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Moment-angle manifolds from simple polytopes.

R™ Euclidean vector space. Consider a convex polyhedron
P={xeR": (a;,x)+b;>20 forl<i<m}, a;eR" b eR.

Assume:

a) dimP =n;

b) no redundant inequalities (cannot remove any inequality without
changing P);

c) P is bounded;

d) bounding hyperplanes H; = {(a;,x)+0b; = 0}, 1 <1< m, intersect
in general position at every vertex, i.e. there are exactly n facets
of P meeting at each vertex.



Then P is an n-dim convex simple polytope with m facets

F,={x € P: (az-,x)—l—bz-=0}=PﬂHz-

and normal vectors a;, for 1 << m.

The faces of P form a poset with respect to the inclusion. Two poly-
topes are said to be combinatorially equivalent if their face posets are
isomorphic. The corresponding equivalence classes are called combi-
natorial polytopes.



We may specify P by a matrix inequality

P={x: Apx + bp > 0},

where Ap = (a;;) is the m x n matrix of row vectors a;, and bp is the
column vector of scalars b;.

The affine injection

ipIRn—>Rm, XI—>APX—|—DP
embeds P into R ={y € R™: y; > 0}.

Now define the space Zp by a pullback diagram

Zp Z—Z> (Cm (Z]_,...,Zm)
P Z_P> R™M (|Z1|27---7|Zm|2)

Here i, is a T"-equivariant embedding.



Prop 1. Zp is a smooth T -manifold with canonically trivialised nor-
mal bundle of iy: Zp — C™,

Idea of proof.

1) Write the image ip(R"™) C R™ as the set of common solutions of
m — n linear equations 27 4 cjk(yk —b,)=0,1<j<m—n;

2) replace every y; by |zp|2 to get a representation of Zp as an
intersection of m — n real quadratic hypersurfaces:

m

> Cjk(|zk|2_bk) =0, forl1<j<m—n.
k=1

3) check that 2) is a non-degenerate intersection, i.e. the gradient
vectors are linearly independent at each point of Zp. ]

Zp is called the moment-angle manifold corresponding to P.



Original Davis—Januszkiewicz construction.

Given y = (y1,---,ym) € RZ, set

T(y)={t=(t1,...,tm)eT™: t; =1 ify, =0} CT™.

Regard C™ as the identification space IR%"; x T™/~, where

(y,t) 2 (¥, t)iffy=y and t 1t e T(y).
Theniz: Zp — C™ embeds Zp as a subspace P xT" [/~ in RYXT™ /~.
Cor 1. The topological type of Zp is determined by the combinatorial
type of P.

In fact, the T"™-equivariant smooth structure on Zp is also unique



Simplicial complexes.
K : an (abstract) simplicial complex on the set [m] = {1,...,m}.

o={i1,...,1} € K a simplex; always assume g € K.
Ex 1. Given P as above, set
KPZ{O':{il,...,ik}: Filﬂ...ﬂFik#@ in P},

the boundary complex of the dual (or polar) polytope of P. It is a
sphere triangulation, i.e. |Kp| = s7~ 1.



Moment-angle complexes.
D? C C unit disk. Given w C {1,...,m}, set

By, ={(21,...,2m) € (D)™ |z;| =1 if i ¢ w}
~ (D2)|w| % (Sl)m—|w|.
The moment-angle complex

ZK L= U Bs C (DQ)m
ceK

Prop 2. Z; has a T™-action with quotient cone K':
Zx  — (D)™

J |

coneK' — ™
where K' is the barycentric subdivision of K

o={i1,..., it —ec = (e1,..-,m),
whereeg; =0 ifico andeg; =1 ifi ¢ o.



If K = Kp for a simple polytope P, then cone K’ can be identified
with P, and ZKP with Zp!

Moreover,

Prop 3. a) Assume |K| = S"1 (a sphere triangulation with m ver-
tices). Then Zy is an (m 4+ n)-manifold;

6) Assume K is a triangulated manifold. Then Zg \ Zz is an open
manifold, where Zg = T™.

Ex 2. Zyan =2 S2" Tl Forn=1,

S3=D?2x stusl x D? c D? x D?.



First summary.

So far we had
e real quadratic complete intersection determined by P;
e identification spaces P x T™/~ and |cone K'| x T™ /~;
e polydisk subspace U,cx Bo C (D?)™.

The three spaces agree when K = Kp, but there is no quadratic
description of Zy for non-polytopal K.

Question 1. Is there something similar to the real quadratic descrip-
tion of Zp in the case of non-polytopal sphere triangulations K7

In fact, despite Zp is defined as a real complete intersection, it is a
complex manifold (we need to multiply it by St if dim Zp is odd). In
this way we get a family of non-Kahler complex manifolds, generalising
those of Hopf and Calabi—Eckmann
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Partial product space.

As was noticed by , by replacing (D2, S1) in the definition
of Zy by an arbitrary pair of spaces (X, W), we get a generalised m.-a.
complex, or partial product space Zx (X, W).

