CALCULATION OF HIRZEBRUCH GENERA
FOR MANIFOLDS ACTED ON BY THE
GROUP Z/p VIA INVARIANTS OF THE ACTION

TARAS E. PANOV

ABSTRACT. We obtain general formulae expressing Hirzebruch genera of a manifold
with Z/p-action in terms of invariants of this action (the sets of weights of fixed
points). As an illustration, we consider numerous particular cases of well-known
genera, in particular, the elliptic genus. We also describe the connection with the
so-called Conner—Floyd equations for the weights of fixed points.

INTRODUCTION

In this paper we obtain general formulae expressing Hirzebruch genera of a man-
ifold acted on by Z/p with finitely many fixed points or fixed submanifolds with
trivial normal bundle via invariants of this action. We also describe the connection
with the so-called Conner—Floyd equations for the weights of fixed points.

Actions of Z/p were studied in [12], [13], [11], [8], where the so-called Conner—
Floyd equations were deduced within cobordism theory (see formulae (31), (32)).
These equations form necessary and sufficient conditions for a sets of elements of
Z/p to be the set of weights of some Z/p-action (see §3 for the definition). Two
approaches for the calculation of Hirzebruch genera of a stably complex manifold
with a Z/p-action were proposed in [5].

The first approach is based on the application of the Atiyah—Bott—Lefschetz fixed
point formula [1], and so for its realization it is necessary to have an elliptic complex
of bundles that are associated to the tangent bundle of the manifold. The Atiyah—
Bott—Lefschetz formula obtained in [1] generalizes the classical Lefschetz formula
for the number of fixed points and enables us to calculate the equivariant index
of an elliptic complex of bundles over a manifold by means of certain contribution
functions of the fixed submanifolds (see the details below). In particular, if an
operator acts on a manifold with finitely many fixed points, the corresponding
equivariant index can be expressed in terms of the fixed point weights. It was
shown in [5] how to express the Todd genus, which is the index of an elliptic
complex (namely, the Dolbeault complex) over a manifold with Z/p-action, via
the equivariant index of the same complex for the action of the generator of Z/p.
This equivariant index enters into the Atiyah—Bott—Lefschetz formula. In this way
one deduces the formulae expressing the Todd genus in terms of the weights of
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fixed points for this Z/p-action. The formulae obtained by this method contain the
number-theoretical trace of a certain algebraic extension of fields of degree (p — 1).
In this paper, we use the same approach to obtain the formulae for other genera
of manifolds with Z/p-action: the signature (or the L-genus), the Euler number,
the A—genus, the general x,-genus, and the elliptic genus. By this method we also
obtain some general equations (see. §5) for an arbitrary Hirzebruch genus having
the property to be the index of a certain elliptic complex of bundles associated to
the tangent bundle of a manifold with Z/p-action.

In this paper we use the generalized Lefschetz formula in the somewhat different
formulation, stated in [3]. This formula and especially the “recipe” it suggests for
calculating the equivariant index of a complex via contribution functions of fixed
points (see. § 5) are more convenient for applications than the formula from [1] used
in [5]. The generalized Lefschetz formula was deduced in [3] from the cohomological
form of the Atiyah—Singer index theorem, which was also proved there. We apply
both formulae: some of the results (see §4) we obtain are based on the “old”
Lefschetz formula of [1], while others use the “recipe” in §5 based on the formula
from [3].

Another approach to the equations for Hirzebruch genera, also proposed in [5],
is based on an application of cobordism theory in the same way as in the derivation
of the Conner—Floyd equations in [12], [13]. In [5], the authors give a formula
expressing the modp cobordism class of a stably complex manifold with a Z/p-
action in terms of invariants of the action. Then they show that the difference
between the two formulae for the Todd genus (obtained by the first and second
methods) is exactly the sum of the Conner—Floyd equations for the Todd genus. In
this paper we show (see Theorem 7.1) that the difference between the two seemingly
different formulae deduced by these two methods for an arbitrary genus is a weighted
sum (with integer coefficients) of the Conner—Floyd equations for this genus.

A case of particular interest is that of the so-called elliptic genus. In Witten’s
papers, a certain invariant was assigned to each oriented 2n-dimensional mani-
fold M?". This invariant is the equivariant index of the Dirac-like operator for the
canonical action of circle S! on manifold’s loop space. S. Ochanine [14] showed
that this index is a Hirzebruch genus corresponding to the elliptic sine; which led
to the term “elliptic genus”. In [2], [9] and other papers, the rigidity theorem for
the elliptic genus of manifolds with S'-action was proved. This theorem states
that if we regard the equivariant elliptic genus pg1 (M) of such a manifold as a
character of the group S*, then g1 (M) is the trivial character and is equal to the
elliptic genus @(M). At the same time, the elliptic genus takes its values in the
ring Z [+] [0,¢], and its value on any manifold M?" is a modular form of weight n
on the subgroup I'g(2) C SL2(Z) (cf. [7]). In this paper we obtain formulae for the
elliptic genus of a manifold with a Z/p-action having finitely many fixed points. A
summary of results of this part of the paper has already been published in [15]. As
an application we deduce certain relations between the Legendre polynomials by
applying our formulae to a special action of Z/p on CP™ (see §8).

In the remaining part of this article (see §9) we generalize our constructions to
the case of Z/p-actions with fixed submanifolds whose normal bundles are trivial.

§ 1. NECESSARY INFORMATION ABOUT HIRZEBRUCH GENERA

Let M?" be a manifold with a complex structure in its stable tangent bundle,
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that is, there is k such that T'M ¢ 2k is a complex bundle. We write the total Chern
class of the tangent bundle T'M as

(TM)=14c1(M)+co(M)+---+cp(M)=04z1)(1+2z2) - (1 + zp).

This means that the total Chern class of M is written as the product of the Chern
classes of “virtual” line bundles whose sum gives TM. Therefore, ¢;(M) is the ith
elementary symmetric function in xq,...,z,.

To each series of the form Q(x) = 1+ --- with coefficients in a certain ring A
there corresponds the Hirzebruch genus ¢ (M?") = ([, Q(=; ))[M ] (see [6]).
Along with Q(x), we introduce f(z) = x/Q(x) and g( ) = f~1(u). Each Hirze-
bruch genus ¢ gives rise to a formal group law F,(u,v) = =Gy St (g (u) + gq, )) with
logarithm g, (u) (see [5]). The corresponding power system [u]f = g (ng,(u))
(the nth power in the formal group law F,).

Hirzebruch genera for real orientable manifolds M*" are defined similarly. Here
we replace the Chern classes ¢; by the Pontryagin classes p;, and z; by 7, that is,

p(TM) =1+ pi(M)+p2(M)+ -+ +pp(M) = (1+az7)(1+23) - (1 + 7).

Hence we now have Q(z?) instead of Q(z).

The formulae obtained in this paper refer mainly to the following Hirzebruch
genera.
1. The universal genus ¢ corresponds to the identity homomorphism id: Qy ®Q —
Qu ® Q. The correspoﬁding formal group law of “geometric cobordisms” F'(u,v)
(see [12]) is universal, that is, for any formal group law F(x,y) over a ring A there
is unique ring homomorphism A: Qy — A such that F(z,y) = A[F(u,v)] (see [5]).
The logarithm of F'(u,v) is

. - £[(CP”] n+1l _ S CPn n+1
g(u)—Z—n+1 u —nzzon+1u :

n=0

Therefore, for any Hirzebruch genus ¢ we have

=, p[CP"
SD[ ]un—kl‘

— n—+1

go(u) =

2. The Todd genus td(M) corresponds to the following series:

X

ppp=—t fra(w)=1—¢e"", ga(u) = —In(1 — u).

Qtd(l‘) =

These formulae could also be deduced from the fact that td(CP™) = 1. Indeed,
using the identity (1), we obtain

gra(u) = Z = —In(1 — u).

The corresponding power system is

[u];'d — gt_dl (ngtd(u)) — 11— enln(l—u) —1_ (1 . U)n
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Thus, for the Todd genus
fra(w) =1-¢e", ga(u) = —In(1 — u), [U]%d =1-(1-u)" (2ta)

3. The Euler number e(M) (of the tangent bundle). Since e(CP™) = n + 1, we
deduce (see [13]) that

golw) = 7= fulw) = g w) = 7o

So Q(x) = 1+ z and, as might be expected,

e[M] = (H Q(azi)) [M] = (2122 ... 2,)[M?"] = ¢, [M?"].

