2000 č. ňăľ | ĺîŋì â. 55, ćëŕ. 3(333) ŞŚŔĚŢĹ ŇĂŠĚŇĂŠĹŮĚŚŁĹŢ ŊĂŞŁ

Ć ŇŐŚŁŐĆŚŁŐŇ ŇĂŠĚŇĂŠĹŮĚŚŁŐŇ ŐĄŹĚŚŠĆĚ

ŚŐŐĄŹĚŊĹ§ ŇŐŚŁŐĆŚŁŐČŐ ŇĂŠĚŇĂŠĹŮĚŚŁŐČŐ ŐĄŹĚŚŠĆĂ

ŇŐŇĚŊŠ-ŞČŐŃ ŁŐŇŔŃĚŁŚŻ Ĺ ŁŐŇĄĹŊĂŠŐŘĹŁĂ ŚĹŇŔŃĹŰĹĂŃĲŊŻŢ ŇŊŐČŐŐĄŘĂĞĹĽ

Ć. Ň. Ąãåèâăąěà, Š. Ě. Ŕăŋőć

Ŕãáâì æ: (D^2)^m → I^m { ŕàőěłæĺï ŋă ŕàőáâàăŋáâćő őàąĺâ ďńï ďĺăčőŋăńìŋőčő ďěľáâćĺï âőàă T^m ŋă ěďĺŋĺçŋőň ŕőńĺďĺáłě (D^2)^m ⊂ C^m . Łăęďăï čàăŋì łãąă I^m = [0; 1]^m, àăááňăâàĺćăěňőÄ čő łăł łãąĺçěáłĺľ łőňŕńěłá, ĺňěěâ ćĺď F_{I⊂J} = {(y_1; : : : ; ym) ∈ I^m : y_i = 0 ŕàĺ i ∈ I; y_j = 1 ŕàĺ j =∈ J};

čďě I ⊂ J { ďćă ŕőďňŋőęěáâćă ňŋőęěáâćă [m] = {1; : : : ; m}. Ďńï łăęďőľ čàăŋĺ F_{I⊂J} ŕőńőęĺň B_{I⊂J} := æ^{−1}(F_{I⊂J} ). Ěáńĺ #I = i, #J = j, âő B_{I⊂J} ∼= (D^2)^{j−i} × T^{m−j} .

Őŕàěďěńěŋĺě 1. Ŕãáâì C { ŋěłőâőàëľ łãąĺçěáłĺľ ŕőďłőňŕńěłá ć I^m. Ňőňěŋâ-ãčőń łőňŕÄ ńěłáőň ma(C) ŋăğëćăěâáï àăğąĺěŋĺě T^m-ĺŋćăàĺăŋâŋőčő ŕőďňŋőęěáâćă æ^{−1}(C) ⊂ (D^2)^m ŋă ąńőłĺ B_{I⊂J} , áőőâćěâáâćãîéĺě čàăŋïň F_{I⊂J} łőňŕńěłáă C.

Ĺğãçěŋĺě íłćĺćăàĺăŋâŋőľ âőŕőńőčĺĺ ňőňěŋâ-ãčőń łőňŕńěłáőć ŕőğćőńïěâ àěèăâì ğăďăçĺ łőňÄ ąĺŋăâőàĺłĺ łãąĺçěáłĺå àăğąĺěŋĺľ. Ć ŋăáâőïéěľ àăąőâě ňë ďěňőŋáâàĺàãěň ćőğňőęŋőáâĺ âăłőčő ŕőďåőďă ć áńãçăě łãąĺçěáłĺå àăğąĺěŋĺľ, őŕàěďěńïěňëå áĺňŕńĺæĺăńìŋëňĺ łőňŕńěłáăňĺ. Ŕãáâì K^{n−1} { (n − 1)-ňěàŋëľ áĺňŕńĺæĺăńìŋëľ łőňŕńěłá á m ćěàèĺŋăňĺ ĺ |K| { áőőâćěâáâćãîéĺľ ŕőÄ ńĺíďà. Ěáńĺ I = {i_1; : : : ; i_k} ⊂ [m] ïćńïěâáï áĺňŕńěłáőň K, âő ňë ąãďěň ŕĺáăâì I ∈ K. Ććěďěň ďćă łăŋőŋĺçěáłĺå łãąĺçěáłĺå ŕőďłőňŕńěłáă ć I^m: cub(K) = {F_{I⊂J} : J ∈ K; I ≠ ∅}; cc(K) = {F_{I⊂J} : J ∈ K}:

Ńěňňă 2. Łăł âőŕőńőčĺçěáłőě ŕàőáâàăŋáâćő, łőňŕńěłá cub(K) čőňěőňőàäěŋ |K|, ă cc(K) čőňěőňőàäěŋ łőŋãáã | cone(K)|.

