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1. CUMILINIUAJIBHBIE TOMOJIOT N

1.1. CuMnmnuaabHble KOMIIEKCHI M TPHUAHTYJIAuu. Hanomuum, 410 n-MepHblii
CUMNAEKC — FTO BBILYK/Iasd 000J09Ka HAOOpa u3 N + 1 ToUex vy, Uy, . .., U, B HEKOTOPOM
eBkn0B0oM Tipoctpanctie RY | He mexarmux B omoit (n — 1)-mepHoit mrockoctu (re mo
IJIOCKOCTBIO MBI HOApasyMeBaeM addUHHOE TOIPOCTPAHCTBO). IKBHBAJCHTHOE YCIOBUE
COCTOUT B TOM, UTO BEKTOPHI V1 — 1y, . - . , U — Uy JINHEITHO He3aBUCHMBI. TOUKH v, V1, . . . , Uy,
HA3BIBAIOTCH 6EPUWUHAMY CHMILIEKCA, & CAM CHMILIEKC MBI Oy1eM 0003HAYATD [Up, . . . , Uy).
Brinykisie 0607109KH m0AHAGOPOB MHOXKECTBA BEDIITHH CHMIUICKCA HA3BIBAIOTCI €0 2pa-
namu. 'paHd SBISIIOTCS CHUMILIEKCAMHE PAa3MEPHOCTH < 1.

IIpumep 1.1. Ilpasusvruiti n-MepHBIH CUMILIEKC — 9TO MHOXKECTBO

A" ={(to, tr, ... ta) ER™ Y 4y =1m t; > 0 as seex i}

Ero BepIIHHaM#U ABJAIOTCA KOHIIbI €IMHNYHBIX BEKTOPOB BJOJIb KOOPJAWHATHBIX oceit.

Jlasee BepITUHBI CUMILIEKCOB MBI Oy/IeM BCErJa CUUTATH YHOPSIIOYeHHBIMHA W TOJ, «N-
MEePHBIM CHMILIEKCOM» OYIeM UMeTh B BUJLY «N-MepPHBIN CUMILIEKC ¢ YKA3aHHBIM TTOPSTKOM
eTo BepIuH». BepimuHbl rpaHeil cuMILTeKca BeerIa OyayT yHOPSIOUUBATHCS COTTIACHO UX
HOPSAJIKY B OOJIbIIIEM CUMILIEKCE.

3ajanue mOpsiIKa BEPINUH ONPe/Ie/IsieT KAHOHUIeCKUil JTUHEeHHBI roMeoMopdu3M mpa-
BIUIBHOTO N-MepHOro cuminiekca A Ha j1060il n-MepHbIii CHMIIEKC [V, . . ., Uy, COXpaHsI-
IO TTOPAJ0K BEPIIUH, & UMEHHO

(to, R ,tn) — Z t;v;.

Kosddunuentnor ty,...,t, HA3BIBAIOTCI OaAPUUEHMPUUECKUMU KOOPOUHAGMAMY TOUKH
> tivi B CUMILIEKCe (v, . .., Up).

O0benmHeHne BCeX COOCTBEHHBIX IpaHeil cuminiekca A" HA3bIBAETCS €r0 2paHuueld n
oboznavaercss 0A". Buyrpennocts A" \ 0A™ cummiekca A™ HA3BIBACTCS OMKEDLIMbIM
cumnaercom u obosnauaercs A" [pu s1om misi n = 0 IPUHEMAETCS COIVIALICHHE, YTO
BHYTPEHHOCTH (-CUMILTEKCa (TOYKM) COBIAJAET C HUM CAMUM.

CumMnAuyuarorvlli KoMnAeke — 9TO TAKON KOHEYHBIH HAOOP CHMILIEKCOB HMPOU3BOJIb-
HOIl pasMepHOCTH B HeKoTopoM R, uTo o6ble 1Ba CHMIIIEKCa U3 9TOro Habopa aubo
He IepecekaroTces, 0o IepecekaloTcd 1Mo menoi rpanu. IlommuoxkectBo K eBKIMIOBA
upocrpancrsa RY mpuaneyauposano, ecim oHO IPeACTABICHO B BUJE 00beMHEHNS CHM-
IJIEKCOB, KOTOPbIe 06pa3yor (KOHEYHbBI) CHMIUTHIMAILHBIH KOMILIeKC. Tpuaneysayued
TOMOJIOTHIECKOTO TIpocTpancTBa X HasbiBaeTcss romeomopdusm f: K — X Mexay HeKo-
TOPBIM TPHAHTYINPOBAHHEIM ToaMHOKecTBoM K C RN m X. Yacro rosopar, uto Ha
npocrpancTBe X 3adaHa cCmpyKmyps CUMRAUUUGALYHOZ0 KOMNAEKCA, IMes B BULY, ITO 3a-
JaHa ero tpuanrysinusd. (MoKHO TakyKe pacCMATPUBATH CUMILTUIHATbHBIE KOMILTEKCHI 1
TPHAHTYJISIUIN, COCTOAIIHE U3 OECKOHEYHOr0 YUCJIa CHMILJIEKCOB, HO B 9TOM CJIydYae ecTe-
CTBeHHAs TOIOJOTHA Ha HAX He ABIdeTcda HHIynuposannoil u3 RY, eé ompenenenne 6ymer
JIAHO B cyejytomieM maparpade. )

Takum obpazom, TpuaHryJsdius npocrpaHcTsa X 3ajaércd HAOOPOM 0OTOOparKeHui
On: A" — X (orpanmuennii romeomopdusma f: K — X Ha CHMIUIEKCH MHOXKe-
crea K C RY) u xanas Touka mpoctpanctsa X COAEPAHTCS B 00pa3e POBHO OHOTO
OTPAHUYCHUS 04| jn, HA BHYTPEHHOCTH CHMILIEKCA. JIpyruMu cioBamu, X IPEICTABICHO
B BHJI€ HECBS3HOTO OO'beIMHEHUS TOMEOMOPMHBIX 00pa30B BHYTPEHHOCTEH CUMILIEKCOB.



IIpumep 1.2.

1. I'panura n-meproro cummtekca A" 3anaét Tpuanryasmuio (n — 1)-mepHoit cdepsr. B
YaCTHOCTH, MPAHKUIA TETPAdIPa 331a6T TPUAHTY/IAIKIO 2-MepHOi cepbl. Apyrumu npu-
MepaMU TPUAHTY/IANMI 2-MepHO cepbl ABILIOTCSA TPAHUIILI OKTA3/[pa WK UKOCA3/Ipa, a
TaKzKe T'PaHuIa JIFOOro 3-MepHOro MHOTOI'PDAHHUKH, ¥ KOTOPOT'O BCEe 2-MepHble I'DaHu —
TPEYTOJIBHUKN (TaKie MHOTOIDAHHUKH HA3BIBAIOTCS CUMNAULUCGALHDEMU).

2. Ha puc. 1 a) nokaszana tpuanryasnua Topa 12 ¢ 9 pepmmnamu. Ha puc. 1 6) no-
Ka3aHa TPHAHTyadnua Topa 12 ¢ 7 BepmmHaMi. 1IpoTHBOIONIOKHBIE CTOPOHBI KBAIPATOB
OTOXKIECTBJISIOTCA B COOTBETCTBHAH CO CTPEJTKaMHU.

1

a) 0) B)

Puc. 1. Tpuanryaamun topa T? u npoextusnoil miockocTu RP2.

3. Ha puc. 1 B) nokazana TpuaHTy/isiiius NPOeKTUBHOI m1ockocTu RP? ¢ 6 Bepuin-
mamu. Ha rpamuie MHOrOyTOJIbHUKA MPOU3BO/IATCS OTOXKCCTBJICHHA B COOTBETCTBUH CO
CTpeJKaMU U HyMepallieii BepIIuH.

Tpuanrysiuu Ha puc. 1 6) 1 B) MUHAMAJBHBI 110 YUCIY BEPITHH (3a1a9a).

B knaccmueckoM moaxoje CUMILTUIUATIBbHBIE TOMOJIOTUU ITPOCTPAHCTB OMPEeINCh
gepe3 ux TpuaHryssmun. OJHAKO Mbl BHIAMM, YTO JIAYKe il HPOCTBIX JIBYMEPHBIX IIO-
BEPXHOCTEN TPHAHTYJIAIMU COJEpKAT 0OJIBIIOE KOJMYECTBO CUMILIEKCOB, YTO IPUBOJUT
K rpoMo3aKkuM BbraucaeHusM. O600IeHne mOHATHS CUMILTHIIAATEHOTO KOMILIEKCA, TPU
KOTOPOM CHUMILIEKCHI MOT'YT IIPUKJIENBATHCS JAPYT K JAPYTy 1O YaCTH T'PAHUIILI, & HE TOJb-
KO TI0 OJIHOMY CHMILJIEKCY, TIPUBOJAUT K O0Jiee SKOHOMHBIM pa30dMeHUsM TTPOCTPAHCTB Ha
cuMIIeKchl. [IpuMepsl n300pazkeHbl Ha PUC. 2, a OMpeieJeHre IPUBOIUTCS B CJIeIYIONEM

naparpade.

v U w v v U

1 R 27 2 b % 1 R 27
U U U
a C a a C a a Cc a
b |4 V v

% b 1 % b 2 % b 2

(% (% [ w (% (%

a) St 6) T° B) RP? r) Byroiika Kieiina

Puc. 2. [lonycumminnuaabHble KOMILTEKCHI



8

1.2. ITomycumnaumnuaabHble KOMIJIEKChI. CTPYKTYPa NOAYCUMNAUUUGADHO20 KOM-
nAexca Ha TPOCTPAHCTBe X — 9TO TaKo#t HAbOp oToOpaxkennit o, : A" — X, rj1e n 3aBUCHT
OT MHJEKCA (v, YTO BBINOJHSAIOTCS CJIeAYIONNe YCAOBUS:

a) OrpaHHYeHne o, i, HHHEKTHBHO, M KaXK/as TOYKA HPOCTPAHCTBA X COAEPIKUTCS
B 06pa3e POBHO OJHOTO TAKOTO OTPAHUYCHUS T4 in;

0) Kayk/10e OrpaHuveHne OTOOpayKeHus 0, Ha IpaHb cuMILiekca A" — 3T0 OTHO U3
orobpazkenuit o5: AF — X k < n;

B) MHOKeCTBO A C X OTKDBITO TOTJa M TOJIBKO TOTJIA, KOTJA MHOXKECTBO o' (A)
OTKPHITO B A™ 1151 BCEX 0.

Ecnn xaxmoe orobpaxkenune o,: A" — X UHBEKTUBHO, KOJUIECTBO ITUX OTOOPAKEHMIT
KOHEYHO W IIepecevdeHne JIOObIX JBYX CUMILIEKCOB 0,(A™) u 03(A™) B X aBnsercsa rpa-
HBIO KazKJ0T0 W3 HUX (BO3MOXKHO, MyCTOii), TO BCe CHMILIEKCH MOXKHO BJIOYKHTH B OJIHO
npocrpancteo RY tak, uro |, A" cTaHeT CHMIUIMINATBHBIM KOMILUIEKCOM, 4 X — TPHAH-
I'YJTUPOBAHHBIM HPOCTPAHCTBOM. B 9TOM ciiydae ycJioBHe B) BBIIOJHEHO aBTOMATHIECKH.
Eciu 2Ke KOJMYecTBO CUMILIEKCOB 0, A" — X GecKOHeYHO, TO YCJIOBHE B) JAET «IIpa-
BIJIBHBII» CIIOCODO BBEIEHUA TOIOJOTHH HA Ua A", He 3aBUCSIINI OT BJIOKEHHUH B RYN. Cwm.
sagaum 1.10 u 1.11. Takum o6pa3oM, GeCKOHEUHbIE CUMILTUITUAIBHBIE KOMILIEKCH (TpH-
AHTYJISIIMA) — 9TO HOJTYCUMILIHIMAJIbHBIE KOMILIEKCH, B KOTOPBIX BCE OTOOpazKeHUs 0,
HHBEKTHBHBI U Bee mepecedenust 0, (A™) N og(A™) aBasiorcest rpaHsiMu.

U3 ycaosust B) caepyer, aro X MOKHO MOCTPOUTH Kak (hakTOPIPOCTPAHCTBO HabOpa
HelepeceKalonuxcs cuMiiekcoB A, M0 OJHOMY JIId KazKJ0oro orobpaskeHus: o,: A" —
X. Orcroza ciieryer, 9T0 IpoCTPAHCTBO X JOIZKHO OBITH Xayc10pdOBBIM, a KazK10e orpa-
HUYCHUE 04| i, ABIAETCS TOMEOMOPMHU3MOM Ha CBOH 06pa3, KOTOPBIl MOITOMY SIBJISETCS
OTKPBITBIM cHMILTEKCOM B X (3a7ada). TeM caMbIM OTKDBITBIE CHMIUICKCH 0| in 33718~
10T KJIETOUHOe pa3dueHue mpocrpancTsa X. OJHAKO MOTYCHMILIANIHAILHBIE KOMILIEKCHI
00pa3yoT BecbMa OTPaHMYEHHBIN KJIACC KJIETOUYHBIX MPOCTPAHCTB.

ITpumep 1.3.

1. Ha puc. 1.1 a) n300pazkeHO MOJYCHMIUTHIAATBHOE pa3OueHne OKPYKHOCTH ¢ OJHOMN
BEPIHHON U U OJHUM PeOPOM (1-MEepHBIM CHMILIEKCOM) €.

2. Ha puc. 1.1 6) n306pazkeHo MOJYCUMILTAIHATBHOE pa3sOueHne Topa ¢ OJHOI BepIiu-
HOIi v, TpeMst pébpamu a, b, ¢ u ABYMsT TpeyroJabHuKaMu (2-MepHbIiME cuMiLiekcamu) U, V.
Pébpa opueHTHPYIOTCS B COOTBETCTBUU € MOPSIIKOM OTOOPArKaeMbIX BEPIIHH CHMILTIEKCOB,
oT MenbIIeii K Gopmreii. Hampumep, U apisercsa obpasom Tpeyronbinka A% = [012], npu
srom pebpo [01] orobpakaercs B a, pedpo [12] B b, pedbpo [02] B [¢] u Bce Tpu BeprnHbI
0,1, 2 nmepexoadr B v.

3. Ha puc. 1.1 B) n300pazkeHo MOJYyCHMILUTAIMATBHOE Da30OueHne MPOEKTUBHON II0C-
KOCTH C JIByMs BepIIHHAMH U, w, TpeMs peéopamu a,b,c u aBymsa Tpeyrogbuukamu U, V.
Bnech orobpazkenue uz A? = [012], cooTseTcTByONEEe TPEyroJbHUKY U, YCTPOCHO TakK:
BepmuHbl 0 1 1 mepexoadaT B v, a 2 B w.

4. Ha puc. 1.1 1) u3o6pazkeHO MOJyCHMILIUIUATIbHOE pasbuenune OyToLIKu Kiteiina c
OJTHOM BepIUHOM v, TpeMs pédpaMu a, b, ¢ m AByMs Tpeyroabaukamu U, V.

1.3. CummmmuanabHbie ToMoJgoruu. [lycrb X — 1HOJyCHMILINIUAIBHBIA KOMILIEKC.
Onpegennm cBoboHy 0 abeseBy rpymmy A, (X ), TOPOKIEHHYIO N-MEPHBIME CHMIIIEKCa-
M 0,0 A" — X kommiekca X. Daementst rpynnst A, (X)) HA3BIBAIOTCS N-MEPHBIMI CUM-
nAvYUGALHOMU Yenamu Taa X . Kakmas cumnannnaapHas Tenb MOKeT ObITh 3amicaHa
B BHJe KOHeYHO opManpHOit cymMbl ) | ka0, ¢ KO3bDuImenTaME £\ € Z.
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Omnpemernm epanuunviti 2omomopdusm Oy : A, (X) — A,_1(X), 3a1aB ero 3nadenns na
sJIeMeHTax basuca o,: [vg, ..., U, — X:

n

(1) an(aa) = Z(_lyaa‘[vo,‘..,'ﬁi,..‘,vn]7

i=0
rjie 0a|[vo,_._@,___7vn} obozuagaer (n — 1)-MepHYIO IPaHb CHMILIEKCA O, MOJIYIAEMYIO OIYC-
KaHueM i-ii BepmuHbl v;. Hanpumep,
O [vo, v1] = [v1] — [v],
82[1)0,’01, UQ] = [Ul, UQ] — [Uo, Ug] + [Uo, Ul].
Bri6op 3naK0B 00yCJI0BIEH COTJIACOBAHIEM OPHEHTAINM, 3a/1aBaeMbIX ITOPSIKOM BEPIIHH,

Ha CHUMILTIEKCE U €Ir0o I'paHdgX.

JIemma 1.4. Komnosuyusa A, (X) N A, 1(X)

0MobPasCceHUEM.

A, _o(X) asasemca nysesvim

oxasameavcmeo. U3 coornontenus (1) BoITEKaeT, 9To

- Vi) L 1) 1\i-1 L
On-10(0) = D (=D (= 1) 0lug.ccityreniventnd T D (1) (1Y 0l ot
j<i j>i
[locnennue 1Be CyMMBI COKPAIIAIOTCH, TAK KaK IIOCJIe IEPECTAHOBKY ¢ U ] BO BTOPOi CyMMe
OHa CTAHOBUTCH NEPBOM CYMMON CO 3HAKOM MUHYC. 0

Tem cambiM MBI HaXOIUMCS B cjaejylonieit ajiredpandeckoit curyanuu. Vmeerca moce-
JIOBATEILHOCTH TOMOMOP(MU3MOB abeJIeBbIX I'PYIII

On On 17} 15/
...—)CnJrl—+1>Cn—>0n,1—>...—>01—1>00—0>0,

npuaém 0,0,,1 = 0 maa Beex n. Takas mocsenosarenbrocts Cy = {C),, 0, } Ha3bIBaeTCst
yennom komnaexcom. VI3 pasencrsa 0,,0,41 = 0 caenyet, aro Im 0,11 C Ker 0,,. [Tosromy
MBI MOKEM OIPEIENUTh N-10 2PpYnny 20MoA02uli TEITHOIO KOMILIEKCa KaK (DaKTOPTPYIILY
H, = Ker0,/Im0,,1. Qnements siapa Ker 0,, Ha3pIBaOTCS 4ukAaMU, & ITEMEHTH 0Opa3a
Im 0,11 — epanuyamu. daementsl rpyuibl H, Ha3bIBAIOTCA Kaaccamy 2omonoeud. Kiace
romoJioruii nukJa ¢ € Ker d,, obosnagaercs epes [c]. [IBa nmukia, OpejcTaBisiioNiue O [iHH
U TOT K€ KJIACC FOMOJIOTUH, HA3BIBAIOTCS 20MOA02UMHBLMY. DTO O3HATALT, YTO UX PAZHOCTH
ABJIAETCA TPAHUAICH.

