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1 | INTRODUCTION AND NOTATION

Let V = R* be a k-dimensional real vector space, and let T" = {1, ..., 7,,} be a sequence (a config-
uration) of m vectors in the dual space V* = Hom(V, R). We allow repetitions among y, ..., ¥,
and assume that they span the whole of V*.

The exponential action of V on the standard real space R™ is given by

VxXR™ — R™
(1.1)

W,x) > v-x=(e7"x,...,emVx, ).

This is a very classical dynamical system taking its origin in the works of Poincaré. At the same
time, the action (1.1) and its holomorphic and algebraic versions arise in important modern
constructions of algebraic geometry and topology, including

- leaf spaces of holomorphic foliations, intersections of real and Hermitian quadrics (topology
and holomorphic dynamics);

- the quotient construction of toric varieties (toric geometry);

- torus-invariant non-Kdhler complex-analytic structures: LVM and LVMB manifolds (complex
geometry);

- smooth and complex-analytic structures on moment-angle manifolds and their partial
quotients (toric topology).

There is a remarkable connection between the linear properties of the configuration I" and
the topology of the foliation in R by the orbits of the action (1.1), which is the subject of this
survey. The connection is most effectively described by the Gale dual configuration of vectors
A ={ay,..,a,}in the space W* RMk,

From the geometric point of view, the spaces of nondegenerate leaves of the foliation, that is,
subsets of U C R to which the restriction of the action (1.1) is free, are of interest. The nonfree

a ‘0 ‘0¢TZ69YT

wouy

IPUIL

dny) suonIpuoD pue swis 1 8y) 89S *[5202/90/62] U ArIqiTauIUO A1 * UDTIISPe URISSNY SUBILOOD - AOUEd Sere | AQ ZZTOL SWA/ZTTT OT/I0p/W0d AS 1M

 Roym

3SUB01T SUOWIWIOD dARERID d|qedt|dde au Aq pauseA0b ae SAPRIe YO ‘8SN JO S3|NJ 10 ARIqIT3UIUQO AB|IAA UO (SUOT}IPUOD-PI



EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 3

orbits form a set of coordinate planes in R™ (a coordinate subspace arrangement), and its comple-
ment is an open subset U(K) defined by a simplicial complex K on the set [m]. If the action of
V on U(K) is not only free but also proper (which implies the closedness of the orbits), then the
leaf space, or the quotient, U(K)/V is a smooth manifold. In the case of holomorphic or algebraic
actions it is a complex-analytic manifold or algebraic variety, respectively.

The key topological fact is that the action of V on U(K) is free and proper if and only if the
data{K;a,, ..., a,,} define a simplicial fan ¥ in the space W*. Using Gale duality, the fan criterion
can be formulated directly in terms of the original configuration I' defining the action. Moreover,
the orbit space U(K)/V is compact if and only if the fan ¥ is complete. In this case U(K)/V is
identified with the real moment-angle manifold R . = (D', S°)X, and for the holomorphic action
on C™ with the moment-angle manifold Z . = (D?,S')X. Finally, if the configuration I' generates
a lattice (a discrete subgroup) in V*, then the fan X is rational, and the action (1.1) extends to an
algebraic torus action on U(K) c C™ whose quotient space is the toric variety Xs.

Also of interest is the class of exponential actions for which the corresponding fan X is the
normal fan of a convex polytope. There is a criterion for a fan to be normal in terms of the Gale dual
cones. (In the rational case, this gives a criterion for the toric variety X5 to be projective.) When X
is a normal fan, the orbit space U(K)/V is identified with the nondegenerate intersection of real
quadrics and, in the case of a holomorphic action, with the intersection of Hermitian quadrics.

In Section 2 we describe free orbits of the action (1.1) or, equivalently, nondegenerate leaves
of the foliation of R™ by V-orbits. The stabiliser of a point x € R is trivial if and only if the
subconfiguration of ' corresponding to the set of nonzero coordinates of x spans V*. The set
of nonfree orbits is therefore an arrangement of coordinate planes in R™ corresponding to the
universal simplicial complex K(I') = {I C [m]: T; spans V*} associated with . Any subcomplex
K c K(T') defines an open subset in R, namely,

v =r"\ |J #xix, =-=x =0},
{i,nip}EK

such that the restriction of the exponential action (1.1) to U(K) is free.

The topology of the space of free V-orbits can be quite bad unless we consider subsets U(K) C
R™ such that the restriction of the V-action (1.1) to U(K) is proper. In this case, the space of orbits
U(K)/V is Hausdorff and has a smooth atlas of charts transverse to V-orbits. It is this quotient
manifold U(K)/V that features in the constructions of algebraic geometry and topology men-
tioned above. The necessary and sufficient condition for the V-action on U(K) to be proper is the
fan condition, which is most readily formulated in terms of the Gale dual configuration.

We set up the notation for linear Gale duality in Section 3. From now on, we work with a pair
of Gale dual configurations T’ = {yy,...,7,,} in V* and A = {a,, ..., @,,,} in W*. The ‘fan condition’
(Section 4) is that the data {K, A} define a (simplicial) fan 2. A pair {K, A} satisfying the fan con-
dition is known as a triangulated vector configuration [18], and this concept was brought into the
context of holomorphic foliations and LVMB manifolds by Battaglia and Zaffran in [7].

The fan condition means that the cones cone A; = R, (a; : i € I) corresponding to I € K do
not overlap pairwise, that is, the relative interior of cone A; does not intersect the relative interior
of cone A; for different I,J in K. In terms of the Gale dual configuration T', this is equivalent to
the following: the Gale dual cones cone I'; and cone I'; do overlap for I,J in K (Theorem 4.3, The-
orem 4.4). This criterion appeared in several works on combinatorial convexity, often implicitly,
and it is in the heart of the duality between fans and bunches developed in [1, §2.2].
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4 | PANOV

In Section 5 we prove that the exponential action of V' on U(K) is proper if and only if {K, A}
is a fan data (Theorem 5.1). This property is of purely topological nature. On the other hand, it
is the algebraic and holomorphic versions of this result that have become well known. The ‘fan
condition’ features in the quotient construction of toric varieties, it guarantees that the quotient
variety is separated, that is, Hausdorff in the usual topology; see [16, Theorem 5.1.11]. The Gale
dual to the fan condition appeared as the ‘imbrication condition’ in the work of Bosio [10] as
part of the definition of a class of non-Kdhler complex manifolds arising as the leaf spaces of
holomorphic foliations, now known as LVMB manifolds. The fact that the ‘fan condition’ and
the ‘imbrication condition’ are equivalent via Gale duality was used in several subsequent works
relating complex geometry of LVMB manifolds to algebraic geometry of toric varieties [7-9, 35,
43]. In the topological setting, the relationship between the fan condition and the separatedness
of the quotient featured in the works [26, 27].

In Section 6 we prove that the quotient U(K)/V by a proper exponential action is compact if and
only if the corresponding fan ¥ is complete (Theorem 6.1). This property is well studied in toric
geometry, but again it is of purely topological nature. When formulated in terms of the Gale dual
configuration, it is known as substitute existence in holomorphic dynamics and complex geometry
of LVMB manifolds [9, 10].

In Section 7 the quotient U(K)/V corresponding to a complete simplicial fan ¥ is identified
with the real moment-angle manifold R ;. or the polyhedral product (D', S°)X. Thus, the extensive
information available on the topology of moment-angle manifolds, including the known descrip-
tions of their cohomology rings and homotopy type, can be brought to bear on the study of the
topology of foliations by orbits of exponential actions. Topology of moment-angle manifolds and
polyhedral products is currently a very active area of research, there is an extensive literature on
this subject; see [3, 14].

Normal fans of polytopes and their associated presentations of the quotients U(K)/V by inter-
sections of quadrics are the subject of Section 8. The criterion for a fan ¥ = {cone A; : I € C} to
be the normal fan of a polytope in terms of the Gale dual configuration I' is stated in Theorem 8.3:
instead of intersecting pairwise, the relative interiors of all Gale dual cones coneI';, I € C, must
have a common intersection. This criterion plays an important role in algebraic geometry of toric
varieties [36] and holomorphic dynamics and complex geometry of LVM manifolds [19, 34]. There
are two ways to relate (the normal fans of) polytopes to intersections of quadrics, which are Gale
dual to each other.

The ‘polyhedra to quadrics’ way starts with an n-dimensional polytope (more generally, a
polyhedron) P given by an intersection of halfspaces:

P:{WEW'<al,w>+bl>0, l:].,,m}

and produces an intersection of quadrics defined by the Gale dual data:
{(xl’---’xm) e R™: yle + - +ymxﬁ1 — 5}

The intersection of quadrics is nondegenerate (and therefore smooth) if and only if the polytope
is generic (in particular, simple) [14, Theorem 6.1.3]. The nondegenerate intersection of quadrics
is identified with the quotient U(K)/V by the proper exponential action defined by the normal
fan of P (Theorem 8.4). The proof mimics the reconstruction of a Hamiltonian toric manifold
from its moment polytope via symplectic reduction [2, 20, 24]; the intersection of quadrics (the
moment-angle manifold), appears here as the nondegenerate level set for the moment map.
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 5

The ‘quadrics to polyhedra’ way starts with a configuration I" and a choice of generic vector
d € V*, satisfying what is known in holomorphic dynamics the ‘weak hypebolicity’ condition. It
produces a nondegenerate intersection of quadrics, which is identified with the quotient U(K)/V
of the exponential action defined by the normal fan of the associated polyhedron P (Theorem 8.7
and Proposition 8.8).

There is an important particular case when the vectors of the A-configuration satisfy a linear
relation with all positive coefficients. In this case, cone A is the whole of W*, while coneT is a
strongly convex (pointed) cone. The Gale dual vector configuration I can be replaced by an affine
point configuration I in an affine hyperplane of V* (the affine Gale transform of A). The ‘fan
condition’ guaranteeing the properness of the exponential action can be restated in terms of the
convex hulls of points conv I'. instead of cones cone I';. This is precisely the setup used in the
definition of LVM and LVMB manifolds; see Section 9.

Holomorphic exponential actions are considered in Section 10. Given a complex vector space
V = €7 and a vector configuration I' in V* = Hom(V, C), the holomorphic action is defined by

Vxc"—c"
W,z) > v-z=(eVezy, . elfmVicz ).

The criterions for the properness of the holomorphic action and the compactness of the quo-
tient Ux(K)/ V are the same as in the real case (Theorems 10.3 and 10.5). The quotient Uc(K)/ 1%
of the proper holomorphic exponential action defined by a complete simplicial fan data {K, A}
is identified with the moment-angle manifold Z;. = (D?,S")X (Theorem 10.6). The latter there-
fore acquires a complex-analytic structure. Complex geometry of moment-angle manifolds is
remarkably rich and peculiar [29, 38, 39] and is far from being understood completely.

When the configuration I is rational, that is, its Z-span L* = Z(T') is a discrete subgroup (a lat-
tice) in V*, both the real and holomorphic exponential actions extend to an action of the algebraic
torusC; = L ®, C* 2V x T on Uc(K), where T, = L X5 S is the compact torus defined by L. If
the algebraic action of C; on U(K) is proper, then the data {K’, A} define a fan = which is rational
with respect to the Gale dual lattice N = Z(A) in W*. The quotient U(K)/C} is the toric variety
Vs defined by the rational fan . We obtain a holomorphic principal bundle Z;. — V5 with fibre a
holomorphic compact torus C}*/ V = T;, known as the generalised Calabi-Eckmann fibration [19,
33, 35]. Perturbing the vector configuration I" destroys its rationality, the closed holomorphic tori
in the fibres of the bundle Z;- — X5 ‘open up’, and the fibre bundle turns into a holomorphic foli-
ation F of Z ;- with noncompact leaves. Holomorphic foliated manifolds (Z., 7) model irrational
deformations of toric varieties [5-7, 29, 30, 41].

Thinking of V' as the space of linear relations between the vectors a,, ..., a,,, we observe that
T is a rational configuration if and only if V' is generated by relations with integer coefficients.
More generally, a subspace Q C V is rational (with respect to I') if it is generated by relations with
integer coefficients (Construction 11.2). A rational subspace Q C V contains a full-rank lattice

L={qeQ: (y.q) €Z fork =1,...,m}.

The exponential action of V on R™ extends to an action of the group C X, V = Ty X V on C™,
called the torus-exponential action (Section 12). Once again, the torus-exponential action (Cf X0
V)X Up(K) - Ug(K) is proper if and only if {KC, A} is a fan data (Theorem 12.2). The quotient
Uc(K)/(T;, x V) by aproper torus-exponential action is identified with the quotient Z;. /T; and is
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6 | PANOV

called a partial quotient of a moment-angle manifold. There is also a holomorphic version of torus-
exponential action (([32< X5 V) x Uc(K) = Uc(K), defined by a rational complex subspace QcV.
If {K, A} is a fan data, this defines a complex-analytic structure on the partial quotient Z,./T; as
the quotient U (K)/(C} X5 V), with a holomorphic torus principal bundle Z;. — Z/T;.

Complex moment-angle manifolds Z; are universal examples of complex manifolds with
maximal torus action. According to a classification result of Ishida [26], any such manifold is
biholomorphic to a holomorphic partial quotient Z,./T; . Two cases of holomorphic partial quo-
tients Z,./T;, corresponding to a one-dimensional rational subspace Q C V and the whole of V
being rational, respectively, are of particular importance.

LVM manifolds are a class of non-Kéhler complex-analytic manifolds introduced by Lopez de
Medrano and Verjovsky [19] and Meersseman [34] as the leaf spaces of exponential holomorphic
foliations on the projectivisations of open subsets U.(K) C C™. This construction was further
generalised by Bosio [10] and became known as LVMB manifolds. In the original construction
of [10] the conditions ensuring that the leaf space is Hausdorff (or the action is proper) were
formulated in terms of overlapping convex regions (see Section 13). These conditions by Bosio are
equivalent to the fan condition on the Gale dual data {K, A} (Proposition 13.2).

LVMB manifolds are therefore identified with projectivised moment-angle manifolds, that is,
holomorphic partial quotients of Z,- by the diagonal circle (corresponding to a one-dimensional
rational subspace Q C V). In these terms, LVM manifolds can be described as LVMB mani-
folds corresponding to the normal fans of polytopes, and are diffeomorphic to nondegenerate
intersections of special Hermitian quadrics.

Toric manifolds or smooth complete toric varieties X5 are partial quotients of moment-angle
manifolds Z; by a maximal freely acting subtorus. The corresponding holomorphic torus prin-
cipal bundles Z;. — X5 are described in Section 14. Theorem 8.3 gives a criterion for the rational
fan ¥ = {cone A; : I € C} of X5 to be the normal fan of a polytope in terms of the Gale dual cones,
which is equivalent to projectivity of Xs. This criterion can be extended to a description of the nef
and ample cones of X5 ([1, Proposition 2.4.2.6] and Proposition 14.2). We expect a similar crite-
rion to hold in the irrational setting, thereby providing a description of nef and ample divisors on
irrational deformations of toric varieties. We finish by describing the construction of Hamiltonian
toric manifolds via symplectic reduction and their connection with projective nonsingular toric
varieties (Theorem 14.5). Likewise, this connection extends to the irrational setting.

The following notation is used throughout the paper:

e [m] ={1,2,...,m} an ordered set of m elements.

* I ={i},...,i;} C [m] asubset.

+ T =[m]\ I the complementary subset.

* K an (abstract) simplicial complex on [m]. Every simplicial complex is assumed to contain the
empty set &.

* I € Kisasimplexof K.

* Avertex of K is a one-element simplex {i} € K.

* A ghost vertex of K is a one element subset {i} C [m] that is not in K.

* R™ real vector space consisting of m-tuples x = (x, ..., x,,,) of real numbers.

* C™ complex vector space consisting of m-tuples z = (zy, ..., z,,,) of complex numbers.

* R, nonnegative real numbers.

* R, multiplicative group of positive real numbers.

» C* multiplicative group of nonzero complex numbers.
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 7

UK)=R™\ U{i1 ip}gzc{x: Xpy ==Xy, = 0} the complement of the arrangement of real

.....

Uc(K)=C"\ Uy, il oz x, = = X, = 0} the complement of the complex coordinate
subspace arrangement defined by K.

V a k-dimensional real vector space.

V* = Homg(V, R) the dual space.

(y,v) € R the inner product (pairing) V* XV — R.

I ={yy,..., ¥} @ vector configuration in V*. Assume that I" spans V*.

A ={ay,...,a,,} the Gale dual vector configuration in W* (see Section 3).

I'; ={y; . i €I}asubconfiguration of I'. Similarly, A;, I'; = {y; : i & I}, etc.

R(T;) = R{y; : i € I) the R-span of a vector configuration (assume R(I') = V*).

I' 1 R™ — V* the linear map given by e; — y;, where e; is the ith standard basis vector of R".
I'*: V — R™ the linear map v = ({y1,V), ., (¥1> V))-

A: R™ — W* the linear map given by e; — a;.

A*: W — R™ the linear map w — ((a;, w), ..., (@,,, w)).

cone A; = cone(q; : i € I) the cone generated by (the nonnegative span of) a set of vectors.
Similarly, cone I';, etc.

relint C the relative interior (the interior in the affine span) of a convex set C.

¥ a fan (see Section 4).

3 = {cone(e; : i € I) withI € K} the coordinate fan in R™ corresponding to a simplicial
complex K.

P a convex polyhedron in W*. A polytope is a bounded polyhedron.

>p the normal fan of P.

= {y{, ..., ¥},} a point configuration in an affine space.

conv F} = conv(yl( : i € I) the convex hull of a point configuration.

V the complex vector space of dimension # obtained by endowing an even-dimensional real
space V (k = 2¢) with a complex structure 7.

(7,V)c the complex inner product (pairing) V* x V' — C, it satisfies (y,v)c = (y,v) + i{y, Jv).
V¢ the complexification of V' (a k-dimensional complex vector space).

(X, A)X the polyhedral product (see Section 7).

Ry = (D', SOX the real moment-angle complex (see Section 7).

Zi = (D?,SH¥ the moment-angle complex (see Section 10).

T™ the m-dimensional torus, T™ = (S1)".

Q arational subspace in V (see Section 11).

L={qeQ: (y,q) € Z fork =1,..., m} the full-rank lattice in Q.

L,={g€Q: (yx,q) € Z for k ¢ I} asubgroup of Q.

r= {71, - ¥} a rational vector configuration in Q*.