=1

Next,
e 1 B nu
[u]n - ge (nge(u)) 1 + (n o ].)U
Thus, for the Euler number,
w U nu
e = T e = y fz = - 2
) = T gl = Tl = (2)

4. The signature (the L-genus) corresponds to the following series:

Qr(x) = tanfl(x) = xiiz:r::;)’ fr(w) = tanh(w),
gr,(u) = arctanh(u) = %ln (1 i‘ Z) ‘

This is in accordance with Hirzebruch’s theorem (the L-genus equals the signa-
ture, see [6]), from which we deduce that L(CP?") = 1, L(CP*"*1) = 0. The
corresponding power system is

[u]ﬁ :921(”%(“)) = Tn tu n, Ltu

Thus, for the L-genus,

fr(w) = tanh(w),  gr(u) =

N (1+u) e e wt

(Tw+ (- o)

5. There is a one-parametric genus which generalizes three previous examples,
namely, the x,-genus. This is the Hirzebruch genus that corresponds to the follow-
ing series:

_a(1l +ye *(Hv)
Qxy o 1 —e—x(l+y) °’
w 1 — e wty) 1 1+ yu
= = = 1 .
S (@) Qy, (w) 1+ yewl+y)’ Iy (1) 1+y T
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Neglecting the normalizing condition f, (w) = w+--- and replacing w(1+y) by w,
we obtain
1—e™" 1+yu

Ix, (W) = [Eap— G, (u) =1In

1—u

The expression for the power system associated to the x,-genus is the same in both
cases:

o = (b = —r 1= (355)

T ()

(2x,)

For y = 0,—1,1 we get respectively the Todd genus, the Euler number and the L-
genus.

6. The fl—genus corresponds to the following series:

_x/2 x
Qalz) = sinh(z/2)  e*/2 —e—%/2’

fa(w) = 2sinh <%) ,  ga(u) = 2arcsinh (g) =1In (E +14/1+ u_2> .

2 4
The corresponding power system is

n —

ey 1+u2 ! U 1+u2 -
S\ 2 4 2 4 '

Thus, for the A—genus,

[uld = ga' (nga(u)) = 2sinh(n arcsinh(u/2))

fa(w) =2sinh(w/2), ga(u) = 2arcsinh(u/2), [u]4d = 2 sinh (n arcsinh(u/2)).
(24)

§2. CALCULATION OF HIRZEBRUCH GENERA
BY MEANS OF THE ATIYAH—-SINGER INDEX THEOREM

We deal with the following elliptic complexes: the de Rham complex A*,
(A% LAY L. L),
and the Dolbeault complex AP>*,

D(AP) 5 DAY 5o 5 T (AP,

where A" = A*(T* M) is the bundle of differential i-forms on M nd AP:* = AP(T* M)A
AT M) ~ AP(T*M) A A/(TM) is the bundle of differential forms of type (p, ).

(If the manifold M is endowed with an Hermitian metric, then T M ~TM )
The following is the Atiyah—Singer index theorem in cohomological form (see [3]).
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Theorem 2.1. Let M be a compact, oriented, differentiable manifold of dimen-
sion 2n and let E = {d;: T'E; — T'E; 11} be an elliptic complex (i =0,...,m — 1)
associated to the tangent bundle (that is, all bundles E; are associated to TM).
Then the index of this complex is determined by the following formula:

ind(E) = (-1)" ((e(;M) ‘ (—1)* ch(Ei)) td(TM & C)) [M],

(2

where ch(F;) is the Chern character of bundle E;.

Remark. Formally factoring the Euler class e(TM) = x; ...z, out of td(TM ®C) =

H;L:1 (1::—1% . 1:2%]. > in the previous expression, we get the following formula:
“ - T 1
d(E . M]. 3
in ((z )r_[(l_ 1_6xj))[ L ®

Let us consider the elliptic complex {Xf = @Z:O ypAp’i}. (We note that this

object becomes a true elliptic complex only after replacing y by actual integers.
But its index is obviously defined for arbitrary y as a polynomial in y. In what
follows we regard such objects as elliptic complexes.) Using the Atiyah—Singer
index theorem, we easily prove the following fact, which was initially proved by
Hirzebruch (see [6]).

Theorem 2.2. The index of the elliptic complex {XY} equals the x,-genus (defined
above) of the manifold M, that is,

ind(XY) = x,[M] = (f[ 71 +y_e,xj)) [M].

Proof. Using formula (3), we have:

(i(—l)i ch<x3>) r_[ (1 - _16% )) M]

(— )ATM) (i PAPT* M >f[ (1—6—% 1_16%))[1\4]

( rera) §
oot

[Ta-e) [ +ye™ H (1_6 - 1—16%))[]”]

j=1 j=1 j=1

Here we have used the following fact (see, for example, [7]).
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Lemma 2.3. Let E be a complex n-dimensional bundle over a differentiable mani-
fold X, and let ¢«(E) =14+ c1(E)+ -+ cp(F) = 1 +z1)...... (1 4+ x,,) be the
formal factorization of the total Chern class. We define

ME =) (ME)XF, SE:=) (S*E)
k=0 k=0
Then
n N n 1
ch(AE) = };[1(1 +te®), ch(S,E) = [[1 — (4)

In particular, if we consider the complexes {A%*} {Si = ZZZO(—l)pAP’i},

{Li =0 Ap’i}, we see that their indexes are respectively td[M] = ind(A%*),
e[M] =ind(€), and L[M] = ind(L).

Now we construct an elliptic complex whose index, under some additional as-
sumptions, equals the fl—genus of the manifold M. Suppose that ¢;(M) = 0
mod 2. (This is equivalent to the condition wy(M) = 0, and hence to the exis-
tence of a spinor structure on M.) Then there is a line bundle £ over M such that
LRL = A"T*M, that is, for ¢(M) = (1+z1) ... (14z,) we have ¢(£) = 1— Lt +n
and ch(L) = exp (—2F5+E ) We introduce the complex {4; = A% @ L}.

Theorem 2.4. The index of the above elliptic complexr A equals the A-genus of M :
A n l‘ .
ind(A) = A[M] = — ____|[M].
nd(4) = AM] (H 2sinh(xj/2))[ |

Proof. We again use formulae (3) and (4):

ind(A) = (ch(c) ch(zn: 1)"A% > f[ (1 S _16% )) M]

=0 =

exp (_Lzﬂ%) Ch(zn:(_ni/\iTM) ﬁl (1 _“Z_mj - _16%_ )) [M]

i=0 j=

-(1I ?_—M)[M] = (]j m%{%/z))w] = A(M).

Thus we have constructed elliptic complexes associated to the tangent bundle
of M that enable us to calculate all the Hirzebruch genera in § 1.
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§3. THE PROBLEM OF CALCULATING HIRZEBRUCH GENERA FOR MANIFOLDS
WITH Z/p—ACTION IN TERMS OF INVARIANTS OF THE ACTION

Let g be a transversal endomorphism (that is, g has only finitely many fixed
points) acting on a manifold M?" such that g? = 1 for some prime p. (Hence an
action of Z/p is given.) Let P, ..., P, be the fixed points, and the Jacobi matrix
Jp,(g) of the map g at the point P; (j =1,...,q) has eigenvalues

. (7)
) 9 ,
Aéﬂ):exp(ﬂ>, x](j)#() mod p, k=1,...,n.
p

Suppose also that there is given an elliptic complex E on the manifold M. Let
us give the following definition, which is taken from [1].

Definition 3.1. A lifting of g to the components of the elliptic complex F is a set
of linear differential operators ¢;: I'(¢*E;) — I'(E;). Here g*E; is the pullback of
the bundle E; under the map g, and I'(E;) denotes the linear space of sections of
the bundle E;.

Using ¢;, one can define the “geometric” endomorphisms T;(g,¢): I'(E;) —
I'(E;) to be the composite of ¢ and I'y, Ti(g,¢) = @i o 'y, where I'y: I'(E;) —
['(g*E;) is the natural map from the sections of the bundle F; into the sections of
the pullback g* F;. Under these assumptions we have the following general Atiyah—
Bott-Lefschetz theorem (see [1]).

Theorem 3.2. Suppose that g: M — M is a transversal endomorphism of
a compact oriented manifold M. Let E be an elliptic complex on M and let
vi: D(g*E;) — T(E;) be a lifting of g to the components of the complex E such
that the corresponding “geometric” endomorphisms T;(g,p): T'(E;) — T'(E;) define
an endomorphism T(g, ) of the complex E (that is, the T; commute with the dif-
ferentials d;). Then the “equivariant index” ind(g, F) := Y i (=1)"tr T} (where
Tr: H(E) — H'(E)) is given by the formula

ind(g, E) = Za(?j), (5)

j=1
where o(P;) € C depends only on local properties of T and ; at the point P;.

