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Topology of moment-angle manifolds and complexes

A convex polyhedron in R™ obtained by intersecting m halfspaces:
P= {xeR”: (@;,X)+b; >0 fori= 1,...,m}.
Define an affine map

ip: R" 5 R™, ip(x) = ((al,x> 4+ by,...,{(@m, X) + bm).

If P has a vertex, then ip is monomorphic, and ip(P) is the intersec-
tion of an n-plane with RY ={y = (y1,...,ym) y; = O}.

Define the space Zp from the diagram

Zp ~Z, cm (z1,...,2m)
I l
p -5 RY (2112 - -, [2m]?)

Zp has a T"™-action, Zp/T™ = P, and iy is a T"™-equivariant inclusion.
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Proposition 1. If P is a simple polytope (more generally, if the presen-
tation of P by inequalities is generic), then Zp is a smooth manifold
of dimension m + n.

Proof. Write ip(R"™) by m — n linear equations in (y1,...,ym) € R™,
Replace y;. by |z:|2 to obtain a presentation of Zp by quadrics. L]

Zp: polytopal moment-angle manifold corresponding to P.

Similarly, by considering the projection u: R™ — Rgb instead of
p: C" — RY we obtain the real moment-angle manifold Rp C R™.

Example 1. P = {(z1,22) € R?: 21 >0, 20 > 0, —y121—"2z2+1 > 0},
V1,72 > 0 (a 2-simplex). Then
Zp = {(21,22,23) € C>: 7y1|21]% + 72/22|% + |23]%) = 1} (a 5-sphere),

Rp = {(u1,up,uz) € R3: y1]ug|? 4+ y2|up|? + |us|?) = 1} (a 2-sphere).
3



IC an (abstract) simplicial complex on the set [m] = {1,...,m}.
I ={i1,...,i} € K a simplex. Always assume & € K.

Consider the unit polydisc in C™,
DM = {(zl,...,zm) eC™: |4 <1, i= 1,...,m}.
Given I C [m], set
By = {(zl,...,zm) cD™: |zj| =1 for j ¢ I}% [T D% x J] st
icl il
The moment-angle complex

Zx = |J Br= U(HD2><H51)C]D>7”

Iek Iek Niel i1
It is invariant under the coordinatewise action of the torus T™.
Example 2. K = 2 points, then Zx = D2 x S1u St x D2 = §3.
K= A, then Zx = (D?xD?xSHU(D?x S xD?)u(Stx D?x D?) = §°.
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More generally, let X a space, and A C X. Given I C [m], set

m
(X,A)Iz{(azl,...,a:m) c ] x: :cjeAforjgéI}% ITx x ] A
i=1 icl it

The K-polyhedral product of (X, A) is
Zie(X,A) = | (x, ) cx™
Iek

Another important example is the complement of the coordinate sub-
space arrangement corresponding to IC:

UK) =C"\ U {ze@m:zilz...zzik=0},
{Zlaazk}glc
namely,

U(K) = Z2(C,C7),
where C* = C\ {0}.

Theorem 1. Zi C U(K) is a T™-deformation retract of U(K).
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Theorem 2. If P is a simple polytope, Kp = 0(P*) (the dual trian-
gulation), then Zx = Zp (T™-equivariantly homeomorphic).

In particular, Z;CP IS @ manifold. More generally,

Proposition 2. Assume |[K| = sn—1 (a3 sphere triangulation with m
vertices). Then Zx is a closed manifold of dimension m + n.



The face ring (the Stanley—Reisner ring) of K is

ZIK] = Z[ful,...,vm]/(vil' EEVUNME C AP A X - K), deguv; = 2.

Theorem 3. There is an isomorphism of (bi)graded algebras

H*(Zx;Z) 2 Tory”  (ZIK],Z)

= H[A[ul,...,um] ®Z[/C];d],

where du; = v;, dv; = 0 for 1 << m. In particular,

~ —1,29
HP(Z) = ) Torz[zz’)lfwvm] (Z[K],7Z).
—it+2j=p



Corollary 1. H’f(Z,C)% ) ﬁk_m_l(fcl),
IC[m]

where Ky is the restriction of K to the subset I C {1,...,m}.

If K =Kp, then can rewrite the above in terms of P instead of K:

Corollary 2. H*(Zp) &£ & Ek_|l|_1(PI)a
IC[m]

where Py is the union of facets F; of P with 1 € I.

Remark 1. Integral version of Theorem 3 was proved independently
by [Baskakov—Buchstaber—P] and [Franz].