Łãąĺçěáłĺľ łőňŕńěłá cc(K) ąëń ććěďěŋ ć [1] ĺ ğăâěň ĺğãçăńáï ć [2]. Łãąĺçěáłĺľ łőňŕńěłá cub(K) ŕőïćĺńáï ć [3].

T 1 D ă) T 1 0 I D ą)

Řăąőâă ćëŕőńŋěŋă ŕàĺ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (čàăŋâ ò 99-01-00090).

Ć ŇŐŚŁŐĆŚŁŐŇ ŇĂŠĚŇĂŠĹŮĚŚŁŐŇ ŐĄŹĚŚŠĆĚ (ŞŇŊ, ŠŐŇ 55, ĆŻŔ. 3) 1

Őąőğŋăçĺň ňőňěŋâ-ãčőń łőňŕńěłáë, áőőâćěâáâćãîéĺě cub(K) ĺ cc(K) çěàěğ W_K ĺ Z_K áőőâÄ ćěâáâćěŋŋő. Ťĺłáĺàãěň łńěâőçŋőě àăğąĺěŋĺě ŕőńĺďĺáłă (D^2)^m, ŕàĺ łőâőàőň łăęďëľ D^2 ŕàěďÄ áâăćńïěâáï ć ćĺďě őąêěďĺŋěŋĺï 0-ňěàŋőľ łńěâłĺ 1, 1-ňěàŋőľ łńěâłĺ T ĺ 2-ňěàŋőľ łńěâłĺ D(áň. àĺá. ă)). Łăęďăï łńěâłă ć (D^2)^m ŕàěďáâăćńïěâáï ć ćĺďě ŕàőĺğćěďěŋĺï łńěâőł D_i, T_i, 1_i, i = 1; : : : ; m, â.ě. ĺňěěâ ćĺď D_I T_J 1_{[m]\I∪J} , čďě I, J { ŕőŕăàŋő ŋěŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă [m]. Ŕőńőęĺň D_I T_J := D_I T_J 1_{[m]\I∪J} . Ŕàĺ íâőň Z_K ïćńïěâáï łńěâőçŋëň ŕőďłőňŕńěłáőň ć (D^2)^m, áőáâőïÄ éĺň ĺğ ćáěå łńěâőł D_I T_J , ďńï łőâőàëå I ∈ K.

Ńěňňă 3. Ćńőęěŋĺě T^m = æ^{−1}(1; : : : ; 1) ,→ Z_K ïćńïěâáï łńěâőçŋëň őâőąàăęěŋĺÄ ěň, čőňőâőŕŋëň őâőąàăęěŋĺî ć âőçłã.

Łăł ŕőłăğăŋő ć [2], ďńï ŕàőĺğćőńìŋőčő ŕőńï k ĺňěěâ ňěáâő ĺğőňőàäĺğň ăńčěąà:

(1) H^∗(Z_K) ∼= Tor_{k[v1;:::;vm]}(k(K);k) ∼= H^∗[k(K) ⊗ ~[u_1; : : : ; um]; d];

čďě k(K) { łőńìæő Śâěŋńĺ{Řăľáŋěàă łőňŕńěłáă K, ă ďĺääěàěŋæĺăń d őŕàěďěńïěâáï łăł d(v_i) = 0, d(u_i) = v_i, i = 1; : : : ; m. Tor-ăńčěąàă ĺğ (1) ěáâěáâćěŋŋëňőąàăğőň ïćńïěâáï ąĺčàăďãĺàőćăŋŋőľ, ŕàĺçěň bideg(v_i) = (0; 2), bideg(u_i) = (−1; 2). Ćëçĺáńěŋĺě łőńìæă H^∗(Z_K) ŕőğćőńĺńő àěèĺâì ğăďăçã őŕĺáăŋĺï ňãńìâĺŕńĺłăâĺćŋőľ áâàãłâãàë łőčőňőńőčĺľ ďőŕőńŋěŋĺï łőŋäĺčãàăæĺĺ łőőàďĺÄ ŋăâŋëå ŕőďŕàőáâàăŋáâć ć C^m [2].