A= {a,,...,d,,} the Gale dual rational vector configuration in U*.

C>L< the algebraic torus defined by a vector space Q with a full-rank lattice L, namely CZ =L®,
C* = Q¢ /(2miL).

T, the compact torus, T; = L ® , S* =~ Q/(27L).

X the toric variety corresponding to a rational fan X (Section 14).

N = M* the full-rank lattice spanned by or containing a rational vector configuration A =
{a,,..,a,}in W*,

Nef(X5) the nef cone of X5, generated by the classes of basepoint-free divisors on Xy..
Ample(Xy) the ample cone of X5 (the set of positive multiples of ample divisor classes on Xy).
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8 | PANOV

The author is grateful to the anonymous referees for very helpful comments and suggestions.

2 | FREE ORBITS (NONDEGENERATE LEAVES)
We start with a description of free orbits of the exponential action (1.1).

Proposition 2.1. The stabiliser subgroupV, ={v € V. v-x = x}of a pointx = (x,, ..., x,,,) € R™
under the action (1.1) is given by

Ve={veV: (y;,v) =0 whenever x; # 0}.
In particular, V,, = 0 if and only if the subset {y; : x; # 0} C T spans V*.
Proof. We have v € V, if and only if
(x1e<V1’“>, s xme<7m’“>) = (X, s Xpy),

which holds precisely when (y;,v) = 0 for x; # 0.
For the second statement, V. # 0 if and only if there is a nonzero v € V,, such that (y;,v) =0
for x; # 0, which holds precisely when {y; : x; # 0} C T does not span V*. O

Since T itself spans V*, the stabiliser of a generic point (with all coordinates nonzero) is zero,
so the action is free on a dense open subset of R".

For a subset I = {ij, ..., ip} C [m], denote I'; = {y; : i € I}. Let T=[m] \ I denote the comple-
mentary subset. We set

K(I') ={I C [m]: T'; spans V*}.

A simplicial complex on [m] is a collection K of subsets of [m] such that for any I € K all subsets
of I also belong to K. We refer to I € K as a simplex (or a face) of K. We always assume that the
empty set & belongs to K. We do not assume that £ contains all one-element subsets {i}. We
refer to {i} € K as vertices, and refer to {i} ¢ K as ghost vertices. A simplicial complex is pure if all
its maximal simplices have the same dimension. (The dimension of a simplex is its cardinality
minus one.)

Proposition 2.2. K(T) is a pure simplicial complex of dimension m — k — 1.
Proof. 1f T'; spans V*, then so does I'; D T; for any J C I. Hence, K(I') is a simplicial complex.
Also, if I'; spans V*, then it contains a basis of V*. Such a basis has the form I'; for some L with

I cLand|L| = m—|I';| = m — k. It follows that X(T') is pure (m — k — 1)-dimensional. O

Given a simplicial complex K on [m], define the following open subset in R™ (the complement
of an arrangement of coordinate subspaces):

uk)=R"\ ) fx:ix, =-=x =04 1)
{iyip}EK
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 9

It is easy to see that the complement to any set of coordinate planes in R has the form U(K) for
some K. For example, if £ = {@}, then U(K) = (R*)™, where R* = R \ {0}, and if K consists of
all proper subsets of [m], then U(K) = R™ \ {0}.

Let

Ur ={(xy, ., x,,) ER™: x; # 0for j & I} (2.2)

Then U(K) = J;ex Ur-

Proposition 2.3. If K c K(T) is a simplicial subcomplex, then the restriction of the action (1.1) to
U(K) is free.

Proof. Takex = (x1,...,X,,) € U(K).ThenI ={i: x; = 0} € K. As K C K(T'), we obtain thatI'; =
{yi: x; # 0} spans V*. Then V. = 0 by Proposition 2.1. O

We restate this by saying that U(K) consists of nondegenerate leaves of (1.1) for any X c ().

3 | LINEAR GALE DUALITY

The configuration I defines a linear map I" : R™ — V* that takes the ith standard basis vector e,
toy;. Let W = KerI', so we have an exact sequence

r
0—W—R" —V"—0. 3.1

Since I' spans V*, the space W* has dimension n := m — k. We identify the dual space of R™ with
R via the isomorphism that takes the standard basis to its dual basis, and write vectors in R” by
their coordinates in the standard basis. Consider the dual exact sequence

s

r A .
0—V —>R" — W"—0,

where the map I'* takes v to ({y1,V), ..., (¥m,V))- Define a; = A(e;). The linear Gale transform
takes the vector configuration I' in V* to the vector configuration A = {a;, ...,a,,} in W*. It is
an involutive procedure, so A is called the Gale dual of T, and T is the Gale dual of A. Then A
spans W* by duality. The linear function a; takes a vector in W (viewed as a subspace in R™) to
its ith coefficient.

Choosing bases in V' and W, we view I" as a k X m-matrix with column vectors y,, ..., 7, and
view A as a n X m-matrix with column vectors a;, ..., a,,. The identity AI"* = 0 implies that the
rows of A form a basis in the space of linear relations between the vectors y, ...,7,,. The latter
space is just W, and we may think of @; € W* as the linear function that takes a linear relation to
its ith coefficient.

Proposition 3.1. Forany I C [m], the vectors in A; = {a; : i € I} are linearly independent in W*
ifandonly if Iy ={y; : j & I} spans V*.

Proof. By duality, we think of y; as the jth coefficient function on the space V' of linear rela-
tions between a,, ..., a,,. If the vectors {a;, i € I} are linearly independent, then any linear relation

a ‘0 ‘0¢TZ69YT
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10 | PANOV

between aj, ..., a,, has the jth coefficient nonzero for some j € T. It follows that, for any vector
in V, there is a linear function among I'; = {y;, j € T} that does not vanish on this vector. This
implies that I'; spans V*. Conversely, if there is a linear relation between {a;, i € I} then for each
j € Tthe jth coefficient function y ; vanishes on this relation. Hence, the vectors {y;, j € T} do not
span V*. O

4 | FANS AND TRIANGULATED CONFIGURATIONS

A subset o of a real vector space W* is called a polyhedral cone, or simply a cone, if it consists of all
linear combinations with nonnegative coefficients of a finite set of vectors a, ..., a, in W*. The
notation is o = cone(ay, ..., a p). The set of vectors may be empty, in which case the cone consists
of the zero vector only, that is, cone(@) = 0. The dimension of ¢ is the dimension of its linear span.

A generator set of a cone o is a set of vectors ay, ..., a, such that o = cone(ay, ..., ap). A cone
is strongly convex or pointed if it does not contain a line. An inclusion-minimal generator set of a
strongly convex cone is unique up to multiplication by positive numbers. A cone is simplicial if its
minimal set of generators is linearly independent.

A supporting hyperplane of a cone o C W* is a hyperplane H such that o is contained in one of
the two closed halfspaces defined by H. A face of a cone o is the intersection of o with a supporting
hyperplane. We also regard o as a face of itself; faces which are different from o are called proper.
The complement of the union of all proper faces in ¢ is called the relative interior of o and is
denoted by relint o; it coincides with the interior of ¢ in its linear span. Note that relint0 = 0.

A nonzero vector w € W in the dual space defines a hyperplane

H,={aeW": (a,w) = 0}.

We denote by H and H,, its corresponding nonnegative and nonpositive closed halfspaces,
respectively.

Proposition 4.1. If o = cone(a,, ...,a,) is a cone in W*, then a € relinto if and only if a =
Zle A;a; for some positive A; € R.

Proof. The case a = 0 is trivial, so we may assume a # 0.

Leta = le A;a; with 4; > 0. Suppose that a ¢ relinto. Then a is contained in a proper face
7 of o, that is, there is a supporting hyperplane H,, with w € W such that o C Hf andv € H,, n
o = 7. Hence, (a,w) = 0. On the other hand, {a,w) = Zle Ai{a;,w) > 0, because each (a;, w) is
nonnegative and (a;, w) > 0 for at least one i, as 7 is a proper face, a contradiction.

Now let a € relinto. It is easy to see that for any @’ € o there exists @’ € o such thata’ + o’ =
pa for some u > 0. Taking @’ = a; we obtain a; + &’ = w;a for a!’ € o and w; > 0. Writing each
a;’ asanonnegative linear combination of a;, ..., @, and summing up over i we obtain Zle va; =
Zle u;a with positive vy, ..., V. The result follows. O

Lemma 4.2 (Separation lemma). The following conditions are equivalent for two different strongly
convex cones ¢, and o, inV:

(a) theintersection of o, and o, is a proper face of each cone;
(b) the cones o, and o, are separated by a hyperplane, that is, there exists a hyperplane H such that
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 11

o, CH*, 0,CH  and Hno,=HnNo,=0,N0,.

For the proof, see [16, Lemma 1.2.13; 22, Section 1.2.

A fanis afinite set = = {0, ..., 0} of strongly convex cones in W* such that every face of a cone
in X belongs to X and the intersection of any two cones in X is a face of each. The support |Z| of
a fan is the union of its cones: |Z| = | J, 5 0 € W*. A fan is complete if |X| = W* and has convex
support if |Z| is convex.

A fan ¥ in W* can be defined by specifying generators of its one-dimensional cones and the
subsets of generators that span cones. This justifies the following formalism. Let A = {a,, ..., @,,}
be a spanning vector configuration in W* and let C be a collection of subsets of [m] containing &.
We say that C is A-closed if

* cone A; is strongly convex for any I € C;
* ifI € C,J CIandconeA; isaface of cone Ay, thenJ € C.

If C is A-closed, then all faces of a cone in the set {cone A; : I € C} also belong to this set. The
set{cone A; : I € C}is afan whenever any two cones cone A; and cone A; intersect in a common
face (which has to be cone A;;). In this case we say that {C, A} is a fan data.

The ‘fan condition’ can be stated in terms of the relative interiors of cones in either of the two
Gale dual configurations A and T'; the next result also follows from the general correspondence
between fans and bunches in [1, Theorem 2.2.1.14]:

Theorem 4.3. LetA = {a,,...,a,,}andT = {y,, ..., ¥,,} be a pair of Gale dual vector configurations,
and let C be an A-closed collection of subsets of [m]. The following conditions are equivalent:

(a) {coneA;: I € C}isafan;
(b) (relintcone A;) N (relintcone A;) = @ foranyI,J € C, 1 #J;
(c) (relintconeI’;) N (relintconeT;) # @ foranyI,J € C.

Proof. The implication (a)=(b) is clear.

(b)=(a). Take any I,J € C. Set X = cone A; Nncone A;. Consider the smallest face of cone A;
that contains X; this face is cone Aj, for some I’ C I, I’ € C. Similarly, let cone A}, be the small-
est face of cone A; containing X. Then relint X C (relintcone Ap) N (relintcone Ay, ). By (b), the
latter intersection is empty unless I’ = J’. Therefore, I’ =J'. Then I’ C InJ,s0 X C cone Ay C
coneA;,;. On the other hand, we obviously have coneA;,; C X. Hence, the intersection
cone A; Ncone A; = cone Ay = cone A, is a face of both cone A; and cone A;.

(c)=>(a). Suppose (relint cone I';) N (relint cone I';) # @. By Proposition 4.1,

Z "kYk — Z S;y1=0 (4.1)
kel lel

for some positive r; and s;. Thisis a linear relation between y4, ..., 7,,, so it defines a vectorw € W.
Recall that the value of a; on a linear relation is its ith coefficient, so we have

-

—

ri—s, ielnl=IUJ,
ri, ieT\T=J7\UnJ),

(a;, w) =1 A (4.2)
—s;, ieI\T=1\UnJ),

0, ieTul=InJ.
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12 | PANOV

It follows that

coneA; CHY, coneA; CH_, and
4.3)
coneA;; = H, Nncone A; = H,,Nncone A; = cone A; N cone A;.

Hence, cone A; and cone A; are separated by a hyperplane for each I,J € C, so (a) holds by
Lemma 4.2.

(a)=>(c). Suppose that the intersection of cone A; and coneA; is a face of each cone. By
Lemma 4.2, there exists a hyperplane H,, satisfying (4.3). The vector w € W satisfies (4.2)
for some positive r;, s;. This w gives a linear relation (4.1) between y,,...,7,,, which implies
(relintcone I';) N (relint cone I'y) # @. O

A fan is simplicial if each of its cones is generated by a linearly independent set of vectors. The
fan ¥ defined by a fan data {C, A} is simplicial if and only if C is a simplicial complex K; that is,
a simplicial fan can be written as £ = {cone A, : I € K}, where K is a simplicial complex on [m]
and A; is linearly independent for any I € K. The simplicial complex K is called the underlying
complex of a simplicial fan X.

A pair {K, A} consisting of a simplicial complex K on [m] and a spanning vector configura-
tion A ={ay,...,a,,} in W* is called a simplicial fan data or a triangulated configuration [7] if
X ={coneA;: I € K}isafanin W*. This fan is automatically simplicial, since A; is linear inde-
pendent for any I € K. (Indeed, if there is a linear dependency between a;, i € I, then there are
J,J' C I such that cone A; and cone A, overlap.)

A simplicial complex K defines the coordinate fan Z;- in R™ consisting of coordinate cones
cone(e; : i € I) with I € K, where e; is the ith coordinate vector. Then {K, A} is a triangulated
configuration if and only if the restriction of the map A: R™ - W*, e¢; = a;, to the union of
cones of X is a bijection. In this case, A(Z.) is precisely the fan X defined by {KC, A}.

We do allow ghost vertices in K; they do not affect the fan . The vector a; corresponding to a
ghost vertex {i} can be zero as it does not correspond to a one-dimensional cone of .

‘We restate Theorem 4.3 in the case of simplicial fans for future reference.

Theorem 4.4. Let K be a simplicial complex on [m], let A = {a,, ..., a,,} be a vector configuration
inW*, and let T ={y,, ..., ¥, be the Gale dual vector configuration. The following conditions are
equivalent:

(a) {K,Al}isa triangulated configuration;
(b) (relintcone A;) N (relintcone A;) = @ foranyI,J € K, I #J;
(c) (relintconeI’;) N (relintconeT;) # @ foranyI,J € K.

Note that A; is linearly independent for I € K in the case of simplicial fans, so coneI’; is a
full-dimensional cone in V* and its relative interior is the interior.

5 | PROPER ACTIONS

A continuous map f : X — Y of topological spaces is proper if f~1(C) is compact for any compact
C C Y.If X is Hausdorff and Y is locally compact Hausdorff, then f : X — Y is proper if and only
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 13

ifit is universally closed, where the latter means that for any map Z — Y the pullback X Xy Z — Z
is a closed map.

A continuous action G X X — X, (g,x) —~ g x, of a topological group G on a locally compact
Hausdorff space X is called proper if the shear map

h: GXxX - XxX, (g,x) (gx,x)

is proper. Equivalently, a G-action on a locally compact Hausdorff X is proper if the subset {g €
G: gC N C # @} is compact for any compact C C X.

Properness is a key property for noncompact group actions ensuring that the quotient is a well-
behaved space. Namely, we have

» for a proper action of G on X, the orbits are closed, the isotropy subgroups are compact, and the
quotient X /G is Hausdorff;

« for a smooth, free and proper action of a Lie group G on a smooth manifold M, the quotient
M /G has a unique smooth structure with the property that the quotient map M — M /G is a
smooth submersion.

We refer to [32, Chapter 21] for the details.

Theorem 5.1. LetT = {yy,...,7,,} and A = {a,, ..., a,,} be a pair of Gale dual vector configurations
in V* and W*, respectively, and let K be a simplicial complex on [m]. Then

(1) theactionV X U(K) — U(K) obtained by restricting (1.1) to U(K) is free if and only A is linearly
independent for any I € K;

(2) theaction V X U(K) —» U(K) is proper if and only if {K, A} is a triangulated configuration, in
which case the action is also free.

Proof. Statement (1) is Proposition 2.3.

To prove (2), first assume that {K’, A} is a triangulated configuration. We need to check that the
preimage h~!(C) of a compact subset C C U(K) x U(K) under the shear map h: V x U(K) —
U(K) x U(K) is compact. Since V and U(K) are metric spaces, it suffices to check that any infinite
sequence {(v),x®)): k = 1,2,..} of points in h~1(C) contains a convergent subsequence. Since
C is compact, by passing to a subsequence we may assume that the sequence

{hO, xFN) = () . xR xOy
has a limit in U(K) x U(K). We set y&) = p® . x5 and let

x = lim x(k), y = lim y(k),
k— o0 k— o0

where x,y € U(K). We need to show that a subsequence of {v} has a limit in V.
By passing to a subsequence we may assume that each numerical sequence {(y;,v¥))}, i =
1,...,m, has alimitin R U +oc0. Let

1= {ic Jim ) = +oo}, 1= {i: lim (7;,v9) = ~co}.

As both sequences {x}, {y*) = v . x()} converge, formula (1.1) implies x; = 0 fori € I +and
¥; =0 for i € I_. Then it follows from the definition of U(K) (2.1) that I, and I_ are disjoint

a ‘0 ‘0¢TZ69YT

cny wouy

IPUIL

1Y) SUORIPUOD pue SWs | 84} 89S *[5202/90/62] U0 ARIqITaUIUO B[ * LOTEISPe URISSNY SUBILUO0D - AOUEd Sere | AQ ZZT0L SW/ZTTT OT/I0p/L0d AS 1M

 Roym

3SUB01T SUOWIWIOD dARERID d|qedt|dde au Aq pauseA0b ae SAPRIe YO ‘8SN JO S3|NJ 10 ARIqIT3UIUQO AB|IAA UO (SUOT}IPUOD-PI



14 | PANOV

simplices of K. Now condition (c) of Theorem 4.4 gives
(relint cone I‘ﬁ) N (relintconel; ) # @.

Hence,

0= Z”i}’i— 251% = Zrﬂi— Zsﬂ/i"' Z (ri =i

= il iel, iel_ gl ul_
for some positive r; and s;. This implies that both I, and I_ are empty, as otherwise

0= lim (3 riv®) = Fsirv+ ¥ 1= s)rv®)) = +oo,

iel, iel_ il Ll_

giving a contradiction. Therefore, each sequence {(y;,v*))}, i = 1,...,m, has a finite limit. This
implies that {v(®)} converges in V, because y;, ..., 7,,, span V*. Thus, the action V x U(K) — U(K)
is proper.