2. The product in H*(Zx) given by Theorem 3 can be also described
in terms of full subcomplexes K; of Corollary 1 [Baskakov].

3. There is the stable decomposition Zx ~ (., Z172|K;| behind
the isomorphism of Corollary 1 [Bahri—Bendersky—Cohen—Gitler].
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Geometric structures I. Lagrangian submanifolds
(M,w) a symplectic Riemannian 2n-manifold.

An immersion i: N & M of an n-manifold N is Lagrangian if i*(w) = 0.
If 4 is an embedding, then ¢(/N) is a Lagrangian submanifold of M.

A vector field £ on M is Hamiltonian if the 1-form w(-,&) is exact.

A Lagrangian immersion . N & M is Hamiltonian minimal
(H-minimal) if the variations of the volume of i(/N) along all Hamil-
tonian vector fields with compact support are zero, i.e.

d .
Vol (i(N))|,_, =0,

where ig(N) = i(N), +(IN) is a Hamiltonian deformation of i(/N), and
vol(i;(IN)) is the volume of the deformed part of (V).



Recall: P a simple polytope
P:{xeR": (a;,X)+b; >0 fori= 1,...,m}.

The polytopal moment-angle manifold Zp,

G |
P 5 RZ (21)2, ..., |zm|?)

can be written as the intersection of m — n real quadrics,

m
Zp = {Z: (21,...,2m) € c™: Z yjk|zk|2 = ¢y, for 1 <y ém—n}
k=1
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Also have the real moment-angle manifold,

m
Rp={u=(u1,...,um)€Rm: Z 'yjku%=cj, for 1<j<m—n}.
k=1

Set v, = (Vik> -+ > Ym—nk) ERTT™ for 1 <k <m.

Assume that the polytope P is rational. Then have two lattices:
N=7Z(ai,...,am) CR" and L =7Z(vy1,...,ym) CR""
Consider the (m — n)-torus
Tp = {(e%im,@, . 627Ti<7m,90>) c T’m},
i.e. Tp=R™M™™"/L* and set

1
Dp = _L*/L* = (z/2)"".

Proposition 3. The (m —n)-torus Tp acts on Zp almost freely.
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Consider the map

f:RpxTp — C™,
(U, 0) = U@ = (ue2™P) gy, e2™HImp)y.

Note f(Rp x Tp) C Zp is the set of Tp-orbits through Rp C C™.

Have an m-dimensional manifold
Np p— Rp XDP Tp.
Lemma 1. f:Rp xTp — C™ induces an immersion 5. Np & C™,

Theorem 4 (Mironov). The immersion ir: N & C™ s H-minimal
[Lagrangian.

When it is an embedding?
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A simple rational polytope P is Delzant if for any vertex v € P the

set of vectors a;,,...,a;, normal to the facets meeting at v forms a
basis of the lattice A = Z{a1,...,am):
Z{ai,...,am) = Z<ai1, Cee ain> for any v = F’il n---NFk;.

Theorem 5. The following conditions are equivalent:

1) j: Np — C™ is an embedding of an H-minimal Lagrangian sub-
manifold;

2) the (m — n)-torus Tp acts on Zp freely.

3) P is a Delzant polytope.

Explicit constructions of families of Delzant polytopes are known in
toric geometry and topology:
- simplices and cubes in all dimensions;

- products and face cuts;
- associahedra (Stasheff ptopes), permutahedra, and generalisations.
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Example 3 (one quadric). Let P = A™ 1 (3 simplex), i.e. m—n=1
and R nm-1 IS given by a single quadric

y1uf + -+ ymug, = ¢ (1)
with v; > 0, i.e. Ram-1 = S™" 1. Then

sm—1 s g1 if + preserves the orient. of §m—1

~J -1 1 ~
N = Sm Xz/QS — m ) ) m—1
)C if 7 reverses the orient. of S :

where 7 is the involution and K™ is an m-dimensional Klein bottle.
Proposition 4. We obtain an H-minimal Lagrangian embedding of

Npm-1 & 8" xy 58 in C™ if and only if y1 = --- = ym in (1). The
topological type of N m-1 = N(m) depends only on the parity of m.:
N(m) &2 sm 1 x gt if m is even,

N(m) = K™ if m is odd.

The Klein bottle K™ with even m does not admit Lagrangian embed-
dings in C™ [Nemirovsky, Shevchishin].
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Example 4 (two quadrics).

