû â ðàáîòå
[Berglund�J�ollenbeck2007].

Èìïëèêàöèè (1)⇒ (2), (2)⇒ (3) è (4)⇒ (1) âåðíû äëÿ ëþáîãî K.

Íî èìïëèêàöèÿ (3)⇒(4) íåâåðíà äëÿ êîìïëåêñîâ, íå ÿâëÿþùèõñÿ
ôëàãîâûìè.
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Ïðèìåð
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Íåíóëåâûå ãðóïïû êîãîìîëîãèé ZK ñóòü

H0 = Z, H5 = Z10, H6 = Z15, H7 = Z6

H9 = Z/2.

Âñå ïðîèçâåäåíèÿ Ìàññè òðèâèàëüíû ïî ñîîá-
ðàæåíèÿì ðàçìåðíîñòè, ò.å. k[K] � êîëüöî Ãî-
ëîäà (íàä ëþáûì ïîëåì).

Òåì íå ìåíåå, ZK íå ìîæåò áûòü ãîìîòîïè÷åñêè ýêâèâàëåíòíî áóêåòó
ñôåð èç-çà êðó÷åíèÿ. Íà ñàìîì äåëå

ZK ' (S5)∨10 ∨ (S6)∨15 ∨ (S7)∨6 ∨Σ7RP2.

Âîïðîñ

Ïóñòü óìíîæåíèå â H∗(ZK) òðèâèâàëüíî, ò.å. k[K] ÿâëÿåòñÿ
êîìïëåêñîì Ãîëîäà íàä ëþáûì ïîëåì. Âåðíî ëè, ÷òî ZK �

êî-H-ïðîñòðàíñòâî èëè äàæå íàäñòðîéêà, êàê â ïðåäûäóùåì ïðèìåðå?
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Êàê îïðåäåëèòü ÷èñëî ñôåð â áóêåòå? Êàêèì åù¼ ìîæåò áûòü ZK?

Òåîðåìà

Äëÿ ëþáîãî ôëàãîâîãî êîìïëåêñà K èìååò ìåñòî èçîìîðôèçì

H∗
(
ΩDJ(K)

) ∼= T 〈u1, . . . , um〉
/(

u2i = 0, uiuj + ujui = 0 ïðè {i , j} ∈ K
)

ãäå T 〈u1, . . . , um〉 � ñâîáîäíàÿ àëãåáðà ñ m îáðàçóþùèìè ñòåïåíè 1.

Íàïîìíèì òî÷íóþ ïîñëåäîâàòåëüíîñòü íåêîììóòàòèâíûõ àëãåáð

1 −→ H∗(ΩZK) −→ H∗(ΩDJ(K))
Ab−→ Λ[u1, . . . , um] −→ 1

Ïðåäëîæåíèå

Äëÿ ôëàãîâîãî êîìïëåêñà K ðÿä Ïóàíêàðå àëãåáðû H∗(ΩZK) åñòü

P
(
H∗(ΩZK); t

)
=

1
(1 + t)m−n(1− h1t + · · ·+ (−1)nhntn)

,

ãäå h(K) = (h0, h1 . . . , hn) � h-âåêòîð êîìïëåêñà K.
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Òåîðåìà

Ïóñòü K � ôëàãîâûé êîìïëåêñ. Àëãåáðà H∗(ΩZK), ðàññìàòðèâàåìàÿ
êàê êîììóòàíò àëãåáðû H∗(ΩDJ(K)), ìóëüòèïëèêàòèâíî ïîðîæäåíà∑

I⊂[m] dim H̃0(KI ) èòåðèðîâàííûìè êîììóòàòîðàì âèäà

[uj , ui ], [uk1 , [uj , ui ]], . . . , [uk1 , [uk2 , · · · [ukm−2 , [uj , ui ]] · · · ]]

ãäå k1 < k2 < · · · < kp < j > i , ks 6= i äëÿ ëþáîãî s,
à i � íàèìåíüøàÿ âåðøèíà â êîìïîíåíòå ñâÿçíîñòè ïîäêîìïëåêñà

K{k1,...,kp ,j ,i}, íå ñîäåðæàùåé j .

Ýòîò íàáîð ìóëüòèïëèêàòèâíûõ îáðàçóþùèõ ìèíèìàëåí.
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Âîò âàæíûé ÷àñòíûé ñëó÷àé (ñîîòâåòñòâóþùèé K = m òî÷åê).
Ýòî � àíàëîã áàçèñà êîììóòàíòà ñâîáîäíîé àëãåáðû, îïèñàííîãî â
[Cohen�Neisendorfer1984]

Ëåììà

Ïóñòü A � êîììóòàíò àëãåáðû T 〈u1, . . . , um〉/(u2i = 0):

1 −→ A −→ T 〈u1, . . . , um〉/(u2i = 0) −→ Λ[u1, . . . , um] −→ 1

ãäå deg ui = 1.

Òîãäà A ÿâëÿåòñÿ ñâîáîäíîé àññîöèàòèâíîé àëãåáðîé.

A ìèíèìàëüíî ïîðîæäåíà èòåðèðîâàííûìè êîììóòàòîðàìè âèäà

[uj , ui ], [uk1 , [uj , ui ]], . . . , [uk1 , [uk2 , · · · [ukm−2 , [uj , ui ]] · · · ]]

ãäå k1 < k2 < · · · < kp < j > i è ks 6= i äëÿ ëþáîãî s.

×èñëî êîììóòàòîðîâ äëèíû ` ðàâíî (`− 1)C `
m.
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Ñëåäñòâèå

Ïóñòü K � ôëàãîâûé êîìïëåêñ, à ìîìåíò-óãîë-êîìïëåêñ ZK
ãîìîòîïè÷åñêè ýêâèâàëåíòåí áóêåòó ñôåð.

Òîãäà ÷èñëî ñôåð ðàçìåðíîñòè `+ 1 â áóêåòå ðàâíî
∑
|I |=` dim H̃0(KI ),

äëÿ 2 6 ` 6 m.

Â ÷àñòíîñòè, H i (KI ) = 0 ïðè i > 0 äëÿ ëþáîãî I .
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