Now assume that the data {C, A} do not define a fan. Then condition (b) of Theorem 4.4 fails,
and we have

(relintcone A;) N (relintcone A;) # @

for some I,J € K, I # J. It follows that

0= Z ra; — Z s;a; = Z ra; — Z s;a; + Z (r; —s)a;

iel ieJ iel\J ieJ\I ielnJ

for some positive r; and s;. By Gale duality, this linear relation between a,, ..., a,, gives a vector
v € V satisfying

ri—s;, L€Inld,

r:, ierl\J,
(ri-v) = ' .

-5, ieJ\I,

0, igIulJ.

Now consider the sequence of points {x(*)} in R” with coordinates

0, ielnl, 0, ielnlJ,
&) _ ) —k(y., . ok
X =qe riw) ieI\J, =5e i, iel\lJ,
1, i1 1, il

Observe that lim,_, , x®¥) = x, where

0, i€l
xi=
1, i&l,
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 15

and both x®) and x lie in U(K). Now define v©) = kv and y®) = v . x(K) 50 that

0, ierny, o, ielnl,
Y = ki = Iy, ieI\J, =qeksi, ieT\I,
ekriv) i 1, igl.

We have lim,_, , y =y, where

o, iey,
Vi 1, i¢J,
so both y©) and y lie in U(K). On the other hand, no subsequence of v'¥) converges in V. Thus,
the action V x U(K) — U(K) is not proper.

Finally, if {KC, A} is a triangulated configuration, then A; is linearly independent for any I € K,
s0 a proper action V x U(K) — U(K) is free by statement (1). O

Example 5.2. Consider the action of V = R on R? given by
(v, (x1,x3)) = (e°xp,€"xy).

WehaveT = (y;,7,) = (1,1), A = (a;,a,) = (1,-1). Let K = £T) = {@, {1}, {2}}, so that U(K) =
R? \ {0}. The vectors a,, a, form a one-dimensional fan in R, so the above action of R on U(K) =
R? \ {0} is proper and the quotient is homeomorphic to a circle (a smooth manifold).

Now consider the action of V = R on R? given by

(v, (x1, %)) = (€"x1,e7"x,).

This time we have T’ = (y;,7,) = (1, 1), A = (a;, a,) = (1,1). The relative interiors of the cones
generated by a; and a, have a nonempty intersection (they coincide), so the action of R on U(K) =
R? \ {0} is not proper and the quotient is a non-Hausdorff space.

6 | COMPLETENESS AND COMPACTNESS

Assume givendata{K, a,, ..., a,,} defining a simplicial fan X = {o,, ..., o,} in W*, asin Section 4. A
fan T in W* is complete if the union of its cones o; is the whole of W*. The underlying simplicial
complex K of a complete simplicial fan defines a simplicial subdivision (a triangulation) of the
unit sphere in W*.

Let T = {y;,...,7,,} be the Gale dual configuration in V*. The restriction of the exponen-
tial action (1.1) to U(K) is free and proper by Theorem 5.1. We have the following criterion of
compactness for the quotient of the action V x U(K) —» U(K).

Theorem 6.1. Assume that {K, A} is a triangulated configuration defining a simplicial fan ¥. The
quotient smooth manifold U(K)/V is compact if and only if the fan T is complete.

Proof. Assume that T is a complete fan. Because U(K)/V is metrisable, it is enough to prove that
any sequence of points in U(K)/V contains a convergent subsequence.
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16 | PANOV

Take a sequence of points in U(K)/V and let {x(,n = 1,2,...} be its lift to the total space,
x(m = (xi"), s xf,’l’)) € U(K). We shall change the sequence {x""} to {x"} so that x™ and %"
lie in the same V-orbit for eachn = 1,2, ... and {i(")} has a convergent subsequence in U(K). Its
projection will be the required subsequence in U(K)/V'.

By passing to a subsequence we may assume that all elements of the sequence {x(")} have the
same sets of zero coordinates; that is, there is J € K such that xﬁ.”) =0for j € J and xj") # 0 for
j & J, for all n.

We argue by induction on dim W* = m — k. Let dim W* = 1. There is only one complete
one-dimensional fan (corresponding to K = {@, {1}, {2}}), so the theorem holds in this case (see
Example 5.2).

IfJ # @, then (v - x("))j =0forany j €J,v € Vandn = 1,2,... Consider the link subcomplex
link,J ={I € £: ITUJ € K, InJ = @} Thenthedata{link,J,a; : j & J}defineacomplete fan
in the quotient space W*/(a; : j € J), which has dimension less than W*. Therefore, we can
apply the induction assumption in this case.

We therefore may assume J = @, that is, xﬁ.") # 0 for any n and j € [m].

We denote R* = R \ {0}. Given x = (x, ..., X,,,) € (R*)", define

m
£(x) = Zai log |x;| € W*.
i=1
For any v € V we have
m m m m
£w-x) =Y a;loge” ™ |x;) = Y aily;,v) + Y a;loglx| = Y ailoglx;| = £(x),  (61)
i=1 i=1 i=1 i=1

where the second-to-last equality follows by Gale duality.

Now we get back to the sequence {x("™} and consider —#(x("V) € W*. As X is a complete fan
in W*, we can find I € £ with |I| = dim W* such that infinitely many terms of the sequence
{—¢(x"™)} lie in cone A;. Hence, by passing to a subsequence, we may assume that {—Z(x")} €
coneA; forn =1,2,....

By Proposition 3.1, the vector configuration I'; is a basis of 1, so we can find v € V satisfying

(v ™)y = —log|x”|, il
and set
M = ) | )
We have
7] = e =1, igl
This together with (6.1) implies

=Y a,log|%"”| = —£F") = —£(x™) € cone A,.
iel
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 17

It follows that log |?cf”)| <0 for any i € [m] and n = 1,2,.... Therefore, {f(")} is a bounded

sequence, so its subsequence has a limit it R". As |5cf.")| =1 for i ¢ I, the limit may have zero
coordinates x; only for i € I, so the limit belongs to U(K), as needed.

Now assume that U(K)/V is compact. Take a € W*. To prove that X is complete, we need to
show that a belongs to a cone of . Write

m
a= z aa;, o €R. (6.2)
i=1

For any x > 0 consider
(x*,...,x%) € (R)™ c UK)

and let [x%1, ..., x%] denote the image in U(K)/V. Setting x = x"), n = 1,2, .., where x” > 0
converges to zero as n — oo and using the fact that U(K)/V is compact, we observe that there
exists a limit

lm[x%, ..., x%] = [y, ..., ¥,,] € UK)/V.

x—=0

Let
I={ie[m]:y,=0ek.

This is well defined as the set of zero coordinates of a point in U(K) is constant along its V-orbit.
Furthermore,y = (y;, ..., ¥,,) € U}, where U; € U(K) is given by (2.2).
Foranyw € W and x = (X, ..., X,,,) € (R*)™, define
m
Fuw(X1s s X)) = H |x; | @),

i=1

Then f,, defines a function (RX)"/V — R, because f,,(x) = e{/®W) for x € (R*)™ and #(x) is
constant on V-orbits (see above). Consider the dual cone

(coneAp) ={weW: (a;,w)>0fori eI}

Ifw € (cone A;)Y, then f,, extends to a continuous function on U; /V.
Now lim,._ ,[x%1, ...,x%n] = [y] in U;/V, implying that

lim £, (e, o x%) = £,0)
xX—=
for w € (cone A;)". On the other hand,

m
lim f,,(x%, ..., x%m) = lim x(Ziz 44 W) = Jim x(@w),
x—0 x—0 x—0

The latter limit exists if and only if (a,w) > 0. Hence, (a,w) > 0 for any w € (cone A;)". This
implies that a € cone A}, and therefore the fan X is complete. O
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18 | PANOV

The condition of completeness (or compactness of the quotient) can be formulated in terms of
the triangulated configuration (X, A) as follows.

Proposition 6.2. Assume that {K, A} is a triangulated configuration defining a simplicial fan X in
an n-dimensional space W*. Then, the X is complete if and only if one of the following two equivalent
conditions is satisfied:

(a) K contains an n-element subset (simplex), and each (n — 1)-element simplex of K is contained
in two n-element simplices;

(b) the collection of subsets € = {J c [m]: |J| = m —n,J € K}is nonempty, and foranyJ € € and
i € [m] thereexists j € J such that (J \ {j}) U {i} € &.

Proof. The equivalence of (a) and (b) is clear.

Let £ be a complete simplicial fan. Then X contains an n-dimensional cone, so thereis I € K
with |I| = n. Suppose there is an (n — 1)-element subset of K that is contained in at most one
n-element subset; that is, there is an (n — 1)-dimensional cone 7 of X that is a face of at most
one n-dimensional cone of . Then, there is a hyperplane H containing 7 such that one of the
halfspaces defined by H contains points that do not lie in any cone of Z, a contradiction.

Now let condition (a) be satisfied. Suppose T is not complete. Then C = | J 5 0 is a closed
proper subset of W*. Its topological boundary C contains an (n — 1)-dimensional cone of Z, say 7.
Then 7 is a face of at most one n-dimensional cone of =, a contradiction. O

Condition (b) in Proposition 6.2 is the substitute existence condition of Bosio [10]. It features in
the construction of LVMB manifolds; see Section 13.

7 | REAL MOMENT-ANGLE MANIFOLDS

When the quotient U(K)/V is compact, its topology can be described via the polyhedral product
decomposition.

Construction 7.1 (Polyhedral product). Assume given a simplicial complex K on [m] and a
sequence

(X’A) = {(Xl’A1)7 cees (Xm’Am)}

of m pairs of pointed topological spaces. For each subset I C [m] we set

m
x,A) = {(xl,...,xm) e[[X: xceA forkeg 1} (7.1)

k=1
and define the polyhedral product of (X, A) corresponding to K as

X, = x4 = (Hxi xHAl) c lm_[Xi.

IeK IexX \ iel i€l i=1
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 19

In the case when all pairs (X, A;) are the same, thatis, X; = X and A; = Afori =1, ..., m, we use
the notation (X, A)X for (X,A)X.

We have (X,A)X =[], A, when K = {7}, and (X, A)* =[], X; when K is the simplex A[m]
on m vertices. Here are more examples.

Example 7.2.

1. Itis easy to see that U(K) = (R, R*)X, where RX = R \ {0}; see (2.1).

2. Let(X,A) = (D', S°), where D! is a closed interval [—1, 1] and S° is its boundary, consisting of
two points. The polyhedral product (D', S®)* is known as the real moment-angle complex [13,
Section 3.5; 14]:

RIC — (Dl,SO)’C — U(Dl,SO)I.
IeK

It is a cubic subcomplex in the m-cube (D')" = [—1,1]"™. When K consists of m disjoint
vertices, Ry is the one-dimensional skeleton of [—1,1]". When K = dA[m], we have Ry =
d[—1,1]™. In general, if {i, ..., i, } is a face of K, then R . has 2% cubic faces of dimension k
which lie in the k-dimensional planes parallel to the {i;, ..., i; }th coordinate plane.

Theorem 7.3. Let V X U(K) — U(K) be the exponential action defined by a complete simplicial
fan T = {K, A}. Then there is a homeomorphism

UK)/V = Ry

Proof. We have an inclusion of pairs (D!,S%) < (R,RX), which induces an inclusion R;. =
(D1, 8O o (R,R*)* = U(K). So the required homeomorphism will follow from the fact that
the V-orbit of any point x = (xy, ..., X,,,) € U(K) intersects R - at a single point.

We may assume by induction that x; # 0 for i € [m], as in the proof of Theorem 6.1. Con-
sider Z(x) = Z;’;l a;log|x;| € W*. As X is complete, there is I € K with |I| = dim W* such
that —£(x) € cone A;. Then I'; = {y; : i & I} is a basis of V*. By solving the equations (y;,v) =
—log|x;|,i ¢ I, we find ¥ = v - x in the same V-orbit satisfying |x;| = 1 for i ¢ I. Since —£(X) =
—7(x) € cone A;, we have log |X;| < 0 fori € I. Hence, |X;| < 1 for i € I. These conditions imply
that X € Ry.. Therefore, every V-orbit intersects R 4.

Now suppose that x,x’ € R are in the same V-orbit. By definition of R, there is I € K such
that |x;| = 1fori ¢ I and |x;| < 1fori € I,andJ € K such that |x;.| = 1for j ¢ J and |x§.| < 1for
j € J.Since ¢ is constant on V-orbits by (6.1), we obtain

Zai log|x;| = £(x) = ¢(x) = Zaj log |x;.|.

iel jer
It follows that the expression above lies in —cone A; N cone A; = —cone Aj;. As the latter is
a simplicial cone, we obtain |x;| = |xlf| for i € [m]. Since the V-action preserves the sign of
coordinates, we actually have x = x’, as needed. O

Corollary 7.4. Let K be the underlying complex of a complete simplicial fan. Then
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20 | PANOV

(1) the real moment-angle manifold Ry has a structure of a smooth compact manifold;
(2) U(K) and Ry have the same homotopy type.

In [14, Theorem 4.7.5], it is proved that there is a homotopy equivalence U(K) =~ R - for arbi-
trary K. By virtue of Theorem 7.3, this homotopy equivalence can be realised as the quotient by a
free action of V = R¥ when K is the underlying complex of a complete simplicial fan.

8 | POLYHEDRA, NORMAL FANS AND INTERSECTIONS OF
QUADRICS

As we have seen in the previous sections, the quotient U(K)/V is a smooth compact manifold
if and only if {KC, A} is a complete simplicial fan data; see Theorems 4.4, 5.1 and 6.1. There is an
important class of complete fans arising from convex polytopes, as described next.

8.1 | Normal fans
A convex polyhedron in W is defined as the nonempty intersection of finitely many halfspaces:
PZ{WEW: <ai,w>+bl’>0, i=1,...,m}, (81)

where @; € W* and b; € R.

By referring to a polyhedron P we imply a particular system of linear inequalities, not only the
set of its common solutions. An inequality (a;, w) + b; > 0in (8.1) is redundant if removing it from
the system does not change the set of common solutions; otherwise the inequality is irredundant.

A face of P is the intersection of P with a supporting hyperplane. Every face is specified by
turning some of the defining inequalities into equalities. A face is therefore determined by a subset
I C [m] and is given by

Fi={weP: (a,w)y+b;=0 foriel}

Note that F = P. A vertex is a zero-dimensional face, and a facet is a face of dimension one less
the dimension of P. We denote Fy; by F;.

A polyhedron P is full-dimensional if the affine hull of P is the whole of W. If P is full-
dimensional and without redundant inequalities, then each F; is a facet with normal a; € W*,
so there are m facets in total.

A bounded polyhedron is called a polytope.

Given a face Q of P, the polyhedral angle at Q is the cone generated by all vectorsw’ — w pointing
from w € Q tow’ € P. The cone dual to the polyhedral angle at Q is given by

oo ={a€W": (a,w) < (a,w')forallw € Qandw' € P}.

and is called the normal cone of Q. If we write Q = F;, where I C [m] is maximal among all subsets
defining Q, then

oo = cone A; = cone(a; : (a;,w) + b; = 0forw € Q). 8.2)
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 21

If P is full-dimensional, then o, is a strongly convex cone; it is generated by the normals to the
facets containing Q. Then

Zp ={op: Qisaface of P}

is a fan in W*, referred to as the normal fan of the polyhedron P. If P is not full-dimensional, then
the cones o, are not strictly convex, and %, is a generalised fan [16, Definition 6.2.2]

The support |Zp| of a normal fan is convex (it coincides with the dual of the recession cone of P;
see [16, Theorem 7.1.6]). In particular, X, is complete if and only if P is a polytope.

A polyhedron (8.1) is generic if the hyperplanes defined by the equations (a;,w) + b; = 0 are
in general position at every point of P (that is, for any w € P the normals a; of the hyperplanes
containing w are linearly independent). A generic polyhedron is full-dimensional. A generic poly-
hedron may have redundant inequalities, but, for any such inequality, the intersection of the
corresponding hyperplane with P is empty. For a generic P, each F; is either a facet or empty.
A generic polytope P is simple, that is, exactly n = dim W facets meet at each vertex of P.

The normal fan X, is simplicial if and only if P is a generic polyhedron. In this case, the cones of
Zp are generated by those sets {a; , ..., a; } for which the intersection F; N .- NF; is nonempty.
Define the dual simplicial complex

Kp={I={iy,..i}: F; n-NF; #3}.

Then the simplicial fan ¥, is defined by the data {p; ay, ..., a,,}. The redundant inequalities in a
generic polytope (8.1) correspond to the ghost vertices of Xp.

Our next goal is to describe the normal fan X, in terms of the Gale dual configuration I' =
{¥1> > ¥m}- In what follows, whenever we refer to the normal fan and Gale duality, we assume
that the polyhedron (8.1) is full-dimensional (so that 3, isafan) and A = {a;, ..., a,,} spans W (so
that the Gale dual configuration is defined).

Lemma 8.1. The normal fan Zp of a polyhedron (8.1) consists of the cones cone A; such that
Y by; € relintconeI';.

Proof. Take o, € Zp and write Q = Fy, where I C [m] is maximal among all subsets defining the
face Q. Then o, = cone Aj; see (8.2). Take w € relint Q. We have (a;,w) + b; = 0 for i € I and
r; := (a;,w) + b, > 0 fori € T. Hence,

m m
Z biy; = Z((ai,m +b)y; = Z riYi-
i=1

i=1 iel

It follows that Y\ | b;y; € relintcone I';, by Proposition 4.1.

Now consider cone A; such that Y byy; € relintcone ;. Then Y| byy; = Y517, for some
positive r;, i € I. Denote b = (by,...,b,,) e R™ and r = (r4, ..., 7,,,) € R™, wherer; =0 fori € I.
Then I'(r — b) = 0. Hence, r — b is in the image of A*; see (3.1). In other words, (a;, w) = r; — b,
for some w € W. This w satisfies (a;, w) + b; = 0 for i € I and (a;, w) + b; > 0 for i € T. Hence,
Q = Fyis aface of P, and w € relint Q. The normal cone o, is precisely cone A;. O
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22 | PANOV

Proposition 8.2. Let A ={a,,..,a,} and T ={y;,....¥,} be a pair of Gale dual vector
configurations. Take § € relintconeT, let

C={I c[m]: ¢ € relintconeI';}

and write § = Z:’; 1 biyi. Then £ ={cone A; : I € C} is the normal fan of the polyhedron P given
by (8.1).