Theorem 6. Let m—n =2, i.e. P~ AP~1 x A7-1
(a) Rp is diffeomorphic to R(p,q) = SP~1 x S9=1 given by
wi+.. 4uftui g+t us
ui+ ... +up +uZi 4+ Foug,
wherep+qg=m, O<p<m and 0 <k <p.
(b) If Np — C™ s an embedding, then Np is diffeomorphic to

Ni(p, @) = R(p, @) Xz/2x72/2 (S* x S1),
where the two involutions act on R(p,q) by

Y

1
2,

Y1 (U, um) = (SUL, e, Uy — U1y - —Upy Up1s - - -5 Um),
Yo (g, um) = (ZUL, ey Uk, U1y - -+ Upy —UppTs -+ -y —Um)-

(2)

There is a fibration Ny(p,q) — S9! xz,, St = N(q) with fibre N(p)
(the manifold from the previous example), which is trivial for k = 0.
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Example 5 (three quadrics).

In the case m —n = 3 the topology of compact manifolds Rp and
Zp was fully described by [Lopez de Medrano]. Each manifold is
diffeomorphic to a product of three spheres, or to a connected sum
of products of spheres, with two spheres in each product.

The simplest P with m —n = 3 is a (Delzant) pentagon, e.g.

P = {(:1:1,3:2) € R?: x1 20, 2020, —x14+2>20, —204+22>0, —x1—20+3 > O}.

In this case Rp is an oriented surface of genus 5, and Zp is diffeo-
morphic to a connected sum of 5 copies of S3 x S4.

Get an H-minimal Lagrangian submanifold Np C C> which is the total
space of a bundle over T3 with fibre a surface of genus 5.
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Proposition b. Let P be an m-gon. Then Rp is an orientable surface
Sy of genus g = 1+ 2™ 3(m — 4).

Get an H-minimal Lagrangian submanifold Np C C™ which is the
total space of a bundle over T2 with fibre S,;. It is an aspherical
manifold (for m > 4) whose fundamental group enters into the short
exact sequence

1 — 71(Sg) — 7 (N) — Zm=2 — 1.

For n > 2 and m —n > 3 the topology of Rp and Zp is even more
complicated.
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Geometric structures II. Non-Kdhler complex structures

Recall: if = Kp is the dual triangulation of a simple convex polytope
P, then Zp = Z,CP has a canonical smooth structure (e.g. as a
nondegenerate intersection of Hermitian quadrics in C™).

Let K be a sphere triangulation, i.e. |K] = s7— 1,
A realisation || C R"™ is starshaped if there is a point x ¢ |K| such
that any ray from x intersects |K| in exactly one point.

A convex triangulation Kp is starshaped, but not vice versa!

JC has a starshaped realisation if and only if it is the underlying com-
plexes of a complete simplicial fan 2.

Also recall U(K) = C™ \ Uy, i3ex{Z € C" 2y = ... = 2, = 0}

1
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Let a1,...,an € R™ be the generators of the 1-dimensional cones
of 2. Consider the linear map
Ap: R™ - R", e, — a,,

where eq,..., ey, is the standard basis of R". Define

m
Ry = exp(KerAgr) = {(yl, ym) €ERT: ] ygai’w =1 for all u e R”},

(
1=1

Ry C R acts on U(Kyx) C C™ by coordinatewise multiplications.

Theorem 7. Let K be the underlying complex of a complete simplicial
fan >. Then

(a) Ry acts on U(K) freely and properly, so the quotient U(K)/Rs
has a canonical structure of a smooth (m 4+ n)-manifold;

(b) U(K)/Rs is T™-equivariantly homeomorphic to Zj.

T herefore, Zy can be smoothed canonically.
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Assume m — n is even and set ¢ = mz_”.

Choose a linear map WV: Cct — cm satisfying the two conditions:
(a) ReoW: Cf — R™ is a monomorphism.

(b) ApoReoWw = 0.

Now set

Cyx =expW(CH) = {(elvaW) | elomW)) ¢ (c)m}.

Then Cy s = Cf is a complex-analytic (but not algebraic) subgroup
of (C*)™. It acts on U(K) by holomorphic transformations.

Theorem 8. Let K be as before. Then

(a) Cy s actsonU(K) freely and properly, so the quotient U(K)/Cy s
iIs a compact complex manifold of complex dimension m — ¥¢;

(b) there is a T™-equivariant diffeomorphism U(K)/Cy s = Zx defin-
ing a complex structure on Zx in which T™ acts holomorphically.
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