Ć [1] ąëń ććěďěŋ ŕőďłőňŕńěłá C^∗(K) ⊂ k(K) ⊗ ~[u_1; : : : ; um], ŕőàőęďěŋŋëľ ňőŋőňăňĺ u_J ĺ v_I u_J , ďńï łőâőàëå I ∩ J = ∅, I ∈ K, ĺ ŕőłăğăŋő, çâő łőčőňőńőčĺĺ C^∗(K) âăłęě áőćŕăďăîâ á łőčőňőńőčĺïňĺ Z_K . Őąőğŋăçĺň çěàěğ C∗(Z_K) ĺ C^∗(Z_K) áőőâćěâáâćěŋŋő æěŕŋőľ ĺ łőæěŕŋőľ łőňŕńěłáë łńěâőçŋőčő àăğąĺěŋĺï Z_K âĺŕă ă).

Šěőàěňă 4. Ŕãáâì (D_I T_J )^∗ ∈ C^∗(Z_K) { łńěâőçŋăï łőæěŕì, ďćőľáâćěŋŋăï łńěâłě D_I T_J ∈ Z_K . Śőőâćěâáâćĺě v_I u_J → (D_I T_J )^∗ ãáâăŋăćńĺćăěâ łăŋőŋĺçěáłĺľ ĺğőňőàÄ äĺğň łőňŕńěłáőć C^∗(K) ĺ C^∗(Z_K), łăęďëľ ĺğ łőâőàëå ćëçĺáńïěâ H^∗(Z_K).

Ŕăàă (Z_K; T^m) ŕàĺőąàěâăěâ ąĺčàăďãĺàőćăŋŋãî łńěâőçŋãî áâàãłâãàã, čďě bideg(D_i) = (0; 2), bideg(T_i) = (−1; 2). Ŕãáâì b_{−q;2p} (Z_K; T^m) = dim H_{−q;2p}[C∗(Z_K; T^m)]. Ťĺłáĺàãěň ŋőćőě łńěâőçŋőě àăğąĺěŋĺě ŕőńĺďĺáłă (D^2)^m, ŕàĺ łőâőàőň łăęďëľ ďĺáł D^2 àăğąĺćăěâáï ŋă 5 łńěâőł D, T , I, 1, 0 (áň. àĺá. ą)). İâő ŕőğćőńïěâ ććěáâĺ ŋă W_K ąĺčàăďãĺàőćăŋŋãîłńěâőçŋãî áâàãłâãàã ĺ őŕàěďěńĺâì çĺáńă b_{q;2p}(W_K ) = dim H_{q;2p}[C∗(W_K)]. Ŕőńőęĺň

Ø(Z_K; T^m; t) = ∑ p;q (−1)^qb_{−q;2p} (Z_K; T^m)t^{2p}; Ø(W_K ; t) = ∑ p;q (−1)^qb_{q;2p} (W_K)t^{2p}:

Ŕãáâì f_i { çĺáńő i-áĺňŕńěłáőć K ĺ (h_0; : : : ; hn) { h-ćěłâőà, őŕàěďěńïěňëľ ĺğ áőőâŋőèěŋĺï h_0t^n + · · · + h_{n−1}t + hn = (t − 1)^n + f_0(t − 1)^{n−1} + · · · + f_{n−1}.

Šěőàěňă 5. Ŕőńőęĺň h(t) = h_0 + h_1t + · · · + hnt^n. Šőčďă

Ø(Z_K; T^m; t) = (1 − t^2)^{m−n}h(t^2) − (1 − t^2)^m;

Ø(W_K ; t) = (1 − t^2)^{m−n}h(t^2) + (−1)^{n−1}hn(1 − t^2)^m:

Ńěňňă 6. Ěáńĺ |K| ∼= S^{n−1}, âő Z_K ïćńïěâáï ğăňłŋãâëň ňŋőčőőąàăğĺěň.

Ŕãáâì âěŕěàì K^{n−1} { áĺňŕńĺæĺăńìŋőěňŋőčőőąàăğĺě. Šőčďă łőňŕńěłá Z_K, ćőőąéě čőćőàï, ŋě ïćńïěâáï ňŋőčőőąàăğĺěň, ŋő ãďăńïï ňăńãî őłàěáâŋőáâì U”(T^m) âőàă T^m = æ^{−1}(1; : : : ; 1), ňë ŕőńãçăěň ňŋőčőőąàăğĺě W_K = Z_K \ U”(T^m) á łàăěň @W_K = |K| × T^m.