In particular, if the operator p; induces an endomorphism o;(P;): E;p, — E; p,
at each fized point P;, then

n

_ i tr i (P;)
O(Pj) - ;(_1) |det(1 — ij (g>) ‘ . (6)

Example 3.1. If E; = A"(M) is the de Rham complex, then ¢;(P;) = A"Tp, (9).
Example 3.2. If E; = AP*(M) is the Dolbeault complex, then

i(Py) = AP Tp (9) NN Tp,(9),

where Jp (g) is the holomorphic part of the Jacobi matrix Jp,(g).
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Let us find o(P;) for the Dolbeault complex AP*. Since |det(1 — Jp,(9))| =
det (1 — Ip, (g9)) det(1 — j;;] (9)), we deduce from (6) that
oy (A”Th,(9) A S (~1)'N T, (9))
! det(l — j7;j (g)) det(l — jfpj (g))
tr(A?Tp (9)) det (1 — Tp, (9)) tr AP T (9)
" det(1- T (9) det(1— T (9)  det(1—Tp (@)
Here we have used the following well-known identity from linear algebra:

det(1—A) => (-1)'trA'A (7)

i

for any linear operator A. Thus,
tr AP jf,’)j (9)
B det(1 — j{;j (9))

(8)

Up(Pj

Theorem 3.2 and formula (8) enable us to find the fixed point contribution func-
tions o (P;) for the complexes A%* £ L, XY. These complexes calculate respectively
the Todd genus, the Euler number, the L-genus and the x,-genus of the manifold M.

§4. CALCULATIONS FOR THE TODD GENUS,
EULER NUMBER AND THE L-GENUS

4.1. Calculations for the Euler number. Let us consider the complex & =
> p—o(—=1)PAP? for which ind(€) = e(M). In this case
0i(P;) =Y (=1)PAPTp (9) AN Tp,(9),

p=0
and the fixed point contribution functions are as follows (see (8)):

. " (=1)Ptr AP T,
0. (P;) = Z(_1)pap(7’j> = Zp:i(()ei(l )— Jq’;.(g;y S

p=0

= 1. 9)
Here we have used formula (7). From this and theorem 3.2 we deduce that
q
ind(g,&) = Z oe(Pj) =q.
j=1

Since %ZleZ /p ind(g',£) = s is the alternating sum of dimensions of the invari-

ant subspaces for the action of g on the cohomology of the complex £, and since
ind(1,€) = ind(€) = e(M), we have

p—1

ind(1,&) = e(M) = = ind(¢",€) +ps =ps —q(p—1) = ¢+ p(s — q).
=1

Therefore, we obtain the following formula for the Euler number:

e(M)=gq (mod p). (10)



10 TARAS E. PANOV

4.2. Calculations for the Todd genus. The calculation of the Todd genus of a
stably complex manifold in terms of the Z/p-action was carried out by Buchstaber
and Novikov in [5]. To make our exposition complete, we give their results here.

Definition 4.1. The Atiyah—Bott function ABg(x1,...,x,) of a given fixed point
is the following function of the set of weights x1,...,2,, z; € Z/p:

- 1
ABtd($17---axn):_Tr<Hm>a (11)

k=1

where Tr: Q(¢) — Q is the number-theoretical trace, ¢ := e27/P,

It was shown in [5] that
q ‘ ‘
S ABu(Y,.. 2$) = td(M) mod p, (12)
j=1

The number-theoretical trace in the definition of Atiyah—Bott functions for the
Todd genus was also calculated in [5]:

plul,~ u
ABtd(:cl,...,xn)E—< idln td> mod p,

AB(an, .. an) = i<[5ﬁd 1T = >m mod p.

Here [u] gd is the gth power in the formal group law corresponding to the Todd genus
(see formula (27)), and <h(u)>k is the coefficient of u* in the power series h(u).

(13)

4.3. Calculations for the L-genus. Now let us consider the elliptic complex
L= ZZ:O AP*. Its index is the L-genus: ind(L) = L(M). In this case, the lifting
of g to the components of the complex L has the following form:

pi(Py) =Y ATp (9) NN Tp,(9),
p=0

and the fixed point contribution functions are (see formula (8))
ST tr AP (9)
det (1 — TIp, (9))

B det(l + j{% (g)) B ﬁ 1+ emegcj)/P
= det(l — j7/;] (Q)) - S egng)/p.

or(Py) = 0p(Pj) =
p=0

(14)

Here we have again used formula (7). Hnece it follows from theorem 3.2 that the
equivariant index is
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As before, %ZIGZ /p ind(g', L) = s is the alternating sum of the dimensions of the
invariant subspaces for the action of g on the cohomology of the complex L, and
we have ind(1, L) = ind(L) = L(M). Hence

p—1 p—1 n

L(M)=1ind(1,L) = Zmdg L)+ ps=— Z Hi

=1 j=11=1 k=1

+ 627rz:c(3)l/p

+ ps.
27rwc(3)l/p p

Again, we consider the number-theoretical trace Tr: Q(¢) — Q and introduce the
Atiyah—Bott functions ABp(z1,...,z,) as

n 14+ eQTri:L‘k/p
ABL(II?l,...,In):—Tr(Hm). (15)
k=1
Then we have .
S ABp (2. 2$)) = L(M) mod p. (16)
j=1

Relations (15) and (16) are analogous to relations (11), (12) for the Todd genus. It
remains to calculate the number-theoretical trace in the definition of the Atiyah—
Bott functions ABL(x1,...,Ty,).

We set § — Lg Then ¢ = 27i/P = 1+9 We must calculate Tr (Hk 1 }fg;:)

We shall carry out our calculations in the p-adic extension Q,(¢) of the field Q(().
Let us write A ~ B if A and B are equal modulo pZ, C Q,. First of all, we prove
the following statement.

Lemma 4.2. Tr(0*) ~ 0 for any k > 1.

Proof. Since 2=(P+1=((+1)(¢P1 —(P2+(P3—... —(+1), we have
f — (1_C)(CP—1 _Cp—ZS_Cp—?)_'”_C_{_]_) :Cp—l _Cp—2+§p—3_.“_<.
Therefore,
p—1
£ N (S el (S L A (S0 L R o RV
m=1
because
p—1 . p—1 L
D™= (P =™ =D (P = (PR =)
m=1 m=0

and because an_:lo(g“m)T ~ ( for any r. The lemma is proved.

We further deduce that

ﬁ1+<mk ﬁ1+(_§)xk :%H0<1+(ﬁ_9>xk> :.ii/wk,

_ - T Tk :
k=1 1—¢m k=11 — (LI—9> 0 k=1 11— <}fg> on k=0
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where the Ay, € Z, are p-adic integers (since 1/xy, € Z;). Therefore, we can write

Tr(einké/xkek) ( ZAkek) kzn:OAkTr(Gk_”)).

Set Tr =% = By and introduce two formal power series A(u) = > p , Ayuf, B(u) =
> e o BruP. Tt follows from (21) that A(u) = [[,_; iz~ Therefore, we must
Tl

calculate the coefficient of u™ in the series A(u)B(u). We have

B(u) :T&"(1+§:10_Sus) :ﬁ<ﬁ)
:Tr<efu) :Tr(l—l—ﬁ) :(p—1)+uTr<9iu).

Observe that if ¢, (u) is the minimal polynomial for an element « with respect

to the extension Q,(¢) | Qp, then Tr 1 = —fz—guug. Since

1 _
)
(a—-gp—-(1+0)P)(1+06) 1 (1+60)P —(1—0)P
B (14 6)P(—20) L+t 20 ’
we deduce that ¢g(u) = % is the minimal polynomial for § = ﬁ

Hence,

1 _ vy (u) _ (14 u)P~ 4+ (1 —u)P!
6—u " wolu)  (L+up—(I—up
= 1\ (Q+wr?t—(1—upr?
B(u)—(p—1)+uTr(9_u) T Atwr—(1—wp
. n 1—{—ka N y y _ (1+u)p—1_(1_u)p 1 n
T(,Ell—c“)_M( )B(u)), <P 1+ uwPr—(1—up kE[[“ k>
We deduce that

AN S el Ok O LR & S o
ABp(x1,...,2p) = <p A+ u)r = (1=u)p H k>n d p.