Bossparasich k caydato C, = A, (X), rpynny romonoruii Ker 9,/ Im 9,1 6ynem o60-
sgadaTh H2(X) 1 HasBIBaTD N-H 2pynnoti CUMNAUYUAGALHHLET 20M0A02ull KOMILTeKca X .

IIpumep 1.5. I[lycre X = S ¢ oxnoit Bepmmuoit v 1 oxauM pebpom e, cm. puc. 1.1 a).
Torna o6e rpymmsr Ag(X) u Ay (X) pasubt Z, a rpanudnoe orobpazkenne J; HyJIeBOe, TAK
KaK Oje = v — v. Kpome toro, 4,(S') =0 npu n > 2, Tak Kax B 5THX pa3sMEpHOCTAX HET
cumiLiekcoB. Ciie10BaTesbHo,

Z upun=020,1
Argly ~ pun ) Ly
H”<S)_{O upu n > 2.

ITpumep 1.6. [Tycts X = T2 — Top ¢ 01HOI BepIIHHOI v, TpeMs pébpamu a, b, ¢ n 1ByMs
rpeyroapaukavu U, V, cm. puc. 1.1 6). Kak u B npeapiayiem mpumepe, 01 = 0, mostomy
HE(T?) = Z. Tax kak U = [12] — [02] +[01] =b—c+a =DV, a a,b,a+b— c — 6azuc
rpynnst 01 (T?), noayuaem, uro H{ (T?) 2 7, @ Z ¢ 6a3uCHBIME KJIaccaMi TOMOJIOTHi [a]



10

12
N

u [b]. Taxk Kak Tpéxmepnbix cumitekcos net, Hi (T?) = Ker dy, a rpymna Ker d,
nopozkaena mukaom U — L. Takum obpazowm,

7Z®7Z mupun=1,
HNTH =2{7Z npu n = 0,2,
0 npu n = 3.

IIpumep 1.7. Ilycts X = RP? ¢ aByMs BepIuHaMu v, w, TpeMd péopaMu a, b, ¢ n IByMs
tpeyroabaukamu U, V', cm. puc. 1.1 B). Torma rpynmna Im J; mopoxkjeHa Tenbio w — v,
nostomy HE(RP?) & Z, npuuém B KauecTse 06pasylomeit MoxHo B3aTh [v] min [w]. Tak
kak ObU = —a+b+cu 0V = a—b+c, vt Bumum, aro Ker 8y = 0, nosromy H5 (RP?) = 0.
Hanee, Ker 01 = Z®Z ¢ 6azucom a—b u c. Orcioga BuaHO, uTo I Oy ABISETCS TOATPY IO
nngekca 2 B Ker 01, Tak kak B KauecTse Oasuca B Ker 0; MoxkHO B3iTh a — b+ cu ¢, a B
KadecTBe 6asuca B Im 0, MokHO B3gTh a —b+cu (—a+b+c)+ (a—b+c¢) = 2¢. Takum
obpazom, HA(RP?) = 7, u Mbl nMeeM

Z upun =0,
HYRP?) =S Zy mpun =1,
0 npun>=2.

CHMILIAIHAIBHBIE TOMOJIOTHH B JeHCTBATEABHOCTH SIBJIAIOTCS TOIMOJOTTIECKHUMI HHBA-
pHaHTaMHU TIPOCTPAHCTBa X, T.e. HE 3aBUCAT OT CIIOCODa ero pa3doMeHusT Ha CUMILIEKCHI.
Bosee Toro, rpynmbl CUMILIAIIHAIBHBIX TOMOJIOTHIT TOMOTOMTUYECKN SKBUBAJIEHTHBIX MPO-
CTPAHCTB OJMHAKOBBI. /[jig TOro 4To0bl /I0Ka3aTh 9TH CBONCTBA, MbI OIPEJIETUM JIPYIroi
THUI TOMOJIOTHH IIPOCTPAHCTB — IPYIIILI CUHTYISAPHBIX TOMOJIOTHH, ONpe/ieIeHIe KOTOPBIX
He OyJIeT HCII0JIB30BATh pa3dueHne IPOCTPAHCTBA HA CUMILIEKCHI. 3aTeM MbI JOKAXKeM, 9TO
IPYIIbI CAMILTHITUATBHBIX U CAHTYJISPHBIX TOMOJIOTHN MOy CUMILIAIIAAILHOTO KOMILTEKCa
COBIIATAIOT.

3amaun U ynpa kKHeHUd.

1.8. /lokaxkuTe, YTO MUHUMAJbHOE YHUCJIO BEPIIUH B TPHAHTY/ILAIMU TOpa PaBHO 7, a B
TPUAHTYISIUN MPOEKTUBHON MIOCKOCTH — 6.

1.9. Tlocrpoiite Kakyto-uuby b Tpuanrysdmnuio OyTeuikn Kieiina. Kakoe Munnmaabnoe
YUCJIO BEPITUH Y TAKOW TPUAHTYJISIIIIN !

1.10. Tlycts I, — OTpe3oK emuHMYHOM MmmHBl Ha miockoctd R? ¢ kommamum (0,0) u
(cos 2%, sin 2T). Oupegesum Y = | J7° I}, kax nojnpocrpancrso B R? ¢ uuynupoBanHoi
k> L/ pex k=1"1k LD p AyIup
tonosorueil. [Iycrs oy, : A — Y — nuneitnoe orobpazkenne orpeska Al na I;,. JTokazxure,
YTO ceMeficTBO 0TOOpasKeHuit 0, BMeCTe ¢ UX OTPAaHUYCHUSAMEI Ha BEPIIHHBI YIOBIETBOPIET
yCJioBUsIM a) U 6) U3 OUpeesIeHnsl HOIy CUMIUIAIAAJBLHOTO KOMILIEKCA, HO HE Y/IOBJIETBO-
psier yciaouio B). Takum 06pa3om, mpocTpaHcTBO Y mpejcrapisger coboii GecKoHedHOe
00LeJUHeHTe CHMILICKCOB B R2, IPIMBIKAIOINX APYT K APYTY MO IPAHAM, HO HE ABJIZeT-
CA MOJIYCUMIIJINITUAJIBbHBIM KOMIIJIEKCOM.

1.11. PaccmorpuM OyKeT CUYETHOrO YHCTIA OTPE3KOB X = \/ZO:1 Al (Tlo onpegenennto
byker — 910 akropupocrpancrso (| oo AL)/(Lre, 0x).) Jdoxaxure, 410 HHbEKTHBHBLE
orobpaxkenus op: AL — X BMecTe ¢ MX O'DAHUYEHUSIMU Ha BEPIIMHBI 33/al0T Ha X
CTPYKTYDY OecKOHeYHOro (TOJy)CHMILTHITMAIBLHOTO KOMILTeKCa, HO X He BKJIAJbIBAeTCs
B RY nu jgya kakoro N (T.e. ne romeomopdno mnogmuoxkecrsy RY ¢ unaynuposannoit
TOHOJIOTHEIH ).
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1.12. /lokazKuTe, YTO CTPYKTYpa MOJTYCHAMILIATUAILHOTO KOMILTEKCa Ha MPOCTPpaHCTBe X
33/1a6T Ha HEM CTPYKTYPY KJETOYHOTO MPOCTPAHCTBA.

1.13. IlpuBeaure npuMep KJAETOYHOTO Pa3dUEHUs] IPOCTPAHCTBA, KOTOPOE HE ABJISETCS
CTPYKTYPOH MOTYCHMILIUIIHAIBHOTO KOMILIEKCA.

1.14. Ilyctp X = S! Uy D? — KaeTodHOE TPOCTPAHCTBO, MOIYYaeMOe IPUKJIeHBAHN-
eM K OKpyzKHocTH S' (pasOuTOil Ha JBE KJIETKH) JIBYMEPHOH KJIETKH MO OTOOPasKeHHIO
0: St — S! cremenu 3, z — 2z3. IIpocTpancrBo X MOXKHO IOIYYUTH U3 TPEYTOJLHHKA
OTOXKJIECTBJICHHEM TPEX ero CTOPOH B OJHY B COOTBETCTBHUH C HAIPABICHUAMH CTPEIOK

Ha PUCYHKE: . Bajalor i xapakTepuctuueckue orobpazkenna A — X, Al — X n
A% — X aHHOrO KJIETOYHOrO pa3bUeHus CTPYKTYPY HOJIyCHMILIMIUAILHOIO KOMILIEKCa?

1.15. Bpruucaure cHMILTHIIMAIbHBIE TOMOJOTUH OyThIKM KiteitHa, BOCHOJIB30BABIINCH
CTPYKTYPO# MOJIYCUMILIAIUATIBHOTO KOMILJIEKCA.

1.16. BorumcanTe CHMIUIUIHAJLHBIE TOMOJOIAH JIBYMepHOi cepbl S?, BOCIOIb30BaB-
IMUCHh TPUAHTYAANUENR UM CTPYKTYPOI TTOMYCUMILIAIAATIBHOTO KOMILIEKCA.

2. CUHI'VJIAPHBIE TOMOJIOTNN

2.1. Onpenesienue u nepBbie cBOHCTBA. CUH2YAADPHOLM N-MEPHBIM CUMNAEKCOM (HITH
IPOCTO N-CUMNAEKCOM) B TIPOCTpAHCTBe X HA3BIBAETCS HEMPEPBIBHOE OTOOparKeHHe
o: A" — X. Onpegennm coboauyio abesesy rpymiy C,, (X)), MOPOKIEHHYIO MHOKECTBOM
CHHI'YJISIPHBIX N-MEPHbIX CUMILIEKCOB B X . DyiemenTol rpytiibl Cy, (X ), Ha3biBaeMble CUH2Y-
AAPHOIMU T-MEPHOLMU YENAMY, SBJISIOTCH KOHEIHBIME (QOPMAJBHBIME cyMMaMu ) |, k;o;,
rie k; € Z w 0,0 A" — X. I'pannanoe orobpaxkenune 0,: Cn(X) — C,_1(X) 3amaéres
TOM 2Ke (POPMYJI0it, ITO M JIJIg CUMILIUIIAAIBHBIX Ierei:

n

an(o-) = Z(_]‘)ZO—‘ [v0:~~~:§i7~~~7vn]7

=0

riae o: [vg, ..., 0, — X — CUHTYJISDHBIH CHMILIEKC.

Msr gacto Gymem mucaTh mpocto 0 BMecTo O,. Tak ke Kak W JJIsd CHMILIAIUAAJIBHBIX
nerneii, 1okazbiBaercs, 9To 0,0, = 0, T.e. 9? = 0. Takum 06Pa30M, MOKHO OIPEIETUTD
rpytuity cuneyaspros 2omonozuti H,(X) = Kerd,/Im 0, ;.

W3 ompenpenennss 04eBUHO, 9TO TOMEOMOPQHBIE MPOCTPAHCTBA HMEIOT OJIMHAKOBBIE
IPYIIbI CHHTYJIAPHBIX TOMOJIOTH# H,,, B OT/IHYHEe OT CUTYAIMU C CUMILTUITHATHLHBIMEI TO-
MOJIOTUSIMHU HnA. C apyroit cTOPOHBI, TAK KaK YUCIO0 CUHTYJIAPHBIX N-MEPHBIX CUMILIEK-
coB B X 00bI9HO HecuéTHO, rpymisl reneii Cp,(X) ¢Toab BEJUKH, YTO HEIIOHSITHO, OYEeMY
JIJIsT KOHETHOIO CHMILTHITHATLHOTO KOMILTeKca X TPYIIa CHHTYASApHBIX ToMostoruit H,,(X)
JIOJIZKHA, OBITH KOHEYHO MOPOXKIAEHHOH M HyseBoit nmpu n > dim X. T cBoiicTBa ObLIn
TPUBUHAJIBHBL [IJIsT CAMILTAIIAAIBHBIX TOMOJIOTHIA.

CuHTy/ISIpHBIE TOMOJIOIUU B JEACTBUTEILHOCTH MOXKHO PACCMATPHBATL KaK YACTHBIA
cJIydail CUMILIMIMAIBHBIX TOMOJIOTHIT IIPU HOMOIIK CJIeJYIONIeil KoHcTpyKiuu. s npo-
H3BOJIHLHOIO MPOCTPAHCTBA X ONPEenenuM noanvl cuneyraphuid xomnaerc S(X) Kak 1mo-
ﬂyCI/IMHﬂI/IHI/IaﬂbeIfl KOMILJIEKC, I/IMGIOH.H/IIU/I o OJHOMY CHMILJICKCY JJId KazKJA0ro CHHIY-
aspHoro cumintekca o: A" — X. V3 onpegenennit scno, uro H2(S(X)) = H,(X) nna
BCEX M. DTa KOHCTPYKIHA 00Ja1aeT CBOHCTBOM (DYHKTOPHAJIBHOCTH (T.e. OTOOparKeHHe
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X — Y ungynupyer oroopazxkenne S(X) — S(Y), nepeBojisdinee CUMIIJIEKCBl B CHMILTEK-
CBlI), OMHAKO KOMILTEKC S(X) CIUITKOM BEJTHK, ITOOBI €10 MOYKHO OBLIO UCIOJIB30BATE JIIsT
SIBHBIX BBIYUCJICHUII.

[Tepeiigém K onucaHuio NpOCTEHINUX CBOMCTB CUHTYIAPHBIX TOMOJIOTHI.

IIpensoxkenne 2.1. Ecau npocmpancmeo X npedcmasseno 6 sude obsedunenusa | |, X,
Komnonenwm aurelinot ceasnocmu, mo H,(X) =@, Hy(Xa).

oxazameavcmeo. Tak Kak 06pa3 CHHIYISIPHOTO CHMILIEKCA JIMHEHHO CBSI3€H, MBI HMe-
eM Cp(X) = @, Cr(X,). I'panmynoe orobpazkenne 0, cOXpaHdAeT ITO PA3/IOKEHUE, T.e.
0nCr(Xa) C Cp1(Xy), nosromy noaupocrpancrsa Ker d, u Imd,, anajoruaso packia-
JBIBAIOTCS B psiMyto cymMMmy. OTCIOa CoIejyeT pas3jiozKeHne Jijis TOMOJIOTHIA. O

Jlng panbHeinero HaMm HOoHaI00UTC CiIeayonias MoAu(UKaIug CHHTYJIIPHOTO TEll-
Horo komIutekca. Onpenenum romomopdusm ayemenmayuy €: Co(X) — Z no dopmyme
e(D>_, kioi) =Y. ki. Tenepp paccMOTPHM IOCJIEJOBATEIBHOCTD

(2) o Oo(X) B (X)) B Co(X) - Z — 0.
Mt umeem €0y = 0, Tak Kak Jyist Jiioboro l-cumiiekca o: [vg,v1] — X BBIIOTHEHO

€01(0) = e(o|p,) — 0lvy) = 1 —1 = 0. CrenoBaresbuo, (2) ABIgeTCSA NEMHBIM KOMILIEK-
COM, HA3bIBAEMbIM GY2ZMENTIUPOGAHHBLM CUNZYAAPHOIM Yentolm Komnaercom s X. Ero
TOMOJIOTHH Ha3bIBAIOTCS NPUBLIEHHOMU 2PYNNamy 20Moa02ull 1 obosuadatorcsa H, (X).

Tax kax ayrmenTanus € obpamaercs B Hyab Ha Im J;, OHa HHIYIEPYeT OTOOpazKeHHe
Ho(X) = Z ¢ anpom Hy(X). CrenoBarensHo,

Hy(X) = Ho(X) & Z.
Ouesnzno, aro H,(X) =~ H,(X) upu n > 0.

IIpensioxkenune 2.2. Ecau npocmparncmeo X aunetino ceaswo, mo Ho(X) = 7Z, m.e.

Hy(X) = 0.

Joxazamesvcmeo. Yrobs pokazars, uro Hy(X) = 0, nocrarouno yoeaursest, aro Kere C
Im &y, em. (2). Hycrs (), kioy) = 0, me. > .k = 0. Cunryasapasie 0-CHMILIEKCHI
o [vo)] = X — 310 mpocro Toukn B X. s kaxmoro o; BeiGepem nyTth ;i [ — X
u3 dukcnpoBanHoil Toukn £ € X B 109Ky 0;(v). [lycrh 0¢ — cunrysaspubiii 0-cumIiiekc
¢ obpasoM xy. Kaxapiit myTh 7; MOKHO pPacCMaTpUBaTh KaK CHHIYJISIPHBINA 1-CHMILIEKC
7;: (v, v1] = X, npuuém O1; = 0; — 0g. Mbl nMeem

8(2 szz) = Zkzo-z — Zkigo = Zkiaiv

Tak Kak y _, k; = 0. Cienosaressro, ) . k;0; — rpanuna, a 3uaaut, Kere C Im 0. O

IIpennoxenune 2.3. [omonrozuu mouku X = pt umerom eud Hy(pt) = Z u H,(pt) =0
npu n > 0.