Proof. Since & € relintconeT’, we may assume that all b; > 0 in the expression 6 = X", b;y;.
Then (8.1) implies that O is in the interior of P, so P is full-dimensional. The rest follows from
Lemma 8.1. O

Now we can state a criterion for a fan to be the normal fan of a polyhedron. It is originally due
to Shephard [42].

Theorem 8.3. LetA ={ay,...,a,,}andT = {y,, ..., ¥,,} be a pair of Gale dual vector configurations.
Let ¥ = {cone A; : I € C} be a fan with convex support (respectively, a complete fan). Then X is the
normal fan of a polyhedron (respectively, the normal fan of a polytope) if and only if

ﬂ relint cone I'; # @.
IeC

Proof. Assume that ¥ = {cone A; : I € C}is the normal fan of a polyhedron P given by (8.1). Set
§ =", by;. Then § € ;. relint cone I’; by Lemma 8.1.

Conversely, let (), relintcone I'; # @. Take § € (), relintcone I';. Write § = 3. | b;y; for
some b; € R, i =1,...,m, and define a polyhedron P by (8.1). Then each cone A; with I € C
belongs to the normal fan >, by Lemma 8.1, so that X is a subfan of Z,. If £ is a complete fan,
then this implies that £ = X, and we are done. If £ has convex support, then it is easy to see that
a subfan of £, with convex support is the normal fan of a polyhedron P’. Indeed, define

PP=fweW: (aq,w)+b; >0 for{i}eC}

Then P C P’ and X/ is a subfan of Zp. For {j} € C, we have thatF; ={w € P (aj,w)+b; =0}
is either a facet of P/, or the corresponding vector a ;j isin the cone generated by @;, i € C,i # j. It
follows that

|Zp/| = cone(a,; : {i} € C) = |Z|,

where the second identity holds because X has convex support. Since both X, and X are subfans
of Zp, we conclude that Xy = 2. O

We see how the condition for a normal fan is stronger than the condition for a fan: in the former
case, the relative interiors of the cones cone I';, I € C, must have a common point, while in the
latter case only pairwise intersections must be nontrivial.

A choice of § € [, relint cone I'; in Theorem 8.3 defines a polyhedron P (whose normal fan
is £) up to a translation in W: one needs to express § as a linear combination Y, b;y; to get a
polyhedron (8.1), and different expressions of the same & produce polytopes which are different
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 23

by a translation. Choosing a different 8’ € [, relint cone I'; results in a polyhedron P’ with the
same normal fan Xp; such polyhedra P and P’ are called analogous.

8.2 | From polyhedra to quadrics

Now we turn to the quotient (leaf space) U(K)/V. As we have seen in Theorem 7.3, the quo-
tient U(K)/V isidentified with the real moment-angle manifold R ;- when the data {, a,, ..., @,,}
define a complete simplicial fan . When X is the normal fan of a polytope, there is another real-
isation of U(K)/V, which has an intrinsic smooth structure as a nondegenerate intersection of
real quadratic surfaces.

Consider the smooth map

pri R™ = V5 (X, X)) 2 X5y 4 o + X2 Y
Theorem 8.4. Let
P={WEW.<al,w>+bl>0, l=1,,m}

be a generic polyhedron with normal simplicial fanZp = {cone A; : I € Kp}. LetT = {y,...,7,,} be
the Gale dual configuration of A = {a, ...,a,,}. Put§ = 3" | b;y;. Then

M deNe cp relint cone '+

@) up(8) C UKCH);

(3) disa regularvalue of ur;

(4) the action of V on U(K)p) is free and proper, and the quotient U(Kp)/V is diffeomorphic to the
level set u;l(é), where the latter is given as a nondegenerate intersection of k quadratic surfaces
in R™:

UKp)/V = {(xq,.., X)) ER™: yle + e+ ymxzm = 6}.

This result has well-known interpretations in the theory of Hamiltonian torus actions in sym-
plectic geometry and in the theory of toric varieties (see [2, Proposition 3.1.1; 24, Appendix 1,
Theorems 1.2 and 1.4], and also Section 14.3). However, it is purely topological in nature.

Proof of Theorem 8.4. Statement (1) follows from Lemma 8.1.
To prove (2), take X = (x;, ..., X,,) € up'(8), so that y;x7 + - +y,x2 =8. Let I, ={i: x; =
0} C [m]. Then

5= Z x}y; C relintconeI'; .

iel,

This implies, by Lemma 8.1, that cone A; € Xp. Hence, I, € Kp and x € U(Kp) by definition of
U(Kp); see (2.1).
To prove (3), observe that the differential of u at a point x is given by

(Aup)y s R™ = V5 (D155 V) B 2607101 + o 42XV V-
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24 | PANOV

Now for any x € p 1(8) we have I, € Kp. The differential at such x is given by

Y1 oea V) = D 2X710;

il

Since P is generic, cone A;_is a simplicial cone. Hence, the set A; is linearly independent. By
Proposition 3.1, the set I 7, Spans V*. Therefore, the set {x;y; : i € Tx} also spans V*, which implies
that the differential (dur), is surjective at any x € ur 1(8). Thus, § is a regular value of ur.

Since & is a regular value, the intersection of quadrics in (4) is nondegenerate, that is, the k
gradients of the quadratic surfaces are linearly independent at each point of u 1(8). In particular,
Mr 1(8) is a smooth submanifold of dimension n in R™.

To prove the rest of (4), we need to verify that each V-orbit of U(Kp) intersects up 1(8) in one
and only one point. Since the V-action on U(Kp) is free, restricting the map ur to an orbit V' - x
gives a map

L: V-V ve e2<71"’>xfy1 + e+ e2<7’V""’>xr2nym. (8.3)

By Lemma 8.5, L maps the orbit diffeomorphically onto relintcone p We have ¢ €

relint cone 7, since I, € Kp. Hence, § is in the image of L, so that the orbit V' - x 1ntersects Mr 18).
Finally, since 'Lis injective, there is only one point of intersection. O

It remains to prove the key fact about the image of L. The argument below is based on the
properties of the Legendre transform and is taken from [24, Appendix 1].

Lemma 8.5. The restriction (8.3) of the map ur to the V-orbit of a point x € U(Kp) maps this orbit
diffeomorphically onto relint cone(y; : x; # 0).

Proof. Consider the function %||x||2, where ||x||? = x
agiven x = (xy, ..., X,,). We obtain the function

f + -+ 4+ x2,, and restrict it to the V-orbit of

frV =R, f)=3(E7Vx] 4 e 4 TmV2 ). (8.4)

Then (df), = L(v), that is, L is the (multidimensional) Legendre transform of f. The second
differential

(d*f)y =2(27 V%%, @ yy + - + 2 VX2 Yy, ®7,,)

is positive definite, since {y; : x; # 0} generate V*. This implies that f is strictly convex, and also
that L is a local diffeomorphism (its differential is nondegenerate).

Given & € V*, consider the function fs(v) = f(v) — (5, v). This function is also strictly con-
vex, because d?fs = d?f. For a strictly convex function f the following three conditions are
equivalent:

(a) (df), =0atsome pointv € V;
(b) f hasa unique local minimum;
(c) f(v)tends to +oo as v tends to infinity in V.
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 25

Now (dfs), = (df), — = L(v) — &, so fs has a critical point if and only if § is in the image
of L. Since a critical point of f5 us unique, the map L is injective, so it is a diffeomorphism onto
its image.

It remains to identify the image of L. Clearly, InL C R_(y; : x; # 0) = relintcone(y; : x; # 0).
The opposite inclusion can be proved directly in the case when I, is largest possible, thatis |I,| =
n.Then{y; : x; # O}isabasisof V*. Take§ € R_(y; : x; # 0) and write d = Ziefx rv;,r; > 0.The
equation L(v) = ¢ takes the form

i
Z 20 xly, = z ryi e (rpv)=log—, i€l,.

9
~ P X;
iel, = il

The latter system of equations has a (unique) solution v, as needed.

In the general case, the function (8.4) can be written as the sum of functions corresponding to
x with |I| = n. So the result follows from the following fact:

Let L; be the Legendre transform of a strictly convex function f;, i =1,2. Then Im(L, + L,) =
Im L, + Im L,, where the latter is the Minkowski sum of two convex sets in V*.

Indeed, the inclusion Im(L; + L,) C ImL; + ImL, is clear. For the opposite inclusion, take
8, +6, €ImL, +ImL,. Then §; = L(v;), so that v; is the unique critical point of (f;)s,. Hence,
both (f1);, and (f,)s, satisfy property (c) above. Then their sum (f1)s, + (f2)s, = (f1 + f2)s, 45,
is strictly convex and also satisfies (c). Therefore, (f; + f 2)51 +5, has a (unique) critical point, so
8, + 6, isin the image of L; + L,, as claimed. O

Corollary 8.6. Suppose that K is the underlying simplicial complex of the normal fan of a
generic polytope (8.1). Then the real moment-angle manifold R ;- = (D', S°) is homeomorphic to the
intersection of quadrics given by

{(xl, ,xm) ecR™: yle + e+ ymxfn — 5}’
where T = (y1,...,¥y,) is the Gale dual configuration to A = {a,, ...,a,,}and § = 3" | b;y;.

Proof. This follows by combining Theorem 7.3 with Theorem 8.4 (4), as both R and the inter-
section of quadrics are homeomorphic to the quotient U(K)/V (see also [14, Theorem 6.2.4] for
a direct argument). Note that the fan is assumed to be complete in Theorem 7.3, so we require
that (8.1) is bounded, that is, a polytope. O

8.3 | From quadrics to polyhedra

The input of Theorem 8.4 is a generic polyhedron P, that is, a vector configuration A in W* and
a choice of generic parameters b, ..., b,,,. There is a Gale dual version of this result, in which the
input is a vector configuration I" in V* and a choice of generic § € V*:

Theorem 8.7. Let I ={y,,...,7,,} be a spanning vector configuration in V* =~ R¥. Take § € V*
satisfying the two conditions:

(a) 8 € coneT;
(b) if 6 € conel'y, then |J| > k,
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and let
K ={I € [m]: 6 € conel';}.

Then the action (1.1) of V on U(K) is free and proper, and the quotient U(K)/V is diffeomorphic to
the nondegenerate intersection of k quadratic surfaces in R™:

UKV ={(X1, ., X)) ER™ L y1X7 + o +y,,x2 = 8}

Furthermore, the data {KC, A} define the normal fan of a generic polyhedron P given by (8.1), where
A={a,,..,a,} is the Gale dual configuration in W* and the numbers b; are defined by the
expression§ = Y. by;.

Proof. By definition, K is a pure simplicial complex of dimension m — k — 1. Condition (b) implies
that if § € cone T, then § € relintconeI’;, coneT; is a full-dimensional cone (of dimension k)
and its relative interior is the interior. Indeed, suppose § & relintcone I';, then § lies in a face of
coneI';, which is a cone of dimension < k. By the Carathéodory theorem [45, Proposition 1.15],
this cone is generated by subset of I of cardinality < k, in contradiction with (b).
Now
Z = {coneA; : J € relintcone I';}
is the normal fan of P by Proposition 8.2. Furthermore, each cone A; in X is simplicial, because
I'; is a spanning configuration by the argument above. Hence, P is generic and the result follows

from Theorem 8.4. [l

We refer to P as the associated polyhedron of the intersection of quadrics y, xf + o+ ymxﬁ1 =4.
It can be alternatively described as follows.

Proposition 8.8. Let yle + -+ ymxrzn = § be the nondegenerate intersection of quadrics defined
byT ={yy,....¥n} and & as in Theorem 8.7. The affine map

W ->R" w ((a,w)+by,...,{(a,,w)+b,)

takes the associated polyhedron P C W isomorphically onto the subset of R™ given as the intersection
of the nonnegative cone RY' with an n-dimensional affine plane:

{01 vm) ERT YY1+ + Y inYm = 6}

Proof. The map W — R™ above takes W isomorphically onto the n-dimensional plane y,y; +
=+ ¥m¥, = 0, because

y1{a, wy + b)) + - +y,(a,,w)y+b,)=yb + - +y,b, =6.

The image of P consists of points with nonnegative coordinates by (8.1). 1
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 27

Construction 8.9 (GKZ decomposition). Let I be a spanning vector configuration in V*, and let
A be the Gale dual configuration. For any 6 € cone I set

Cc) = ﬂ conel’; = ﬂ coneI';.

Ic[m]: S€conel; Ic[m]: Serelintcone I’y

Proposition 8.10.

(a) Zp ={C(8): 6 € coneT}is a fan with support cone I';
(b) if C(6) is a full-dimensional cone, then X = {coneA;: ¢ € relintconeI;} is the normal
simplicial fan of a generic polyhedron.

Proof. For any § € cone I’ we have § € relint C(8). Furthermore, if ' € relint C(§), then C(§") =
C(9). It follows that the cones C(8) corresponding to different § € coneT either coincide or have
disjoint relative interiors. Then {C(5) : & € coneT}is a fan by Theorem 4.4, proving (a).

If C(6) is full-dimensional, then § satisfies the conditions of Theorem 8.7, so that the fan
{cone A; : § € relint cone I';} is normal and simplicial, proving (b).

The decomposition of coneT into cones (or chambers) C(5) is called the GKZ decomposition
(Gelfand, Kapranov and Zelevinsky), and X is called the GKZ fan, or the secondary fan of T;
see [23, Chapter 7] and also [1, Section 2.2.2; 36]. It encodes generalised normal fans with cone
generators chosen among the Gale dual configuration A. The relative interiors of maximal cones of
2 correspond to the normal fans of generic polyhedra. Points in the interior of cone I' correspond
to the normal fans of full-dimensional polyhedra (see Proposition 8.2), and points on the boundary
of cone I correspond to generalised fans. We illustrate this next. O

Example 8.11. Let A = {a,, a,,a;,a,} be the configuration in R? given by the column vectors
of the matrix A = (é ‘1) _01 j) There are two basis relationsa, + a; =0anda, +a, +a, =0,
so the Gale dual configuration T" = {y;,¥,, V3, ¥4} is given by the column vectors of the matrix
r= (1 (f (1) (1)) Note thaty, = y,.

Here cone I is the positive quadrant, and its GKZ decomposition has two maximal cones sep-
arated by the ray containing y; = (}), see Figure 1. Then § satisfies conditions (a) and (b) of

Theorem 8.7 if and only if it belongs to the interior of one of these two cones. Choosing § in
different cones gives different polyhedra and different normal fans.

Letd = (;) Then & belongs to (the relative interior of) cone(y;, ¥,), cone(y,, v3), cone(ys, Y1),
cone(y,, ¥;)- The corresponding complete fan X consists of the cones cone(as, a,), cone(ay, a,),
cone(a;, a,), cone(a,, a;) and their faces; it is shown in red next to § = (;) in Figure 1. This fan

is the normal fan of a polytope given by the inequalities (8.1) in which the numbers b; are the
coefficients in an expression § = )’ b;y;, for example,

)=o)+ () 1)+ ()

The resulting polytope is a trapezoid shown next to § = <;> in Figure 1 (in thick black lines)
together with its defining inequalities. It is a generic polytope without redundant inequalities.
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—xr1—x2+220

—r1+1>0

=

Y2, 748 | 0= (
st

WV
o

3

FIGURE 1 GKZ decomposition and the corresponding normal fans.

The intersection of quadrics yle + -+ )/mx,%1 = ¢ is given by

2 2 —
{ X3 +x35 =1,
2 2 2 _
Xy + x5 +x; = 2,

and is diffeomorphic to S' x S*.

Now let§ = (f) Then & belongs to cone(yy, ¥3), cone(y,, ¥3), cone(ys, ¥,). The corresponding
complete fan X consists of the cones cone(a,, a,), cone(a,, a,), cone(a,, a,) and their faces; it is
shown in red next to § = G) in Figure 1. This time we write

()=o) + () +2(0) ()

The resulting polytope is a triangle shown next to § = (f) in Figure 1. It is still generic, but with

one redundant inequality —x; +2 > 0.
The intersection of quadrics yle + -+ ymxfn = J is now given by

2 2 —
{ X3 +x35 =2,
2 2 2 _
Xy + x5 +x; = 1,

and is diffeomorphic to S? x S° = §2 L1 S2.
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so that it does not satisfy conditions (a) and (b) of Theorem 8.7. Let 6 = (;
d e relintcone T, Proposition 8.2 still applies, giving the fan consisting of cone(a,,as, a,),

Let us also see what happens when & is chosen in smaller cones of the GKM-decomposition,
1). Since

cone(ay, a,), cone(a;, a,). This is the same fan as in the previous case of § = (;), but this time it
is obtained as the normal fan of a nongeneric polyhedron. It is also shown in Figure 1.

For § = (?) the polyhedron is given by the inequalities x; > 0, x, > 0, —x; > 0 and —x; —
X, +12>0. It is a vertical segment, so it is not full-dimensional. This reflects the fact that

d ¢ relint cone I'. The generalised normal fan consists of the horizontal line and two halfplanes
defined by it.

Finally, for § = (é) ord = <8> the polyhedron is a point and its generalised normal fan is the
whole plane.

In general, the topology of real moment-angle manifolds R4 and, in particular, intersections
of quadrics of the form yle + o+ ymxfn = § is quite complicated; see [14, Chapters 4 and 6].

9 | CONVEX HULLS AND LINKS OF SPECIAL QUADRICS

There is an important special class of vector configurations and the corresponding foliations (1.1),
which are studied in holomorphic dynamics [10, 11, 34, 35] and feature in the definition of com-
plex LVM-manifolds. We review how this construction fits the general framework of the previous
section.

Proposition 9.1. Let A ={a,,..,a,} and T ={y;,....¥,} be a pair of Gale dual vector
configurations in W* and V*, respectively. The following conditions are equivalent:

(a) thereisalinear relation Y\ r;@; = Owithr; >0 fori=1,..,m;

(b) Thereisv, € V such that (y;,v;) > 0 fori=1,...,m, that is, all y; lie in the positive halfspace
defined by v;

(c) coneT is a strictly convex (pointed) cone.

(d) coneA is the whole of W*.

Proof. (a)=(b) This follows from the fact that V' can be identified with the space of linear rela-
tions between a,,...,a,,, and y; is the linear function on V that takes a linear relation to its
ith coefficient.

(b)=>(c) Indeed, 0 is a face of cone I, defined by the supporting hyperplane v;.

