1996 č. ïŋćăàì | äěćàăńì â. 51, ćëŕ. 1(307) ŞŚŔĚŢĹ ŇĂŠĚŇĂŠĹŮĚŚŁĹŢ ŊĂŞŁ

Ć ŇŐŚŁŐĆŚŁŐŇ ŇĂŠĚŇĂŠĹŮĚŚŁŐŇ ŐĄŹĚŚŠĆĚ

ŚŐŐĄŹĚŊĹ§ ŇŐŚŁŐĆŚŁŐČŐ ŇĂŠĚŇĂŠĹŮĚŚŁŐČŐ ŐĄŹĚŚŠĆĂ

Ő ŚŠŘŞŁŠŞŘĚ 2-ĂŃČĚĄŘŻ ŢŐŔŤĂ Ć ŁŐČŐŇŐŃŐČĹ§Ţ ŮĚŠŻŘĚŢŇĚŘŊŻŢ ŇŊŐČŐŐĄŘĂĞĹĽ

Š. Ě. Ŕăŋőć

N-ăńčěąàë Ţőŕäă ąëńĺ ććěďěŋë Ć.Ň. Ąãåèâăąěàőň ĺ Ě. Řĺáőň ć [2]. Ćăęŋëě ŕàĺňěàë âăłĺå ăńčěąà ďăîâ łőńìæă łőčőňőńőčĺľ n-ğŋăçŋëå čàãŕŕ (áň. [1], [2]). Ć ďăŋŋőľ àăąőâě őŕĺáăŋë ćáě çěâëàěåňěàŋëě őďŋőáćïğŋëě ňŋőčőőąàăğĺï, ăńčěąàă łőčőňőńőčĺľ łőâőàëå ďőŕãáłăěâ áâàãłâãàã 2-ăńčěąàë Ţőŕäă.

Ŕãáâì ğăďăŋő ćěłâőàŋőě ŕàőáâàăŋáâćő V ŋăď ŕőńěň k á ąăğĺáőň ˘_1; : : : ; ˘n, dim V = n, ĺ ŋă ŋěň ğăďăŋă ŋěćëàőęďěŋŋăï áĺňňěâàĺçěáłăï äőàňă C = (c_{ij} ), (˘_i; ˘_j ) = c_{ij} . Ŕàĺ ŕőňőéĺ V ĺ C ňë ňőęěň ŕőáâàőĺâì A = A_0 ⊕ A_2 ⊕ A_4 { čàăďãĺàőćăŋŋãî łőňňãâăâĺćŋãî ăááőæĺăâĺćŋãî ăńčěąàã á ěďĺŋĺæěľ ŋă ŕőńěň k. Ă ĺňěŋŋő, ŕãáâì A_0 = k, A_2 = V = ⟨˘_1; : : : ; ˘n⟩, A_4 = k ĺ f ∈ A_4 { őąàăğãîéăï, ă ãňŋőęěŋĺě őŕàěďěńïěâáï âăł: ˘_i˘_j = c_{ij} f, ˘_if = 0.

Őŕàěďěńěŋĺě 1. Śâàãłâãàă 2-ăńčěąàë Ţőŕäă ŋă čàăďãĺàőćăŋŋőľ ăńčěąàě ŋăğëćăěâáï őďÄ ŋőàőďŋőľ, ěáńĺ ´ áőåàăŋïěâ čàăďãĺàőćłã.

Śńěďãîéĺľ àěğãńìâăâ ĺğ [2] ňë ĺáŕőńìğãěň ć łăçěáâćě őŕàěďěńěŋĺï 2-ăńčěąàë Ţőŕäă: ăńčěąÄ àă A, áŋăąęěŋŋăï őďŋőàőďŋëň łőãňŋőęěŋĺěň ´: A → A ⊗ A, ïćńïěâáï 2-ăńčěąàőľ Ţőŕäă âőčďă ĺ âőńìłő âőčďă, łőčďă ďńï ńîąëå a_1; a_2; a_3 ∈ A ćëŕőńŋěŋő

(1) ´(a_1a_2a_3) = ´a_1´(a_2a_3) + ´a_2´(a_3a_1) + ´a_3´(a_1a_2) − 2´(a_1)´(a_2)´(a_3):

Ąőńěě âőčő, áőőâŋőèěŋĺě (1) ńĺŋěľŋő, â.ě. ěčő ďőáâăâőçŋő ŕàőćěàïâì ŋă ňőŋőňăå ĺńĺ ŋă ăďďĺâĺćÄ ŋëå őąàăğãîéĺå.