Joxazameavemeo. g X = pt umeercss eIMHCTBEHHBITT CHUHTYISIPHBIR N-CUMILIEKC O,
JIIs JII060TO N, TPUYEM

n

0on) =Y (~1)op =

=0

0, ecan n Hed€THO nau n = 0,

On_1, ecau n 96tHO U n # 0.
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Taxum 06pa3oM, CUHTYJISIPHBIH EITHOM KOMILIEKC 11 X = pt UMeeT BH]L
o 0 o~ 0
oo — e — 1L — 1L — 1L — L — 0,

a ero rOMOJIOTUH TPUBHAJbHEI, 33 HCKJI0YeHneM Hy = 7. O

2.2. ®yHKTOPUAJABHOCTh W TOMOTOIMNYECKAS MHBAPMAHTHOCTB. 3/€Ch MBI MOKa-
JKeM, 9TO TOMOTOINUYECKH SKBUBAJCHTHBIE ITPOCTPAHCTBA UMEIOT U30MOpPMHBIE T'PYIIIBI
romosioruit. JIjs 3Toro Ml cHavYaIa YOeIUMCs, ITO TOMOJIOTHN SBJISIOTCS (DYHKTOPOM H3
KATETOPUH TOMOJOTUIECKUX TPOCTPAHCTB B KATETOPHUIO abeIeBbIX TPYII, T.€. HeMPEPHIB-
Hoe orobpazkenue f: X — Y ungynupyer romomopdusm f,: H,(X) — H,(Y). 3arem mbl
JIOKaZKeM, 9TO f, aBAsieTcss n30MOP(MU3MOM, €CIu f — FOMOTOIMNYECKAsT SKBUBAJIEHTHOCTb.

Ja orobpaxenus f: X — Y onpegemum romomopdusm ueneit fi: C(X) — Cp(Y),
B35IB KOMIIO3UIIUIO CHHTYJISIPHBIX cuMIutekcoB 0: A" — X ¢ f, re. fu(o) = fo: A" =Y,
C IOC/IeIyIONIAM IIPOJOJIZKeHIeM 10 JnHeiHoCcTH. 1lpn stoM fu0 = 0f4, Tak Kax

F4000) = f4 (O (=10 lgtvnl) = D (1) fOlivgrin] = Of ().

i 7

Taxum obpa3zoM, Mbl UMeeM KOMMYTATUBHYIO JIMArPAMMY

s O (X)) —25 C(X) 2 Coi(X) ——

Jf# lf# lf#
— s O (V) =25 o (v) -2 0 (V) ——

Dra CUTyalus ONUCHIBAETCS CJACAYIONMME ajrebpandecKuMu HoHaTugMu. Ilycrs Cy =
{Cy,0} m C, = {C!, 0} — nasa mnemnnpix kKomimaekca. HaGop romomopdmsmos [ =
{fn: C, = C!, n > 0} HasbBaercst yennvim omobpasicenuem nenHoro komiexca Co
B 1enHOi KoMmiieke C, ecin BBIOJHEHBI COOTHOIEHUS f,0 = Of,,.

IIpennoxkenne 2.4. [lennoe omobpascenue f: Cy — CL undyyupyem 20momoppusmol
epynn 2omono2uli smuz komnaercos, fo: H,(Co) — H,(CL), npuuém

a) (f9)s = figs 0aa xomnoszuyuu omobpascenut Cy SN c, Lo,
6) (id), = id, 2de id oboznawaem moowcdecmeennoe omobpascenue.

Joxaszamenavemeo. N3 coorromenus fO = 0f BoiTekaer, 4To f MepeBOAUT UKL B IITKThI
(n3 pasencrBa dc = 0 caenyer, uro 0f(c) = f(J¢) = 0) u nepeBOAUT TPAHUIIBI B TPAHUIIBI
(tak xak f(0b) = 0f(b)). Cnenosarenvro, f uumynupyer romomopbusm f,: H,(Cy) —
H,(C.). CpoiictBa a) 1 6) OY€BH/THEL. O

Bossparasch K TOMOJIOMTYIECKON CUTYAINU, MBI TOJy9daeM, 9TO 0TOOPayKeHne TOI0JI0-
rudeckux npoctpancts f: X — Y umaynupyer roMoMOpdu3Mbl UX IPYIIT CHHTYJISIPHBIX
romosoruii f,: H,(X) — H,(Y), yI0oBIeTBOpSIONIHe COOTHONICHUsIM a) U 6) U3 mpeiio-
KeHud 2.4. 9T0 cBOMCTBO W Ha3bIBaeTCsd (PYHKTOPHATBHOCTHIO TPYIIT TOMOJIOTHH.

Jlasee MbI IOKazKeM, 9TO FTOMOTOTHBIE OTOOPAZKEHUsT TPOCTPAHCTB UHIYITUPYIOT OJTHHA-
KOBBIE TOMOMOPMU3MBI UX rpyin roMmosoruil. [Iycrs F: X X [ — Y — romoTonust MexK 1y
orobpaxkenusivu f: X — Y ug: X — Y. Jlna cunrynspuoro cumiuiekca o: A" — X pac-
cMOTpHM KoMIo3uimio A™ X [ 24 X x T 5 Y. 3o oTobparkeHue BMecTe ¢ pa3dueHuemM
npusMbl A" X [ Ha CHMIJIEKCHI JacT CHHTYIApHYTO (n+ 1)-MepHyto nenb B Y. Tem cambim
mbl octponm romopdusm P: C(X) — Chyq(Y), KoTODHIii siBAsSeTCst anreGpandecKuM
arajoroMm romoronuu. Ero dopmMasibHOe OlpejiesieHre 3aKII0IaeTC B CIe Ty TOIIEM.
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Ba menueix orobpaxkenus f: Cy — CL u g: Cy — C Ha3BIBAIOTCA UENHO 20MOMON-
HbLMU, eCTH cyTecTByeT Habop romomopduszmos P = {P,: C,, = C) ., n > 0} (na3biBa-
eMBbIil yennol 2omomonued MeKIy f U g), yAOBIETBOPSIONMAX COOTHOIICHUSIM

OP+ P =g f.

DTO OMUCHIBALTCS KOMMYTATHBHON JHATPAMMOi

an+1 Bn
Choit c, Crot —— ...
/ /
gfl Pn j Pn1
e e
! ! !/
n+1 Ont1 Cn O, n—1 te

['eomeTpudeckuii CMBICJT COOTHOIIEHUSA TENHON TOMOTONHH IMOSCHAETCHd HUKE B JTOKa3a-
TeJIbCTBE TeopeMbl 2.6.

IMpenmnoxkeune 2.5. Ilenno 2omomonnve omobpasicenusn f,qg: Co — CL undyuupyrom
00UH U O JHCE 20MOMOPPHUIM 20MOA02UT: [y = y.

Jloxasameavemeo. Eciu ¢ € C,, — muka, 1o g(c) — f(c) = 9P(c) + PI(c) = dP(c), Tak
kak Oc = 0. Takum obpasom, g(c) — f(c¢) — rpauuna, 1. e. g.[c] — fi[c] = 0. O

Tenepb MDbI CHOBa BepHéMCH K CHHI'YJIAPHBIM I'OMOJIOTHUAM.

Teopema 2.6. [omomonuuvie omobpascenus npocmpancms f,g: X — Y undyyupyrom
00UH U O HCE 20MOMOPPUSM CUHZYAAPHOLL 20MOA02UTL: fr = Gy.

Jloxasamenvcmeo. s nokazaTebeTBa Mbl HOCTPOUM TenHyto romoronuto P: Cp(X) —
Crn1(Y) mexay fu u gu. Ham nonanoburcst Tpuanrynsinus (pasbueHue Ha CHMILICKCH )

npusmbl A" X . Iycrs vy, . .., v, — Bepimuabl ocHosarust A” x {0}, a wo, . . ., w, — Bep-
bl ocHoBanusg A" x {1}. Hama rpuanryssnus npusmbl A” X [ umeer n+ 1 cAMILTIEKCOB
pasMepHOCTH N + 1, KA¥XKIbIi 13 KOTOPBIX UMEET BUJ [V, . . ., V;, Wiy . .., Wy], . = 0,... n.

MozkHO HpoBepuTh (3aa4a), 9T0 3T0 AHCTBATEILHO CUMILIUIUAIBHBIN KoMILTeKC. Ciry-
yar n = 1 u n = 2 noxa3aHbl Ha pHUC. J.

wo w2

wo w1 /

Vo U2

Vo U1

U1
Puc. 3. Tpuanryranusa npusmer A" x I,

[IycTh Teneph mama romotonust F': X X [ — Y mexay orobpaxkenusamu f u g. Omupe-
jesnum npusmennoie onepamopv. P Cp(X) — Chi1(Y) 1o dopmyae

P(U) = Z(_l)’LF o (U X id)|[vo,...,vi,wi,...,wn}>

7
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rie o: A" — X, a Fo(o xid) — komnosurust A" x [ — X x [ — Y. Mbl mokazem, 410
IPU3MEHHBIE OTIEPATOPHI 33,AI0T MEIHYIO TOMOTOLNIO MEXKLY fu M Gz, T.€. YIOBIETBOPSIOT
COOTHOIIECHUIO

FeomeTpudecku JieBast YaCTh 9TOT0 COOTHOIIEHUS IIPEICTABILAET TPAHUILY IPU3MBbI, & TPU
WIeHA B MPaBOil YaCTH MpeJCTaBIAIOT BepxHee ocHoBanme A™ X {1}, HUzKHee OCHOBaHHe
A" x {0} u 6okoByI0 moBepxHOCTH DA™ X I mpu3mbl. [1ist qOKa3aTeIbCTBA COOTHOIIEHUSI
HpOBeﬂéM BbIYUCJICHUE!

OP(0) =) (~1)'(=1VF 0 (0 X id)ljsg,...5,.csvsswrin] +

J<i

+ Z(_l)i(_l)jHF 0 (0 X 1) {ug,.,v4,w1,0.0 500

Jjzi
Ynensl ¢ 1 = j B 9TUX ABYX CyMMaX B3aMMHO COKPAINAIOTCS, 38 UCKIIOYCHUEM YJICHOB
Fo (o xid)|igwo,wn) =900 = gu(o) u  —Fo(oxid)|p,, .onmm = —foo =—fu(0).
Ynenst ¢ i # j — 310 B TognocTH —PJ(0), Tak Kak
PO(0) = Y (=1 (=1VF 0 (0 X 1)l ug.cn oo+

1<j

+ Z(_l)iil(_l)jF o (o x id)‘[UO,mﬂ;}'7-~77Ji1'wiy~-~7wn]'

i>j
Mbl noxazasn, 910 P — 3TO IenHasd FOMOTOINA MEXKAY fx U g4, a 3HAUUT, f, = ¢.. [
13 Teopembl 2.6 u cBOHCTB a), 6) U3 MpeIoKeHust 2.4 HEMeJIJIEHHO BBITEKAET

CaencrBue 2.7. Ecau f: X — Y — 20momonuveckan aK6USAAEHMHOCTIL, MO UHOYYU-
posarnoe omobpascenue 2omonoeul fo: Hy(X) — H,(Y) asasemca usomopdusmom ors
2106020 M.

CaenctBue 2.8. [oMomonuyecku IKEUBAACHMHBLE NPOCMPAHCNEA UMENM, USOMOPPHHOLE
epynnu, 2omonoeud. B wacmuocmu, ecau X cmaeusaemo, mo H,(X) =0 daa a06020 n.

2.3. lnuuHag TOYHas MOCJIea0BATEJIBHOCTh TOMoJIoTHit. HamoManM, 9T0 mocseio-
BaTE/JILHOCTH TOMOMOPMDU3MOB abesIeBbIX IPYIIII

e A A, I, L

HasbiBaeTca mounoti, ecau Ker f, = Im f,, 1 mis sioboro n. Takas mociie10BaTe IbHOCTD
SIBJISIETCS TEMHBIM KOMILIEKCOM ¢ TPUBUAJIBHBIMU TPYHIIAMH TOMOJIOTHI.
Tounast moc/1eJ0BATEILHOCTD BHIA

0—A-5B20c—0

HA3LIBAETCS KOpomkot mounol nocaedosamenrvrocmuro. B meit romomopdusm [ uabek-
TuBeH, g ciopbekTuBer u C' = B/Im f.
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KovmMyTaTtuBHas guarpaMmMa BHIA

0 0 0
An+1 0 An 0 An—l -
Bn+1 2 Bn 2 Bn—l -

J J J
Cn+1 2 Cn 2 Cnfl -

0 0 0

B KOTOpOfI CTPOKHU ABJIAIOTCA HEIITHBIMU KOMIIJICKCAMMU, A CTOJ’I6HBI — KOPOTKHUMH TOYHBIMU
mocjie A0BaTeJIbHOCTAMM I'DYIII, HA3bBIBACTCA KOpOmKOﬁ Mmounot NnocaedosamesvHOCmMbIO

( J
UenHvx Komniexcos. Mbl Oyaem ncrnoab3oBarh obozHadenne 0 — A, —» By — Cy — 0.
Tak xak orobOpaykeHusi ¢ ¥ j B KOPOTKON ITOC/I€I0BATENHHOCTH SIBISIIOTCS MEITHBIMEI, OHU

MH Y IEPYIOT ToMoMopdusmer rpymr romomoruii Hy(Ay) — Hy,(B.) = H,(C,).
Janee mor omumem emé oaun romomopdusm 0: H,(C,) — H,—1(A,), nazbiBaembrii
epaHuHOLM 20MOoMOpPusmom. Pacemorpum Kiace romosoruii [¢] € H,(C,), mpeacraiieH-
ubiit nukiom ¢ € C,,. Tak kak j — smumopdusm, ¢ = j(b) aist Hekoroporo b € B,,. Toraa
j(0b) = 0j(b) = Oc =0, T.e. Ob € Ker j = Imi. CnenoBarensho, 0b = i(a) 11 HEKOTOPO-
ro a € A,_1. Ilpu stom da = 0, Tak kax i(da) = di(a) = 00b = 0, a i — mMoHOMOPDHU3M.
Teneps oupepennm Olc] = [a]. Heobxoaumo mpoBepurh, 4T0 MOJIYyYeHHOE OTOOPAaZKeHHE
0: H,(C,) — H,_1(A,) oupeeseHo KOpPEKTHO (T.€. He 3aBUCUT OT IPOM3BOJIA B BHIOODE
¢, bu a) u gaBageTcs roMOMOPAU3MOM. DTH IIPOBEPKH Mbl OCTABJIAEM B KAUeCTBE 3a1atH.
Bot osHa m3 mepBbIX TEOpeM TOMOJIOTHYECKOH ajaredphl.

Teopema 2.9. Kopomkas mounas nociedo8amesbHocms YenHuLr KOMNAEKCOS

0— A, — B, 15 C, — 0

UHIYUUPYEM «ONUHHYI> MOYHYIO NOCAEIOBAMEALHOCTNG 2PYNN 20MON0UTL:

= Ho(A)) -5 Hy(B)) 25 H(C)) -% Hy 1 (Ad) -5 Hy 1 (By) — ...

Jloxasamenvcmeo. Vcnosb3yemble IPH JTOKA3ATENBCTBE PACCY K ICHNSA HA3BIBAIOTCS <IN~
rpaMMHBIM monckKoM». Heobxomqumo jgo0Ka3aTh 6 BKJIFOUEHMHII.

Imi, C Ker j,. [lefictBuTensHO, paBeHCTBO ji = 0 BAeYET j, i, = 0.

Im j, C Kerd. Eciu [¢] € Imj,, To ¢ = j(b), tae b = 0. Tak Kak mpu onpemeseHnn
IPAHIIHOTO roMoMopdu3Ma Mbl mostaraeM i(a) = 0b, nonydaem a = 0, t.e. d[c] = [a] = 0.

Im o C Keri,. llycts [a] = 0[¢|. Toraa i(a) = 0b, a 3naunrt, i.[a] = [0b] = 0.

Kerj, C Imi,. Ilycrs j.[b] = 0. Torga j(b) = d¢’ ans mexkoroporo ¢ € Cp4q, Tak
Kak j — smumopdusm, ¢ = j(V') maa wekoroporo O € B,yq. Ipu stom j(b — V') =
j(b) = 9j(b') = j(b) — 0c = 0. Caenosarensuo, b — b’ = i(a) maa HekoTOPOrO 0 € A,,.
DJIeMeHT @ sABJIsAeTCs MUKJIOM, Tak Kak i(0a) = 0di(a) = (b —0b') = 0b = 0, a i —
monomopdmam. CiieoBaTebho, iyja] = [b — OV'] = [b], .e. [b] € Im,.
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Kerd C Imj,. Ilycts O] = 0. B obo3HadeHHsIX W3 ONpEIETCHHs IPAHUTHOIO TO-
mMomopdusma 0 mbl umeem O[¢] = [a], T.e. B Hameil curyanun a = da’ I HEKOTO-
poro @ € A,. Hauee, i(a) = 0b. Paccmorpum sjiement b — i(a’). D10 nuki, tak Kak
d(b—i(a")) = 0b—1id(a") = b —i(a) = 0. Kpome Toro, j(b—i(a')) = j(b) = ¢, a 3naunr,
Jalb —i(a’)] = [d].

Keri, € Imd. Tlycrs i,[a] = 0. Torma i(a) = 0b ans wHekoroporo b € B,,. Diement
j(b) saBrserca muksioM, tak kak Jj(b) = j(0b) = ji(a) = 0. Torma mo ompe/e/aeHHIO
rpannaHoro romomopdusma Mol umeem 0[j(b)] = [a). O

2.4. OTHOCUTEJIbHBIE I'PYIIHbI TOMOJIOTHAI U TOYHAS MOCJIEA0BATEIHLHOCTD AP,
Ternepb Mbl TPUMEHUM aarebpanvdeckue TOCTPOEHUsT PEBIIYINEro maparpada B TOIOJIO-
CUYEeCKON cuTyaluu.