(c)=>(d) coneT and its face {0} = cone I'; have no common relative interior points. By Theo-
rem 4.3, this implies that cone A = {0} is in the relative interior of cone A. Since A is a spanning
configuration, we get cone A = W*.

(d)=(a) If cone A = W*, then 0 is in the relative interior of cone A. Now (a) follows from
Proposition 4.1. O

If A={ay,..,a,} is a set of generators of a complete fan, then A satisfies the conditions of
Proposition 9.1.

If T" satisfies the conditions of Proposition 9.1, then by multiplying each vector y; by the
corresponding positive number, we can achieve that (y;,v;) =1 for i = 1, ..., m. Consider the
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hyperplane
Annv, ={y e V*: (y,v;) =0},
choose arbitrary § € V* such that (§,v,) = 1, and write
Yi=v,+6, y €Amv,, i=1,.,m.

Then we have V* = Annv,; @ R(8). Similarly, V = R(v;) & V’/, where V' = Ann §. Writing y; =
y! + 8 and v = tv; + v/, the action (1.1) takes the form

R, X V) xR™ — R™
(9.1)

.
r,v,x) ~» (re<71"’ ’X1, s re<7;n"’/>xm),

where r = e, t € R. This is the action considered in [11].

Note that multiplying y; by s > 0 is compensated by an automorphism of R” (which consists
in multiplying x; by e*), and it does not affect the foliation.

The freeness and properness conditions for the action (9.1) can be formulated in terms of the
convex hulls of ylf in (V')* = R™ ! instead of the cones generated by y; in V* = R ", This can
be visualised by choosing a basis in V* in which & is the last basis vector. In this basis, each y; is
written as a column (yl/ ) so that the endpoints of all y; lie in the affine hyperplane of points with
the last coordinate 1.

We therefore refer to I' = {y],...,¥,,} as a point configuration in the affine space (V')*, as
opposed to the vector configuration ' = {y,, ..., 7,,,} in V*. Given a subset I C [m], we denote by
conv F} the convex hull of the points ylf ,i € I, in the affine space (V')*.

Theorem 9.2. LetT' = {y,...,7,,} be a point configuration in an (m — n — 1)-dimensional affine
space (V')*, and let K be a simplicial complex on [m]. Then

(1) the action (R, x V') x U(K) — U(K) obtained by restricting (9.1) to U(K) is free if and only if,
forany I € K, the affine span of F% is the whole (V')*;

(2) the action (R, X V') x U(K) — U(K) is proper if and only if conv F;A and conv F}A have a
common interior point for any I,J] € K, in which case the action is also free.

1
action of V' given by (1.1) with the additional condition that each y; belongs to a specific affine
hyperplane H where the last coordinate is 1. Then the affine span of F% is (V/)* if and only if the

Proof. WeletV =V' @Randy; = (yi’> as above and convert the action (9.1) into the exponential

linear span of 'y is V*. Therefore, the first statement follows from Theorem 5.1(1).
For the second statement, observe that the interior of conv I'’ is the intersection of the interior

7
of cone I'; with the hyperplane H. Hence, there result follows from Theorem 5.1(2). O

Condition (2) in Theorem 9.2 is precisely the imbrication condition of Bosio; see [10, Lemma 1.1
and Definition 1.8]. As a further specification, we obtain the following version of Theorem 8.7:

Theorem 9.3. Let T’ = {y',...,¥),} be a point configuration in an affine space (V')* of dimension
k — 1 satisfying the two conditions:
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 31

(a) 0 € convI’;
(b) if 0 € conv I, then |J| > k,

and let
K ={I €[m]: 0 € convI. (9.2)

Then the action (9.1) of Ry X V' on U(K) is free and proper, and the quotient U(K)/(R, X V') is
diffeomorphic to the following nondegenerate intersection of quadratic surfaces in R™:

{(xl,...,xm) ER™: ylxi+-+y,x2 = 0,} 93)
2 2 ’
X7 +e X, 1.

Proof. LetV=V'®Randy; = <yl/> then T' is a spanning vector configuration in V* with the
additional condition that each y; belongs to the hyperplane H where the last coordinate is 1. Then
d:= (?) also belongs to H and satisfies the conditions of Theorem 8.7. The equations yle +
4+ ¥ux2, = & take the form (9.3). O

Note that whenever the vectors y; in I" belong to the hyperplane Ann v; we may take § = <51/>

in Theorem 8.7 and choose an affine coordinate system in the hyperplane so that §’ = 0. Then the
equations y,x} + - + y,,x2, = & take the form (9.3).

Conditions (a) and (b) in Theorem 9.3 are known as the Siegel condition and the weak hyper-
bolicity condition; see, for example, [34, Section I]. The manifold given by (9.3) is called the link of
a system of special real quadrics [11, Definition 0.1]. It is diffeomorphic to the real moment-angle
manifold R, where K is dual to the simple (generic) polytope P given by

o,
1
Example 9.4. Consider the vector configuration A = {a,, ..., as} in R? given by the columns of

the matrix
2 0 -2 -1 1
A_<1 4 1 -3 —3)’

see Figure 2, left. Note that @; + --- + a5 = 0, so Proposition 9.1 applies.
The Gale dual configuration ' = (¥4, ..., ¥5) is given by the columns of

D15 s V) ERT L Y1y + o 4+ 7]
Vit +

(see Corollary 8.6).

up to a change of coordinates in R3. The vectors y; = <71’> lie in the affine plane x; =1, and

the corresponding two-dimensional point configuration I’ = (y;, ...,yg) is shown in Figure 2,
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as

as aj

ay as

FIGURE 2 Five-vector configuration and its Gale dual.

middle. It satisfies the conditions of Theorem 9.3, so the corresponding system of quadrics (9.3) is
nondegenerate. It is given by

2 2 2 2 _
X3 - x5 + 2x4 — 2x5 =0,
2 2 2 2 2 _
xp — 2x; + x5 — x5 — x5 =0, (9.4)
2 2 2 2 2 _
X + x5 + X3 + Xy + x5 =

The simplicial complex K (9.2) here is the boundary of pentagon with 1-simplices {1, 2}, {2, 3},
{3,4}, {4, 5} and {5, 1}. The intersection of quadrics (9.4) is homeomorphic to the real moment-
angle manifold R ., which is an oriented surface of genus 5 (see [14, Proposition 4.1.8]). The
associated polytope is given by (8.1), where 2?:1 byy; = (?) One choiceisb; = b; = b, = bs = }1
and b, = 0. It is easy to see that P is a pentagon.

In the notation of Theorem 8.7, we have k = 3 and the cones coneI'; with |J| = 2 split coneI"
into 11 chambers, corresponding to the maximal cones of the GKZ decomposition. The intersec-
tion of the GKZ fan with the plane x; = 1 is the pentagon conv I’ split into 11 two-dimensional
chambers as shown in Figure 2, middle. Conditions (a) and (b) of Theorem 8.7 imply that if § is
chosen in the interior of one of the 11 chambers, then the corresponding intersection of quadrics
is nondegenerate, but its topological type changes when & crosses one of the walls cone I'; with
|J| = 2.

The origin §’ = (8) lies in the central chamber in Figure 2, middle. On the other hand, 8’ = <(1)>
lies in the interior of another chamber; see Figure 2, right. To fit this choice into the notation of
Theorem 9.3 we must change the affine coordinate system on the hyperplane x; = 1, so that the
new &’ becomes the origin. The corresponding intersection of quadrics is given by

2 _ 2 2 2 _
X3 x5+ 2x4 2x5 =1,
2 _ 2 2 2 2 _
x; 2x2 + x5 x5 x; = 0,
2 2 2 2 2 _
xp + x5 o+ x5+ x; 4+ xi =1,
or, equivalently,
— 2 _ 2 2 _ 2 _
x5 2x3 + X 3x5 =0,
2 2 2 2 2 _
X3 2x2 + X3 X, xs =0,
2 2 2 2 2 —
X + x5 + X5 + Xy + X5 =
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72 6

V4 » V1

V3 Vs

FIGURE 3 Non-polytopal fan.

This time the simplicial complex (9.2) has 1-simplices {2, 3}, {3, 5}, {2, 5} and ghost vertices {1} and
{4}, the associated polytope P is a triangle with two redundant inequalities, and the intersection
of quadrics is homeomorphic to a disjoint union of four two-dimensional spheres.

Example 9.5. Consider the vector configuration A = {a,, ..., as} in R* given by the columns of
the matrix

0 -1 1 0o -1
1 -1 0 1 -1].
1 1 -1 -1 -1

>
1]
—_ o =

We triangulate the boundary of the triangular prism conv(a,, ..., a,) as shown in Figure 3, left,
and consider the complete simplicial fan ¥ with apex at 0 over the faces of this triangulation. Then
¥ has 8 three-dimensional cones. Let £ be its underlying simplicial complex.

Note that a; + -+ + a; = 0, so Proposition 9.1 applies.

The Gale dual configuration " = (y;, ..., ¥¢) is given by the columns of

up to a change of coordinates in R3. The vectors y; = <y1’/> lie in the affine plane x; =1, and

the corresponding two-dimensional point configuration IV = (y;, ...,yg) is shown in Figure 3,
right.

The eight triangles conv F% with I € K are shown in Figure 3, right, in different colours. Each
pair of these triangles has a common interior point, which reflects the fact that X is a fan; see
Theorem 9.2. However, the eight triangles altogether do not have a common interior point, so the
fan X is nonpolytopal.

Replacing the diagonal (a,, a,) of a rectangular face in Figure 3, left, with another diagonal
(a;,as) results in a polytopal fan, which can also be seen from the Gale dual configuration.
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34 | PANOV

10 | HOLOMORPHIC EXPONENTIAL ACTIONS AND
COMPLEX-ANALYTIC STRUCTURES ON MOMENT-ANGLE
MANIFOLDS

To define the holomorphic version of the exponential action, assume that dimV = k is even,
k =2¢, and choose a complex structure J: V — V, J? = —id. We denote the resulting
¢-dimensional complex space (V, J) by V.

The real dual space V* = Hom(V, R) has a complex structure J’ defined by

(J'y,vy=(y,Jv) foryev*:veVv.

We denote the resulting complex space (V*, J') by V*; there is a canonical C-linear isomorphism
V* = Hom(V,C) givenby y = (y, - ) —i(y, J ).

We denote the complex pairing V* x V — C by (y,v). and the real pairing V* x V — R by
(y,v)r when it is necessary to distinguish between them. We have

Vs V)e =V, Vg —KY, IV)g-

A vector configuration T’ = {y,...,¥,,} in V* can be viewed as a vector configuration in the
complex space V*. We continue to assume that the real span of T is the whole of V*.
The holomorphic exponential action of V on C™ is given by

Vxc"—c"
10.1)
W,z) > v z=(e"Vezy, . elfmVicz ).

It is related to the real exponential action (1.1) via the commutative diagram

VxCcn —3 Ccm

\Lid X[+l \b-l
VxXR" —> R™,
where | - | denotes the map (z, ..., z,,) = (|z1], ..., |2 ])-
Free orbits of the action (10.1) can be detected by looking at the real spans of subsets of I, similar

to Proposition 2.1:

Proposition 10.1. The stabiliser I7z of a pointz = (z,, ..., z,,,) € C™ under the action (10.1) is zero
fR(y;: z; #0) =V*™

Proof. Suppose I7z # 0, so there exists v # 0 such that
(z,eM1Ve, Lz, emvie) = (z,, ..., 2,,).

Then Re(y;,v)c = 0 for z; # 0, which implies that the vectors y; with z; # 0 belong to the real
hyperplane Re( -, v)¢ = 0 and do not span V*. -
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 35

Unlike the situation with the real exponential action, the converse statement to Proposition 10.1
does not hold, as can be seen from Example (10.4).

For any simplicial complex K on [m], there is the corresponding complement of an
arrangement of complex coordinate subspaces in C™:

Uc)y=c"\ |J fziz ==z =0} (10.2)

There is a polyhedral product decomposition U (K) = (C, C*)X, where C* = C \ {0}, similar to
Example 7.2.1.

Recall the universal simplicial complex K(I') = {I C [m]: R(I';) = V*}. We have the following
analogue of Proposition 2.3, with the same proof:

Proposition 10.2. If K c K(T) is a simplicial subcomplex, then the restriction of the action (10.1)
to U(K) is free.

The properness criterion for the holomorphic exponential action is similar to that of
Theorem 5.1:

Theorem10.3. LetT = {y,,...,7,,}and A = {a,, ..., a,,} be a pair of Gale dual vector configurations
in V* and W*, respectively, and let K be a simplicial complex on [m]. The holomorphic exponential
action V x U-(K) — U (K) is proper if and only if {KC, A} is a triangulated configuration, in which
case the action is also free.

Proof. Consider the commutative diagram of shear maps

7 X Ue(K) —53 U(K) X Us(K)

l/id Xp \LPXP

VX UKK) —3 UK) x UK),

where p = | - |. The result will follow from Theorem 5.1 if we prove that h is proper if and only
if h is proper.

Suppose h is proper. The preimage hgl(C) of a compact subset C C Up(K) X Up(K) is a closed
subset in W = ((id xp)oh)~!((p x p)(C)). The map p can be identified with the quotient projec-
tion for an action of a compact group (a torus), so it is proper. Hence, W is a compact subset in
V x Uc(K) and hgl(C) is compact as a closed subset in W.

Suppose A is proper. If R C U(K) x U(K) is a compact subset, then h~!(R) = (id X p)(((p X
p)ohc)_l(R)) is compact, because both h¢ and p are proper.

The fact that the action V X U(K) — U(K) defined by a triangulated configuration {K, A} is
free follows from Proposition 10.2. O

Example 10.4. Consider the exponential action of V' = C on C? defined by a configuration of two
vectors {y;,7,}in V*:

Vxc?-c? (v, Z1,2,) > (e"1%z,e72°z,).

a ‘0 ‘0¢TZ69YT

cny wouy

IPUIL

1Y) SUORIPUOD pue SWs | 84} 89S *[5202/90/62] U0 ARIqITaUIUO B[ * LOTEISPe URISSNY SUBILUO0D - AOUEd Sere | AQ ZZT0L SW/ZTTT OT/I0p/L0d AS 1M

 Roym

3SUB01T SUOWIWIOD dARERID d|qedt|dde au Aq pauseA0b ae SAPRIe YO ‘8SN JO S3|NJ 10 ARIqIT3UIUQO AB|IAA UO (SUOT}IPUOD-PI



36 | PANOV

Let K = {@} on the two-element set [2] = {1, 2}, so that U (K) = (C*)?. If R(y;,7,) = R?, then
the restriction of the action to (CX)? is free and proper by Theorem 10.3. The quotient is given by

(C)/V = C/(Z(y1,72) = T,

it is a one-dimensional complex torus.

If y, = ay, with « € R \ Q, then the action V' x (C*)?> — (C*)? is still free, so the converse of
Proposition 10.1 does not hold. However, this action is not proper, as the orbit of the point (1,1) €
(C*)? is not closed. The quotient (C*)?/V is non-Hausdorff.

Finally, if y; = ay, with a € Q, then the action V x (CX)? — (C*)? is not free, as any v € V
such that y,v = 27wik, and y,v = 27ik, with integer k,, k, acts trivially. If at least one of y;, v, is
nonzero, the quotient (C*)?/V is C*.

The criterion for compactness of the quotient is also the same as in the real case, with the same
proof:

Theorem 10.5. Let V x U(K) — U(K) be a proper holomorphic exponential action. The quotient
Uc(K)/V is compact if and only if the corresponding fan T is complete.

The moment-angle complex Z . is the polyhedral product (D', S®)¥, where D? is a closed unit
disc in C and S! is its boundary circle:

Ze =% 8H = %, sY. (10.3)
IeKk

It is a CW-subcomplex in the product of m discs (D?)™ with the induced action of m-torus
T™ = (S'). When K is a simplicial subdivision of an (n — 1)-sphere, that is, || & S"~1, the
moment-angle complex Z,- is a closed topological (m + n)-dimensional manifold, called the
moment-angle manifold [14, Theorem 4.1.4]. The topology of moment-angle manifolds can be
remarkably complicated; see [14, Chapter 4].

If{K, A} is a triangulated configuration, then the moment-angle manifold Z- can be identified
with the quotient U-(K)/V by the real exponential action

Vxch"— Cc"
(10.4)
(v’ z) bVv-Z= (e(yl)"')[RZl’ . e(}'m’v)[Rzm)‘

This is proved in exactly the same way as Theorem 7.3. (Note also that the moment-angle manifold
Z is homeomorphic to the real moment-angle manifold R ), where D(K) is the double of K;
see [4; 14, Corollary 4.8.14].)

Provided that dim V' = k is even and a complex structure is chosen on V, the quotient of the
holomorphic exponential action (10.1) can also be identified with the moment-angle manifold Z.,
thereby endowing the latter with a complex structure:

Theorem 10.6. Assume that {K, A} is a triangulated configuration defining a complete simplicial
fan =, and let V x U(K) — Uc(K) be the corresponding holomorphic exponential action. Then
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 37

there is a homeomorphism
Uc())V = Zge.

Proof. We have an inclusion of pairs (D?,S!) < (C,CX), which induces an inclusion Z; =
(D%, SHX & (€, ) = UL (K). So the required homeomorphism will follow from the fact that
the V-orbit of any point z = (215 ..., 2,) € Uc(K) intersects Z - at a single point.

We may assume that z; # 0 for i € [m], as in the proof of Theorem 6.1. Given z = (zy, ..., 2,,,) €
(R*)™, define

m
£(z) = Zai log |z;| € W*.

i=1

The map ¢ is constant on V-orbits, since for anyv € V we have

m m m
£w-2)= ) a;log(e”Vm|z]) = Y ay(y;, v)a + ) a;loglz| = £(2),
i=1 i=1

i=1

where the last equality follows by Gale duality. As X is complete, thereis I € K with |I| = dim W*
such that —#(z) € cone A;. Then I'; = {y; : i & I} is a (real) basis of V*. By solving the equa-
tions (y;,v)gr = —log|z;|,i & I, we find T = v - z in the same V-orbit satisfying |Z;| = 1 fori ¢ I.
Since —7(z) = —¢(z) € cone A;, we have log|Z;| <0 for i € I. Hence, |Z;| <1 for i € I. These
conditions imply that Z € Z .. Therefore, every V-orbit intersects Z .