1
U

This formula is analogous to the first formula in (13). Further,

(1+u)P~t—(1—u)P?! _ (I—uw)(14+u)P —(14+u)(1—u)?
Ty —(—wr O w0t o+ ar— (- wy)
(1+u)P —(1—u? —u((1l+u)?+(1—u?P)
=@+ wy — (1 - )
. p pu _p pu
IR e e R0
pu

[u]L(1+ +ut ).
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From this we obtain

14+u)P =1 -u)P ' u
ABp(z1,...,xn) = —(D
(I + )P — (1 —u)p kl;[l [z, /
u Ty U
- <W [ g et )> mod b
P =1 Tk n
whence
2w
ABp(x1,...,2p) = <— > :
Z‘z:; [u]]’; ]}1 [u]aL:k n—21
At the same time, [u]f = % = tanh(karctanhu), and the se-

ries arctanhu (as well as tanhwu) contains only odd powers of u. Therefore, the

jog P TT  _u ; .
series 7z | ol contains only even powers of u. Thus we can finally write

the formulae for the Atiyah—Bott functions for the L-genus which are analogous to
formulae (13) for the Todd genus:

ABL(xl,...,xn)E—<p(1+u>p —(L—wP” H i uL > mod p,

(+up—(1—upr L@k -
ABp (21, ... 2n) = F o mod b,
! mz< up U gz >m P

By (16), we see that

L(M)zi n <[Z]“£ﬁ Qi >m mod p, (18)

L (4+w)’—(1-u)”

Where [U]p = m.

Remark. Relations similar to (12), (16) could also be obtained for the Euler number.
In this case, the Atiyah—Bott functions are

ABc(z1,...,2,) = —Tr(H %) =-Tr(l)=—=(p—1)=1 mod p.
k=1

Therefore,

q
q:ZABe(mgj),...,xg))Ee(M) mod p. (19)
j=1

This relation is analogous to relations (12) and (16) for the Todd genus and the L-
genus.
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§5. (GENERAL RESULTS ON THE CALCULATION OF
HIRZEBRUCH GENERA VIA INVARIANTS OF THE Z/p-ACTION

Here we consider another approach to calculating the equivariant index
ind(g, F) = > o(=1)*tr(g, H") of an elliptic complex E. This approach is taken
from [3] (see also [7]).

In what follows we adopt somewhat weaker assumptions about the action of an
operator g, g° = 1, on a stably complex manifold M?”. Namely, we remove the
transversality condition. Let M9 = {a: eEM|gr= m} be the fixed point set, and let
M9 = UMY be its decomposition into connected components. Then the equivariant
index can be computed as the sum of the contributions o (M) corresponding to the
fixed point components MZ (see [7]). These contributions are calculated as follows.

Let Y = MY be one of the fixed point components of M?". For each point p € Y/,
g acts linearly on the tangent space 7, M. This tangent space decomposes into the
direct sum of the eigenspaces N, » for eigenvalues A, |A\| = 1. In this way we obtain
the eigenbundle Ny over Y. The N; is just the tangent bundle 7Y to Y. With
dy = rk Ny, we therefore have:

dx
TMly =@ Nr, Ny =] +2), (20)
A i=1
that is,
dx n
o(TMy) = [T +=}) =] +=).
A =1 =1

The recipe for calculating o(Y') is as follows. Consider the index formula (3) in
Theorem 2.1:

ind(F) = ((i(—nich(Ei))cn(M)E (1 _t_mj 1 _1exj )) [M] (21)

1=0

and replace M by Y and e® by A~'e® (where x; belongs to the eigenvalue ).
Apply the same process to the terms ch(F;). This can obviously be done if the E;
are associated to the tangent bundle of M. This “recipe” is taken from [7].

In the case of finite number of fixed points we have ¥ = pt, ¢,(Y) = 1,
and so we must replace x1x2...2, by 1, and e by )\j_l. Therefore, introducing
2miz;

P
—%xj. (Here in the first case wg\ stands for the first Chern class of “virtual” line
subbundle in T'M corresponding to the eigenvalue A;, while in the second case x;
is the “weight” of the fixed point and is defined only modulo p.)

the “weight” z; by the formula \; = exp< ), we just have to replace xj‘ by

Example 5.1. Let us consider the x,-genus of a manifold M. Applying our recipe
to the formula from Theorem 2.2, we obtain the following formula for the contri-
bution of each fixed point P:

n

1+ 627T’ixk/p
oP) =[] Lt (22)

1 — e2mizk/p
k=1
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Putting y = —1,0, 1, we obtain the formulae for the contribution function for the
Euler number, the Todd genus and the L-genus:

n

0P =1 ouP) =]l 1= P =1]

— e2mizk/p

14+ 62771':% /D

1— e27rim;C /p”
These formulae coincide with (9), (14) and the formula in [5], which were deduced
from the Atiyah—Bott theorem 3.2.

Now consider the general case of an arbitrary Hirzebruch genus ¢:

M)= (_1 fj;»)[M]’

where g,(u) = f; L(u) is the logarithm of the corresponding formal group law.
Suppose that there is an elliptic complex F, associated to T'M whose index equals
©(M). Applying the above recipe, we see that the contribution functions of the
fixed points for the action of g on M are given by the formula

1
U 5y

Here the zp are the “weights” of the fixed point P. They are determined by the

n

o(P) = (23)

21T g
P
Jacobi matrix Jp(g) of the map g at the point P. The equivariant index of E,, is

then determined by the formula

mato. £ = 31T :
=1k=1

j=1 90(_27”%(3)/19).

formula A\, = exp < ), xr # 0 mod p, where the \; are the eigenvalues of the

Further, 119 Diez /p ind(g', E,) = s is the alternating sum of the dimensions of the
equivariant subspaces for the action of g on the cohomology of E,, and ind(1, E,,) =
ind(E,) = @(M). Therefore,

p—1 1

(M) = ind(1, E,) = —iind(gl,Ew) +ps=-> > II
=1

=1 i=1 k=1 o (—27rix(j)l/p)

Consider the number-theoretical trace Tr: Q,(¢) — Q,, where ( := exp 2Z¢. Then

+ ps.

n

| —— oie

I=1 k=1 fw(—Zﬁle(cj)l/p - 27TZIU)/p)

Thus, we obtain the following result.

Theorem 5.1. Suppose that there is an elliptic complex of bundles associated to
TM whose index is equal to the Hirzebruch genus ¢(M) of the manifold M. Let g
be a holomorphic transversal endomorphism acting on M such that g* = 1. Then
we have the following formula for o(M):

@(M)E—ZT}?H ! . mod p.

= k=1 Je (‘27Ti371(cj)/p)

It is now convenient to make the following definition.
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Definition 5.2. The Atiyah-Bott fized point function AB,(x1,...,x,) correspond-
ing to the genus ¢ is defined to be the following function of the set of weights
X1y, T, T; € L/p:

n

AB ..
‘P(xb U 27T'l$k/p)
Then we immediately get
q
ZAB(p(xgj),...,x,(f)) = p(M) mod p. (24)
=1

Now we set 0 = f,(—2mi/p). Then —27i/p = g,(0), and f,(—27i/pry) =
fo(2r9,(0)) = [0]%, . Hence the following statement holds:

Proposition 5.3. The Atiyah-Bott fived point function ABy,(x1,...,x,) corre-
sponding to the genus ¢ can be computed as

n

ABmenww:—ﬂ<IIﬁZ) 9:@(‘?5.

k=1

Lemma 5.4. For any k > 0 we have Tr 0% ~ 0 (that is, Tr0* € pZ,).

Proof. Let 0 = fo (=22) = Co + Cil 4+ + Cpa(P™t € Q(Q), Ci € Z,

Then Cy + C1¢™ + CoC?™ + -+ 4 Cp_lC(p_l)m = fo <—@m> In particular,
Co+Ci+ -+ Cp_1 = 0. Therefore,

2 1
Tr@k Z f@ (_ﬂm> — Z (CO + Clcm + CQng NS Cp_lc(p—l)m)
m=1

p—1
= Z (Co + Ci ™+ 02C2m + -+ Cp_lc(p_l)m) ~ 0,

m=0
since Zp _0¢"™™ ~ 0 for any r. The lemma is proved.

Example 5.2. For the Todd genus, 6 = ftd< 27”) = 1— /P =1 —( (see
formula (2¢q)). Hence, Cy =1, C; = —1,C; =0 for ¢ > 1.

- _27i/p _ _ —
Example 5.3. For the L-genus, G—fL< = ’) = T = % = (PP
(P73 — ... — ( (see Lemma 4.2). Hence, Cqg =0, Cyy1 = —1, Cy =1fori > 1.