[Ilyctb A C X — moampoctpauctso, T.e. (X, A) — monoaoeuueckan napa. O6o3HA-
uuMm vepe3 C, (X, A) daxroprpyuny C,(X)/C,(A). Tak kak rpanuunbiii romoMopdusm
0: Cp(X) = Cph_1(X) nepesogur C,(A) B Cp,_1(A), OH UHAYIMPYET TPAHUIHBIA TOMO-
mopdusm 0: C (X, A) — C,,_1(X, A). B pesyabrare Mbl mojydaeM HemHOH KOMILIEKC

o Co (X, A) - ClX,A) - Oy (X, A) —

(coornomenue 9% = () BBIOJHEHO, TAK KAK OHO BBIIOJTHAIOCH JI0 TIePexoa K (baKTOPrpyT-
nam). Ero romosornu H, (X, A) Ha3BIBAIOTCS OMHOCUMEALHULMYU 2PYNNAMU 20MOA02UT
napsl (X, A). Takum obpasom,

a) snementhl u3 H, (X, A) npeacraBieHbl 0mHOCUMEAOHOMU YUKAGMU, T. €. TAKAMH
nensavu a € Cp(X), aro da € Cp,_1(A);

6) oTHOCHTENBHBIH MUK @ mpeacTasiaser 0 B H, (X, A) Torma u TOIbKO TOrA, KOraa
OH SIBJISICTCS OMHOCUMeAvHol epanuyed, T.e. a = O0b + ¢ Jyist HEKOTOPBIX b €

Cri1(X)uce Cy(A).

Mpl nMeeM KOPOTKYIO TOYHYIO TMOCTAET0BATENIBHOCTH MEMHBIX KOMILIEKCOB
0 — Co(A) == Co(X) -1 Co(X, A) — 0.
N3 reopembl 2.9 BbITEKaET CJIEAYIONIUA PE3YJILTAT.

Teopema 2.10. /Jlasa napw, npocmparcme (X, A) umeem mecmo mounas nocaedosamens-
HOCTMD 2PYNN 20MON02UT

= Hy(A) 25 Hy(X) 25 Ho(X,A) =S Hy y(A) =25 Hy (X)) — ..

13 anrebpamdecKoro OmpeiesIeHis: TPAHUIHOTO TOMOMOPGhU3MA B JIJTHHHON TOYHOI MO~
CJIEJIOBATEIBHOCTU IPYIII TOMOJIOTUIT HEMOCPECTBEHHO BBITEKAET CJIEYIONIeE ONUCAHUE
rpannanoro orobpaxkenns 0: H,(X,A) — H,_1(A). Ecin xnace [a] € H, (X, A) npea-
CTaBJICH OTHOCUTEIBHBIM ITUKJIOM @, TO O]a] — kaacc nukiaa da B H,_1(A).

Huzke MBI OKazKeM, 9TO JJist 10cTaTo9HO Xopormux map (X, A) oTHocuTebHAs TPyIITIA
romostoruit H, (X, A) B TOIHOI TTOCIE10BATEILHOCTH BBIIIIE MOZKET ObITH 3aMEeHeHa Ha, «a0-
COJIIOTHYIO» I'PYIILY ﬁn(X /A). Tlonyuaemasi TOYHAST MOCJIEIOBATEIBHOCTD JACT HAM TMep-
BBl 9 DK THBHBI HHCTPYMEHT /TS BRIYUCICHUST CHHTY/ISIPHBIX TOMOJIOTHIT TIPOCTPAHCTB.

2.5. Teopema Bpipe3anus u €€ cjaenacrsud. CBOHCTBO BbIpe3aHUsd ABIAETCS OJIHUM
13 KJIIOYEBBIX CBOWCTB CHHIYJISPHBIX TOMOJIOTHI HAPALY ¢ TOMOTONUYECKOl MHBADUAHT-
HOCTBIO M TOMHBIMH HOC/ICI0BATEILHOCTAME Tap. B KauecTse ¢/e/icTBUs U3 TeOpemMbl Bbl-
pe3aHusl B CJIEAYIONEM MyHKTe Mbl JoKaxkem uzomopbusm H, (X, A) = H,(X/A) xis
«xopomux» map. Bor knaccnueckasg ¢pOpMyJIUPOBKA TEOPEMbI BHIPE3AHHSL.
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Teopema 2.11. Ilycmo danv npocmpancmea Z C A C X, npuuém samvikarue npo-
cmpancmea Z codepotcumen 60 snympenrocmu npocmpancmea A. Tozda sxarouenue

(X\Z,A\ Z) — (X, A) undyyupyem uzomoppusmo,
Hy(X\ Z,A\ Z) = H,(X,A), n>0.

NmeeTcs caeayiomast SKBUBaJeHTHAsE (DOPMYJIHPOBKA TEOPEMbI BBIPE3aHUsi, KOTOpas
Tak:Ke Oy/IeT ToJie3Ha M1 MPUI0KEHNIH.

Teopema 2.12. IIycmwv danv, nodnpocmpancmea A, B C X, enympennocmu KomopoL
nokpwsatom X. Tozda sxmouenue (B, AN B) — (X, A) undyyupyem uzomoppuzmo.

[~23

H,(B,ANB) = H,(X,A), n>0.

Yrobbl yoeauThesd, 9T0 JABe GOPMYTHPOBKH TEOPEMbI BLIPE3aHUs SKBUBAJIEHTHBI, [10JI0-
wnm B=X\ZuZ=X\B. Torna ANB = A\ Z, a yciopue Z C int A 9KBUBaJeHTHO
yenosmuto X = int AU int B, Tax xak X \ int B = Z.

JTokazaTeibcTBO TeOpPeMbl BbIpe3aHus OyjeT JaHO B CjeayiolneM mnaparpade, a moka
MBI [OJIYIUM Psifl €€ BayKHBIX CJICJCTBUI.

Honst mapst (X, A) pacemorpum npocrparctso X UC A, kotopoe mosnydaercst u3z X mpu-
coenunenuem Komyca C'A wan A (1.e. xKonyc omobpasicerus Baoxenns A — X).

Ilpengsoxxenue 2.13. Umerom mecmo u3domophusmol

H,(XUCA) = H,(X,A), n=0.
Jloxazameavcmeo. Mbl umeem
ﬁn(X UCA) 2 H,(XUCA,CA) 2 H,(XUCA\ {v},CA\{v}) =2 H,(X,A),

/e TIePBbIii B30MOPGhU3M BBITEKAET U3 TOTHOMN MOC/IEI0BATEIBHOCTH TAPHI (TaK KAK KOHYC
C'A crarusaem), Bropoii uzoMopdusm ciejgyer u3 TeopeMbl Bbipesanus (Teopema 2.11;
3/1eCh U — BepIIMHA KOHyCa), a TpeTuii u3oMopdu3M npoucxoaut u3 aedopMarmoHHOR

perpaxmun CA\ {v} — A. O

Hanomunm, qro orobpakenue Bjaoxkenus A < X Ha3bIBAETCS KOPACCAOEHUEM, €CJTH
OHO YJIOBJIETBODSIET CBOHCTBY mpogozkenus: romoronun (cm. [TTa, §4.2]). TIpuvepamvu siB-
JSIOTCST BIOYKEHUS KJIETOYHBIX TTO/IIPOCTPAHCTB B KJIETOTHbBIE TPOCTPAHCTBA, (KACTOYHbLE
napw (X, A)), a takxke noamuokectBa A C X, KoTopbie sBISIOTCA JAehOpMAITHOHHBIME
perpakTaMy CBOMX OKpecTHOCTel B X .

Ipeanoxxenue 2.14. Ecau eaosicenue A — X A6AA€MCA KOPACCAOCHUEM, MO PAKMOP-
omobpascenue q: (X, A) — (X/A, AJA) = (X/A, pt) undyuyupyem uzomophusmo

@ Ho(X, A) = Ho(X/A, pt) = Hy(X/A), n>0.

Zoxasameavemeo. Ecim A — X sBistercs KopaccaoeHneM, To (pakropoTobpazkerune X U
CA — (XUCA)/CA = X/A gBnseTcs TOMOTONMYECKOi 9KBUBAJIEHTHOCTHIO (cM. [I1a,
npeiaoxkenue 4.9]), Tak 4To yTBepKIEHUE CIeIyeT U3 npejioxenns 2.13. 0

Ilpengmoxkenue 2.15. /laa chepor S, n = 0, umerom mecmo usomopphusmos

{Z npu v =n,

I

Hy(S"
(57) 0 npui+#n.
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Joxasameavcmeo. Ilpm n > 0 pacemorpum napy (X, A) = (D™, S"1); Torna X/A = S™.
Tounast MOCICIOBATEILHOCTD IS IIPABEICHHBIX TOMOJIOTHI UMeeT BUT

ﬁ[l(Dn) — Hi(DTL’Sn—l) — ﬁi,l(S”_l) — ﬁzfl(Dn)
I I |
0 Hi(S7) 0

W3 TouHOCTH CJIedyeT, YTO I:E(S") &~ ﬁi_1<5n71)' [Ipr momoIy MHIYKIUKA MBI CBOIUM
yTBepzKIeHne K ciaydaio ¢ = 0 6o n = 0, Torna S — ABe TOUKH M pe3yJbTaT Clepyer
u3 mpejaoxkennit 2.2 u 2.3. 0]

O06001IeHnEM TPEJIBIIYIIEI0 YTBEPXKIACHUSI SIBJIACTCA CAEIYIONAs TeOpeMa.

Teopema 2.16 (u3somopdusm HagCTPOiiku). Jas 406020 npocmpancmea X umerom me-
Mo U30MOPHU3MbL

Hi(2X) = H_1(X).

ﬂonasameﬂbcmeo. DTO BEITEKACT U3 TOYHOH TOMOJOTHIECKOIT IIoCJIe 10BaTCJIbHOCTHU IIaPhl

(CX,X), tne CX craruBaemo, X — CX sapiserca KopacciaoenueM st Jjioboro X u
CX/X =XYX. O

Teopema 2.17. IIycmo (Xo,To) — HA60P NPOCMPAHCME ¢ OMMEYEHHUMU TMOYKAMU,
ONS KOMOPVLL BAOACEHUA Lo —> X, ABAAIOMCA KOPaccaoenuamu. Tozda umerom mecmo

USOMOPPUIMBL
H, (\/ Xa> ~ (P H.(X.), n>0.

Jokasamenvbcmeo. Do BoITEKaeT u3 ToIHOI noctenosarensaocTs napst (| |, Xo,| |, {za})
u oupenenenns Oykera \/ , X, =], Xo/ | {a}- O

[Tpu momorI roMoJI0THl JIETKO JIOKA3bIBAETCS CJISAYIONIHIT KJIACCUIeCKHUIT Pe3y IhbTaT.

Teopema 2.18 («uHBApUAHTHOCTH pasMepHOCTH» ). Ecau nenycmoie omrpuimole MHooce-
ecmea U CR™ vV C R™ 2omeomopdriv,, mo m = n.

Loxazameavcmeo. g moboit Toukn x € U MBI nMeeM

7, upui=m,

H;(U, U\ {z}) = H;(R™,R™\ {z}) = H,_1(R™\ {z}) = H;_; (5" ") = {0 pu i £ m

rJIe IePBBIH M30MOPMU3M CJeJIyeT U3 TeOpeMbl BbIpe3aHHsi, BTOPOM — M3 TOYHOM I0-
caemoBaresibhocT mapbl (R™ R™ \ {z}), a Tpetunii — u3 gedopManuoHHON peTpaxiun
R™\ {z} — S™ 1. Amanormano

Z upm i =n,
0 upu i #n.

H;(V, VA A{y}) = {

Taxk kak romeomopbusm h: U — V wusgynupyer uszomopbusvbr H;(U,U \ {z}) =
H;(V,V\ {h(z)}) mrsa Beex i, TOMMKHO BBIIOJHATHCS PABEHCTBO M = N. O
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2.6. /Toka3aTejqbCTBO TeOpembl BbIpe3daHud. JlokazareqbcTBO OygeT OCHOBAHO Ha
KJII0YEBOI JIeMMe, TO3BOJILIONEeH BBIUUCIATH IPYIIIHI TOMOJOIHM, HCIIOIb3Ysl JUIIb «Ma-
JIbIe» CHHTYJISPHBIE CHMILUIEKCHL. MajocTh Mbl OyJeM ONpesesaTh B TePMUHAX HOKDPBITHIA,
& OCHOBHBIM KOMOMHATOPHBIM MHCTPYMEHTOM OyJieT DapHUIleHTPUYECKOE MOJpa3ie/ieHue.

[Tycts U = {U;} — nabop moanpocrpancTs B X, BHYTPEHHOCTH KOTOPHIX 00pa3yioT OT-
KpbITOe NOKphiTHe TpocTpancTsa X . Oupenennm noarpynmy CY(X) s C,,(X), cocTosmmyo
U3 TAKUX Hemeit » . n;0;, 910 00pa3 Kazxk1o0ro orobpazxkenuns o;: A" — X comep:KuTcs B
HEKOTOPOM MHOXKecTBe u3 MOKphiThsa U. ['panmanoe orobpazkenne 0: Cp(X) — C,_1(X)
nepesogut C%(X) B C% | (X), nosromy rpynust C¥ (X)) obpasyror nennoit kommrexc. O6o-
3HAYUM ero rpymnisl romosoruit uepes HY(X).

Jlemma 2.19. Braouenue 1: CY(X) — C,(X) asasemca yennoti 2omomonuueckoti o%-
BUBAACHIMHOCTIBIO, M. €. cyuecmeyem makoe yennoe omobpasicenue p: Cp(X) — CY(X),
YMO LY U PL YENHO 20MOMONHDL, Modtcdecmeernvim omobpascernuam. Caedosamenvro, t

[

undyuupyem usomophusmo, H4(X) = H,(X), n > 0.

Jlokasameavcmeso. HamoMuuMm, 910 GapuleHTPOM (MM MEHTPOM TSYKECTH) CUMILIEKCA
[vg, . .., v,] B pocTpancTe RY naswpiBaeTca Touka b = %ﬂ(vg + ...+ v,). Bapuyenmpu-
weckum nodpazbuenuem CUMILIEKCA [V, . . . , U] HA3BIBACTCS CHMILTUIUATBHBIN KOMILIEKC,
BEPIIMHAMEI KOTOPOI'O SIBJISIOTCSE DAPUIIEHTPBI BCEX IPaHeil CUMILIEKCa [V, . . . , U] (BKIIIO-
qasi caM CHMIJIEKC); TIPU 9TOM HaOOp GApUIIEHTPOB I'PDAaHel SB/IAETCS MHOKECTBOM BEPIITHH
CUMILTEKCA B DAPUIIEHTPUUIECKOM TMOAPA3ONEHNN TOJIBKO TOIJIA, KOT/a 3TH rPaHu 0b6pa3y-
0T TIEMOYKY BJIOYKEHHBIX JPYT B apyra. [lo-apyromy GapurieHTputdeckoe moapa3dbueHne
CUMILTIEKCA MOZKHO OIIPEJIeJINTh HHAYKTHBHO: OAPUIIEHTPUYIECKOe ToIpa30uenne HyIbMep-
HOTO CHUMILIeKca (TOYKH) ecTh cama 9Ta TO4YKa, a npu k > ( GapuIeHTpHYECKOe MOJ-
pazbumenne k-MepPHOTO CUMILIEKCA HOJTyIaeTcs B3ATHEM KOHYCOB HaJl OapUIleHTPUIeCKIMUI
HOpa3OueHUIMIA BCeX ero rpaHeif. AHAJOTMYHO WHIYKTUBHBIM 00PA30M OIpEIeIsieTcs
HapuIeHTpUIeCKOoe MoApa3dueHne mMpon3BOTHEHOTO CUMILIATIIATBHOTO KOMILIEKCA.

Bapunienrpudeckoe 1ojipazouenue 00/1a/1aeT CJACJAYIONUM BazKHBIM CBOMCTBOM: €CJIH
JHAMETD CHMILIEKCA [V, ..., V| (MAKCHMAIbHOE DACCTOSHHE MEXKIY €r0 TOYKAMH) pPa-
BeH d, TO INaMeTPbl CUMILIEKCOB €ro ODAPUIIEHTPUYECKOTO TOPAa30NeHns He TPEBOCXOAT
—ed (3amaga). Takum 06pa3oM, MHOTOKDATHO NPUMEHssT GapHIIeHTpUYecKoe moapa3tne-
HUe, MOYKHO TOJY4YaTh CKOJIb YTOJTHO MeJTKIe TPHAHTYIISIIN.

Hanee mbl octpouM omeparop nogapasbuenust S: Cp,(X) — C,(X) u mposepum, 410
OH TIETTHO TOMOTOTIeH TOXKJIECTBEHHOMY OTOODaKEeHUIO.

[Iycts o: [vg,...,v,] — X — cuarynspueii cumiuieke. s jo6oro Habopa TOYeK
Wo, ..., W € [Vo,...,V,] Orpanrdenue 0TOOpAKEHHs 0 33Ja8T CHHIYISAPHBIHA k-CUMILIEKC
[wo, ..., wg] = X. OnpejeaumM Ha TAKUX CHMIIEKCaX oneparop b, 1o dbopmyste

b [wo, - . ., wg| = [b,wo, . .., wg],
rjae b — GapuneHTp cuMILIeKca [V, . .., v,). Ilo onpenesennio rpanmgnoro oneparopa O

MBI UMeeM COOTHOIICHHE
Obgwo, . .., w] = [wo, . .., wx] — by0wo, ..., wgl,
KOTOPOEe MOKHO Hepelnucarb B BIJIE
Ob, + b,0 = id.

Teneps ompenenum onepatop noapaszouenus S: Cp,(X) — C,(X), nast n = 0 mo10KuB
S =id: Cy(X) = Co(X), a st n > 0 upu MOMOIIM UH/LYKTUBHON GHOPMYJIbI

(3) So = b,S00.
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Puc. 4. Tpuanryaanusa npusmbr A" x [.