Now suppose that z,z’ € Z are in the same V-orbit, that is, z’ = v - z. By definition of Z.,
there is I € K such that |z;| =1 fori ¢ I and |z;| < 1fori € I, and J € K such that |Z;.| =1 for
j & Jand |z}| < 1for j € J. We have

Y ajloglz| = £(z) = £(z) = Y a;log|z}|.

iel jel
It follows that the expression above lies in — cone A; N cone A; = —cone Aj,;. As the latter is a
simplicial cone, we obtain |z;| = |z]| = """} |z;| fori € [m]. Thisimplies (y;, v) = 0fori € [m].
Hence, v = 0 and g = 2/, as needed. O

Corollary 10.7. Suppose K is the underlying complex of a complete n-dimensional simplicial fan =
and m —n = 2¢ is even. Then

(1) the moment-angle manifold Z ;- has a structure of a compact complex manifold;
(2) Ue(K) and Zy- have the same homotopy type.

Construction 10.8 (Adding a ghost vertex). Given a simplicial complex K on [m], let £, be the
same collection of subsets, but viewed as a simplicial complex on [m + 1]; that is, K, is obtained
from K by adding the ghost vertex {m + 1}. Then Zy. = Zx X Stand Up(K,) = Uc(K) x CX.
Given a spanning vector configuration A = {a,, ..., a,,} in W*, consider a configuration A, =
{a,,...,a,,a,_}obtained by appending an arbitrary vector a,,,,.; € W*. The space of linear rela-
tions between the vectors of A is V., =V @ R(v_ ), where V is the space of relations between A
and v, corresponds to a new relation ra; + --- +r,a,, + a,,,, = 0. (For instance, ifa,,,; = 0,
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then we may take r; = --- = r,,, = 0.) The Gale dual vector configuration I', in V7 is
— fyt + .4+ (N 14 0
o=t it = { () () (0))

The exponential action (10.4) of V., on C"™*! is given by

V+ X Cm+1 N Cm+1

W,t,2)—» W,t)-z2= (e“’l"’)”“zl, ey @TmV)Fml g €' Zpy1)-

Clearly, if {XC, A} is a triangulated configuration defining an n-dimensional fan %, then {,, A, }
defines the same fan. In this case, the exponential action of V_ above restricted to U(K,) =
Uc(K)x C* is free and proper. When the fan is complete, the quotient U-(K,)/V, is
homeomorphic to Zy., = Zx X S'.

Now if m — nis odd, then m + 1 — n is even, and therefore Zy. = Zy X S! has a structure of a
compact complex manifold by Corollary 10.7.

Elaborating on this further, we get the following generalisation of Example 10.4.

Example 10.9 (Holomorphic tori). Let £ = {@} be the simplicial complex on [m] consisting of @&
only, that is, with m ghost vertices. Let A be a configuration of m zero vectors in W* = {0}. The
Gale dual configurationT' = {y;, ..., ¥,,}is abasisin V* = R™. The quotient of the real exponential
action (10.4) of V on Uc(K) = (C*)™ is Z = T™, the compact m-torus.

Now consider holomorphic exponential actions. We need to specify a complex structure .J
on V = R™, so that m must be even, m = 2¢. Then V = (V,J ) has complex dimension Z. In
order to describe the quotient (CX)" /V of the holomorphic exponential action, consider the exact
sequence of C-linear maps

00—V —Sc"aleV-Sem/TaV —o.
Here ¢ denotes the map v = ((y1, V)¢, > {¥Ym>V)c)> and p denotes the quotient projection. We
have V. = V @ V ~ C™, where V = (V,—J), the map ¢ is identified through this isomorphism
with the inclusion of the first summand, and p with the second projection. For T' = {y,, ..., ¥,n},

letg,, ..., 8, denote the R-dual basis of V, that is, (y;,8)r = 8;;- Thenv = Y/" (¥, V)8, and
the map p is given on the standard basis vectors by e, — g, ie, —» —Jg;. Now we have

(©Y" )V = (€™ )2miz™) )V = T/ pQriz™) = V| Z(T gy, ., T&)-

This is a holomorphic torus, the quotient of an #-dimensional complex space by the lattice gen-
erated by the R-basis Jg;, ..., Jg,,. Every holomorphic torus is obtained from some V' = (V, J)
in this way.

Proposition 10.10. A complex moment-angle manifold Zy is non-Kdhler, unless it is a

holomorphic torus.

Proof. Suppose that Zy is Kidhler of complex dimension d. Then the cohomology class [w] €
H?(Zy) of the Kéhler form satisfies [w]? # 0, as Z is compact.
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 39

If K does not have ghost vertices, then it is easy to see using (10.3) and the appropriate cell
decomposition that Z is 2-connected (see [14, Proposition 4.3.5]). In general, Z is diffeomorphic
to a product of a 2-connected manifold and a torus (see Construction 10.8). Hence, it can have a
two-dimensional cohomology class satisfying [w]¢ # 0 only if the 2-connected factor is a point, so
K consists entirely of ghost vertices and Z is a d-dimensional holomorphic torus. O

When X is the normal fan of a polytope, the quotient Up(K)/V = Z,. can be realised as a
nondegenerate intersection of Hermitian quadrics:

Theorem 10.11. Let
P={W€W.<al,w>+bl>0, l=1,,m}

be a generic polyhedron with normal simplicial fan £ = {cone A; : I € Kp}. LetT ={y,...,¥,,} be
the Gale dual configuration of A = {a,, ...,a,,}. Put§ = 3" b;y;.

The holomorphic exponential action V X Uc(Kp) — Uc(Kp) is free and proper, and the quotient
Uc(Kp)/V is diffeomorphic to the nondegenerate intersection of k Hermitian quadrics in C™:

Uc(Kp)/V 2{(z1, 0 2,) €EC™ 2 1120 )? + -+ + Y12 | = 6L
Proof. The proof is similar to the real case (Theorem 8.4). We consider the map
Up: C™ =V (2,0, 2) B 1201271 + o + 120 Y s

show that § is a regular value of ur and u 1(8) is a nondegenerate intersection of Hermitian
quadrics that meets every V-orbit of U~(Kp) at a single point. O

11 | GALE DUALITY FOR RATIONAL CONFIGURATIONS

A vector configuration T = {7,,...,7,,} in a real vector space Q* is called rational if its Z-span
is a discrete subset of Q*. We continue to assume that the R-span of T is Q*. If [ is a rational
configuration, then L* = z(T') is a full-rank lattice in Q*, that is, a discrete finitely generated free
abelian subgroup of rank equal to dim Q*.

There is a Gale duality between rational configurations, which involves lattices alongside with
vector spaces. All related notation is conveniently included in a pair of diagrams of dual short
exact sequences

0— U 5 R" -5 Q" — 0
) & 0
0 —3S M —3 7m N 5 0
and
0 — Q —— R" —23 U* — 0
& & &
0 —> L —>27Z" —> M* —3 0
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Here I takes e; to ¥, and U = Ker I". The Gale dual of T is a rational vector configuration A=
{a,,..,d,}inU* and M* = Z(K) is a full-rank lattice in U*.
For rational configurations, we have the following analogue of Proposition 3.1.

Proposition 11.1. Forany I C [m], the rational subconfiguration KI is part of a basis of the lattice
M* if and only if ff spans the lattice L*.

Proof. Consider the coordinate sublattices 7/ = Z(e; : i € I') and zl = Z{e;: j &I). Then KI

A
is part of a basis of M* if and only if the composite Z/ — 7™ — M* is split injective. This is

Ak

y\
equivalent to M — Z" — 7! being surjective. Now consider the diagram

0

4

21

N

0o—sM 2y 7n Ly — 30

4

ZI

4

0

A)I:
A simple diagram chase (see [14, Lemma 1.2.5]) shows that M — 7™ — 7! is surjective if and

- I3 ~
only if ! — 7™ — L* is surjective. The latter is equivalent to the condition that I'; spans L*. [

Now we return to the general setup with a pair of Gale dual vector configurations A =
{a),...,a,,} and T ={y,,...,7,,} in W* and V*, respectively. Recall that V' can be thought of as
the space of linear relations between the vectors a4, ..., @,,, and y;, € V* maps a linear relation to
its kth coefficient. This defines the map I'*: V — R™, v > ((¥1,V), cee s Vs V))-

The ‘degree of irrationality’ of a configuration I" can be measured by the following construction.

Construction 11.2. A subspace Q C V is called rational (with respect to I) if it is generated by
relations with integer coefficients, that is, if Q C R{(I"*)~1(z™)). Here (I'"*)~'(z™) is a lattice in
V of rank between 0 and k = dim V, and R((I"*)~'(Z™)) is the largest rational subspace in V.

A rational subspace Q C V contains a full-rank lattice

L= Z"NQ={qeQ: (y,q) €Z fork =1,...,m}. (11.1)

The image of I' under the map of dual spaces V* — Q* defines a rational vector configuration
= {715 s ¥n}in Q*. The Z-span of T'is a full-rank lattice in Q*, namely, Z(f) = L*. Wehave ['* =
I'*|, and the Gale dual rational configuration A is defined by the middle line in the commutative
diagram

0 S L S zZm S M* 50
$ ¢

0— Q —> R" —23 U* — 0
$ [ 4

0— VvV LR Ay wr 0
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 41

namely, @; = A(e;). The dual commutative diagram is

0 > M s zm > L* 50
£ e

0 —>U "3 R" = Q —0
R

0 S W 5 R™ Sy 50

A cone in a vector space U* with a full-rank lattice M* is called rational (with respect to M*)
if it is generated by a set of vectors in M*. A rational cone in nonsingular if it is generated by
part of a basis of M*. A nonsingular cone is necessarily simplicial. A fan is rational (respectively,
nonsingular) if it consists of rational (respectively, nonsingular) cones.

A configuration A = {a,, ..., @,,} of vectors in U™ is rational if each a; belongs to the lattice M*.
A triangulated configuration {K, A} is nonsingularif{a; : i € I}is part of a basis of M* for any I €
K. A nonsingular triangulated configuration {&C, A} defines a nonsingular fan ¥ = {cone A; : I €
K} in which a; is a primitive generator whenever {i} € K.

Proposition 11.3. Let I and A be a pair of Gale dual vector configurations, Q C V a rational sub-
space, T and A the corresponding rational configurations in Q* and U*, and K a simplicial complex
on [m]. Assume that {IC, A} is a triangulated configuration defining a simplicial fan X in W*. Then

(1) {K,A}is a rational triangulated configuration defining a rational simplicial fan £ in U*;

A a
(2) the surjections R™ — U* — W* induce maps of fans Xy — £ — X which restrict to linear
isomorphisms on each cone.

Proof. Since {K, A} is a triangulated configuration, we have (relint cone A;) N (relintcone A;) =
@ for any I,J € K, I # J. By Proposition 4.1, the surjective map U* — W™ takes relint cone KI
to relintcone A;. Hence, (relint cone KI) N (relint cone A]) =@ foranyI,J € K, I #J. It follows
that the data {iC, A} is also a triangulated configuration, proving (1). Statement (2) is clear, as all
the fans involved are simplicial. O

For a subset I C [m], define a subgroup of Q by
Li={q€Q: (y.q) € Z fork ¢ I}.
Note that L; D L and L = L; see (11.1).

Proposition 11.4. A triangulated configuration {K, A} is nonsingular if and only if L, = L for any
Iek.

Proof. WemaywriteL; ={q € Q: (}},q) € Z fork & I}.

Assume that L; = L forany I € K. Then ff = {¥, : k & I}spans Q*. Indeed, otherwise there is
q € Qsuch that (¥,,q) = 0 for k ¢ I, so that L; contains the subspace R{g). On the other hand, L
is alattice and cannot contain a subspace. Now R(f}) = Q* implies that Z (f}) is a full-rank lattice
in Q* whose dual lattice is L;. We obtain Z (f‘}) = L7 = L*. This implies, by Proposition 11.1, that A,
is part of basis of M* for any I € K. Hence, the triangulated configuration {, A}is nonsingular.
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Now assume that {K’, A} is a nonsingular triangulated configuration. Then Z(f}) =L* = z(I)
for any I € K by Proposition 11.1. It follows that each ¥;, i =1,...,m, is an integral linear
combination of {y} : k ¢ I}, so that L; = L. O

12 | PARTIAL QUOTIENTS AND TORUS-EXPONENTIAL ACTIONS

A partial quotient of a moment-angle manifold Z,. is the quotient Z;./H by a freely acting
subtorus H C T™. When {K, A} is triangulated configuration and the subtorus H is defined by
a rational subspace Q C V of even codimension, the partial quotient Z,./H admits a complex
structure in which the quotient torus 7™ /H acts by holomorphic transformations. Such a holo-
morphic partial quotient is the quotient of the open subset U.(K) by a torus-exponential action
of the product of an algebraic torus and a complex space. In addition to complex moment-angle
manifolds, this construction includes LVMB manifolds and complete nonsingular toric varieties
as special cases.

12.1 | Torus-exponential actions and their quotients
The lattice L (11.1) in a rational subspace Q C V defines an algebraic torus
Cf =L ®; C* = Qc/(miL),
where Q- = Q ®x C = Q & iQ denotes the complexification of Q, and a compact torus
T, =L®,S'~Q/QxL).

Both Q and T, are Lie subgroups of Cf (given by L ® , R and L ®, S*, respectively) and we have
a product decomposition C>L< = Q X T} as Lie groups.

Given a vector configuration T' = {y;, ..., ¥,,} in V, the map I'*|;, ® , C* embeds C as a closed
subgroup in (C*)":

I, ®, CX)(CE) — eXPFE(Qc) — {(e<71"’>+i<71’“>, ,e(}'m,v)+i(7m,u>) e@)": v+ine QC}’
(12.1)

where I' © V¢ — C™ is the complexification of I'* and exp : C™ — (C*)" is the component-wise
exponential map. Similarly, I'*|; ®, S' embeds T as a closed subgroup in T™ = (S')™:

(I, @ ST, = {1, ... /mD) e T™ : q € Q}.

The subgroup of T on the right-hand side above is closed precisely because Q is a rational sub-
space.

We define the Lie group C>L< Xq V as the quotient of C>L< X V by the subgroup consisting of pairs
(j(—q),q),whereqg e Qand j: Q — C}f is the inclusion. There are two product decompositions:

CixqV T, xV=Cx(V/Q).
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 43

Here the firstisomorphism is canonical, while the isomorphism C>L< XV /Q) = Cf X Visdefined
by a splitting V/Q — V.

Both Cf and V embed as closed subgroups in (C*)™,asexp I’ c(Qc) and exp I'*(V), respectively;
see (12.1). The intersection of these two subgroups is exp I'*(Q), so C>L< Xq V also embeds as a closed
subgroup in (C*)™. We therefore obtain an action of Cf X V on C™ by restricting the coordinate-
wise action of (C*)™. Using the canonical decomposition C>L< XqoV =Ty XV, this action can be
written explicitly as

(T, xV)xCc" — "
| | (12.2)
(q, v, z) — (q,v) .z = (e<}’1,v>+l<}’1"1>zl’ s e(Vm,V>+l<7m,¢I>Zm).

We refer to it as the torus-exponential action.

Proposition 12.1. For a pointz = (2, ..., 2,,) € C™, let I ={i € [m]: z; = 0}. The stabiliser of z
under the action of Ty given by (12.2) is (T ), = 2 (L; /L).

Proof. For q € T; = Q/(2xL), we have q -z = (€719 z,,...,el'm Pz ). Hence, q - z = z if and
only if (y,,q) € 2nZ for k ¢ I, thatis, q € 2 (L;/L). [l

An action of a Lie group is almost free if all stabilisers are discrete subgroups.

Theorem 12.2. Let " and A be a pair of Gale dual vector configurations, Q C V a rational subspace,
and K a simplicial complex on [m]. The torus-exponential action (CIZZ< Xo V)X Uc(K) = Uc(K) is
proper if and only if {KC, A} is a triangulated configuration, in which case the action is almost free
with finite stabilisers.

Proof. Since T, is a compact group, the action of C>L< XqV =Ty XV is proper if and only if the
action of V' is proper. Hence, the assertion about the properness follows from Theorem 5.1. It also
gives that the action of V is free. For the action of T}, the stabiliser of z € U(K) is 2(L;/L). Since
I € K, theset{y, : k & I}spans V", so L; is a full-rank lattice in Q. It follows that L; /L is a finite

group. O

Proposition 12.3. Let I" and A be a pair of Gale dual vector configurations, Q C V a rational sub-
space, and K a simplicial complex on [m]. If {K, A} is a triangulated configuration, then the action
of C} on Uc(K) is proper.

Proof. As a Lie group, Cf is the product Q X T} and T} is compact. Hence, the action of Cf is
proper if and only if the action of Q on U(K) given by

@2~ q-z2= (e<71’q>zl, ey @z ) (12.3)

is proper. This is the exponential action defined by T = {¥1, -, ¥m} viewed as a vector configu-
ration in the quotient space Q* of V*. Let A be the Gale dual configuration. Then {£, A}is a
triangulated configuration by Proposition 11.3. It follows that the action is proper, by the criterion
of Theorem 5.1. O
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The quotient U-(K)/ C>L< by a proper algebraic action of Cz( is the toricvariety X corresponding
to the rational simplicial fan $ defined by {£, K} [16, Section 5.1].

The quotient U-(K)/(T; X V) by a proper torus-exponential action is identified with the quo-
tient Z,. /T, where Z - is the moment-angle manifold (see Section 10). If the action of T is free,
then Z,./T; is a partial quotient; in general it has orbifold singularities. On the other hand, the
quotient U-(K)/(T;, X V) = U(K)/ (tfii< X V' /Q) is identified with the quotient of the toric vari-
ety X by the proper action of V' /Q. This is described by the commutative square of quotient
maps:

/S
Uc(K) — X3

\L/ v \L/(V/ Q

/Ty,

Ze — Zi/TL =Xs/(V/Q)

12.2 | Holomorphic torus-exponential actions

The holomorphic version of the torus-exponential action is defined when the dimension of V/Q
iseven. Let J : V/Q — V/Q be a complex structure, and denote the complex space (V/Q, J) by
f/TQ. Choose a splitting s : V/Q — V and consider the dual projection s* : V* — Ann Q, where
AnnQ = (V/Q)* denotes the annihilator of Q in V*. For a spanning vector configuration I' =
1o Y in VE lety! = s*(y)).