§6. CALCULATIONS FOR THE A—GENUS AND THE Xx,-GENUS

6.1. Calculations for the A-genus. We consider the fl—genus

aon = (1252 )

j=1
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for a stably complex manifold M such that ¢; (M) =0 mod 2. In Theorem 2.4, we
gave an elliptic complex whose index is A(M). The Atiyah—Bott functions for the
A-genus are as follows (see Definition 5.2):

n TK /2
ABj(z1,.. . an) = —Tr | ] o :—Tr<H1C mk),(25)
k=11 —exp (%) o1

q
ZAB (l‘gj), ,xg))zfl(]\/[) mod p. (26)

Now we have to calculate the number-theoretical trace in the deﬁnition of the
Atiyah-Bott functions AB 4(z1,...,2,). By Proposition 5. 3, & - ka = ﬁ, where

Tk
[u]# = 2sinh (marcsinh (%)) is the mth power in the formal group law correspond-

ing to the A-genus (see formula (24)), and 8 = 2s1nh( 27;) = —2sinh (%) =
e~ TP — emi/p = (—1/2 _ ¢1/2 = c(p+D)/2 _ c(p-1)/2

We claim that the minimal polynomial for the element § = —2sinh (%) is

2sinh (p arcsinh (%) )

u

wo(u) =

Indeed,

2sinh (parcsinh ( (~2sinh (%)) /2)) —2sinh<p-%> L

vo(0) = 0 0 -

and (g (u) is a polynomial of degree p — 1 with leading term uP~!. For instance, for
p =3 we get pp(u) = u? + 3, for p =5 we get pg(u) = u + 5u? + 5, and so on.

Further, we have

s it i
k=1 1—qm w1 1A (mkgA(Q)) k=1 [9]5};@
1 & 0 1 & 1
= — —_— = — A0 = —A(0),
on [6]A on Z 0 on (©)
k=1 Tk 1=0
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=32 At A; € Z, are p-adic integers. It follows

where A(u) == [];_; o A

from lemma 5.4 that Tr( k) ~ 0 for any k > 0. (Here § = ¢P+1/2 _ ¢(p=1)/2) Go
the required trace is

S/ ) ( 1 & z) ( 1< 1)
Tr( =Tr( — A;0° ) ~Tr — A;0
Uiser)=mo 2 s

. (A; Tr(0°™)) = (A(u)B(u))

n’

where Bs :=Tr07%, B(u) := Y .o, Bju’. As before, B(u) = (p—1)+uTr <ﬁ),

Tr (L) = —M. Therefore
O—u o (u) ’

2sinh (p arcsinh (%) )

@Q(U - u ’

pcosh (parcsinh (%)) _ 2sinh (parcsinh (%))

/
u) = N
800( ) u\/m u2

<,0’ (u) cosh (p arcsinh ( )) 1

3
(u) /1 smh p arcsinh (%) ) u’

/ u i u
B(U):p—l—ugpegzg e Py cos}lrlléparcsm:lléig))
©o 14 u T sinh (p arcsinh (5
B psinh ((p — 1) arcsinh (%)) _ psinh (( 1) arcsinh (%))
cosh (arcsinh (%)) sinh (p arcsinh (%)) /1 + w2 2 sinh (p arcsinh (%))

Here we have used the following formulae: cosh(arcsinh(u/2)) = /1 + u?/4 and
sinh(x — y) = sinh  cosh y — sinh y cosh z. We further deduce that

psinh ((p — 1) arcsinh (%))
cosh (arcsinh (%)) sinh (parcsinh (%))
2psinh (( — 1) arcsinh (9))
sinh (( — 1) arcsinh ( )) + sinh ( 1) arcsinh (%))
[
[

B(u) =

2[ul,- ulply — [ulp

p—1
u]p 1+[ ]p—|—1

P A, Y

Here [u]#} = 2sinh(m arcsinh(u/2)), and we have used the formula 2 cosh z sinhy =
sinh(y+xz)+sinh(y—x). Thus we obtain the following formulae for the Atiyah-Bott
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functions AB 4(x1,...,2,) = —Tr (szl %) for the A-genus:

smh — 1) arcsinh (% ~ow
ABA(ajla <p ) (2)) H i > )
1 + > sinh (par(:31 h (%)) i1 g, /n
“ow
AB (a1, <p Y (27)
4 o1 + ulpi kl;[1 w2y /n
[u] ) +1 [l T
ABA(xl,...,xn)z<p 4 4 > :
4 [ulpy + [ulfy o (WA /o,

Then the A-genus itself is calculated as A(M) = 23:1 AB; (:z:gj), e ,a:ﬁf)).

6.2. Calculations for the x,-genus. Let us consider the x,-genus

wion = (T[22 Y

1 —e %
j=1

of a manifold M. An elliptic complex whose index is x,, (M) is given by Theorem 2.2.
The Atiyah-Bott functions for the x, (M )-genus are as follows (see Definition 5.2):

n 1 +yeXp <27‘rw:k>
2mix
k=1 1 —exp (Tk>
Ly
(15 )
k=1

q
Z W ( xgj),...,ng)) = xy(M) mod p. (29)

ABy, (21,...,mp) = —Tr

These formulae could be also deduced from the Atiyah—Bott theorem 3.2 as was
done for the L-genus in §4.3.

We shall now calculate the number-theoretical trace in the definition of the
Atiyah-Bott functions AB, (z1,...,7,). By Proposition 5.3, Ltyetk — 1

1=¢%k [012¢°
where [u]yy = (gljyy;‘)f;;(lljg; (for y # —1) is the mth power in the formal group

law corresponding to the y,-genus (see formula (2,,)) and

o f 2mi\  1—e¥i/r 1
— JXy P _1+y62wi/p_1+y<"

Then ¢ = %. In what follows we assume that y € Z, and y # —1 mod p.
The case y = —1 mod p corresponds to the Euler number which has already been
considered above. Note that for y =0,1 weget 8 =1—( and 6 = 1 s ¢ respectively.
This coincides with the corresponding values for the Todd genus and the L-genus

obtained above.
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It is easy to see that the minimal polynomial for the element 6 = 114__;( is

 (ywr— (L —up
eolu) = (1+y)u '

Indeed,

N\ P
o1 _ () 1 ! (6)

= = — = — 900 .
(-1 g 1 (1+y6)r—!

0

Hence @y(6) = 0, and g (u) is a polynomial of degree p — 1 with leading term uP~1.
Further, we have

Tl ylTr 1 1 !
HW_];[ ¢ ~ _k:1[9]Xy

k=1

where A(u) = [[,_, % = Y 2o Aiu' with A; € Z, being p-adic integers. It

[u Ty

follows from Lemma 5.4 that Tr(6%) ~ 0 for any k > 0.

Remark. The presentation of 6 as § = Cy+ C1( + -+ + Cp—1¢P~1, C; € Z,, which
is used in the proof of Lemma 5.4, is obtained as follows. Since

T+ =14 @) = 1 +y0) (WP = )P 2+ (0P 2 — - —yC + 1),
we have
C1-¢ A =-O(WOPrTt = wOP P (WO - —yC+1) 1
IR 1+ yp T 14yp
x ((yp_l e A LS e o V) TG SRR (TR DTG B yp‘1>-

i —1

Since 4? +1 = y + 1 # 0 mod p, we obtain Cj = (—1)iLty

14yP
_ 1y
Cy = Try? S Zp.