Feomerpudeckn 3ra opMmyna O3HAYAET, UTO S TEePeBOIUT CHUHTYIAPHBIA CHMILIEKC
o: [vg,...,vy] = X B CHHIYJISIDHYIO TI€lib, IPEACTABJSIONLYI0 CODOH CyMMy OrpaHude-
HUIl 0 HAa CHMILIEKCHI GAPHIEHTPHYECKOTO MOAPA30HeHnsT CUMILIEKCa [V,

..y Uy, B3ATHIE
C HEKOTOPHIMHU 3HAKAMHU.

Omneparop S: C,(X) — C,(X) stBisiercs nenHbiM oTobpazkenneM. [leficTBUTEIHHO, TPH
n =0 mbl mmeem S =idu d =0, .e. 05 =50 =0, a upu n > 0 umeem

0So = 0(b,S00) = (id —b,0)S00 = Sdo — b,0500 = SO0 — b,SOJo = Sdo,

re B MPeIIoCTIeHEM PABEHCTBE MbI BOCIIOJIB30BAIUCH TIPEJITOIOKEHHEM UHIYKIUH (CO-
orHomenue 0S5 = SO umeer MecTo i CUHIYJIsIpHOiT (n — 1)-Meproit e Jo).

Teneps onpenennm oneparop nenHoii romorormun 1 Cp(X) — Chi1(X) mexay S u
TOXKIeCTBeHHBIM oToOpazkenneM. /lias n = 0 nonoxum T'o = b,0 (370 CHHTYASIPHBIA O/T-

HOMEDHBIN CHMILIEKC, MepeBoAsImii 06e BepImuHbl B TOUKY o[vg]). dast n > 0 ompegennm
T uCmonb3ysa HHAYKTUBHYIO (DOPMYITyY

To =b,(0c —T0o).

leomeTpuueckast HHTepIpeTanus 3Toit (popMyIbl 3aKII0IaeTCs B caeayonmeM. Onpeaennm
HHJAYKTHBHO nojapasbuenne npu3Mol A” X [, MOIy9eHHOE B PE3Y/IbTATE COCIHHEHHS BCEX
cumitercos B A x {0} UOA™ x I ¢ 6apunenrpom cumiutexca A x {1}, em. puc. 4. Torna
cunryispras (n + 1)-mepras nens T'o ecTh CyMMa OrpaHIYCHN KOMIO3UIINH

A" < T2 A" = [vg, ... 0, 25 X
Ha CHMILIEKCHI OIpa30reHrs NPU3MBbI, B3ATHIE ¢ HEKOTOPBIMH 3HAKAMH.
®opmyra nennoit romoronnu 1 + T0 = id —S semosanena na Co(X), tae S = id,
0=0wu JT = 0. st CHHI'YJIIPHOIO N-MEPHOI'O CUMILIEKCA 0, 1 > 0, Mbl ©UMeeM
ITo = J(by(c —T0o)) = (id —=b,0)(0c — TOo) = 0 — Tdo — b, (id =0T )do =
=0 —T00 —b,(T0+ S)00c =0 —Tdo — b,S00 = (id —T0 — S)o.

3/1eCh MBI BOCIIOIH30BAJIICH TIPENION0KeHneM HHAyKinu (coorrorrenne id —0T = To+ S
MMeeT MeCTO JIId CHHTYIApHoii (n — 1)-Mepuoit nenu do) u dbopmyitoii (3).
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PacemorpuM omepatop m-kpatHoro 6apunentpudeckoro mogpasbuenus S™: Cp(X) —
C(X). Torma onepatop Dy, = D o, 0, TS 3a1a8T NenHyIo roMoTonuio Mexk Iy id u S™:

ODpm + D0 = > (0TS'+TS'9) = > (0TS +TdS") = Y (9T +T9)S" =

oi<m 0<i<m oi<m
=) (-9 = ) (§-85")=id-5".
0<i<m 0<i<m

Jloist Kaskoro CHHTYAspHOTro cumiiekca o: A" — X u 10¢TaTouHO GOJIBIITOrO 1M CUH-
ryaspaas nenb S™o Gyger gexars B CY(X), Tak xax pauamerpbl cumiiekcos B S™(A™)
npu Oosbiux m OyayT MeHbire [ncaa Jlebera mokpeiTus cuminiekca A" OTKPBITHIMEA
vuozkectBamn o L (int U;). (Imcao JleGera OTKPHITOrO MOKPHITHS KOMIIAKTHOTO METDH-
YEeCKOr0 MPOCTPAHCTBA — 9TO Takoe 4ucjo £ > 0, 4ro Jiio60e MHOMKECTBO JHaMeTpa
MEHbIIIE £ CONEPKUTCS B HEKOTOPOM MHOYKECTBE MOKPbITHsI.) Ecau Gbl MOXKHO OBLIO BbI-
fpaTh OJHO YUCJIO M JIJIs BCEX CHHTYISPHBIX CHMILIEKCOB 0, TO MBI MOTJIH ObI MOJIOKHTH
p=25m":C,(X)— CY(X), u torna coornomrenue dD,, + D,,0 = id —S™ oznaqaio 6o,
aro D,, aBIAsieTcs TenHoil roMoronueil Mexkay tp u id (a Takxke Mexay po u id).

Ha npakruke, 0JjHaKO, Mbl HE MOXKEM BbIOPATH OJHO M jijist Beex o. [loaromy onpeenum
m(o) xKak Hammenbiee m, s koroporo S™o € CY(X). Oupesennm Tenepb omnepaTop

D: Cp(X) = Cpy1(X), Do = Dyys)0.

Huzke Mbl okazkeM, uto D sBiisleTcs 1enHOi roMoronueii Mexk1y id u tp /it HEKOTOPOro
nennoro orobpazkenns p: C,(X) — CY(X). PaccMoTpumM cooTHONIEHHE

8Dm(o)a + Dm(a)(‘?o =0 — Sm(J)O'.

Mot umeem 0Dy, 0 = 0Do, 1o D,y 00 # DOo. Ilpubasus DJo k obeum dacram
HPUBEAEHHOTO BBIIIE COOTHOLICHUSI, ITOCJIe IPEe00PA30BAHN Oy UM

0Do + Do = o — (Sm(”)a + D000 — D(?a).

Tenepp moJIOKHM

p(a) = 8™ o + D00 — Do
CMBICJT 3TOTO OTOOpAXKEHUs p 3aKIOYAECTCI B TOM, YTO MBI CHadajga OApUIEHTPUYIECKH
1nojipas3buBaeM KazK/blii CUHIYJISIPHBII CUMILIEKC MUHUMAaJIbHOE TpedyemMoe 4Hc/0 pa3, a
3aTeM TO/IIPAB/IgeM Ha IPAHUIE TAK, YTOOBI Pe3y/IbTaT ObLI IENHbIM OTOOpakeHuem. To-
rJ1a IPeIocyaeHee COOTHOIIEHHE MPUHUMAET BH/I,

(4) 0Do + DOo = o — p(0).

Ilpu sToM p siBAsieTcst memHbiM otobpazkenueM. leficTBuresnsio, u3 dopmysst (4), mpu-
MeHEHHOH K 0 u Jo, ciaenyet, 4to Op(o) = do — 0DJo = p(0o).

[okaskem, ato p(o) € CY(X). Bro ogesnano ans unena S™)o. Jlng ocrambhoft qacTn
Dy(0)00 —D0Oo 3ameTnm, 9TO ec/ii 0; 0003HaUaeT OTpaHIueHIe 0 Ha j-10 TPaHb CHMILIEKCa,
A", tom(o;) < m(o), nosromy Kazkaptii wien 7'S*(0;) B DOo Gyner BXOAUTD U B Dy, 00
Taknm o6pasomM, Dy, y)0c — Ddo — cymma wienos 1S (o;), tae i > m(o;), a Bce Takue
wiensl gexkar B CY(X) (zamerum, uro T mepesogur CY | (X) B CY(X)).

Takum 06pa3oM, Mbl MOXKEM PACCMATPUBATH p Kak HeinHoe orobpaxenune p: Cp(X) —
CY(X). Toraa coornomenue (4) nepenumercs B puge dD+ DO = id —up, rae 1: CY(X) —
Cn(X) — Braouenue. Kpome toro, pi = id, Tak kak D TOXKIECTBEHHO DABHO HYJIIO Ha,
CYU(X), nockonbky m(o) = 0 qus o € C%(X). Urak, oTobpazenue p NemHo roMOTOIYe-
CKH 00OpaTHO K L. [l



Temeps MBI MOXKEM JTOKa3aTh TEOPEMY BBIPE3aHU.

Jlokazamesvemeo meopemo, 2.12. Ham gannt moanpoctpanctsa A, B C X, BHYTpeHHOCTH
koropbix 1HOKpbiBatoT X. [lepexoss, eciiu HEOOXOAMMO, K BHYTPEHHOCTSM, Mbl MOXKEM
cautarh, 9T0 X = AU B — OTKpBITOE MOKPHITHE, KOTOPOe Mbl 0003Ha4dnM 4depe3 . Muor
oynem oboznavarh rpynnsl CY(X) gepes C,(A + B), 4ro ykasbiBaeT Ha TO, 4TO OHHU
coCTOAT U3 cymMM nemneil B A n nemneit B B.

B xonne gokazarenbcrBa jgemmbl 2.19 mbr moayuwan gopmyast 0D + DO = id —up
u p. = id. Bee orobpazkenusi B 31ux dhopmynax mepesoast C,(A) B C,(A), mostomy
BKJIIOYCHHE

Ch(A+ B)/Cy(A) = Ch(X)/Ch(A)

uHIyupyeT nudoMmopgusm romosornii. C npyroii ¢TOPOHBI, 0TOOpaKEHTEe
Cn(B)/Co(ANB) = C,(A+ B)/CL(A),

UHIYIUPOBAHHOE BKJIIOUCHUEM, SBJIACTCA M30MOPQU3MOM, TaK Kak o0e (baKTOprpyIIIbl
cBOOOIHBIE M MX 0A3MCOM CIIyzKAT CHHIYJISpHBIC N-CHMILIEKCH B B, He Jexkamue B A.
CrnemoBateabHo, MBI IOJTyIaeM Tpebyembiit uzomopbusm H, (B, AN B) = H,(X, A), un-
IyIUPOBAHHBIA BKIIOYCHUEM. O

2.7. Tounaa mociaemoBaTebHOCTh, Maiiepa—Bueropuca.

Teopema 2.20. Ilycmv danv, nodnpocmpancmea A, B C X, enympenHocmu Komopuls
nokpwsatom X . Toeda umeem mecmo mounas nocacdo8aMENLHOCNG 2PYNN 20MOA02UT]

... = H(ANB) 25 H,(A)& H,(B) 2 H,(X) -2 H,_(ANB) — ... — Hy(X) — 0.

Joxaszameavcmeo. Kak m B jokazarenbcTBe Teopembl 2.12, paccMOTpUM  HOATPYIIILY
Cn(A+ B) C C,(X), cocrosmiyto u3 1ernei, KOTOpbe sIBIAIOTCS CyMMaMu Ieneil B A
u neneit 8 B. Mbl uMeeM TOYHYIO TIOCJIE0BATEILHOCTL IEMHBIX KOMILJIEKCOB, 00pa3oBaH-
HYI0 KOPOTKAME TOYHBIME HOCJIeI0BATEILHOCTAMM

0 — Cu(AN B) -5 Cu(A) @ Cu(B) -2 Cu(A + B) — 0,

rie p(z) = (z,—x) un Y(x,y) = x + y. CooTBeTCTBYIOMAs JINHHAS TOYHAS TTOCIEI0BA-
TeJILHOCTH TOMOJIOTHII H €CTh TOCJIeNoBATeIbHOCTh Maidiepa—Bueropuca, Tak Kak BKJIIO-

genne Cp(A+ B) — C,(X) nuaynupyer u3oMopdu3M Pyl FOMOJIOIMH CONIACHO JIeM-
Me 2.19. U

['panmanoe orobpaxkenue 0: H,(X) — H,_1(AN B) nerko onucars asuo. [lycrs knacce
a € H,(X) upencrapier nukjaom a. C moMoIbi0 6apUIeHTPHYECKOro MOAPa30neH s KT
@ MOYKHO BBIOpATH TakK, 9TOOBI OH OBLT cyMMOil x + y 1ienieit B A u B coorBeTcTBeHHO. MBI
uveeM da = Oxr + Jy = 0. Torma saement da € H, 1(A N B) mpencraBieH MUKIOM
Ox = —0y.

Nmeerca Takzke caeayionasd OTHOCUTeIbHA MOcae10BaTeIbHOCTh Maitepa—Bueropuca,
JIOKA3aTeJIbCTBO KOTOPO# OCTAETCs B KaUeCcTBe 3a1a4H.

Teopema 2.21. ITycmov dana napa npocmparncme (X,Y) = (AU B,CUD), 20e C C A,
D C B, snwympennocmu npocmparcme A u B noxkpuearom X, a enympennocmu C u D
noxpuieatom Y . Tozda umeem mecmo mouHaA NOCAEIOBGMENLHOCL 2PYNN 20MOA02UL]

.= H,(ANB,CN D)5 Hy(A,C) @ Hy(B, D) 25 Hy(X,Y) -5 ..
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2.8. DKBUBAJIEHTHOCTh CUMILIUIMAIBHBIX M CHHTYJISPHBIX romoJoruii. [lycrs
Ha X 3aJaHa CTPYKTYpa MOJYCHMILTHIIHAJBHOTO KOMILTIEKCA, T. €. 3aJaHbl OTOOParKeHUsI
0o A" — X, yhosierBopsifonue ¢cBoiicrBam a)-B), cM. 1. 1.2. Mbl onpeesnim KOMILIEKC
cummmmaanbbix neneit {A,(X), 0} n cavmmmmanbabie romostoran H2(X).

OnpesieTiv TakyKe TPYIITHI OTHOCHTEILHBIX CHMILTHTHAIBHBIX romostormit H2 (X, A).
[Tycts A C X — MOMyCHMITHIIAAIBHBIH TOKOMILIEKC, T. €. TOJIYCHMILIAIHATIHHBIA KOM-
71eKC, 00pa30BaHHBIN 0ObeIMHEHTEM HEKOTOPBIX CHMILIEKCOB Komintekca X . Torma rpy-
na H2(X,A) ompenensercs Kak T'DyIHa FOMOJOTHII KOMILIEKCa OTHOCHTEIbLHBIX Ielleit
Ap(X,A) = A, (X)/A,(A). Kak u 11 CHHTYISIPHBIX TOMOJIOTHI, HMEET MECTO JIJTHHHAST
TOYHAS TOCIEI0BATEILHOCTD Haphl (X, A) 1IsT CHMILTHIHATBHBIX TOMOJIOTHIA.

Uneercss kanormdeckuit romomopdmsm HA(X, A) — H,(X,A) u3 cuMIIANMATb-
HBIX B CHHTYJISIDHBIE POMOJIOTHH, WH/LYTUPOBAHHBII enHbIM oTobpazkennem A, (X, A) —
Cn(X, A), nepeBofsmuM KazKIblil n-MepHBIH CHMIIEKC KOMILIeKca X B €ro XapakTepH-
cTudeckoe orobpaxkenne o,: A" — X. [Ipu A = @ orHOCHUTEIBHBIE TPYIIBI TOMOJIOTHI
ceogaTes Kk abcomorabiv: HA (X, @) = HA(X) n H,(X,9) = H,(X).

Teopema 2.22. Tomomoppusmo. HX (X, A) — H, (X, A) aeasomea usomopdusmamu.

JHoxaszamenavcmeo. PaccMoTpnM cHadasa ciaydail, Korja KoMIieke X KOHEYHOMepeH, a
A = @. Tlyers X* — 310 k-MepuBIit 0cTOB KOMILIeKCa X, COCTOSTINN U3 BCEX CUMILIEKCOB
pasmepnoctn < k. Torna Mbl mMeeM KOMMYTATHUBHYIO JUArPAMMY TOYHBIX TOCJIEI0BA-
TeJIbHOCTEN

Hfﬂ(Xf,X’“) — Hf()f’”) - Hf(f’“) - HnA(X’IX’“U - Hf_l(j(“)
Ho (X5 XY o H (XY o Ho(XR) — Ho (X XEY 0 Hy o (XR),

[Tokazkem, 9T0 1IEpBOE U YeTBEPTOE BEPTUKAIbHBIE OTOOpazkeHusi — u3oMopdu3Mbl. ['pyr-
na CUMILTMIHAIbHBIX Teneit A, (XF X ’“_1) Hy/IeBas Ipu n # k u cBobogHAs abeJseBa C
Ha3ucoM u3 k-MEpPHBIX CHUMILIEKCOB KoMiniekca X npu n = k. CiegoBaTebHO, I'PYIIIILI
CHMILTATAAIBHBIX roMotoruit HA(X* X*~1) mvetor Toumo Taxoe e omucanne. s Bi-
qpc/leHns IPYIN CHHTYAApHBIX romonoruit H, (X", X*~1) paccmorpum orobpazkenue

o: (AL Joak) - (x*, x*,

06pa3oBaHHOe XapaKTepuCTIaecknMu oTobpaskernsavu AX — X nyis Beex k-MepHBIX cHM-
miekcoB KoMiuiekca X. Orobpazkenune @ uHIynupyeT roMmeoMopdu3m

| |ak/| Joak = x*/x*1,

a 3HAYUT, OHO WHYIIUPYET U30MOPMU3MBI IPYIIT CUHTYIAPHBIX ToMojorHil. B jieBoii va-
cti cToutT Gyker k-MepHBIX cdep, mostomy rpymma H,(X* X*~1) pasna mymo npu n # k
U sBjsgeTcsd cBOOOIHON abesieBoii TPYIIONR ¢ 6a3uCcOM, COOTBETCTBYIOIIMM XapaKTePUCTHU-
geckuM oTobpazkenuam AF — X peex k-MepHBIX cHMILIEKCOB KoMIliekca X, npH n = k.
CaenoBarenbio, oTobpazxkenne HA(XF X1 — H,(X* X* 1) apngerca msomopdus-
MOM JIJIST BCEX 7.