The space (V/Q)* with the conjugate complex structure J’ is denoted by (%)*. There is a
C-bilinear pairing (’1}76)* X % — C given by

(]/,,v,>q: = (y,’v,>R - i(J/,’ Jv,)R’
and the holomorphic exponential action
V/QxCc" — Cc™, W,z)~ (eo'{"’%zl, ...,e<y;n"”>ﬁzm).

This together with the holomorphic action of Cf defines the holomorphic torus-exponential action
of CF xV/Q.

Proposition 12.4. Let I and A be a pair of Gale dual vector configurations, Q C V a rational sub-
space, T’ and A the corresponding rational configurations in Q* and U*, and K a simplicial complex
on [m]. Suppose that

(a) {K,A}is a triangulated configuration defining a simplicial fan %,

(b) {K,A} is a nonsingular triangulated configuration defining a nonsingular simplicial fan £
inU*;

(c) a complex structure is chosen on V /Q (in particular, its dimension is even).

Then the partial quotient Z /T has a structure of a compact complex manifold as the quotient
Uc(K)/(CEXV/Q) =Xg/(V/Q).
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EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS 45

Proof. This follows by considering the diagram of quotient maps:

/C}
Uc(K) —— Xs

l/v l/(v%)

Zy L) Zie/Ty, EXﬁ/(f/\/a)

Condition (a) implies that the action of C; X 17/72 on U(K) is proper. Condition (b) together
with Propositions 11.4 and 12.1 implies that the action of T; on U.(K) is free, hence, the action
of CZ X % is also free. Finally, the homeomorphism in the bottom right corner is proved in the
same way as Theorem 10.6 (which corresponds to the case Q = {0}). O

The torus-exponential action can be defined more canonically when a complex structure J
is chosen on the whole of V, with Q being a complex subspace. This, of course, induces a
complex structure on V/Q. As usual, we denote V = (V, J) and Q =(Q,J). The holomorphic
torus-exponential action

(Cx5V)xC" - "
L Q

is defined as the product of holomorphic actions of Cf and V, which agree on the common holo-

morphic subgroup Q. Choosing a C-linear splitting f/Té — V allows one to identify this action
with the action of C>L< X f/Té considered above.

The torus T, acquires a holomorphic structure as the quotient C>L< /Q, which we denote by T} ;
see Example 10.9. We have a commutative diagram of the quotient maps for holomorphic group
actions:

/CF
Uc(K) —— X3

l/v l/@“o) (12.4)

/T,

Ze —— Ze/Ty, EXi/(‘776)

If the rational triangulated configuration {KC, A} is nonsingular, then the actions of Cy and T,
are free, and Zy — Z,./T; is a holomorphic torus principal bundle over the holomorphic partial
quotient. More generally, Z,. — Z,./T; is a holomorphic Seifert principal bundle [37, §5.1] over
the orbifold Z,./T; = Xs/ (%), where the latter the quotient of the toric orbifold X5 by a free

proper action of V' /Q.

12.3 | Maximal torus actions

The quotient torus T /T acts on a holomorphic partial quotient Z,./T; by holomorphic trans-
formations.

An action of a torus T on a connected smooth manifold M is maximal if there is a point x € M
such that dim T + dim T, = dim M, where T, is the stabiliser subgroup of x. Examples of maxi-
mal torus actions are the action of a half-dimensional compact torus on a smooth complete toric
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variety, the free action of 7" on itself and the action of 7™ on a moment-angle manifold Z .. These
are particular cases of the action of T /T on a partial quotient Z,. /T :

Proposition 12.5. The action of the torus T™ /T on a partial quotient Z . /T; is maximal.

Proof. Write Zy = (J;ce(D?, 81! as in (10.3), where (D?,8") = [];; D* X [];¢; S'. Choose
a maximal simplex J € K, |J| = n, and a point x € [];c; 0% [];;S" C Zy. Writing Z
Uc(K)/V, we obtain that x corresponds to the V-orbit of z € U(K) with z; = 0 for j € J. The
stabiliser of x for the T"-action on Zj. is the coordinate subtorus T/ = [] ¢, S c [[}2, $' = T

LetG = T™ /T, andletX € Z; /T, be the image of x € Z in the quotient. We have T/ N T} =
{13, since T} acts freely on Z .. Hence, the stabiliser G is isomorphic to T’ and is n-dimensional.
We obtain dim G + dim Gy = m —dim Q + n = dim Z; — dim Q = dim Z,./T;, so the G-action
on Z, /T, is maximal. O

Compact complex manifolds M with maximal torus actions by holomorphic transformations
are classified by Ishida in [26]. The main result [26, Theorem 1.5] implies that every such M is
equivariantly biholomorphic to a holomorphic partial quotient Z,./T;. (For the latter formu-
lation; see [44, Theorem 4.8].) It also implies that any complex manifold M with a maximal
torus action is the base of a holomorphic torus principal bundle with total space a complex
moment-angle manifold.

Two cases of holomorphic partial quotients Z. /T, corresponding to a one-dimensional ratio-
nal subspace Q C V and the whole of V being rational, respectively, are of particular importance.
They are considered in the next two sections.

13 | LVM AND LVMB MANIFOLDS

The study of holomorphic exponential actions led to the construction of a new class of non-Kdhler
complex manifolds in the works of Lopez de Medrano and Verjovsky [19], Meersseman [34] and
Bosio [10]. These manifolds are defined as the leaf spaces of exponential holomorphic foliations on
the projectivisations of open subsets U(K) C C™ defined by polytopal fans (in the case of LVM
manifolds) or complete simplicial fans (in the case of LVMB manifolds). Therefore, an LVMB
manifold can be described as the projectivisation of a complex moment-angle manifold, or the
partial quotient of a moment-angle manifold by the diagonal circle action. We describe this link
here and draw some consequences.

We start with a spanning vector configuration I" = {y,, ..., ¥,,,} in V* for which there exists v, €
V such that (y;,v;) = 1fori = 1, ..., m. Equivalently, the Gale dual configuration A = {a,, ..., @,,}
satisfies the relation ;" | a@; = 0. In particular, the conditions of Proposition 9.1 are met. Let R =
R(v,). Thinking in terms of relations between the vectors of A, the subspace R is generated by
a single relation with all coefficients 1, so it is rational. The lattice (11.1) is the Z-span of v;. Let
V' =V /R and choose a splitting s : V/ — V as in Section 9. Such a splitting is defined by a choice
of § € V* satisfying (6,v;) = 1, then s(V') = Annd. Let I” = {y}, ...,7,,} be the corresponding
point configuration in (V/)* = AnnR, where y] = s*(y;) = y; — 6.

Assume further that dimV’ =k —1 is even, and let J’: V/ - V' be a complex structure.
Denote the resulting dimensional complex space (V’, J’) by V'. An LVMB manifold is the quo-
tient of U-(K) by a proper holomorphic torus-exponential action of CZi( x V', where C;( is the
one-dimensional diagonal algebraic subtorus of (C*)™. The original construction [10] is as follows.
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Construction 13.1 (LVMB manifold). Let I'” be a point configuration that affinely spans (V')*,
and let £ be a nonempty collection of subsets of [m] such that for each J € £ the subconfiguration
[ is a minimal affine generating set of (V')* (in particular, each J has cardinality k).

A pair (&,T”) is called an LVMB datum if the two conditions are satisfied:

[imbrication] for any I,J € &, the polytopes conv I'; and conv I'; have a common interior
point;
[substitute existence] for anyJ € £ and i € [m] there exists j € J such that (J \ {j}) u{i} € €.

Define the following open subset in the projective space CP™:

P&)={[z : -~ : z,] € CP™" ' : thereisJ € Esuch that {j: z; # 0} D J}
= J{lz: : 1zl ecP™ Ttz £ 0for j €T}
JEE

and the holomorphic exponential action

V! x P(&) — P(€)
, 13.1)
W,z —v-z= [eo’i"’ gy it ez, .

Bosio proves in [10, Theorem 1.4] that this action is proper if and only if (£, I"”) satisfies the imbrica-
tion condition, such a proper action is free, and the quotient P(£)/V”’ of a proper action is compact
if and only if the substitute existence condition is satisfied.

The quotient N = P(£)/V’ defined by an LVMB datum (&,T”) is called an LVMB manifold. It
is a compact complex manifold.

To link the definition of LVMB manifold with the holomorphic exponential actions considered
in Section 10, we relate LVMB data {&€, I’} to fan data (triangulated vector configurations). Let K be
the pure (m — k — 1)-dimensional simplicial complex whose maximal simplices are complements
toJ € &, that s,

K={Ic[m]:IcTforsomel € &} (13.2)

An element i € [m] is called indispensable for £ if it belongs to every J € €. Clearly, i is
indispensable if and only {i} is a ghost vertex of K.

Proposition 13.2.

(1) P(&) c CP™ s the projectivisation of Up(K) C C™;

(2) {&,T"}isan LVMB datum ifand only if {KC, A} is a triangulated configuration defining a complete
simplicial fan;

(3) the LVMB manifold N' = P(€)/V' is the quotient of the moment-angle manifold Z . by the
diagonal-free action of the circle S', and the complex structure is the one of the quotient of U (KC)
by the holomorphic torus-exponential action of C* x V'.

Proof. Statement (1) follows by comparing the definitions of P(€) and U(K); see (10.2) and (2.2).
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To prove (2), first observe that the imbrication condition is equivalent to the condition that
coneI'; and cone I'; have a common interior point for any I,J € K (compare Theorem 9.2). The
latter condition is equivalent to {K, A} being a triangulated configuration by Proposition 4.4. Now
the fan is complete if and only if the substitute existence condition is satisfied; see Proposition 6.2.

For (3), observe that P(€) = U (K)/C*and N = P(£)/V'. Hence, N' = Uo(K)/(C* x V'). The
latter is the quotient Z./S* by Proposition 12.4. O

By Proposition 13.2, every LVMB manifold is the base of a principal S*-bundle with total space
a moment-angle manifold. There is also an entirely holomorphic version of this construction:

Proposition 13.3. Let N' = P(£)/V’ be an LVMB manifold and K the corresponding simplicial
complex (13.2) on [m]. Then there is a holomorphic principal bundle Zi, — N with fibre a one-
dimensional complex torus and total space a complex moment-angle manifold corresponding to K
with one added ghost vertex.

Proof. Let{K, A} be the triangulated configuration corresponding to M. We add a ghost vertex to
K. The triangulated configuration {, A, }, where A, = {a,, ..., @,,, 0}, defines the same fan; see
Construction 10.8. We have V, = V@ R(v,) = V' ® R@® R(v, ). Then Q = R ® R(v, ) is a two-
dimensional rational subspace of V, . It has a complex structure, which together with 7' : V/ —
V' defines a complex structure on V. . Denote the resulting complex spacesby V, = V' @ Q.Then
we have a diagram of holomorphic quotients (12.4):

Cr=C*xC*
/L

Uc(key) 2258 xg = P(e)
v
Ze —y Ze /T = PE)T

which describes the LVMB manifold ' = P(£)/V” as the holomorphic quotient of the moment-
angle manifold Z K, by a one-dimensional complex torus T; . [

An LVM manifold is an LVMB manifold whose corresponding data {K’, A} define a normal fan.
The original construction [34] is as follows.

Construction 13.4 (LVM manifold). Let I’ = {y{, ...,¥},} be a point configuration in a complex
vector space (V’)* of real dimension k — 1 satisfying the two conditions:

[Siegel condition] 0 € convl’;
[weak hyperbolicity] if 0 € conv F}, then |J| > k.
Let
E={Jc[m]: 0econvl, [J| =k}

Itis shown in [34] that the holomorphic exponential action V/ x P(€) — P(&) given by (13.1) is free
and the quotient P(£)/V” is identified with the nondegenerate intersection of projective quadrics

N =A{lz;: = 12,]€CP™ Y|z, >+ +7) |z,|* =0} (13.3)
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More precisely N € P(€), and each orbit of the V/-action on P(€) intersects A transversely at a
single point. Therefore, the compact manifold N acquires a complex structure as the holomorphic
quotient P(£)/V'. It is called the LVM manifold corresponding to the point configuration I" =
¥}, ., v} satisfying the Siegel and weak hyperbolicity conditions.

Now let V=V'®R, y; = (;/11’), let A ={a,,..,a,} be the Gale dual configuration to I' =
{¥1>->¥m}> and let K be the simplicial complex given by (13.2). By the holomorphic versions of
Theorems 8.7 and 9.3, the data {K, A} define the normal fan of a simple polytope P given by (8.1),
and and the quotient U.(K)/(R. x V') is diffeomorphic to the nondegenerate intersection of

Hermitian quadrics
0. (13.4)
1. '

(2153 Z) €EC™ Vi NZ P+ o + )21
[z, 12+ -+ |2
The latter is known as the link of a system of special Hermitian quadrics. The manifold (13.3) is
obtained by taking further quotient by the diagonal circle. It follows that an LVM manifold is an
LVMB manifold whose defining fan data {&C, A} is that of a normal fan.

LVM manifolds can also be characterised within LVMB manifolds in terms of the canonical
foliation 7 on an LVMB manifold, introduced by Cupit-Foutou and Zaffran in [17]. The foliation F
turns into a holomorphic fibration over a toric orbifold with fibres compact tori in the rational
case. Ishida [25] proves that the canonical foliation F is transversely Kdhler if and only if the
LVMB manifold is LVM.

Complex geometry of moment-angle manifolds and their partial quotients, including LVM and
LVMB manifolds, is very rich and far from being completely understood. Analytic subsets and
invariants of the complex structure of these manifolds, including the Hodge numbers and Dol-
beault cohomology, holomorphic automorphism groups and moduli spaces of complex structures
are currently the subject of active research. We refer to [9, 11, 15, 29, 31, 35, 38, 39, 43] for the aspects
of complex geometry of these manifolds.

14 | TORIC VARIETIES AND IRRATIONAL DEFORMATIONS

Complete nonsingular toric varieties are defined by nonsingular rational fans and can be obtained
as partial quotients Z /T, ; this corresponds to the case when the entire space V is rational with
respect to the vector configuration I'. By deforming the configuration I we obtain holomorphic
foliated manifolds (Z, ) which model irrational deformations of simplicial toric varieties.

14.1 | Toric varieties as partial quotients

Assume that the whole space V is rational with respect to a spanning vector configuration I' =
{¥1>-»¥m}; see Construction 11.2. Then

L={veV:{(y,vwezZfork=1,.. ,m} (14.1)

is a full-rank lattice in V, and L* = Z(y,, ..., 7,,) is the dual lattice. The lattice L defines the alge-
braic torus C} = L ®, C* and the compact torus T, = L ® S! of dimension k = dim V with a
product decomposition CZ =V X T as Lie groups.
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The Gale dual rational vector configuration A = {a,, ..., @,,} in W* spans a full-rank lattice M*,
which we denote by N.
The torus Cf embeds in (C*)™ as the closed holomorphic subgroup

G =", ® CNC)) =expl'{(Ve) = exp(KerAc : C™ — W7). (14.2)

This subgroup is in fact algebraic, as it can be written as

m
G = {(tl,...,tm) e@): [[{“™ =1, we M}. (14.3)
i=1

The torus-exponential action (12.2) becomes the algebraic action of Cf on C™. Given a simplicial
complex K on [m], we obtain an algebraic action of C>L< on U(K) by restriction. By Theorem 12.2,
this action is proper if and only if {XC, A} is a triangulated configuration, in which case the action
is almost free with finite stabilisers.

When the vectors of the configuration A = {a,, ..., @,,} are primitive in the lattice N spanned
by A, the (geometric) quotient U(K)/C; by a proper algebraic action of C} is the toric variety
Xy corresponding to the rational simplicial fan ¥ defined by {XC, A} [16, Section 5.1]. The algebraic
torus (C*)™/ C>L< =NQ®, C* = (C)Y"actson X5 = U(K)/ Cz( with a Zariski open orbit. The toric
variety Xy is nonsingular if {X, A} is a nonsingular triangulated configuration (this implies that
the action of C}' is free and the vectors a; are primitive in the lattice N).

More generally, when the vectors a; are not necessarily primitive in the lattice N, the quotient
Uc(K)/CY is still the toric variety X5, corresponding to the fan ¥ defined by {K, A}, yet with the
nonstandard orbifold structure. This phenomenon is treated in [35, Section 4]; see also [8]. We
illustrate it on a simple example.

Example 14.1. Consider the two-vector configuration A = {2, —1} in one-dimensional space
W* = Rand K = {@, {1}, {2}}. Then the triangulated configuration {iC, A} defines a complete non-
singular fan in R, but the vector @; = 2 is nonprimitive in the lattice N = Z spanned by A. The
Gale dual configuration is " = {1, 2} and the group (14.2) is given by

G ={("e*) = (t,1*) € (C)}

The G-action on U.(K) = C? \ {0} has a nontrivial stabiliser of order 2 at the point (0,1). The
quotient C? \ {0}/G is the projective line CP! as a variety, but but comes equipped with an orbifold
structure with one singular point of index 2.

When V is entirely rational with respect to I', the commutative diagram of holomorphic
quotients (12.4) takes the form

Uc(K)

y
Zy /<t
/T,

Xz
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Here Z; is the moment-angle manifold with the complex structure defined by the holomor-
phic quotient U.(K)/V, and Z; — X5 is a holomorphic (Seifert) principal bundle with fibre a
holomorphic compact torus T, = C¥/V.

A complex structure on Z- is defined by a triangulated configuration {, A} and a choice of
complex structure on V; see Section 10. When the fan ¥ defined by {K, A} is rational, there is a
holomorphic torus fibre bundle Z; — X5 over the corresponding toric variety. A perturbation
of the vector configuration A destroys the rationality, the subgroup (14.2) ceases to be closed in
(C*)™, the closed holomorphic tori in the fibres of the bundle Z,- — X5 ‘open up’, and the fibre
bundle turns into a holomorphic foliation F of Z,. with noncompact leaves G/V. Then F is an
example of the canonical foliation on a complex manifold, considered in [28] (see also [29]). The
holomorphic foliated manifolds (Z 4., ) therefore model irrational deformations of toric varieties,
which have recently been studied from several different perspectives in the works [5-7, 29, 30, 41].