In more detail, given w C {1,...,m}, set
Bu(X, W) :={(x1,...,xm) € X" x; e W if i ¢ w},

and

Zr(X, W) = |J Bs(X, W) C X™
ceK
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Coordinate subspace arrangement complements.

A coordinate subspace in C™ may be written as

Lw:{(zl,...,zm)é(cm: Zilz"':’zikzo}’

where w = {i1,...,7}. Coordinate subspace arrangements in C'™ are
parameterised by simplicial complexes K on m vertices. Their com-
plements are then given by

w&K
Prop 4. There is a T -equivariant deformation retraction

U(K) = Z.

Proof. U(K) = Zx(C,C*), Zx = Zi(D?,81), and (D2, 51) ~ (C,C*).
This gives a homotopy equivalence. [ ]
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Homotopy fibre realisation of Zg.

The original Davis—Januszkiewicz space is the Borel construction

DJ(K) = BT X m ZK'

Prop 5. There is a canonical homotopy equivalence
DJ(K) = Z(CP>, %),
where Zg(CP®,x) = Uyex BT? C BT™ = (CP®)™,

Cor 2.(a) Zy ~ hofibre( U BT? — BTm>,'
ceK
(b) H*(DJ(K)) = Hrm(Zg) = Z[K], where

ZIK] = Zlvy, ... om] [ (viy - vig s {in, i} & K)
is the face ring (or the Stanley—Reisner ring) of K, degwv; = 2.
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Cohomology calculation.

Thm 1. There is an isomorphism of
(bi)graded algebras

H*(Zx;Z) 2 Tory — (ZIK]Z)

= H|Alug, ..., um] ® Z[K]; d],
where du; = v;, dv; = 0 for 1 << m. In particular,

N o
HP(Zp)= > Torzfz’)liu,vm] (Z|K), 7).
—i+2j=p

Cor 3.

—i2j N .
TOrZ[Zvl;y...,vm](Z[K]’Z): @ HI™ 7 (Kw),
|w|=j
where K, is the full subcomplex (the restriction of K to the subset
wCAql,...,m}).
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You can rewrite the above in terms of P instead of K:
Cor 4.

Y — .27 ~ g S S
H"3(2p) = Tory™ 1 @IPL2) = @ HITH(R),

wl=y

where P, = U;c,, F;, the union of facets of P belonging to w.

Cor 5.

H;(U(K)) = @ H>™ 2172 (link 5 w),
weK

where K = {w: [m]\w ¢ K} is the Alexander dual complex of K.
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The above cohomology ring calculation for H*(Zyg) translates into
explicit product formula in terms of Hochster's full subcomplexes

AlsoO, 's description of the product in the cohomology
of coordinate subspace arrangement complements in terms of links
follows from Baskakov’s result by applying the Alexander duality.

Thm 2.

sZp~ \/ T2 K.
wéK

This generalises to Zi (X, W).
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Back in ~ 2001 we were able to make the following calculations.

EXx 3. Let K = m disjoint points. Then
U(K) = @m\ J {z =2z =0}

1<i<j<m
the complement of the union of all codim 2 coordinate planes, and
m m

k=2

EX 4. Let P be an m-gon, so Kp is the boundary of m-gon. Then
U(Kp) =C™\ | {2 = z; = 0};
i—j#0,1 mod m

Zp is an (m + 2)-dim manifold, and

m—2 m—2

H*(Zp) = H*(U(Kp)) = H*( # (SFF1 x gm=hthy#h-D("7)
k=2
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Thm 3. If K is a shifted complex (e.q., a k-skeleton
of A™ 1 or m disjoint points), then Zx (and U(K)) is homotopy
equivalent to a wedge of spheres.

The proof uses the homotopy fibre realisation of Zx and elaborated
unstable homotopy techniques. The number of spheres in the wedge
and their dimensions are also given.

Thm 4. If P is obtained by applying a ‘vertex
cut” operation to A™ several times (e.g., P is an m-gon), then Zp is
diffeomorphic to a connected sum of spaces of the form S* x S7.

The proof uses real quadratic realisation of Zp and equivariant surgery
techniques. The number of spheres is also given.

Polytopes P described in the above theorem achieve the lower bound
for the number of faces in a polytope with the given number of facets.
The dual complexes Kp are known to combinatorialists as stacked.
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EX 5. Let K = 4 points. Then
Zie o~ (33)\/6 \/ <S4)\/8 \/ (55)\/3.

EXx 6. Let P be a polytope obtained by applying a vertex cut to A3
trice. Then
Zp 2 (83 x 8770 2 (8% x §©)78 2 (8° x §2)73,

There should be some general principle underlying both calculations!
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Warning. In general, topology of Zp is much more complicated than
that of the previous examples. E.g., if P is obtained from a 3-cube by
cutting two non-adjacent edges, then Zp has non-trivial triple Massey
products in cohomology
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Quasitoric manifolds.