€Z, (i>0),

So, the number-theoretical trace we are interested in is

Tr< ﬁ %) ~ Tr(gin ;Aﬂi) = i(Az Te(0'")) = (A(w) B(w)),,,

k=1 1=0
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where By :=Tr0~°, B(u) =Y .o, Biu'. As before, B(u) = (p—1)+uTr (ﬁ»

Tr ( u) = —i:‘;—gzg. Hence, the following formulae hold:

(g — (- up

P (u) T ,
o) = PUHyOPtp( =Pt (L yu)? = (1w
(1+y)u (1+y)u? ’
eh(w) _ yd+yw)r+ (1wt 1
) (1+yu)? — (1 —u)? u’
p(u)
Bu) = (o= 1) 2
BN ) e R N ) el et
(I +yu)p — (1 —u)? (1+yu)p — (1 —u)?
Therefore,
L+ ygt
ABy, (T1,...,7n) = Tr(kl;[l m)

. A4+yu)P ' —1—-u)P ' & wu
- <p (1 +yu)p = (1 —u)? 1 [U]Xy> '

k=1 Tk n

We deduce that

Blu) = Ity (1w’ » (1 —w( +yuw)? — (1 +yu)(l —w)?
(1 +yu)p — (1 —u)? (1= w)(1+yu) (1 +yu)p — (1 = w)?)
— p _ pu
IR A
. bu 1
o [ulp (T = w)(I+yu)’
1 — 1+ (-1)mym*tt
-y =D™y™ ,

P k=1
(T 5
ulp” % [ulz) £= 1+y "

We finally obtain the following formulae for the Atiyah-Bott functions AB,  (x1, ...
S xp)=—"Tr (Hk 1 11+y£xk > of the x,-genus (y # —1 mod p):

T+yu)Pt — (1 —u)Pt 5w
ABXy($17“'7xn):_<p( y) ( ) H Xy>7

(T ryuy — (1 —wp L[
n 1+ m m_|_]_ n a (30)
pU U
ABy, (21, .. < > )
it mzz 1+y [l ¥ ,I_I WX /o
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Here [u]y’ = ((lljyyl%fg;(ll__?; is the mth power in the formal group law corre-

sponding to the x,-genus. The x,-genus itself is the calculated as follows:

= ZABXU aigj),...,x%j))

_ g L+ (=)™ ) pu 4w o
=2 1+y <[U] H[U]Xy >n_m v

j=1m= P’ k=1 1"

Formulae (13), (17) for the Todd genus and the L-genus are obtained from this
formula by substituting y = 0 and y = 1 respectively.

§7. THE CONNER—FLOYD EQUATIONS AND THE CALCULATION OF
HIRZEBRUCH GENERA IN TERMS OF INVARIANTS OF THE ACTION

Here we consider the connection of the results in §5 with the so-called Conner—
Floyd equations, which were introduced by Novikov in [12], [13]. (Similar rela-

tions were also obtained in [8], [11].) Namely, it was shown there that the sets

:c(lj) Lad, x,(f) € Z/p are the sets of weights for some action of Z/p on a

mamfold M?" if and only if they satisfy the following Conner-Floyd equations:

Z< f[u]m> ~0, m=0,...,n—1L (31)

Jj=1 k=1

Here [u],, is the mth power in the universal formal group law of geometric cobor-
disms (cf. [4], [12]). Applying a Hirzebruch genus ¢: Qy — A, we obtain the
Conner-Floyd equations corresponding to ¢:

Z< flj m> ~0, m=0,...,n—1, (32)

=1

where [u]#, is the mth power in the formal group law corresponding to the genus ¢.
The following formula for the Todd genus was deduced from cobordism theory

in [5]:
00 =3 Tl ) %)

j=1 Pop=1 ")

Furthermore, it was shown there that formula (33) is exactly the difference between
the formula

Sl ) S ).

i=1 pe1 1 — (% =1 m=0 2

deduced from the Atiyah—Bott theorem (see §4.2) and the sum of the Conner—Floyd
equations (32) for the Todd genus. (Here ¢ = ®™/P, [u]td =1 — (1 —u)™.)

Below we generalize this result considering the case of an arbitrary genus ¢ that
satisfies the hypotheses of Theorem 5.1.
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heorem 7.1. The difference between the formula of theorem 5.1,
1 L | omi
1 el [6]7 ) p
j= =1 "y

and the sum of the Conner-Floyd equations (32) for the genus ¢ with some p-adic
integer coefficients gives the following formula for the genus :

Proof. We have

o1 1 — 60 1 & 1
= — = — » A0 =—A(0),
kl;[l[e]ﬁk enkl;[l[e]fk en; 0= gn A0

where A(u) :=[],_, e = Yoo Aiut, A; € Zy, are p-adic integers. Therefore,

n 1 1 [ee) ; 1 n ;
Tr( H [G]fk) = Tr(e—n ZAZH ) ~ Tr<— ZAZG )
k=1 =0 1=0
n . n u
=2 A, e = <k]:[1 . B(u)>n,

where By :=Tr07*, B(u):=Y .-, Biu'.
Now we introduce a power series h(u) as follows:

(34)

Then h(u) is a series with p-adic integer coefficients beginning with 1. Indeed,

Cg-w) 1-g o p(1-3)
MO = P, TP B |, po1

since B(0) = Bo =Tr#° =p—1, [u]f =pu+---. It follows from (34) that

Hence,
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where the H; are the coefficients of the series ﬁ Thus,

() =i (- 2o) Lgie),

k=1 m=0 k=1
P = _§T< 13 [e]“lgﬁ)
-2t L), *gﬂ"‘m(gﬁ% ) )

This proves the theorem.
Example 7.1. Consider the Todd genus td(M). Then [u]'d = 1—(1—u)P, B(u) =
p% (see §4.2). Therefore,
I1—-(1—-wP—u
1—(1—wu)r-t

h(u) =

(see formula (34)).
Example 7.2. Consider the L-genus L(M). Then
1+u)P —(1—u)? 14+u)P~t — (1 —u)Pt
= (LEP —(r (1)
(I4+u)P+(1—u)p (I14+u)p—(1—u)p
(see §4.3). Therefore,

eyt

+u)P+(1—u)P

h(u) = (14u)P—1—(1—u)P—1
(4w +(1—u)P

14+u)P —(1—u)? —u(l+u)?f —u(l—u)?
:( L (§+u)z—1_51iu;p—1 ( ) =1 +u)(l—u),
which is in accordance with the calculations from §4.2, 4.3.
Example 7.3. Consider the A-genus A(M). Then
sinh ((p — 1) arcsinh (%))
pcosh (arcsinh (%)) sinh (p arcsinh (%))

—Uu

A o . U o
[u];, = 2sinh (p arcsinh 5) , B(u) =

(see §6.1). Therefore,
(2 sinh (arcsinh ( %)) — u) cosh (arcsinh (%))
2sinh ((p — 1) arcsinh (%))
B (sinh (arcsinh (%)) — sinh (arcsmh ( ))) cosh (arcsinh (%))
sinh ((p — 1) arcsinh (%))
_ 2sinh (— arcsinh ( )) cosh (p+1 arcsinh (%)) cosh (arcsinh (%))
B 2sinh (— arcsinh ( )) cosh ( ;1 arcsinh ( ))
__cosh (p +1 arcsinh ( )) cosh (arcsinh (5))

cosh (T arcsinh ( ))

h(u) =
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§8. THE ELLIPTIC GENUS FOR MANIFOLDS WITH Z/p-ACTION

Let M?" be a 2n-dimensional real orientable manifold with a complex structure
in its stable tangent bundle.

Definition 8.1 (see [7]). A Hirzebruch genus p(M?") = (H?Zl %[MQ”D is

called the elliptic genus if f satisfies one of the following equivalent conditions:

1) f%=1-25f>+ef* f(0)=0;

/ /

) g oy = T WS I
1—ef(u)?f(v)

Let us consider the lattice L = 2mi(Z7 + Z) in C, with Im7 > 0, and put
L' = L\{0}. The Weierstra§ p-function is p(z) = % + >,/ (ﬁ - %) It
satisfies the following differential equation:

0 (2)? = 4p(2)® — g2p(2) — g3 = 4(p(2) — e1) (p(2) — €2) (p(2) — e3),

where e1 = p(mi), ez = p(mit), e5 = p(mi(T+1)) are the zeros of the derivative .

The function f(z) = 1/y/p(2) — e1 (that is, f(z) = sn(z), the elliptic sine) satisfies
the conditions of Definition 8.1 for § = —32e1, € = (e; — e2)(e1 — e3) (see [7]).
Thus it gives rise to the elliptic genus. However, ¢ = (e; — e2)(e; — e3) # 0 and

32— = i(@ —e3)? # 0, since eg, ey, ez are all different. The degenerate cases
e1 = ey and e; = e3 (¢ = 0) correspond to the A-genus. (Putting § = —1/8, we
obtain f> =1+ 1f%, that is, f(z) = 2sinh(z/2).) The degenerate case ez = e3
(62 — & = 0) corresponds to the L-genus. (Putting § = ¢ = 1, we obtain f? =
(1 — %)%, that is, f(x) = tanhz.)

The differential equation defining the function f(z) for the elliptic genus implies
that if we put dege = 4 and deg é = 2, then the coefficient of 22* in the series f(z)
becomes a weighted homogeneous polynomial of degree 2k in § and ¢ with coeffi-

cients in the ring Z []. Therefore, the elliptic genus ¢(M?") = (H?Zl %) (M3
is a homogeneous polynomial of degree 2n in § and €. So ¢ can be regarded as a
homomorphism from the complex cobordism ring Qy to the ring Z [%} [0, €] (or to
the ring Z,[d,¢|, p > 2).