[Ipumensist MHAYKIHUIO 110 k£, MBI MOYKEM IIPEJIIIOI0KUTH, 9TO BTOPOE U ISITOE BEPTHKAIb-
Hble 0TOOparKeHus B PUBEJAEHHON BBIIIIE KOMMYTATHBHOI JuarpaMme Takzke n3omMopdus-
MbI. Tora u cpejnee BepTUKaIbHOE OTOOParkeHne — u30MOpU3M COTJIaCHO aJrebpande-
CKOMY YTBEDPIK/JIEHUIO, H3BECTHOMY KaK AEMMG 0 NAMYU 20MOMOPHUIMAT (J-remma), cM.
zagaqay 2.41. lrak, yTBep:KieHne JJOKa3aHO B ciaydae, Korga X KoHedHoMepeH, a A = O,
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Pacemotpum Tenephb caydaii, korna X — decKoHeUHOMEPHBIH KoMmiLieke. Jlokaxkem cie-
nyionuit (bakT: KOMIAKTHOE TTOAMHOXKECTBO K B X MOXKeT MmepecekaTh TOTbKO KOHETHOe
9HCsI0 OTKPHITHIX cuMmiuiekcoB. (Ha camom jeste 910 obuii pakt 0 KIeTOYHBIX MPOCTPAH-
crBax.) JleficTBuTeIbHO, IPEAION0KIM, 9T0 K nepecekaer GECKOHEYHO MHOTO OTKPBITHIX
CUMILTEKCOB. Buibupas mo ofHOH TOYKe BHYTPH KayKI0TO U3 TAKUX OTKPBITHIX CHMILIEK-
coB, noJtyunm Geckoneunstit nadop rouex z;. Kaxaoe nz muoxecrs U; = X\ U; . {z;}
OTKPBITO, TAK KaK OTKPBIT €r0 Mpoodpa3 mpu JIIOOOM XapaKTepUCTUIECKOM OTOOpaXKeHUun
0q: A" — X. MuoxkectBa U; 00pa3yioT OTKpPBITOE MOKPBITHE MHOKECTBa K, H3 KOTOPOTo
HEJIb3sl BBIJEJIUTH KOHEYHOE HMOAMOKphiTHE. [IpoTuBOpeUne.

Teneps goxaxem, ato H2(X) — H,(X) ectb nzomopdusm. Crauana 10KazkeM COPb-
eKTUBHOCTE. [lycTh amement v € H,(X) npencraien nukaoMm c. Tak Kak ¢ — KOHedHast
MHeiHAg KOMOUHAIINA CHATYISAPHBIX CHMILIEKCOB, ero 06pas conep:kuteda B XV 114 Heko-
toporo N COIacHO yTBePKICHHIO U3 IpeblIymmero abzana. Tak kak XV konednomepem,
HA(XN) — H,(X") ecrb uzomopdusm. CiiegosareibHo, muki ¢ romogornden B XV (a
3HAYMT, U B X ) CUMILUIAIUATBLHOMY THKITY. DTO JIOKA3BIBAECT CIOPBEKTUBHOCTH 0TOOpAKe-
nug HA(X) — H,(X). Tenepb J0KazeM HHBEKTHBHOCTD. 11ycTh § — CHMIIMIHATILHBIH
UK, npudém s = Od jyisi Hekoropoi cunrysipuoit nenu d B X. Henb d umeer Kom-
NAKTHBIT 06pa3, a 3HAUUT cofepKuTca B HeKoTopoM X V. TIo9TOMY IMUKJI S MPeICTaBIgeT
s/iemMentT u3 syipa orobpaxenus H2(XY) — H,(XY). Ho 310 orobpazkenue — u30Mop-
dbusM, a TOTOMY S ABASETCA rpaHuIeil cuMmnIuaIboi nenn B XV, a snaant, n B X.

Ocrajioch paccMoTperh caydait, korga X mpou3BoiabHO u A # . B arom ciyuae Mbi
HPUMEHIM JIEMMY O HSTH FOMOMOpdH3MaX K KAHOHHIECKOMY OTOOParKeHHUIO JTHHHBIX
TOYHBIX [OCJIEI0OBATEILHOCTEH CHMILIMIMAIBHBIX M CHHTYISPHBIX TOMOJIOTHIA:

HJ(A) — HJ(X) — H}X,A) — HD,(A) — H,(X)

+ + + + + O
H,(A) — H,(X) — H,(X,A) — H,(4) — H,1(X).

3amaunm u ynpakHeHUud.

2.23. Jloxkaxute, uro pazbumenne npusmbl A" X [ HA CUMILIEKCHI, OMUCAHHOE B Hadaje
JIOKa3aTeJIbCTBA TeopeMbl 2.6, JefiCTBUTETbHO SBJIAeTCA CUMILTUITHATBHBIM KOMILJIEKCOM.

2.24. IlocTpoiiTe Kakyo-HUOYIb TPUAHTYILANINAI0 TPOU3BEIeHNS CUMILIEKCOB A™ X A™,

2.25. TMokaxkure, uro ecaun A — perpakt npocrpancTsa X, 1o orobpaxenune H,(A) —
H,(X), naaynupoBanuoe BiaodeHneM A < X spisiercss MOHOMODMDH3IMOM.

2.26. [lokaxkuTe, 9TO IemHAsT TOMOTONINS MEIHBIX OTOOparKeHU — OTHOIIEHHe SKBHUBa-
JIEHTHOCTH.

2.27. Tlposepbre, uro rpanuunoe orobpaxkenue 0: H,(Cy) — H,_1(A,) romosioruii nerm-
HBIX KOMILJIEKCOB OIIPEEJEHO KOPPEKTHO M SBJISCTCS TOMOMOPMU3MOM.

2.28. [okaxwure, uto H, (X, z) = f]n(X) J1st JII0OBIX xg € X un > 0.
2.29. BriBejure TOYHYIO OC/IEA0BATEILHOCTD Tapbl /IS TPUBEIEHHBIX TOMOJIOTHIA:
o Ho(A) 25 Hy(X) 25 Ho(X, A) =S Hy g (A) -2 Hy (X)) —> ..

2.30. Hanomuum, ato omobpasicernuem nap f: (X, A) — (Y, B) HazbiBaercs 0To0pazkeHne
f: X — Y, ana koroporo f(A) C B. Jlokaxknte, 4r0o oTOOpazkKeHHe Map WHIYIHDPYeT
romomopdusmer f,: H, (X, A) = H,(Y,B), n>0.
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2.31. Jlokaxure, uto ecau orobpaxenus f,g: (X, A) — (Y, B) roMoTonnsl B KJacce
orobpazkenuii map (T.e. cymectByer Takas romororust F: X x [ — Y mexnay f u g,
aro F(A x I) C B), 10 uHaynupyemMble IMH OTOOPaKeHHsI TOMOJIOTHH Hap COBHAAIOT:

2.32. Jlokaxkure cJjejyroiiee CBOWCTBO eCMecmeenHHocmuy TOMOJIOTHYECKONH I0C/Ie10Ba-
TeJIbHOCTH Taphl: st orobpaxkenns nap f: (X, A) — (Y, B) umeer MecTO KOMMYTATHB-
Has JauarpaMmma

e Hy(A) = Hy(X) —2 H (X, A) -2 Hy y(A) —— ..

Lf* jf* lf* Lf*
= Ho(B) — H\(Y) — 2~ H, (Y, B) 2~ H, 1(B) —— ...

2.33. Omnpenesnure U JOKAXKUTE TOYHOCTD 20MOA02UNECKOT NOCACIOBAMEALHOCTIU MPOTIKU
mst (X, A, B), tne BC AC X:

. — H,(A,B) % H,(X,B) 25 H,(X, A) -% H, (A, B) = H,_1(X,B) —> ...

2.34. [Hoxaxwure, uTo BKIOYeHne A — X mHIyIupyeTr n30MOpQMU3MBL BCEX IPYIIT TOMO-
JIOTHil TOTJA U TOJNBKO Torda, Korma H, (X, A) = 0 ais Beex n.

2.35. Jlokaxure Teopemy 2.21 (nmocaemosarenbuocts Maitepa—Bueropuca nis map).

2.36. /lokaxkuTe IpH MOMOIIY IPYIIT TOMOJIOTHH 06uiyto meopemy Bpayspa: HenpepbIBHOE
orobpaxkenue mapa D" B cebgd umeeT XoTsd Obl OJIHY HEIOJABUXKHYIO TOUKY.

2.37. Bopruncsaure rpyuibl TOMOJIOTH JJis JIONOJHEHUS] JIBYX 3allelJIEHHbIX U JIBYX He3a-
IeIJIEHHBIX OKpYKHOCTel B R3; cpaBHnTe ¢ BRIYMCAeHNEM (DYHIAMEHTAIBHBIX TPYIIIL.

2.38. BoiumcamTe TOMOJOIHE JTOHOTHEHHAS TPEX KOOpAMHATHBIX oceit B R? u C3.

2.39. Jlokazkure, 9TO €CJIH AMAMETD CHMILIEKCA [V, . . .,U,] paBeH d, TO THAMETPHI CHM-
MJIEKCOB ero 6apuIeHTPUIeCKOro 1Mo Apa30ueHns He MTPEeBOCXOIST nLHd.
2.40. Borauciure romosornn cdepst S u nokaxkure nzomopdusm H;(YX) = H, 1(X)

P IIOMOIIY TOYHOH HocsenoBaTebHocTH Maitepa—Bueropuca.

2.41. Jlokaxkure caeyioliee yIBepKIeHIEe, U3BECTHOE KaK JAEMMA O NAMU 20MOMOPPHU3-
max. llycTs 1aHa KoMMyTaTHBHAS JIUarpaMma

Ay Ay As Ay As

lfl lf2 Lf:s lfzx Lf5
By By B3 By Bs

abeJIeBbIX I'PYII C TOYHBIMU CTpOKaMHu. Torja

a) ecau fo U fy — MoHOMOPDU3MBL, a f1 — smuMopdusM, 1o f3 — MOHOMOPDhU3M;
6) ecmu fo u fy — suumopdusmbl, a f5 — MOHOMOPMU3M, TO f3 — MUMOPhU3M.

Taxum obpaszom, ecnu fi, fo, f1, f5 — n3omopdusmsl, 7o u f3 — u3oMopdu3Mm.

2.42. Jlns oroopazkenus f: S — S", n > 0, WHAYIUEPOBAHHBIH roMoMOpPMU3M

d
fer Ho(Sn) — Hp(S,) ecrs orobpaxenne Z — 7Z yMHOXKEHHS Ha HEKOTODOE IEI0E
9UCJI0 d. DTO YUCJIO HAZBIBACTCA cmenekvlo omobpasicenus [ n oboznavaercsd deg f.

JlokazkuTe ciaeayionue cBOfCTBA CTEIeHN:



27

a) degid = 1;

6) deg f = 0, eciu orobpazkerue f: S™ — S™ He CIOPBHEKTUBHO;

B) eciu orobpazkenust f u g romoromubl, 1o deg f = deg g (BepHo u 0o6parHoe yTBEp-
xkaenne: ecan deg f = deg g, To f 1 g TOMOTOIIHBIL; 3TO BBITEKAET U3 YTBEPIKICHNAA
T (S™) = Z, u3BecTHOTO KaK meopema Xondga);

r) deg(f o g) = deg f degg;

) Ecim f: S™ — S™ — cuMMerpusi OTHOCHTEIbHO THIEPIIOCKOCTH, HAIPHIMED
flzo, 1, ..., 2) = (=20, 21, ..., 2,), TO deg [ = —1;

e) Aurunonambroe orobpazkenue —id: S™ — S™ x + —x, umeer crenenp (—1)" T

2.43. Jlokaxkure, uT0 ecau otobpaxkenune f: S™ — S™ He UMeeT HEMOJABUKHBIX TOYEK, TO

deg f = (—1)"+.

2.44. Jlokaxkute, 9T0 Ha cdepe S™ CYMECTBYET HEMPEPHIBHOE T0/1€ HEHY/IEBBIX KaCaTe Ih-
HBIX BEKTOPOB TOIJIa U TOJBKO TOIJA, KOTJIA 1 HEYETHO.

2.45. ToBopsr, uro rpynna G deficmeyem Ha mpocTpaHcTBe X , €CJIH ISt KayKJI0TO /16~
MeHTa ¢ € (G 337aHO TaKoe HempepbiBHOE oToOpazxkenne o,: X — X, uro o, = id (Toxk-
JIECTBEHHOE OTOOPasKeHHe) U (g = iy O v, (xommosunus). [eiicrBue rpymmsr G Ha X
HA3BIBACTCS ¢680000HbIM, €CTTH JIst JTI000r0 g # e 1 © € X BBINOJHEHO (y(x) # T.

JlokaxkuTe, 9TO /1 YETHOTO N € ITUHCTBEHHON HeTPUBHAIBHON IPYIIO, KOTOpas MOYKET
neiicrBoBaTh ¢BOOOIHO Ha S”, sBisieTcs Zo.

2.46. [lns mo6wix n > 0 u k € Z nocrpoiite orobpazkenne f: S™ — S™ cremnenn k.

3. KJIETOYHBIE 'OMOJIOI'UN

[Iycts X — kJierounoe npocrpancTso. byjaem 0603Ha4aTh N-MEPHbIH OCTOB IPOCTPAH-
crBa X gepez X"

Kierounnsie romosioruu 06001MAIOT CUMILIAITHAIBHBIE TOMOJIOTHH. DJIEMEHTaMU TDYII-
bl N-MePHBIX KJaeTouHbIX 1eneil C,(X) spisiiorcs dopMasbHble JTnHeHbIe KOMOHHAIN
N-MePHBIX KJIeTOK e/ IIPOCTpaHCTBa X, I UMeeTcs OoJlee-MeHee siBHasI (popMysia JJIs OIH-
caHusl KJIETOYHOro rpannanoro orobpaxerus 0°: C,(X) — C,—1(X).

[lepeitném K boOpMaTBLHBIM ONpPEIETIEHUSIM U KOHCTPYKITHSAM.

3.1. KnerounubIii memHoii KOMILJIEKC I €r0 TOMOJIOTHNI.

Jlemma 3.1. Ilycmo X — xaemounoe npocmparcmso. Tozda

a) epynna Hi(X™ X" 1) pasna nymo npu k # n u asaaemea c60600noti abeaesot
2pynnoti, nopoAHcIEHHOT N-MepHuMU Kiemramy npocmparcmsea X, npu k = n;

6) H(X™) = 0 npu k > n; 6 wacmnocmu, ecau npocmparcmeo X KoHeUHOMEPHO,
mo Hi(X) =0 npu k > dim X

B) Brarouenue i: X" — X undyyupyem uzomoppusm i,: Hp(X™)
k <n.

J/IIZ

Hy(X) npu

Joxasameavcmeo. Tak Kak Baoxkenne X" 1 < X™ gpigercd KOpaccJI0eHIEM, Mbl HMeEeM
Hp(X™, X" 1) > Hp (X7 /X1, a X/ X1 — Gyker cdep, no onmoit ccepe s Kazxk10ii
n-MepHOii KJIeTKH HPocTpancTBa X. DTO JOKA3BIBACT YTBEPKICHHUE a).

Janee paccMoTpumM pparMenT TOUHO Toc/eoBarebuocT napbl (X", X" 1):

o= H g (X XY o Hy (XM — H(X™) — Hy (XM X —
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Ecmu k # n,n — 1, 10 0b6e BHENIHHE TPYHIBI PABHBI HYJIIO COTVIACHO YTBEPAKICHUIO A) U
Mbl osryaaem Hy (X" = H (X™) upu k # n, n — 1. Torga npu k > n umeem

Hy(X™) =2 Hy(X" ) =2, =2 H(X% =0,
9TO J0KasbiBaer yreepKaenue 6). [lpn k < n Mbl nvMeem
Hy(X™) = Hy (X" =2 Hy(X"2) = |

9TO JIOKA3bIBAET YTBEPKIEHHE B), ecin X KOHEUHOMEPHO.

s 6eckornednoMepHOro X BOCIOJIb3YEMCS TEM, 4TO KOMIAKTHOE ITOAMHOXKECTBO B X
nepecekaeT JIUIIb KOHEYHOe YHUCI0 KJIeTOK. Takmm oOpa3oM, KarKasd CUHTY/IsdpHAsd IeNb
JeKAT B HEKOTOpoM KomeurHoM octose X V. [osromy k-mepmbiii muka ¢ 8 X apagercd
HUKJIOM B HeKoTopoM XV a Torja corjiacHO KOHEYHOMEPHOMY CJIydalo yTBep:KJICHU B)
IUKJI ¢ TOMOJIOTHYeH UKy B X" mpu n > k, a 3Haunt, romoMopdusMm i,: Hp(X™) —
Hi(X) coopbekTuBeH. AHAJOIHIHO JOKA3bIBAETCSI €r0 WHBbEKTUBHOCTD: eCJid k-MepHBIil
muKI ¢ B X" saBasgercs rpanuneil nenu d B X, To d sexuT B HeKoTopoM XV, N > n, a
MOTOMY COIVIACHO KOHEUYHOMEPHOMY CJIVUAIO ¢ sABIasieTcsd rpanuteit B X" nmpun > k. [

Tpymna C,(X) = H,(X™, X" ') naswisaerca 2pynnoti n-mepruis xiemounolr yenel
KyeTouHoro npocrpancTsa X . CormacHo jiemme 3.1 a) KIETOIHYIO Iellh MOKHO IPeICTaB-
JIITH JIMHEeHHOW KOMOMHAILMEeH n-MepHBIX KJIETOK.