On the other hand, the construction of toric varieties as quotients takes as input a lattice N
and a rational fan X in the space N ® , R, which is W* in our notation. The vectors a4, ..., a,, are
the primitive lattice vectors generating the one-dimensional cones of Z. If the fan ¥ is simplicial,
the toric variety X5 can be defined as the geometric quotient U.(K)/G, where G is the algebraic
subgroup of (C*)™ given by (14.3). It may turn out that the vectors a,...,a,, do not span the
lattice N; in particular, Z{a,, ..., a,,) may be a sublattice of finite index in N. In the latter case the
group (14.3) is a product of an algebraic torus and a finite group N/Z{a,, ..., a,,). When we take
as input a pair of Gale dual rational vector configurations I and A, the only natural choice for a
lattice N is Z{a,, ..., @,,), so the group (14.3) does not have finite factors and is isomorphic to the
algebraic torus Cf. To take account of all simplicial toric varieties, one can follow the approach
of Prato [40] to toric quasifolds and include a finitely generated abelian subgroup N of W* (a
quasilattice) containing the vectors ay, ..., a,,, as part of the input data. In this way, all complete
simplicial toric varieties (orbifolds), as well as toric quasifolds, can be obtained as quotients of
LVMB manifolds [8, Theorem 3.4].

14.2 | The nef and ample cone of a toric variety

A toric variety Xy is defined by a lattice N = 7" and a fan X in N ® ; R = W* which is rational
with respect to N. Let {C, A} be the fan data of X, where A = {a,, ..., a,,} is the set of primitive
generators of one-dimensional cones of Z and C is an A-closed collection of subsets of [m]; see
Section 4. We continue assuming that A spans W*. The quotient construction [16, Section 5.1]
identifies Xy with the good categorical quotient Up(K) /G, where K is the smallest simplicial
complex containing C and G is given by (14.3). The categorical quotient U-(K)//G is geometric if
and only if the fan X is simplicial (so that C = X).

Let M =N* be the dual lattice in W. The map A*: W — R™ takes we W to
(a;,w), ..., (a,,,w)). It can be interpreted in terms of torus-invariant Weil divisors on Xsy.
Namely, we identify the ith standard basis vector e; of Z™ with the irreducible torus-invariant
divisor D; corresponding the the ith ray of ¥ (with primitive generator a;). Then A* takes
w € M to the principal divisor Z?il(ai,w)Di of the character " of the torus C, = N ®, C*
corresponding to w € M = Hom(C%,C*). The quotient 2™ /A*(M) is the class group Cl(Xy),
and we have an exact sequence of abelian groups

A*
0—M— 7" — Cl(Xy) — 0.
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If N = Z(a,, ...,a,,), then the map A* : M — Z™ is split injective and CI(Xy) is identified with
the lattice L* spanned by the Gale dual rational configuration T' = {y;, ..., ¥,,,} in V*. In general,
Cl(Xy) is isomorphic to the sum of L* and the finite group N/Z(a,, ..., a,,). In any case, we can
identify y; with the divisor class [D;] in C1(X5) ®, R = V*. Tensoring the exact sequence above
with R we obtain

M

A r
0—W —R" —V"—0. (14.4)

In what follows we assume that the support |Z| = |,z 0 € W* of the fan X is convex of full
dimension. Torus-invariant Cartier divisors on Xy correspond to piecewise linear functions ¢ on
|Z| which are linear on the cones of ¥ and take integer values on the lattice N. The restriction
of such a function ¢ to a cone o € X is given by ¢(a) = (a,w,) for a € o and some w, € M.
A piecewise linear function ¢ : |X| — R corresponds to the Cartier divisor D = — Z:’;l o(a;)D;.
Conversely, a torus-invariant Cartier divisor D = Y.\ | b;D; which is given by a collection of char-
acters y"s on the affine pieces X, C X5 (the Cartier data) corresponds to the piecewise linear
function ¢, : |Z] - R given by ¢p(a) = (a,w,) fora € o.

The Picard group Pic(Xs) C Cl(Xs) consists of classes of Cartier divisors. It has a finite index
in Cl(Xy) if and only if the fan X is simplicial [16, Proposition 4.2.7]. When X simplicial, we
have Pic(X5) ®, R = Cl(X5) ®, R = V*, while in general Pic(X5) ®, R is a proper subspace
in V*.

A piecewise linear function ¢ : |Z| — R given by p(a) = (a,w,) for a € o is convex if and only
if p(a) < (a,w,) forall a € |Z|, and g is called strictly convex if p(a) < (a,w,) foralla € |Z| \ o.
A fan X with convex support admits a strictly convex piecewise linear function ¢ : |X| - R if and
only if £ = X, is the normal fan of a convex polyhedron P. Namely, for a strictly convex ¢ : |Z| —
R one has that ¥ is the normal fan of the polyhedron

P={weW: (a,w) > ¢(a) for a € |Z|}

=fweW: (q,w)—¢(a;) >0, i=1,..,m}

Conversely, if ¥ = Xp, then the support function of P given by ¢p(a) = min,,cp(a, w) is defined
on |Zp|, linear on the cones of 2, and strictly convex.

A torus-invariant Cartier divisor D on Xy is basepoint free if and only if the corresponding
function ¢, : |Z| — Risconvex [16, Theorem 6.1.7]. When the fan ¥ is complete, a torus-invariant
Cartier divisor D on X5 is ample if and only if the corresponding function ¢, : |X| — Ris strictly
convex [16, Theorem 6.1.14]. In particular, a toric variety X5 is projective if and only if ¥ is the
normal fan of a convex polytope P.

The classes of basepoint-free divisors on X5 span a cone in V* = Cl(X5) ®, R, called the nef
cone and denoted by Nef (X5 ) (a Cartier divisor on a toric variety X5 is numerically effective if and
only if it is basepoint free). The set of positive multiples of ample divisor classes on a complete
toric variety X is called the ample cone and denoted by Ample(Xs). The variety X5 is projective
if and only if Ample(Xs) # @. (Note that Ample(Xy) is not precisely a cone; it is a subset in V*
whose closure is a polyhedral cone or empty.)

The nef cone and the ample cone can be described effectively in terms of the Gale dual cones
of Z. The proposition below is related to the criterion for a fan to be a normal fan in Theorem 8.3
(see also [1, Proposition 2.4.2.6]):
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Proposition 14.2. Let X = {cone A; : I € C}be a rational fan in W* with full-dimensional convex
support, and letT = {yy, ..., ¥,,} be the Gale dual rational configuration in V*.

(1) The nef cone of the toric variety Xy is given by

Nef(X5) = m cone I;.
IeC

(2) IfZ is complete, then the ample cone of X5, is given by

Ample(Xy) = ﬂ relint cone I';
IeC

and is nonempty if and only if T is the normal fan of a polytope.
(3) If X is complete and simplicial, then Ample(Xy) is the interior of Nef(Xs,), and X5 is projective
if and only if Nef (X5 ) has full dimension in V*.

Proof. Recall thaty; € V* is identified with the divisor class [D;].

(1) Let [D] = 2:11 b;[D;] € V* be a class of base free divisor, so that b; = —¢(a;) for a convex
piecewise linear function ¢ : |Z| — R. Since ¢ is linear on any cone A; for I € C, we get ¢p(@;) =
(a;,wy) forsomew; € Wandi € I. Then

- Z e(a)[D;] + Z<al’“’1> Z((al,wl) @(a;))y; € coneT;
i=1

iel

for any I € C. Here the first identity above holds since Y} (a;, w;)D; is a principal divisor (and
Z;’;l(ai,wl)yi = 0 by Gale duality), and the inclusion holds because {a;, w;) — ¢(a;) > 0 for a
convex ¢. It follows that [D] € (), cone I';.

To prove the opposite inclusion, it is enough to show that any rational vector y € (Niec coneT;
is a positive multiple of a basepoint-free divisor class. We write y = Em ;[D;] with ratio-
nal b;. Take I € C. Since y € cone I';, we can also write y = Y7, ¢ b[D;] with rat10nal b! > 0. Now
Yicib/D; — X% b;D; € Ker T (see (14.4)), so that there is a rational w; € W such that

Z(al,wl)D ZbD ZbD (14.5)

iel

The data {w; : I € C} define a piecewise linear function ¢ : |Z| — R given by ¢(a) = (a, w;) for
a € cone A;. From (14.5) we obtain ¢(a;) = —b; for i € I. Since each a; belongs to a cone, we
obtain ¢(a;) = —b; for any i. Identity (14.5) also implies that

(a;, wy) —p(a;) = (a;,w;) +b; =b >0 forie T,
so that ¢ is convex. Since ¢(a;) is rational for any i, multiplying by a common denominator we

achieve that ¢ is integer on N. It follows that y = >, b;[D;] = = X" | ¢(a;)[D;] is a basepoint-
free divisor class up to a positive multiple.
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FIGURE 4 A non-projective complete toric variety with the nef cone of full dimension in the Picard group.

The proof of (2) is similar: nonstrict inequalities like (a;, w;) — ¢(a;) > 0 and bi’ > Oare replaced
by strict ones and the function ¢ is now strictly convex. The fact that [, relintconeI'’; is
nonempty if and only if ¥ is the normal fan of a polytope is proved in Theorem 8.3.

(3) When X is simplicial, each cone I';is a full-dimensional cone in V* for I € C, and its relative
interior is the interior. Then

Ample(Xy) = ﬂ intcone I'; = int ﬂ coneI'; = int Nef(Xy),
IecC IeC

and this is nonempty if and only if Nef(X5) has full dimension. O

When X5 is not simplicial, Nef (X5,) cannot have full dimension in V*, as Nef(X5,) C Pic(Xs) ®,
R and Pic(X5) ®, R is a proper subspace in V*. However, Nef(X5) can have full dimension in
Pic(X5) ®, R. When X is projective, Ample(Xy) is the relative interior of Nef (X5 ) (or the interior
of Nef (X5) in Pic(X5) ®, R). On the other hand, Nef(X5) may have full dimension in Pic(X5) ®,
R with X5 still not being projective. To illustrate this, we elaborate on an example due to Fujino
[21]; see also [16, Example 6.3.26].

Example 14.3. Consider the same vector configurations A and I" as in Example 9.5, given by the
columns of the matrices

1 0 -1 1 0o -1 1 -1 0 -1 1 O
A=|0 1 -1 O 1 -1, I'=jo 1 -1 0 -1 1}{.
11 1 -1 -1 -1 1 1 1 1 1

We subdivide the boundary of the triangular prism conv(ay, ..., as) as shown in Figure 4, left,
and consider the complete fan £ with apex at 0 over the faces of this subdivision. It has 6 three-
dimensional cones cone A;, I € C, of which two are not simplicial, namely cone(a,, as, a,, a;)

and cone(a,, a3, as, ag). The vectorsy; = (4) lie in the affine plane x; = 1, and the corresponding

two-dimensional point configuration I = (y/, ..., ;) is shown in Figure 3, right.
The four triangles conv 1“% corresponding to three-dimensional simplicial cones of X are shown

in Figure 4, right, together with the two segments conv(y}, %) and conv(y},7}) corresponding
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to nonsimplicial cones. Their intersection is a single point, while the intersection of the relative
interiors is empty. Therefore, Nef(Xy) is a one-dimensional cone with generator y; + y,, while
Ample(Xy) is empty, so Z is not a normal fan and Xy is not projective.

It can be shown that Pic(Xy) = Z(3(y; + 74)), so Nef (X5 ) has full dimension in Pic(X5) ®, R,
yet 3(y; + y,) is a Cartier divisor class in the interior of Nef(X5) which is not ample.

14.3 | The Kihler cone and symplectic reduction

A smooth projective toric variety X is a Kdhler manifold, so in particular it has a symplectic struc-
ture, obtained by restricting the Fubini-Study form via an embedding into a projective space. The
algebraic torus action on X, restricts to the action of the compact torus Ty = N ®, S* = T" which
is Hamiltonian with respect to the symplectic structure on Xs. On the other hand, by the Delzant
theorem [20], any 2n-dimensional compact connected symplectic manifold M with an effective
Hamiltonian action of T" (a Hamiltonian toric manifold) is determined up to an equivariant sym-
plectomorphism by the image of its moment map u : M — Lie(T")* = W. This image is a convex
polytope P with nonsingular rational normal fan X;. Therefore, any Hamiltonian toric manifold
is the underlying symplectic manifold of a smooth projective toric variety. It follows that a smooth
complete toric variety is projective if and only if it has a symplectic structure.

When X5 is complete and smooth, the interior of Nef(Xs) consists of Kdhler classes in V* =
H?(Xy;R) and is known as the Kdhler cone. It is empty when Xy is nonprojective. The space V*
contains the lattice L* = Z{y,, ..., ¥,,) = Pic(X5) = H 2(X23 7), and lattice points in the interior of
Nef(Xs) correspond to Kihler classes coming from ample divisors on X5.

A Hamiltonian toric manifold M can be reconstructed from its moment polytope P using sym-
plectic reduction. We outline the construction below; the details can be found in [2, Chapter 6; 24,
Chapter 1].

Construction 14.4 (Hamiltonian toric manifolds as symplectic quotients). The symplectic
structure on C™ with coordinates (z, ..., z,,,), 2 = Xj + iyy., is given by the 2-form

m m
w = —iZ{deAdEk = —ZZ{dxk/\dyk.
1= i=

The coordinate-wise action of the torus 7™ on C™ is Hamiltonian with the moment map given
by

u: C" = Lie(T™)* = R™,  (21,..,2p) = (|211% s [2]%).

A rational vector configuration I' = {y1, ...,7,,} in V* & RK with L* = Z(y,, ...,7,,) = Z* and
the dual lattice (14.1) defines a torus T; = L ®, S* and an inclusion of tori I'* ®, S* : T, — T™,
so that

K =I"*®, STy = {(2M7™, ., e rmV)) sy e L} (14.6)

is a k-dimensional subtorus in T™.
The moment map for the Hamiltonian action of K on C™ is obtained by restriction and is given

by the composite C™ i Lie(T™)* — Lie(T;)*. The second map here is identified withI" : R™ —
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V*, so we obtain
up: C" =V (2y,.0,2,) = |Zl|271 + ot |Zm|27m-

The real version of this map was considered in Section 8.2 and its regular values are described in
terms of ' in Theorems 8.4 and 8.7.
If§ € V*isaregular value of the moment map ur, then the intersection of Hermitian quadrics

M;l(a) = {(Zl’ ’Zm) ecm: }/1|le2 + et 7/m|Zm|2 = 5}

is nondegenerate, so it is a smooth submanifold of dimension 2m — k = m + n. The action of
K =T, on ug 1(8) is almost free. The stabiliser of a point z € Mr 1(8) is a finite group L; /L (see
Proposition 12.1), where I = {i € [m] : z; = 0} and

Li=weV: (y,v)eZ fork ¢ I}.

The restriction of the symplectic form w to py 1(5) degenerates precisely along the orbits of
the K-action. If the action of K on uy 1(8) is free, then the quotient M 1(8)/K is a manifold, and
there is a unique symplectic form «’ on u;l(é) /K satisfying p*w’ = i*w, where i : ugl(é) o Ccm
is the inclusion and p: u 1(8) - /11?1(5)/K is the projection. The symplectic manifold My 5 =
M 1(8)/K is referred to as the symplectic quotient of C™ by K.

The 2n-dimensional manifold My 5 = up 1(8)/K has a residual Hamiltonian action of the quo-
tient n-torus Ty = T™ /K. The image of the corresponding moment map uy : Mr s — Lie(Ty)" =
W is the convex polytope given by

P={weW: {a;,w)+b;>20, i=1,..,m} (14.7)

where A ={a,, ..., a,,} is the Gale dual configuration of I" and § = Y., b;y;; see Theorem 8.4.
(Note that P is defined by (T, §) up to a translation in W.) The normal fan 2, of P is defined by the
triangulated configuration (Kp, A), and it is nonsingular if and only if the action of K on 1)
is free; see Proposition 11.4. A polytope P with a nonsingular normal fan is called Delzant. (Note
that the vertices of a Delzant polytope do not necessarily lie in the lattice M = N* Cc W.)

Conversely, given a Delzant polytope P, the Gale dual configuration I' defines a k-dimensional
subtorus (14.6) in T™, and the regular value § = Z:’;l b;y; of the moment map uy, as in Theo-
rem 8.4. The level set u 1(6) is identified with the moment-angle manifold Z Kp (Theorem 10.11).

By a theorem of Delzant [20], every Hamiltonian toric manifold M can be obtained as a symplec-
tic quotient My 5 of C™ by a torus, so M is determined up to an equivariant symplectomorphism
by its moment image P.

The symplectic and algebraic quotient constructions are related as follows.

Theorem 14.5. Let P be a polytope (14.7) with nonsingular normal fan Zp. The inclusion p 1) c
Uc(Kp) induces a T y-equivariant diffeomorphism

Mrs = up'(8)/K — Uc(Kp)/G = X,

between the corresponding Hamiltonian toric manifold and smooth projective toric variety.

a ‘0 ‘0¢TZ69YT

cny wouy

IPUIL

1Y) SUORIPUOD pue SWs | 84} 89S *[5202/90/62] U0 ARIqITaUIUO B[ * LOTEISPe URISSNY SUBILUO0D - AOUEd Sere | AQ ZZT0L SW/ZTTT OT/I0p/L0d AS 1M

 Roym

3SUB01T SUOWIWIOD dARERID d|qedt|dde au Aq pauseA0b ae SAPRIe YO ‘8SN JO S3|NJ 10 ARIqIT3UIUQO AB|IAA UO (SUOT}IPUOD-PI



EXPONENTIAL ACTIONS DEFINED BY VECTOR CONFIGURATIONS | 57

Furthermore, if the polytope P has vertices in the lattice M C W, then the symplectic structure on
Xz, defined by the ample divisor corresponding to the support function ¢p coincides with that of
MF 5.

Proof. To prove the first statement we need to check that each G-orbit of U.(Kp) intersects
M 1(8) at a single K-orbit. Using the product decomposition G = Cl =V XT, =V xK,weneed
to the check that each V-orbit of U(Kp) intersects pp 1(8) at a single point. This is proved in
Theorem 8.4(4). The second statement follows from the Delzant theorem, as a T'y-equivariant
symplectic structure on Xy, is determined by its moment polytope P uniquely. O

The complex structure on the algebraic quotient U (Kp)/G is compatible with the symplectic
structure on the symplectic quotient p 1(8)/K, so that the symplectic form «’ on 7 1(8)/K is
Kihler; see [24, Appendix 1, Theorem 1.5].

There is a generalisation of Theorem 14.5 to irrational simple polytopes P [5, Theorem 3.2],
which relates the complex and symplectic quasifolds associated with P and a quasilattice
containing the normal configuration A.
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