The function f(7,z) is an elliptic function for the sublattice L = 2mi(Z-27+7Z) C
L of index 2. The divisor of this function is (0) + (i - 27) — (i) — (mi(1 + 27)).
We have the following decomposition of f(7,z) into an infinite product (see [7]):

f(r,z) =2 (35)

1—e® ﬁ (1=g'e)(1=g"e)(1+4"°  _ onir
L+e 20 (1+gFe)(1+ grem)(1 — ¢¥)?’

Now we consider the following object:
{LZ@ =Y AP e (@ SpTeM ® ®AqkTCM> } (36)
p=0 k=1 k=1

where TcM is the complexification of the tangent bundle to M, AME =
S (AREYE SE = S0 ((SFE)tE. Then L@ is a power series in g whose
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coefficients are elliptic complexes associated to TM. Its index is a well-known
power series in ¢, namely, the so-called twisted signature (see [7]): ind(L(®)) =
sign (M, @pey SyprTeM @ @ ey A TeM). 1t follows from the Atiyah—Singer the-
orem 2.1 and Lemma 2.3 that this index is

Il

1+ e % 00 1+qkeajj (1+qke—mj) )
d(L : M. (37
in (J_l (-'17] 1 — e H 1 —q eazj 1 — qke—azj) [ ] ( )

It is clear from this formula that ind(L(9)) is a power series in ¢ with integer coeffi-
cients and with constant term (the coefficient of ¢°) L(M) = sign M. Comparing
this expression with (35) and taking into account that

1 (1—g")? _ 1/4
2 H (1 + ¢F)2 < (38)
k=1
(see [7]), we obtain
p(M) = sign (M, X) Sy TeM @ (X) Age T M> on/4 (39)
k=1 k=1

Suppose that an operator g, g = 1, acts on a manifold M?" with finitely
many fixed points Pi,...,P,. According to the recipe from §5, the equivariant
index ind (g, L(Q)) of the complex L(? equals the sum of the contribution functions
o1 (Pj) of the fixed points. These contributions are obtained from formula (37)

by replaCing M by Pja L1T2 ... Tn by 1 and zj by —%{L‘Igj):
; —:C(j) i CC(J)
1+ Cm(ﬂ) 0o (1 —+ qZC k ) ( C ) .

(=er.

n
UL(q) H

M er ey ver) )
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We note that % > iez)pind (¢', L'9) = s(q) is a power series in ¢ whose coefficient

at ¢* is the alternating sum of the dimensions of the invariant subspaces for the
action of g on the cohomology of a certain complex. Namely, this complex is the
coefficient of ¢* in the series L(9):

LW = L4+2L@TeMq+ L ® (2TcM +TeM @ Te M + S*Te M + A2 TeM)g? + -+,

where L = ZZ:O AP%. Therefore, s(q) is a series with integer coefficients. Further-
more, ind(l, L(q)) = sign (M, Qe S TeM @ Q- y AqkT(CM). Hence,

sign (M, ® quT(CM & ® AqchM>
k=1 k=1

p—1
= ind(1, L) = Zlnd g', LY + ps(q)

n 1+Clw(3) 00 (]-‘f_qlc_lmkj))(]_—f— 'Lclx(J))

p—1 ¢
- _;;H o L 11 (1_q< lwm)( B ZClwm) +ps(q).

=1 k=1

r

The left-hand side of this relation belongs to the ring Z[[g]] of power series with
integer coefficients, while its right-hand side a priori belongs to an extension of
Z[[q]], namely, to the ring Z[[q]] (¢), ¢ =1. We embed both rings in the p-adic
extensions of the corresponding fields and consider the number-theoretical trace
Tr: Qy{q}(¢) — Qp{q}, where Q,{q} = Q,[[q]][¢"?] is the field of Laurent series
in ¢ with rational p-adic coefficients and Q,{q}(¢) is the algebraic extension of
Qp{q} by the element ¢, (P =1. Then

p—1 H 1 +Cl$(a) foe) (1 _|_qi<*lm,(€j)) (1 _|_qi<lx§€j)>

m(J) m(J) i m(J)
=1 ko1 \ 1 — ¢l 11<1—q<‘l )( — it )
" @) oo (1+qi§—wf§)><1+ icx,g))

1+ ¢%
Tr H () H (1—QC miﬂ)(l—q{ (a))

k1 \ 1 — (%

Thus the following proposition holds:

Proposition 8.2. We have the following formula for the index of the complex L(9
n (36):

ind(L@P) = sign( ®S RIcM ® ®A kT(CM)

0 = (1+qZ<*% )(1+aic)

= —ZTr ﬁ 1 —f—C””(J) H ( m) (1 - 1{”(3)> mod pZ[[CJH.

j=1 k=1 \1 — ("x 1 —q'¢ "k

(40)
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Using relations (38) and (39), we thus obtain the following formula for the elliptic
genus @(M):

T n

93(3)
QD(M)E—ZTI‘ H %1+C

j=1 k=1 C‘r
o (14 qi¢") (1 + qu”‘"g)> (1—¢")?
X

) (e an) ) vl

Taking into account the decomposition (35) of f(7,x) = snx, we rewrite this for-
mula as

- Z r H iﬂ'ix(j) mod pr [[quv q = 627ri7-.
k= 1f<7' — pk )

However, (M) is a homogeneous polynomial in §, ¢ with coefficients in the ring

Z[i] C Z,. So we want to obtain the expression for ¢(M) in the ring Z,[d, ],

not in the ring Z,|[g]]. (Z,[é,¢€] is the subring of Z,[[q]].) As before, we put
0=1f (T,—%). Then f (7‘ 2””’“) = [0]4,, where [0],, = f(mffl(é)) is the

P
mth power in the formal group law corresponding to the elliptic genus. We note

that 6 is an algebraic element over the field Q(4,¢). Indeed,

2mip

8= 1 (=222 ) = st -2mi) =0,

and [u]p is a rational function of u when p is odd. (For example, [u]s =

U 3—80u’+6eu’ —e2u®
1—6eu*+85eub—3e2us -
theorem for f(7,x) = snz.) The numerator of [u], is a polynomial in u with co-

efficients 9, €, and 6 is a zero of this polynomial. Obviously, this polynomial is
of degree p? in u, and its zeros are the values of f at all p-division points of the

lattice 2mi(Z - 27 + Z), that is, they equal f (7’ 27 2’””) k,l € Z. In particular,

6,[0]2,...,[0)p-1,[0], = 0 are among zeros.
Flnally, we have

This follows from the differential equation and the addition

where both right- and left-hand sides are polynomials in 4, ¢.

Lemma 8.3. Let P(6,¢) be a homogeneous polynomial in &, € such that P(d,) =0
mod pZy,|[q]]. Then P(é,e) = 0 mod pZ,[é,¢], that is, all coefficients of P(8,¢)
belong to pZ,,.

Proof. The functions §, £ are modular forms of weights 2 and 4 respectively on

the subgroup T'o(2) C SLa(Z), To(2) := {A € SLy(Z) ‘ A= (; :) (mod 2)}.
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They have the following Fourier expansions near infinity (that is, for small ¢ =

eQﬂ'i’T):
3 JR—
5:—261—14-2 Z dq"
n=1 d|n
d=1 mod 2

1
= - +6(¢+¢*+4¢° + ¢ +6¢° +4¢° + ),

4
g = (61 — 62)(61 — 63)

1 L1
=5t D (D = 1 —a+Tq" — 2807 + T1g! —
n=1 d|n

Furthermore, §(0) = —%, £(0) =0, & (%) =0, () # 0 (see [7]).

The proof is by induction on the degree deg P = 2n of the polynomial P. If
deg P(d,¢e) = 2, then P(d,e) = bd. Hence, b € pZ,, because 6 ¢ pZ,. Now assume
that the lemma holds for all polynomials of degree < 2k and let deg P(4,¢) = 2k.
Write P(6,e) = ac®/? + Q(8,€)ed + bd*, where deg Q(5,¢) < 2k, and therefore
Q(d,e) =0 mod pZ,[4,e]. Evaluation of P(d,¢) at the point 7 = 1 shows that
ae (%)k/2 is divisible by p, whence a is divisible by p. Evaluation of P(d,¢) at

7 = 0 shows that (—%)k b is divisible by p, whence b is divisible by p. Thus all the
coefficients of P(d,¢) belong to pZ,. The lemma is proved.