Őďŋőàőďŋőě łőãňŋőęěŋĺě ´ ć ăńčěąàě A ďőńęŋő ĺňěâì áńěďãîéĺľ ćĺď: (2) ´(˘_i) = ˘_i ⊗ 1 + 1 ⊗ ˘_i;

´(f) = f ⊗ 1 + 1 ⊗ f + d^{kl}˘_k ⊗ ˘_l:

Ňë ŋăľďěň ãáńőćĺï ŋă ňăâàĺæã D = (d^{ij} ), ïćńïîéĺěáï ŋěőąåőďĺňëňĺ ĺ ďőáâăâőçŋëňĺ ďńï âőčő, çâőąë ăńčěąàă A á łőãňŋőęěŋĺěň, ğăďăŋŋëň äőàňãńăňĺ (2), ïćńïńăáì 2-ăńčěąàőľ Ţőŕäă.

Šěőàěňă 1. Šőęďěáâćő (1) ćëŕőńŋěŋő ďńï ńîąëå a_i ∈ A_2, â.ě. ďńï a_i = ˘_j , i = 1; 2; 3, j = 1; : : : ; n, âőčďă ĺ âőńìłő âőčďă, łőčďă D = C^{−1}, â.ě. d^{ij} c_{jk} = ffi^i_k.

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ äĺŋăŋáőćőľ ŕőďďěàęłě Ňěęďãŋăàőďŋőčő ŋăãçŋőčő äőŋďă (čàăŋâ ò M3Z000).

162 Ć ŇŐŚŁŐĆŚŁŐŇ ŇĂŠĚŇĂŠĹŮĚŚŁŐŇ ŐĄŹĚŚŠĆĚ (ŞŇŊ, ŠŐŇ 51, ĆŻŔ. 1)

Ďőłăğăâěńìáâćő âěőàěňë 1. 1) Ŕãáâì D = C^{−1}. Šőčďă ĺňěěň: ěáńĺ a_1 = ˘_i, a_2 = ˘_j , a_3 = ˘_k, âő

(3) ´(˘_i˘_j ˘_k) = 0;

´˘_i´(˘_j ˘_k) = 2c_{jk}(f ⊗ ˘_i + ˘_i ⊗ f); ´˘_j ´(˘_k˘_i) = 2c_{ki}(f ⊗ ˘_j + ˘_j ⊗ f); ´˘_k´(˘_i˘_j ) = 2c_{ij} (f ⊗ ˘_k + ˘_k ⊗ f);

´˘_i´˘_j ´˘_k = c_{jk}(f ⊗ ˘_i + ˘_i ⊗ f) + c_{ki}(f ⊗ ˘_j + ˘_j ⊗ f) + c_{ij} (f ⊗ ˘_k + ˘_k ⊗ f): Őâáîďă (4) ´˘_i´(˘_j ˘_k) + ´˘_j ´(˘_k˘_i) + ´˘_k´(˘_i˘_j ) − 2´˘_i´˘_j ´˘_k = ´(˘_i˘_j ˘_k); ĺ (1) ćëŕőńŋěŋő ďńï a_i ∈ A_2.

2) Ŕãáâì âěŕěàì ćëŕőńŋěŋő (4). Ĺňěěň:

´˘_i´(˘_j ˘_k) = c_{jk}(ffi^n_i + d^{mn}c_{mi})(f ⊗ ˘n + ˘n ⊗ f); ´˘_j ´(˘_k˘_i) = c_{ki}(ffi^n_j + d^{mn}c_{mj})(f ⊗ ˘n + ˘n ⊗ f); ´˘_k´(˘_i˘_j ) = c_{ij} (ffi^n_k + d^{mn}c_{mk})(f ⊗ ˘n + ˘n ⊗ f); ´˘_i´˘_j ´˘_k = (c_{jk}ffi^n_i + c_{ki}ffi^n_j + c_{ij} ffi^n_k )(f ⊗ ˘n + ˘n ⊗ f):

Šőčďă ĺğ (4) ĺňěěň:

(5) c_{jk}(d^{mn}c_{im} − ffi^n_i ) + c_{ki}(d^{mn}c_{jm} − ffi^n_j ) + c_{ij} (d^{mn}c_{km} − ffi^n_k ) = 0: Őâáîďă áńěďãěâ, çâő d^{mn}c_{im} = ffi^n_i . Šěőàěňă ďőłăğăŋă.