Assume given P as above, and an integral n x m matrix

(1 0 ... 0 Appt1 --- M)
A — 01 ... 0 Aopg1 - Aom
\O O 1 An7n_|_1 . o )\n’m)
satisfying the condition
the columns of A, ,...,A, corresponding to any vertex

v = Fjl N---N an form a basis of Z™.

We refer to (P,A\) as a combinatorial quasitoric pair.
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Define K = K(A\) ;= ker(A: T™ - T") =Tm ",

Prop 6. K(A\) acts freely on Zp.

The quotient
M = M(P,N\) .= Zp/K(N\)

is the quasitoric manifold corresponding to (P,A). It has a residual
T"-action (T™/K(N\) = T") satisfying the two
conditions:

a) the T™-action is locally standard;

b) there is a projection 7: M — P whose fibres are orbits of the
T"-action.
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Algebraic and Hamiltonian toric manifolds.

Algebraic and symplectic geometers would recognise in the above
construction of a quasitoric manifold M from Zp a generalisation of
the symplectic reduction construction of a Hamiltonian toric mani-
fold. In the latter case we take A = Aﬁg; then M is a toric manifold
corresponding to the Delzant polytope

P={xeR": (a;,x)+0b;>0 forl<i<m}, a;eZ" bR

Here we additionally assume the normal vectors a; to be integer, and
the Delzant condition:

for every vertex v = F,L-1 N...NFEF, of P, the corresponding

normal vectors a;,,...,a;, form a basis of Z"

to be satisfied.

Then Zp is the level set for the moment map w: C™ — R™™™ corre-
sponding to the Hamiltonian action of K = Ker A = Ker At on C™.
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Cohomological rigidity phenomenon.

Problem 1. Does a graded isomorphism H*(M) = H*(M') imply a
homeomorphism of quasitoric manifolds M and M'?

Rem 1. Equivariant cohomology (as an algebra over H*(BT")) does
determine the topological type of a quasitoric manifold

A g-t manifold M is cohomologically rigid if its homeomorphism type
is determined by the cohomology ring. A non-rigid g-t manifold would
provide a counterexample to Problem 1.

A simple polytope P is cohomologically rigid if its combinatorial type
is determined by the cohomology ring of any g-t manifold over P. In
other words, P is rigid if for any g-t M — P and M’ — P’ isomorphism
H*(M) = H*(M") implies P ~ P,

There are examples of non-rigid polytopes . T hese
are obtained by applying a ‘‘vertex cut’” to a 3-simplex trice. The
corresponding m-a manifolds Zp are also diffeomorphic!
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In positive direction, the following is known:
e product CP! x ... x CP! is rigid ;
e n-dim cube I"™ is rigid ;
e product CPY x ... x CP% is rigid :
e product of simplices A"l x ... x A% is rigid

The proofs use a result of on decomposability of a qua-
sitoric manifold over a product of simplices into a tower of fibrations.

Also, most 3-dim simple polytopes with few facets are rigid
. the only known non-rigid polytopes are obtained as multiple
vertex-cuts.
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How to establish rigidity of polytopes?

Face vector of P is easily recovered from H*(M); so if there is only one
combinatorial type P with the given face vector, then P is rigid. But
this is a rare situation; usually more subtle combinatorial invariants

are required.

Set 87"21(P) 1= 7"2I(2p) = dim Torg™ (QIP],Q).

Prop 7 ( ). Assume M and M' are qg-t manifolds over
P and P’ respectively. Then H*(M) = H*(M') implies 87%21(P) =
B~42I(P") for all 4, 3.

It follows that if there is only one combinatorial type P with given
bigraded Betti numbers, then P is rigid. In this way the rigidity
of many 3-dim polytopes with few facets (e.g. a dodecahedron) is

established.
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Application to complex cobordism.

Define complex line bundles
pi- Zp X C;i— M, 1<1i<m,

where C; is the 1-dim complex T™-representation defined via the quo-
tient projection C™ — C; onto the :th factor.

Thm 5. There is an isomorphism of real vector bundles

TMBAR™™ = p1 B P pm.

This endows M with the canonical equivariant stably complex struc-
ture. So we may consider its complex cobordism class [M] € 2.
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Thm 6. Every complex cobordism class in
dim > 2 contains a quasitoric manifold.

The complex cobordism ring $2;7 is multiplicatively generated by the
cobordism classes [H;;], 0 <i < j, of Milnor hypersurfaces

Hij = {(zo C e Z,L')X(’wo C e wj) c CPiXCPjZ Zowo + ...+ Zw; = O}.
But H;; is not a quasitoric manifold if ¢ > 1.

Idea of proof

1) Replace each H;; by a quasitoric (in fact, toric) manifold B;; so
that {Bz-j} is still a multiplicative generator set for ;7. Therefore,
every stably complex manifold is cobordant to the disjoint union
of products of Bz-j’s. Every such product is a g-t manifold, but
their disjoint union is not.

2) Replace disjoint unions by certain connected sums. This is tricky,
because you need to take account of both the torus action and
the stably complex structure.
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