Šěőàěňă 7. Ňŋőčőőąàăğĺě á łàăěň W_K íłćĺćăàĺăŋâŋő čőňőâőŕĺçěáłĺ íłćĺćăńěŋâÄ ŋő łőňŕńěłáã W_K . Ĺňěěâ ňěáâő čőňěőňőàäĺğň ŕăà (W_K ; @W_K ) → (Z_K; T^m).

Ĺğ őâŋőáĺâěńìŋőľ ďćőľáâćěŋŋőáâĺ Ŕãăŋłăàě ďńï W_K ćëâěłăěâ áőőâŋőèěŋĺě Ø(W_K; t) = (−1)^{m−n}t^{2m}Ø(Z_K; T^m;^1_t ). Őâáîďă ĺ ĺğ âěőàěňë 5 ŕőńãçăěň

2 Ć ŇŐŚŁŐĆŚŁŐŇ ŇĂŠĚŇĂŠĹŮĚŚŁŐŇ ŐĄŹĚŚŠĆĚ (ŞŇŊ, ŠŐŇ 55, ĆŻŔ. 3)

Śńěďáâćĺě 8. Ŕãáâì K^{n−1} { áĺňŕńĺæĺăńìŋőě ňŋőčőőąàăğĺě. Šőčďă

(2) h_{n−i} − h_i = (−1)^i(hn − 1)

(_n i ) = (−1)^i ( Ø(K^{n−1}) − Ø(S^{n−1}) )(_n i ) ; i = 0; 1; : : : ; n:

Ğăŕĺáăć áőőâŋőèěŋĺï (2) ć âěàňĺŋăå f-ćěłâőàă, ňë ŕàĺåőďĺň ł ąőńěě áńőęŋëň áőőâŋőèěŋĺÄ ïň, ŕőńãçěŋŋëň ć [4], [5]. Ŕàĺ |K| = S^{n−1} áńěďáâćĺě 8 ďăěâ łńăááĺçěáłĺě áőőâŋőèěŋĺï ĎěÄ ŋă{Śőňňěàćĺńńă. Ďńï áńãçăï PL-ňŋőčőőąàăğĺľ âőŕőńőčĺçěáłăï ĺŋćăàĺăŋâŋőáâì çĺáěń h_{n−i} − h_i, ćëâěłăîéăï ĺğ áńěďáâćĺï 8, ąëńă ãáâăŋőćńěŋă ć [6; (7.11)].

Ďěâăńìŋőě ĺğńőęěŋĺě àěğãńìâăâőć áň. ć http://xxx.lanl.gov/abs/math.AT/0005199. ĂćÄ âőàë ćëàăęăîâ ąńăčőďăàŋőáâì Ő.Ř. Ňãáĺŋã łőâőàëľ ć åőďě ŕőńěğŋëå őąáãęďěŋĺľ àěğãńìâăâőć àăąőâë őąàăâĺń ŋăèě ćŋĺňăŋĺě ŋă àăąőâë [4], [6].

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

[1] Ąãåèâăąěà Ć. Ň., Ŕăŋőć Š. Ě. // Šàãďë ŇĹŘĂŊ. 1999. Š. 225. Ś. 96{131. [2] ĄãåÄ èâăąěà Ć. Ň., Ŕăŋőć Š. Ě. // Ğăŕĺáłĺ ŋăãçŋëå áěňĺŋăàőć ŔŐŇĹ. 2000. Š. 266. Ś. 29{50. [3] Ÿâăŋìłő Ň. Ă., Ÿâőčàĺŋ Ň. Ĺ. // ŞŇŊ. 1992. Š. 47. ò1. Ś. 219{220. [4] Chen B., Yan M. // Šàãďë ŇĹŘĂŊ. 1998. Š. 221. Ś. 305{319. [5] Klee V. // Canadian J. Math. 1964. V. 16. P. 517{531. [6] Pachner U. // European J. Combin. 1991. V. 12. P. 129{145.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă E-mail: buchstab@mech.math.msu.su; tpanov@mech.math.msu.su

Ŕàĺŋïâő àěďłőńńěčĺěľ 03.04.2000