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Thm 1. Every complex cobordism class in dim > 2 contains a qua-
sitoric manifold.

In other words, every stably complex manifold is cobordant to a man-
ifold with a nicely behaving torus action.

In cobordism theory, all manifolds are smooth and closed.

MP ~ M% (co)bordant if there is a manifold with boundary WnTl1
such that oW1 = My U M>.



Complex cobordism: work with complex manifolds.

complex mflds C almost complex mflds C stably complex mflds

Stably complex structure on M is determined by a choice of isomor-
phism

[aY)

M dR" — ¢
where £ is a complex vector bundle.
Complex cobordism classes [M] form the complex cobordism ring
with respect to the disjoint union and product.

Qy = Zlay,an,...], dima; = 2i



Quasitoric manifolds: manifolds M?2" with a ‘“nice” action of the
torus T

e the T™-action is locally standard (locally looks like the standard
T"-representation in C");

e the orbit space MQ”/T” iIs an n-dim simple polytope P".

Examples include projective smooth toric varieties and symplectic
manifolds M?2™ with Hamiltonian actions of T" (also known as toric
manifolds).



Quasitoric manifolds from combinatorial data.

R™ Euclidean vector space. Consider a convex polyhedron

P={xeR": (a;,x)+b;>20 forl<i<m}, a;eR" b cR.

Assume:
a) dimP = n;
b) no redundant inequalities (cannot remove any inequality without

C)

d)

changing P);
P is bounded;

bounding hyperplanes H; = {(a;,x)+b; = 0}, 1 <1< m, intersect
in general position at every vertex, i.e. there are exactly n facets
of P meeting at each vertex.



Then P is an n-dim convex simple polytope with m facets

F,={x € P: (ai,X)—sz':O}:PﬁHi

and normal vectors a;, for 1 << m.

The faces of P form a poset with respect to the inclusion. Two poly-
topes are said to be combinatorially equivalent if their face posets are

isomorphic. The corresponding equivalence classes are called combi-
natorial polytopes.



We may specify P by a matrix inequality

= {x: Apx + bp > 0},

where Ap = (a;;) is the m x n matrix of row vectors a;, and bp is the
column vector of scalars b;.

T he affine injection

iPIRn—>Rm, Xl—>ApX—|—bp

embeds P into RY' = {y € R™: y; > O}.

Now define the space Zp by a pullback diagram

Zp Z—Z> Cm (Z]_;---;Zm)
P Z_P> R™M (|21|27°°°7|Zm|2)

Here 1, is a T""-equivariant embedding.



Prop 2. Zp is a smooth T -manifold with the canonical trivialisation
of the normal bundle of i17: Zp — C',

Idea of proof.

1) Write the image ip(R"™) C R™ as the set of common solutions of
m — n linear equations in y;, 1 <7 < m;

2) replace every y; by |zz-\2 to get a representation of Zp as an inter-
section of m — n real quadratic hypersurfaces;

3) check that 2) is a “complete” intersection, i.e. the gradients are
linearly independent at each point of Zp. 5

Zp is called the moment-angle manifold corresponding to P.

It can be proved that the equivariant smooth structure on Zp depends
only on the combinatorial type of P.



Assume given P as above, and an integral n x m matrix

(1 0 ... O Appa1 --- Aim)
A [0 0 dapgr e Aom
0 0 ... 1 Appy1 - Angm)

satisfying the condition

the columns of A, ,...,A;, corresponding to any vertex p =
F;,n---NF; form a basis of Z".

We refer to (P,\) as the combinatorial quasitoric pair.



Define K = K(A\) ;= ker(A: T™ - T") =Tm ",

Prop 3. K(A\) acts freely on Zp.

The quotient
M = M(P,N\) .= Zp/K(N\)

is the quasitoric manifold corresponding to (P,A). It has a residual
T"-action (T™/K(N\) = T") satisfying the two
conditions:

a) the T™-action is locally standard;

b) there is a projection 7: M — P whose fibres are orbits of the
T"-action.
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Define complex line bundles
piZZpXKCZ'—)M, 1 <72<m,

where C; is the 1-dim complex T -representation defined via the quo-
tient projection C™ — C; onto the ith factor.

Thm 4. There is an isomorphism of real vector bundles

TMBAR™™ = p1 B P pm.

This endows M with the canonical equivariant stably complex struc-
ture. SO we may consider its complex cobordism class [M] € Q.
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Thm 1. Every complex cobordism class in dim > 2 contains a qua-
sitoric manifold.

The complex cobordism ring €2;; is multiplicatively generated by the
cobordism classes [H;;], 0 <i < j, of Milnor hypersurfaces

Hij :{(zo C e Zz) X (wo C e :wj) ECPi XCPjZ zowo—l—...ziwizO}.
But Hz-j IS not a quasitoric manifold if ¢ > 1.

Idea of proof of the main theorem.

1) Replace each H;; by a quasitoric manifold B;; so that {B;;} is
still a multiplicative generator set for €2;;. Therefore, every stably
complex manifold is cobordant to the disjoint union of products
of Bz-j's. Every such product is a g-t manifold, but their disjoint
union is not.

2) Replace the disjoint unions by the connected sums. This is tricky,
because you need to take account of both the torus action and
the stably complex structure.
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