Řăááňőâàĺň âěŕěàì âőęďěáâćő (1) ć áńãçăě, łőčďă ŋěłőâőàëě ĺğ a_i áőćŕăďăîâ á f ∈ A_4. ĚáÄ ńĺ åőâï ąë ďćă ĺğ a_i àăćŋë f, âő őąě çăáâĺ âőęďěáâćă (1) őąàăéăîâáï ć ŋãńì ŕő áőőąàăęěŋĺïň àăğňěàŋőáâĺ (âăł łăł ˘^3_i = f^2 = ˘_if = 0 ∀ i). Ŕőíâőňã őáâăńőáì àăááňőâàěâì áńãçăľ a_1 = ˘_i, a_2 = ˘_j , a_3 = f. Šőčďă (1) áćőďĺâáï ł (6) ´(˘_i˘_j )´f − 2´˘_i´˘_j ´f = 0: Ĺňěěň:

´(˘_i˘_j )´f − 2´˘_i´˘_j ´f = −2c_{ij}f ⊗ f + c_{ij} d^{mn}cmnf ⊗ f − 4ffi^n_i c_{jn}f ⊗ f = c_{ij} (dim A_2 − 6)f ⊗ f:

Őâáîďă ŕőńãçăěň dim A_2 = 6.

Ĺâăł, ňë ďőłăğăńĺ áńěďãîéěě ãâćěàęďěŋĺě:

Šěőàěňă 2. Ŕãáâì ĺňěěâáï čàăďãĺàőćăŋŋăï łőňňãâăâĺćŋăï ăááőæĺăâĺćŋăï ăńčěąÄ àă á ěďĺŋĺæěľ A = A_0 ⊕ A_2 ⊕ A_4, A_0 = A_4 = k, f ∈ A_4, A_2 = ⟨˘_1; : : : ; ˘n⟩ á ãňŋőęěŋĺěň ˘_i˘_j = c_{ij} f, čďě C = c_{ij} { ŋěćëàőęďěŋŋăï ňăâàĺæă. Šőčďă łőãňŋőęěŋĺě, ğăďăćăěňőě äőàňãńăňĺ (2), ïćńïěâáï 2-łőńìæěćëň čőňőňőàäĺğňőň, â.ě. ğăďăěâ ŋă A áâàãłâãàã 2-ăńčěąàë Ţőŕäă âőčďă ĺ âőńìłő âőčďă, łőčďă D = C^{−1} ĺ dim A_2 = 6.

Ăńčěąàë âăłőčő ćĺďă, łăł ňë őŕàěďěńĺńĺ ćëèě ćőğŋĺłăîâ łăł ăńčěąàë łőčőňőńőčĺľ őďŋőÄ áćïğŋëå çěâëàěåňěàŋëå ňŋőčőőąàăğĺľ. Ŕãáâì M { âăłőě ňŋőčőőąàăğĺě, k = Z, A = H^∗(M; Z), A_0 = H^0(M; Z), A_2 = H^2(M; Z), A_4 = H^4(M; Z). Ňăâàĺæă C ć őŕàěďěńěŋĺĺ ăńčěąàë A íâő ŕàőáâő ňăâàĺæă ŕěàěáěçěŋĺľ ďćãňěàŋëå æĺłńőć ŋă M.

Šăłĺň őąàăğőň, M ďőŕãáłăěâ áâàãłâãàã 2-ăńčěąàë Ţőŕäă ć łőčőňőńőčĺïå âőčďă ĺ âőńìłő âőčÄ ďă, łőčďă dim H^2(M) = 6 ĺ łőãňŋőęěŋĺě ğăďăěâáï äőàňãńăňĺ (2), čďě ˘_i ∈ H^2(M), f ∈ H^4(M) { őąàăğãîéĺě, ă D = C^{−1} { ňăâàĺæă, őąàăâŋăï ł ňăâàĺæě ŕěàěáěçěŋĺľ (ğăňěâĺň, çâő âăł łăł C ãŋĺňőďãńïàŋă, âő D { æěńőçĺáńěŋŋă). Ăááőæĺĺàőćăŋŋăï á âăłőľ ňăâàĺæěľ łćăďàăâĺçŋăï äőàňă ŕàĺćőďĺâáï ł őďŋőňã ĺğ áńěďãîéĺå ćĺďőć (áň. [6]): C = kI ⊕ (6 − k)(−I) ĺńĺ C = 3U. Ğďěáì I = (1), U { ňăâàĺæă, áőőâćěâáâćãîéăï äőàňě 2xy. Ć íâĺå áńãçăïå C^{−1} = C =⇒ D = C.