Onpenenum xaemounsits epanusioits 2omomoppusm 05 : Cp(X) — Cp—1(X) KaK rpanmt-
uelii romomopdusm H, (X™ X" 1) — H, (X!, X"?) B Tounoil m0C/I€0BATEILHOCTH
rpoiiku (X", X" X""2) re. 0° = j,_10,, CM. KOMMYTaTUBHYIO Juarpammy Huzke. B
9TOf JuarpamMMe HaKJIOHHbIE JIMHUE — (DPAIMEHTHI JJINHHBIX 110C/Ie10BATEeILHOCTEN nap:

() /o
H, (X" =—— H,(X)
\ /

n+1

Hn+1(Xn+1 Xn Hnil(Xn717Xn72)

Hnil(anl)
0/
s sroit xe aumarpammbl caegyer, yro 0°0° = 0, 1ax xax 0505 | = Jn—10,Jn0Ons1, a

[emnoit komiuteke Co(X) = {C,(X), 0%} HA3BIBACTCS KAEMOUHULM UENHBIM KOMNAEK-
com, a ero romosorun H,(X) — epynnamu kiemounvx 20mos02uli TpocTpacTBa X .

Teopema 3.2. Hmeem mecmo usomoppusm H,(X) = H,(X).

Joxasamenvcmeo. VI3 nuarpammsl (5) uveem

H,(X)=H,(X")/Im0Opt1, Hn(X)=Kero;/Imo;_
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Tax kak j, — MomomopdusMm, oH orobpaxaer Imd,,; m3omopduo na Im(j,0,11) =
Im 0%, m orobpazxkaer H,(X") usomopdno ma Imj, = Kerd,. Tax xax j,_; — mo-
nomopdusm, Kerd, = Ker 9. Takum obpasom, j, uaynupyer uzomopbusm H,(X) Ha
Hn(X). O

N3 n3oMopdHOCTH CHHTYISIPHBIX U KJIETOYHBIX TOMOJIOTHIT CPa3y BHITEKAIOT CJIe/ Ly IOIHe
BasKHbIe CBOICTBA.

CiencrBue 3.3.

a) Ecau X umeem k xaemor pasmeprocmu n, mo epynna H,(X) noposcdena we
bonee wem k anemenmamu. B wacmmuocmu, ecau X He umeem KAEMOK Pa3MEPHO-
cmu n, mo H,(X) = 0.

6) Ecau X He umeem nap KAEMoOK 6 COCEOHUT PASMEPHOCTIAL (HANPUMED, eCAl 6Ce
kaemku 6 X umerom uémnyto pazmeprocmsv), mo H,(X) — ceob0dnasn abesesa
2PYNNa, NOPOAHCOEHHAA N-MEPHHLMU KAEMKEAMU npocmparcmed X .

ITpumep 3.4. Kommiekcuoe npoexktusroe npocrpanctso CP™ umeer 1mo OHON KteTKe B
KaxKioit uérHoi pazmepuoctu 2k < 2n. Takum obpazowm,

Z upumi=0,2,4,...,2n,

0 wuHaye.

H/(CP") =

3.2. dBHbit Bua rpaandHoro romomopdusma. [Ipu n = 1 kierouHoe rpanuvdHoe
orobpaxkenne 0°: C,(X) — C,_1(X) mpeacrapisier coboii rpaHundHbIii TOMOMOPGhU3M

0: Hi(X' X% — Hy(X9).

Ecyu X cBg43HO 1 MMeeT TOJBKO OJHY HYJIbMEPHYIO KJAETKY, TO 3TOT FOMOMOP(MU3M JI0JI2KEeH
OBITH HYJIEBBIM. DTO CIejyeT U3 TOuHOI mociegosaTenbroctd napbl (X1 X%) u uzomop-
busma Hy(X') = Hy(X) 2 Z.

Jlanee MBI OymeM OTOXKIECTBJIATH KJETKYy el C X ¢ cOOTBeTCTBYOmeil oOpasyromnieil
rpymIsl KaeTounsix nemneit Cp,(X).

Teopema 3.5. Ilpu n > 1 umeem mecmo paseHcmeo
(6) O°(en) = D dape ",
B

ede dog — cmeners omobpasicenus
_ (%} _ qp _
faﬂ: Sn 1 a Xn 1 Sn 17
npedemasasoue2o coboli KOMNOZUYUID NPUKACUBAIOW,e20 0mobpascerus pqo: SV 1 —

X1 waemru € u omobpasicenus garmopusarui qs: Xt — 81 emazusarowezo
X1\ eg_l 8 MOUKY.

Jlokasameavcmso. Tlpexie Beero 3ameTuM, uto cymma B opmyiie (6) comepKUT KOHed-
HO€e YHUCJIO WIEHOB, TaK KaK 00pa3 MPUKJIEHBAIONIETO OTOOPaKEHU (¢, KOMIAKTEH, a TO-
TOMY IepeceKaeT JIUIIb KOHEUHOe YUCTI0 KJIETOK eg_l.

Ilycte @, : D! — X" — XapaKTepHCTHYeCKOe OTOOparKeHhe KJIETKH €l ; ero OrpaHu-
wenne Ha S”1 = JD" ecTb mpuKJIenBamomee 0TOGpaKenne ¢,: STt — X"l fcwo,

uto orobpaxkenne daxkropuzamun qz: X" — Sg’l PACKJIa/IBIBACTCA B KOMITO3HUIUIO

Xn=t 5 Xt/ xn—2 2, Sg’l JUIS HEKOTOPOTO OTOODAKEHUs (3, BBIAEIONETo cde-
n—1 n—1 n—2
py Sy~ u3 Oykera X" /X775
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PacemorpuM KOMMYTaTUBHYIO JuArpaMMy

Ho (D2, S0 — 2 F (S —2 o (57

oY

Lq)a* lﬂoa*
48«

Hn(Xn’anl) 0 j_v[n_1<anl)

T |

Hn—l ()(n—l7 Xn—2)

ZI\B*

Orobpawxenue @, 1epeBojuT cranjapruyio obpasyiouyio (D] € H,(D",S" 1) B o6pa-
sytomtyio e € H, (X", X" ). I3 KoMMyTaTHBHOCTHU JIEBO{i 4aCTH JUATPAMMbI CJIeJLyerT,
aro 9°(e”) = jpaxO[D"]. B Tepmunax Gazuca st H,_1(X™ 1, X" ™2), cOOTBETCTBYIOIIETO
(n — 1)-MepHBIM KJIeTKaM, 0TOOPasKeHne g, — ITO mpoekus rpynnbt H, (X" X"7?)
Ha cJaraemMoe, COOTBETCTBYIOIIEE KJIETKe eg’l. Teneps Tpebyemast popmysia ciaeayer u3
KOMMYTATHBHOCTH HPABOIl 9acTH JHAIPAMMBI. O

IIpumep 3.6. [Iycts S, — cdepa ¢ g pyukamu, T. e. 3aMKHYTasl OpUEHTUPYeMasd IOBEPX-
HOCTH pofa ¢. BBeaém Ha S, cTanIapTHYIO KIETOYHYIO CIPYKTYDPY C OJHON HYJIbMepHOII
KJICTKOM, 2g OHOMEDHBIMU KJICTKAMHU A1, . .. ,0g, b1,..., by 1 O1HOl JBYyMepHOI KJIeTKOil,
IPHUKJICCHHON IO ITPON3BEIEHIIO KOMMYTATOPOB a1, b1| - - - [a,, by|. CooTBeTCTBY IO KITe-
TOYHBII IIEMMHON KOMILJIEKC IMeeT BT

s ae
0—7Z 7% 157 —0.

Mpr umeeMm 0f = 0, Tak Kak S, EMeeT BCEro OJHY HYJIbMEpHYIO KJaeTKy. Kpome Toro
1 ’ g ’
05 = 0, Tak Kak KazxKinoe pebpo a; 1 b; BXoaut B |ay, bi] - - - [a,, b,| BMecTe ¢ ero obpaTHbBIM
2 9 7 7 ) grvYg 9
a 3HAUAT BCe 0ToOpaKeHus fo5: ST — S! romoromusl oToOpakennio B ToUKy. [losTomy

I'DYIIIBI TOMOJIOTHH IIOBEPXHOCTH Sy COBIIQJIAIOT ¢ IPYLIIAMH KJIETOYHBIX IIEIeil, T.e.

HO(Sg> = H2(Sg) = Z, H1<Sg) = ZQQ’ HZ(Sg) =0 apu 1> 2.

ITpumep 3.7. [Iycts X = RP™ — BerecTBeHHOE IPOEKTUBHOE TPOCTPaHCTBO. OHO nMeeT
KJICTOYHYIO CTPYKTYPY C OJHON KJICTKON ek B xaxoit pasmepuoctu k < n. [Ipukiensa-
omee orobpaskenue g KiaeTkn e¥ — 310 aBymmermoe makpwitme @: SFT1 — RPFL
Cornacuo dopmyne (6) maeem 9°(eF) = dpef~1, rne dj, — 370 crenent KommozHIIHT

Skt £y RpF L RPFYRPE2 = SR

[Ipu orpaHmHueHnn Ha Kay [yt KOMIOHEHTY cBst3HOCTH mpocTpancTsa SF~1\ S¥~2 orobpa-
JKeHHe @ aBjasgercs romeomopduzmom. OIuH 13 3TUX TOMeOMOPGMU3MOB TOXK IECTBEHHBIIA,
a JPYToil SBJIseTCS OTpaHUmIeHneM aHTHIIOAILHOr0 oTobpaykenns cdeprr S¥~1, koropoe
umeer crenenb (—1)F. [lostomy degge = 1+ (—1)*, uro ectb 0 wu 2 B 3aBUCUMOCTH OT
yérnoctu k. TakuMm obpa3oM, KIeTOUHBIH enHoi KoMmILteKe j1isd RP™ uMmeer BUI

2 0 2 0 2 0 .
0 —2—2—...—7—7—7—7Z—0, eciun 96THO;
0 2 2 0 2 0 o
0 —2Z—2— ... —7—7—7Z— 7Z— 0, ecau n HEIETHO.
CaenoBaTesbHO,

Z  upu k =0 u npu Hedéroom k = n,
Hp(RP") = { Zy upwm ueuérnom k, rue 0 < k < n,

0 B OCTAJIBHBIX CJIyYadX.
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3.3. DiiepoBa XapakKTEePUCTUKA. JUACPOBA TAPAKMEPUCTNUKG KOHETHOTO KJIETOTHOTO
npocTpancTBa X onpeaensgercs Kak

V) = (1),
n=0
rie ¢, = rkC,(X) — uucio n-MepHbIX KJIeTOK mpocTpaHcTBa X (paHr KOHEYHO MOPOK-
aénnoit abenesoit rpyuist Cy,(X)).

Kiraccuaeckast meopema Jvaepa yTBEPXKIAET, ITO /I BBIMYKJIOTO TPEXMEPHOTO MHO-
rorpannuka nmeetr mecto ¢opmyina B— P+ ['= 2, tne B, P u I' — ducjo Bepmun, pédep
u rpaHeil coorBeTcTBeHHO. OOO00IIEHHEM 3TOr0 (haKkTa SBISIETCS CACAYIONIN pe3yabTar,
KOTODBIl TOKA3BIBAET, Y4TO SiJIepOBA XaPAKTEPUCTHKA SIBJISIETCS TOMOJOIMIECKHM (U J1a-
7K€ TOMOTONUIECKIM) HHBAPHAHTOM KJIETOYHOro mpocrpancTBa X. B gacrHocTH, OHA He
3aBUCUT OT KJIETOYHOI'O pa3OHeHHs.

Teopema 3.8. /[aa koneunozo kiemounoz2o npocmpancmea X cnpasediuso coomuoweHue
X(X) =) (-1)" 1tk H,(X).
n=0

Zokasameavecmeo. 1o aucTo anredpamdecknii paxT. PaccMoTpuM IenHoit KoMILieKe

0—C. 20— . — 020 —0

KOHEYHO MOPOXKIEHHBIX abeseBbix rpymi. Ilyers Z, = Ker 0, — mukint, B, = Im 0,11 —
rpauunst, H, = Z, /B, — romogoruu. 113 KOpOTKUX TOYHBIX TOCIEI0BATENbHOCTEH () —
Jp—C,—>B,1—>0u0— B, = Z, > H, — 0 noaydaem COOTHOIIECHHS

rkC, =1k Z, + 1k B,,_1,
rk Z,, = rk B,, + rk H,,.

[lopcTaBum BTOpOE COOTHOIIEHUE B TIEPBOE, YMHOKHUM IIOJIy9€HHOE cOOTHOmenue Ha (—1)”
U IPOCYMMUPYeM TI0 n. B pesynpraTe moaydnm

S (=) kG =Y (—1) 1k A,

n=0 n=>0

Ocranock TpuMEHUTH 3T0 cooTHOmenne K caydaio C, = C,(X) = H, (X", X" 1). O

ITpumep 3.9. Ditaeposa XapaKTepHCTHKa 3aMKHYTOH OPHEHTHPOBAHHOI MOBEPXHOCTH S,
pona g pasHa 2 — 2¢g. Takum ob6pa3oM, Bce 3aMKHYTble ODHEHTHPOBAHHBIE MTOBEPXHOCTU
pasanyaroTcsd uX 3#IepoBbIMHA XapaKTePUCTUKAMU.

3amaunm u ynpa>kHeHud.

3.10. Beraucaure romosiorun npoussegenust cdep S™ X S™ npu n > 2, HOAb3YsICH KJje-
TOYHBIM Pa30UeHUEM.

3.11. Ilycte N, — 3aMKHyTad HeoOpHeHTHpyeMas IOBepXHOCTb poja ¢, T.e. cdepa ¢ g
BKJIeeHHBIMU JincTaMu Mébuyca. Beraucante roMos1oruu HoBepxuocTd NV, , HOIb3yAch KJe-
TOYHO# CTPYKTYPOIi C OJHON HYJIbMEDPHOH KJIETKOH, g OJHOMEPHBIMHU KJIETKAMU Cq, . . ., Cqy

U OJTHOW ABYMEPHON KJETKOWH, NPUKJICCHHON 110 CJIOBY c%cg .. .cg.

3.12. BoiuncamTe TOMOJIOITH IPOCTPAHCTBA X , TTOAYYeHHOro IpuKienBammeM kK SV St
JIBYX JBYMEDHBIX KJIETOK IO TTPON3BOJBHBIM CJIOBaM. B 9acTHOCTH, pacCMOTpHTE Caydail
NpUK/IeHBaHus KJIeToK 1o ciaosaM a*b—> u b3(ab)™2. Urto MoxkHO cKazaTh 0 (yHIaMeH-
TaJIbHOM I'PYIIIe TAKOTO MPOCTPAHCTBA !
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3.13. Briuncmre roMooruu TpéxMepnoro Topa 1% = S1x S1x S, noansydach KiaeTouHbIM
pazdmeHneM.

3.14. /lokaxkure, 4TO JIji KOHEYHBIX KJIETOUYHBIX IpocTpaHcTB X, Y nMmeer MeCcTo COOT-
nomrernne Y (X X Y) = x(X) x x(Y).

3.15. Jlokaxmure, uto eciu X = AU B, tie X — K/JI€TOYHOE TPOCTPAHCTBO, a A, B —
kserounble noanpocrpanctsa B X, 1o x(X) = x(A4) + x(B) — x(AN B).

3.16. [okaxkuTe, 9T0 A/ N-JUCTHOIO HAKPLITHA p: X — X HAJ| KOHEIHBIM KJIETOIHBIM
npoctpancTBoM X mMeer mecto coorrormenne x(X) = ny(X).

4. OYHIAMEHTAJIbBHASA I'PVIIIIA 1 TOMOJIOI'MU

3/1ech MBI JIOKayKeM YTBEPKJIeHHe O TOM, UTO MepBas T'PYINa TOMOJIOTHH TUHEHHO CBs3-
HOI'O IPOCTPAHCTBA coBLAAeT ¢ abesienn3auedi dbynjgamentanbuoil rpymubt (Teopema ITy-
aHKape).

[Tycrb (X, x9) — OPOCTPAHCTBO ¢ OTMEYEHHON TOUKOI. DaemenTamu (DyHIAMEHTATbHOI
rpyumnsl 7y (X, y) ABISIOTCS KIACCH TOMOTONHBIX TeTestb ¢: I — X, tae p(0) = p(1) =
To. Kakayro Takyto metiro MOYKHO PAacCMATPUBATD KAaK CUHTYISAPHBINH 1-CHMILIEKC, KOTO-
PbIii ABJIIeTCS UKJIOM, Tak Kak J¢ = ¢(1) — p(0) = 0.

HamomuuMm, uro abeaenusauued rpymnnsl (G HaseiBaercs: daktoprpynna G/[G,G]
o HopMasabHOH moarpynme [G, G|, TOPOXKIEHHOW BCEBO3MOKHBIMH KOMMYTATOPDAMU
ghg™'h™1 (3Ta moxrpymmna maseBaeTca kommymarnmom rpyunsl G). Hampumep, abee-
Husanueit cBodoHOM rpyiibl F), siBiasercs cBobojHas adesesa rpyiima Z".

Teopema 4.1 (ITyankape). Paccmampusas nemau Kax cuHzysaprue 1-yukav,, Mol no-
ayaaem 20momopdusm h: m (X, xo) = Hi(X). Ecau X aunetino ceasno, mo h asasemca
anumopdusmom, a e2o0 a0po — kommymanm 2pynno, 7 (X, xg). Tarxum obpasom, 2pynna
Hi(X) usomopgna abeaenuszayuu epynnovs w1 (X, xo).

Jokasamenvemeo. Mpbl OyjieM HCII0JIb30BaTh 0003HAYEHHE © ™~ 1) JJisi OTHOLIEHUS OMO-
TOIHMH TeTelb U ¢ ~ ) ]I OTHONIEHHsI TOMOJIOIMH COOTBETCTBYIOMUX 1-IMKJIOB (T. €.
@ ~ 1), ecu @ — 1) sIBJIsIeTCs TPaHUIel 2-MepHOU 1emnn ).