From this lemma and (41) we obtain the following theorem.

Theorem 8.4. Let g be a transversal endomorphism acting on M?" such that
gP = 1. Then we have the following formula for the elliptic genus @(M?"):

o(M)=— ZTr H 12m‘a:(j) mod pZ,[6, €], (42)
j=1 k=1 f(T, _Tk>

where Tr in the right-hand side denotes the number-theoretical trace Qp(0,)(¢) —
Qp(d,¢€).

All constructions in §5 and §7 (in particular, Lemma 5.4 and Theorem 7.1) can
be repeated for the elliptic genus (we just replace the ring Z, by Z,[d,¢] in all

formulae). Thus, the difference between formula (42) and a certain weighted sum
of the following Conner—Floyd equations for the elliptic genus:

Z<[]Z?H Y > =0 mod pZy[d,e], m=0,...,n—1,

J=1 L [u]w,(j)

gives the following formula for the elliptic genus:

(M) = Z< P H " >n mod pZy[d, €]. (43)

[ulp = [u],0

j=1

In the last two formulae, [u],, denotes the mth power in the formal group law
corresponding to the elliptic genus.
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To give an example, we apply the formulae for the elliptic genus to a particular
action of the group Z/p. Namely, we consider the action of Z/p on CP™ such
that the generator g acts in homogeneous coordinates as (zg : 21 @ -+ : 2,) —

(Mozo : AM1z1: i Apzn), A = e Vi, If Yo, - - -, Yn are distinct as residues mod p,
which implies that n < p, then this action has only finitely many fixed points on

j
CP"™. Namely, the fixed points are P; = (O,...,l,...,()), j =0,...,n. In

—~

2o 21 Zi Zn
. A LYttt .

Zj’ Zj Zj Zj

the local coordinates ( near P;, the operator g acts linearly:
Zi
zj Ajzj

— MZ — exp (%(yi — yj)> Zi Therefore, the eigenvalues of the map ¢ at
the point P; are exp <%(yz — yj)>, 1 # j, and the corresponding weights are
507(;” =Y —Yj-

Now we consider the elliptic genus ¢. It is well known that

ny 1
P(CP) = <\/1 — 20u? +8u4>n' (44)

Indeed, it follows from formula (1), that ¢(CP™) = <g;(u)>n, where g, (u) =
fo L(u) is the logarithm of the corresponding formal group law. But g,(u) =

Tz since (f)? =128 +ef*.
At the same time, it follows from (43) that

sD(CP”)Ei:<puH - >n mod pZ,[3,€].

[ulp it [u]yi—yj

§=0
Hence for any set yg,y1, . . ., yn of distinct residues modulo p, where n < p, we have
—/ pu u 1
= mod pZ,|0, €]
;<[u]p g [U]yi—yj >n <\/1 —2(5u2—|—€u4>n P

The function (1 — 2du + u2)_1/ % is the generating function for the Legendre poly-
nomials P, (9), that is, \/#W =14>,50Pa(d)u". Hence,

V1 —26u? + ecul _1+an (E> (k)"

n>0

with k2 = e. Therefore,

1 1)
—xmp, (2
<\/1—2(5u2+5u4>2m (k)

22/ pu u 0 (45)
Z P H =k"P, | - | mod pZ,[d,el.
. [ulp - [ulyi—y; /2 k
J=0 i#] Lo hem
In the simplest case 2m = n = p—1, the set yo—v;,y1 —Yj, - - ,yj/—\yj, e Yp—1— Yy
forms the complete set 1,2,...,p — 1 of non-zero residues modulo p (since the y;

are distinct). Hence, all the summands in the left-hand side of the last formula
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are equal, and we obtain

(i), = )
uflafuls - falpaluly /oy \VI— 20w T eat/,
p—1 5
= kTPpT_l (E) mod pZy[0, €]. (46)
This formula could be also deduced from the well-known relation
[ul, = P(p_l)/g(é)up + .-+ mod pZ,[d]

(see [10]). Here we put k = 1 for simplicity, and the dots stand for the higher order
terms. Indeed, we could rewrite the above relation as

[U]P = pU(l + blu + -+ bp_lup_1> -+ P(p—l)/2(5)up +oe

with by,...,b,—1 € Z[0]. Hence,

<u[u]2 : ?2[21]01)—1 [u]p >p_1

{ ?
uu+---)...(p—Du+--)

up
X
(pu(l + blu + -+ bp_lup_l) + P(p_l)/2(5)up + - ) >p—1

_ /1 P’ >
- < (p — 1)! p(l +cu—+---+ Cp_lup_l) + P(pfl)/g(é)up_l + - p—1

1 b
(p—1)! <1 +cau+ - Fep_oub2 + (Cp—l + P(p—l)/2<5)/p)up_1 >p—1 7

where ¢q,...,¢c,—1 belong to Z[§]. Calculating the latter expression modulo p, we
get
() 1 ) (6) mod o]
=——P,_ =PFP,_ mod pZ,|d],
wlulzus - - - [u]p—1[ul, i (p—1)! (p—1)/2 (p—1)/2 PL&yp
since (p — 1)! = —1 mod p, as required.

§9. GENERALIZATION TO Z/p-ACTIONS HAVING
FIXED SUBMANIFOLDS WITH TRIVIAL NORMAL BUNDLE

Suppose that an operator g, g = 1, acts on a stably complex manifold M?3".
Let the fixed point set MY be written as the union of connected fixed submanifolds:
M9 =, Mg. Also suppose that all the M¢ have trivial normal bundle in M.

Let ¢ be a Hirzebruch genus that can be calculated as the index of an elliptic
complex E, of bundles associated to the tangent bundle T'M. To avoid misunder-
standing, we shall denote the first Chern classes of the “virtual” line subbundles of
TM by z;. Then c¢(TM) = (1+z21)...(1+ zy).
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Let Y = M} be one of the fixed submanifolds for the action of g. According to
formulae (20) from §5, we have:

da,
TMly =@ Ny, o) =(1+:).
j i=1
o(T My) HH(HZ(A ) = TI0+ =),
7 =1 =1

where N, is the subbundle of T'M|y corresponding to the eigenvalue \; of the
differential of g. Here ¥ =1 (hence, \; = e?™®i/P) and dy; = dim Ny,. Obviously,
N; = TY is the tangent bundle to Y. According to the results of Atiyah and
Singer [3] described in §5, the equivariant index ind(g, F,) of the complex E,
can be computed as ind(g, E,) = Y, o(Mg). We also have the following “recipe”
for calculating the fixed point contribution functions o(Y). In the formula (21)
for the index of E,, replace M by Y and eziw by )\j_lezzoj). Equivalently, since

\j = e¥%i/P one should replace zy‘j) by zy‘j) — 2miz; /p.

Since ind(E,) = ¢(M), we have
dx; )
3= (T2 o
7 =1

ind(E (E[

Hence, our “recipe” shows that

(HH

Aj#Li lf 2ﬂlm]/p)z lf(zz

because ¢, (M) = [ H 27 reduces to cn(Y) =T[4 21 and all the weights z,

2 =1 "1
corresponding to the elgenvalue A = 1 are zero. Furthermore, since Y has triv-
ial normal bundle in M, we have zl-(kj) = 0 for \; # 1. Therefore, o(Y) =

Il mw(Y), where the z; are the weights corresponding to the eigenvalues

Aj = e2™xi/P £ 1, that is, the x; are non-zero modulo p. Finally, we have the
following formula for the equivariant index:

ind(g, E,) = Z ( H ;(V)SO(MEO -

» i f(—27m:vj )

Theorem 5.1 and Proposition 5.3 can naturally be extended to the case of ac-
tions having fixed submanifolds with trivial normal bundle. We get the following
statement.

Theorem 9.1. Let ¢ be a Hirzebruch genussuch that there is an elliptic com-
plex of bundles associated to TM whose index is equal to ¢(M). Then we have the
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llowing formula for o(M):
1
- T > p(M)
; 1:[ f(=2mizl) /p)

= ( [T gz o) mod

. J:V_
J J

(M)

where M9 =, Mg is the fized point set, 6 = f,(—2mi/p), (0] is the k-th power
in the corresponding formal group, and Tr: Q(egm/ P) — Q is the number-theoretical
trace. (If the genus ¢ takes its values in some ring A instead of Z, replace Q by the
corresponding quotient field).

The author is grateful to Prof. V.M. Buchstaber and Prof. S.P. Novikov for

suggesting the problem and wishes to express special thanks to V.M. Buchstaber
for useful recommendations and stimulating discussions.
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