Ťőàňă kI ⊕ (6 − k)(−I) àěăńĺğãěâáï łăł äőàňă ŕěàěáěçěŋĺľ ďńï ňŋőčőőąàăğĺï kC P^2 #(6 − k)(−CP^2 ), ă 3U { łăł äőàňă ŕěàěáěçěŋĺľ ďńï (S^2 × S^2)#(S^2 × S^2)#(S^2 × S^2).

Ć ŇŐŚŁŐĆŚŁŐŇ ŇĂŠĚŇĂŠĹŮĚŚŁŐŇ ŐĄŹĚŚŠĆĚ (ŞŇŊ, ŠŐŇ 51, ĆŻŔ. 1) 163

Ğďěáì # őğŋăçăěâ őŕěàăæĺî ćğïâĺï áćïğŋőľ áãňňë. Ĺňěěâáï áńěďãîéĺľ àěğãńìâăâ (áň. [5]): őďÄ ŋőáćïğŋëě çěâëàěåňěàŋëě ňŋőčőőąàăğĺï M_1; M_2 čőňőâőŕĺçěáłĺ íłćĺćăńěŋâŋë âőčďă ĺ âőńìłő âőčďă, łőčďă ŕăàë (H^2(M_1); L_{M1} ), (H^2(M_2); L_{M2} ) ĺğőňőàäŋë łăł ŕàőáâàăŋáâćă á ćŋãâàěŋŋĺň ŕàőĺğćěďěŋĺěň.

Ŕőíâőňã ěďĺŋáâćěŋŋëňĺ(á âőçŋőáâìî ďő čőňőâőŕĺçěáłőľ íłćĺćăńěŋâŋőáâĺ)őďŋőáćïğŋëňĺ çěÄ âëàěåňěàŋëňĺ ňŋőčőőąàăğĺïňĺ, ďőŕãáłăîéĺňĺ áâàãłâãàã 2-ăńčěąàë Ţőŕäă ć łőčőňőńőčĺïå, ïćńïîâáï kC P^2 #(6 − k)(−CP^2 ) ĺ 3(S^2 × S^2).

Ć ğăłńîçěŋĺě ï åőâěń ąë ćëàăğĺâì ąńăčőďăàŋőáâì ňőěňã ŋăãçŋőňã àãłőćőďĺâěńî ŕàőäěááőàã Ć.Ň. Ąãåèâăąěàã ğă ŕőáâăŋőćłã ğăďăçĺ ĺ ăłâĺćŋãî ŕőďďěàęłã ć ěě àěèěŋĺĺ.

ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ

[1] Buchstaber V. M., Gorbunov V. G. Theory and applications of multivalued groups // Manchester University Preprint, 1991. [2] Buchstaber V. M., Rees E. G. MulÄ tivalued groups, their representations and Hopf algebras // Edinburgh University Preprint, 1995. [3] Ňăŋďěńìąăãň Ř. Ůěâëàěåňěàŋăï âőŕőńőčĺï. Ň.: Ňĺà, 1981. [4] Ňĺńŋőà Ďę., Ţìîğňőńńěà Ďę. Śĺňňěâàĺçěáłĺě ąĺńĺŋěľŋëě äőàňë. Ň.: Ŋăãłă, 1985. [5] ŔőŋâàïÄ čĺŋ Ń. Ś. Čńăďłĺě ňŋőčőőąàăğĺï ĺ ĺå ŕàĺňěŋěŋĺï ć âěőàĺĺ čőňőâőŕĺľ. Ň.: Ŋăãłă, 1976. [6] Śěàà Ę. Ŕ. Łãàá ăàĺäňěâĺłĺ. Ň.: Ňĺà, 1972.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă

Ŕàĺŋïâő àěďłőńńěčĺěľ 01.11.1995

6*