CHauaJia IpPOBEPUM, YTO COMOCTABICHHE TOMOTOIMMYECKOMY KJACCy HEeTId ¢ KJac-
ca roMoJioruii 1-MEpHOro 1MK/Ia ¢ 33JaéT KOPPEKTHO OIPEIEJIEHHOe O0TOOparKeHue
h: m(X,x0) — Hi(X), T.e. mpoBepum, 4T0 eciam @ =~ ¥, T0 ¢ ~ 1. 3aMeTuM, 4TO
ecIM p — MOCTOstHHAS neraa I — xg, T0 ¢ ~ 0. Do caemyer u3 roro, uro Hy(pt) = 0.
Teneps paccmorpum romoromnuio F': [ X [ — X mexay neryisamu ¢ u . Pa3dus kBajipar
I x I Ha TPEYTONBbHUKY [vg, V1, V3] 1 [Ug, Vg, V3], KAK TIOKA3AHO CJIEBa HA PUC. 5, MBI MOJYIUM
CHHI'YJISIPHBIE 2-CUMILIEKCHI 01, 0. Mbl nMeeM

8(0-1 - UQ) - a[UO,Ul,U3] - a[U07U2’U3] =
= [v1,v3] — [vo, V3] + [vo, v1] — [v2, vs] + [vo, V3] — [Vo, V2] ~ [V, V1] — [v2, V3] = ¥ — 2,

TaK Kak GOKOBBIE CTOPOHBI [V, U] U [U1, U3] OTOOPAKAIOTCS B OTMEYEHHY IO TOUKY, & 3HAUUT,
roMOJIOTHYHBI HYTI0. ClleToBATETBHO, (p ~ 1.

Teneps mposepum, ato h: m (X, xg) — Hi(X) — romomopdusm, T.e. -1 ~ @+, Tae
© - 1) 0b03HAYACT IPOU3BEIeHNe TeTelb. PaccMOTPUM CHHTYIAPHBIH 2-cuMILiekc o: A% —
X, 3a7aBaeMblil KOMIO3HIEEH Tpoeknun Tpeyroabanka A% = [vg, vy, vs] Ha pebpo [vg, vs)
u orobpazxkenus ¢ - 1 [vg, v2] — X, KaK mokazaxo cunpasa Ha puc. 5. Torga

Jo = [v1,ve] — [vo, v2] + [vo, 1] =0 — - Y+ ¢,
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() ¢ V3 V1

02

01

Vo ) U1 Vo © ¢ (%)

Puc. 5

T.e. ) — - Y+ @~ 0, 910 U TPebHOBAIOCH.

B mpeapinymem paccyKaeHUH MBI He UCTIOIb30BAIN TOT (PAKT, UTO (0 U Y — METJIU, TaK
9TO MbI HMEEM @ - ) ~ @+ 1) jJist T0OBIX My Teil @, 1), yA0BIeTBOPSIIONUX yCa0BuIO (1) =
1(0). B wactHOCTH, @ ~ — (rIe ¢ — 00paTHBIH My Th I @), TaK Kak @+ @ ~ @- @ ~ 0.

[Mokazkem, aro h: m (X, z9) — Hy1(X) — smumopdusm, ecoim X sureiino cBs3Ho. [Tycts
> ;Mi0; — OJXHOMEPHBII IUKJI, TPEACTABIAONIHI JaHHbLH 31eMenT rpymmst Hq(X). Tlepe-
HYMepPOBaB CUMILIEKCH 0;, MOKHO CUATaTh, YTO n; = 1. Tak Kak —o; ~ 0;, MBI MOXKeEM
CYUTATDH, YTO HAII 1-IUKJI HMeeT BHA ., 0;. ECIH Kako#i-To m3 myTeit o; He sBJIsSeTCH
netyiéit, o u3 ycnosus 0() , 0;) = 0 ciefyer, 9To B cyMMe Ha#ITCs APYTOi MyTh 0, I/
KOTOPOTO oIpefesieHo Ipousselenue nyreii o; - 0;. Tak Kak 0; + 0 ~ 0; - 0, MBI MOKeM
B 3allUCU ) ,0; 3aM€HUTb 0; + 0; HA 0; - 0. [loBTOpsAs 9Ty LpOLELYPY, MBI IPUXOLHM
K CJIy4alo, KOrjla KaK/Iblil yTh 0; gABJAETCS UeT/Iell ¢ HadajoM U KOHIIOM B HEKOTOPO
Touke xr; € X. Tak kak X JMHEHHO CBA3HO, CYNIECTBYIOT TYTH Y; U3 OTMEYEHHOH TOYKHU
To B x;. Tak Kak 7y; - 0; - Y; ~ 0, MBI MOYKEM CUHUTATh, YTO BCE 0; — NETJIH C HAYAJIOM
U KOHIIOM B TOYKe Zo. TOrjga HUK/I ), 0; TOMOJOIHTIEH [IPOU3BEJEHNI0 BCEX IeTelb 0,
KOTOpOE TIPEJICTaBJIsIeT 1eMeHT obpasa romomopdusma h: m (X, zq) — Hq(X).

KommyTtanT rpymnsl 7 (X) nexur B sjape romomopdusma h, tak kak rpymma Hq(X)
abesieBa. YToObl MOYYNTH OOpaTHOE BKJIOYEHHE, MOKaxkeM, 9To ecau [p] € Kerh, To
METIs  MPEeICTABISCT TPUBUATHHBIN d1eMeHT B abenenusanun (X )qp-

[Iycrs [¢] € Kerh. Torma 1-mepHbIfl MUK @ sBISETCS TPAHHIEH 2-MEPHOH Ienu
> nio;. Kak u BbllIe, mepeHyMepoBaB CUHTY/IADHBIE 2-CHMILIEKCH 070 A7 — X, Mbl MO-
JKeM CUMTaTh, 4TO M; = =41, a M3MeHUB NOPsJIOK BeplmuH cuMiiekca A? Mbl MoKeM
3aMeHnTh —0; Ha 0;. B pesynprare nomyunm ¢ = 0(), 0;). Conocrasum 1enn » . o; ABY-
MEePHBI# MOJTYCHUMILTATIHAIBHBIN KOMILTEKC [, KOTOPBIM MOJTydaeTcs CKJIeHKON 2-MepHBIX
CUMILIEKCOB A?, COOTBETCTBYIONIAX CHHTYJIAPHBIM CHMILICKCaM 0;: A? — X | caeayomum
obpaszom. 3amucas 0o; = T,0 — T;1 + T;2 JJId CHHTYIAPHBIX 1-CHMILTIEKCOB T;;, HOJIydaeM

(7) o =00 0i) =) ()7
A %,]

Otcioma ciegyer, 4TO MbBl MOZKeM CTPYIIHUPOBATH BCe T;j, KPOMe OJIHOIO, B Iapbl Tak,
YTO B KarKJOW Mape CUHTYJISPHBIE 1-CHMILTIEKCHI COBIMAJAIOT, & KOIDMUIMEHTHI TPU HUX
paBubl 1 u —1. OcTaBmmmiics CUHTYIIPHBIN 1-CHUMILTEKC ecTh . Temepb MbI OTOXKIECTBIM
péOpa CUMILIEKCOB Af, COOTBETCTBYIONINE O0beIMHEHHLIM B APl CUMILIIEKCAM T;j, C y4é-
TOM opueHTanuu pébep. B pe3yabrare Moy duM MOJTYCUMILTUIUAIbHBIH KOMILTIEKC K, s
KOTOPOTo 1-IUKJI ¢ OyJIeT «TpaHUIeiis.

OrobpazkeHust ¢; COIacoOBaHBI W BMecTe HaioT orobpazxkenne o: K — X. OTobpaxke-
HHe 0 MOYKHO 3aMEHHTh Ha TOMOTOIIHOE eMy OTOOpazkeHue o', KOTOpOe IEepPeBOIUT BCEe
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BEPIIMHB ¥ € K B OTMEYEHHYIO TOYKY Xg, IPUIEM TOMOTOIHIO MEXKJIY 0 U 0 MOYKHO
BLIOPATH TOCTOSIHHON Ha pedpe, COOTBETCTBYIONIEM IUKJIY (. DTO BHITEKAET U3 CBOWCTBA
IPOJIOJIZKEHUST TOMOTOIMU: BHIOPAB Jijisi KaxK10i Bepiiudbl v € K 1yTh u3 o(v) B Tg, Mbl
TeM caMbIM 331aauM romoronnio Ha KU ¢, a 3aTem npopomkuM eé ma sech K. OTobpa-
xenne o' : K — X 3amaér HOByIO 2-1ienb » . 0}, TPAHHIA KOTOPOil PaBHA (, MPUIEM BCe
ed pébpa 7,; — MeTJIM ¢ HAYAJIOM M KOHIIOM B Ty.

Tak Kak B mpaBoit dacTu cooTHOIIeHus (7) BCe T;;, KPOMe OJHOrO, pasbHBAIOTCA Ha
_1)d
COKpAIAIONIMecs napbl, Mbl TakzKe umeem coornomenue [p] = [, ;7 1=V B abesenusa-

K]
un 71 (X ) gp. VICONb3ys aiTuTuBHBIE OOO3HAYEHHUST, MbI TIOJTy4aeM

) =Y (=1[r] = > [00i] = > ([rho] =[] + [rha))-
ij i i
Tak Kak KazKIblil CHMIIEKC 0; 3aJaéT CTSTUBAHNE TN T)y — Tiy + Ty (B MyJbTHILIHKA-
THBHBIX 0003HAYEHUSAX T/ Ti Tio), MBI OTydaeM, 910 (@] = 0 B m1(X)gp. O

IIpumep 4.2. HamomuumMm, 9to ¢dpyHIaMEHTAIbHAS TPYIIIA OPHEHTHPYEMOI TOBEPXHOCTH
pona g uzomopdua dhakToprpyuie cBob60IHOMH IPyNIIbl Fo, 110 OIHOMY COOTHOIIEHUIO, 3a-
MAaHHOMY TPOU3BEIEeHHEM KOMMYTATOPOB:

m1(Sy) = (a1, ... ag,b1,... by |arbray by - agboay by - agbgay b, ).
B pesysbraTe abeeHH3anmE MBI IOJTydaeM cBoOOmHYI0 abeaesy rpynmy Z* = Hq(S,).
Sazaunm u yrnpakHeHus.

4.3. Boraucymmre mepBylo rpynny romojoruii Oyroiiku Kireitna kak adbeienu3anuio eé pyn-
JaMEeHTaJIbHON I'PYIIIbL.

5. 'OMOJIOT'MU C KODO®OULIMEHTAMN U KOI'OMOJIOIUU

5.1. OnpeneneHus u OCHOBHBIE cBOlicTBa. Hamomuum, aro mensoproe npouseedenue
G ® H abeneswix rpynn G u H ompenessiercss kKak (aKTOPrpyIna cBOOOTHON abeeBoil
rpyImsl ¢ obpasyomumu g h, g € G, h € H, no coorromenusm (g+¢' )®h = gh+g @h
ng® (h+h)=g®h+g®h' Kpome Toro, onpenesnena abenesa rpynna Hom(G, H),
sJeMeHTaMI KOTOpoii siBysgtoTca romomopdusmer G — H.

[IycTh Teneps nana dpuxkcupoBanHad abesiesa rpynna G. Torma onpejeneHbl cOOTBET-
CTBEHHO KOBAPDHAHTHBINA M KOHTPABAPHAHTHBINA (DYHKTOPHI

- ®G: H— H®G, Hom(—,G): H — Hom(H, G)

13 abesIeBbIX I'PYII B a0EAEBbl TPYIIIb.
[Tycts Temeppr X — Tomosorndeckoe mpOCTpaHcTBO. [lpumensis pyHkTOpHl — ® G U
Hom(—, G) x rpynmam cunryaspubix neneii Cy, (X)), MBI Mogy9aemM rpymst

Co(X;G) = Co(X)® G u C"(X;G) = Hom(Cu(X), G),

KOTOPbIE HA3BIBAIOTCS 2PYNNAMU CUHYAAPHBL uenel ¢ xosPduyuenmamu 6 G epyn-
NAMYU CUHRYAAPHOLT Kouenel ¢ koapduyuenmamu 6 G cOOTBETCTBeHHO. B GoJtee aBHOM
sugie cunryisipuas unenb a € Cn(X;G) npegcrasisier coboil JMHEHHYI0 KOMOUHAIUIO
a =) ko, tne k; € Guop: A" - X — cunryaspasle cuMiviekcsl. CHHTyIsApHA
korenb ¢ € C™(X; G) npejacrapiser coboii MYyHKIMIO HA MHOYKECTBE N-MEPHBIX CHHTY-
JISIPHBIX CHUMILIEKCOB TPOCTpaHcTBa X €O 3HaYeHusiMu B rpymne (G. 3HaueHWe KOIENu ¢
Ha CHHTYJISIPHOM CHMILTEKCe 0 06o3HadaeTcs ¢(o) wiu (¢, o).
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IIpumenss —® G n Hom(—, G) k rparnanomy romomopduszmy 0, : Cp(X) — Cph1(X),

MBI TIOJIydaeM rpanndabiii romomopdusm 0, : Cp(X;G) — C,_1(X; G),
ana = Z( ) 0|[U07 UiseeesUn]
i=0
rae o: A" = [vg, ..., v, = X — CHHDYJISPHBIH CHMILIEKC, U KOZPAHUYHBLT 20MOMOPHUIM
(Quppepenvuan) d,_1: C"HX;G) — C"(X; G), 3anaBaembiii popmy.i0ii
(8) (dn-10)(0) = c(Ono) = Z(_1> (U‘[vo, B vn])
i=0
Mzt umeem 0,,0,41 = 0 u d,,d,,_1 = 0. Takum 06pa3om, MBI IOy 9aeM MEIMHON KOMILIEKC

a’ll

e Ot (X G) 2B 00X Q) 2 O (X6 — s Co(X:6) 20

a TaKzKe nouenﬁoﬁ romnaekc
0 — C%X;G) 2 . — 0" (X, G) B onvX: ) s oYX G) —

Ipynma H,(X;G) = Kerd,,/Im 0,11 HazbiBaeTcs n-it 2pynnoti cuneysaphuls 20moa02ull
npocmpancmea X ¢ xoappuyuenmamu 6 G.

Ipynna H"(X;G) = Kerd,,/Imd,_; HasbiBaeTcs n-it epynnotl cuH2ysapHbiT KO20MO-
aozuli npocmparcmea X ¢ kospuyuenmamu 6 G. Konenm u3 Kerd,, HaswBarorcd n-
MEPHBIMH KOUUKAGMUY, & Kotlenn 13 Im d,, | Ha3bIBAIOTCH KO2ZPAHUYAMU.

Aceno, uro H,(X;7Z) = H,(X). s koromosoruit H"(X;7Z) ¢ xkosbdunuentamu B Z
HCHOJIb3YeTcs coKpatnénnoe obosnadenne H™(X).

[Tpu onpenesennu npuseéHubIX romosioruii H, (X; G) Mbl paccMaTpuBagIn roOMOMOD-
dbusm ayrmentamuu ¢€: Co(X; G) — G, 3anaunnstit dopmyoit (>, kio;) = Y. k;. 1Boii-
creennbiit romomopdusm £*: G — C°(X; G) nepesoqur g € G B DyHKIUIO, TPUHUMAIO-
MIYIO IIOCTOSHHOE 3HAYEHUE ¢ Ha BeeX O-cuMILiekcax. Mbl mojiyqaemM xoayzmeHmuposaroil
KOUEeNHOT KOMNACKC

0— G- CVX;G) 2% 0M(X;G) L 02X G) —

Ero koromosorun HaspbBAIOTCsL NPUELIEHHHMU 2PYNNAMU_K020M0402UT 1 00O3HATAIOTCH
H"(X;G). Mot umeem H® = Kerdy/Ime* = H°/Ime* u H» = H", n > 1.

CeoiicTBa Ipynn roMosioruii ¢ koddduinueHTaMu MoJHOCTHIO aHAJOTHYHBI CBOWCTBaM
OBBIYHBIX TPy ToMoJoruil (¢ koaddunuentavmu B 7). CpoiicTBa TPYHI KOMOMOJOIHI
HOJIYIAIOTCS «hopMaIbHBIM OOpaIleHneM CTpeaoK». llpuBemnéM (hopMyIHpOBKH yTBep-
JKIEeHUH, B KOTOPBIX UMEIOTCS HEKOTOPBIe OTJIHYN; I IIPOCTOTH OyIeM pacCMaTpUBATH
KOrOMOJIOTUH! ¢ Ko3urnmentamu B Z.

Teopema 5.1. Henpepuiernoe omobpasicenue npocmpancms f: X — Y undyyupyem 2o-
momopduamu, epynn kozomonozud f*: H*(Y) — H*(X).
Ecau omobpaoscernun f,g: X — Y 2omomonnwn, mo f* = g*.

Mg mapot (X, A) rpynma omuocumenvnuz xouenet C™(X, A) onpeensercss Kak MO
rpyuna B C™(X), cocrosiinasi u3 Koueneil, 00paliaionuxcs B Hy/Jlb HA CHHIYJISIPDHBIX CHM-
miekcax, oopasbl koTopbix jgexkar B A. (Hamomunwm, uro ornocurenbhbie nemu Cp (X, A)
onpenensinch kak gaxmopepynna C,(X)/C,(A).) Tak xak d, nepesogur C"(X,A) B
C" (X, A), rpynner C™(X, A) 06pa3yloT KONEmHO# KOMILIEKC, KOTOMOJIOTHE KOTOPOTO —
ommocumenvroie kozomoroeuy H" (X, A).
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Teopema 5.2. Jlasa napw (X, A) umeem mecmo mounas nociedogamesvrocmo
o HNX) S BN A) S BY(X A) S BY(X) S HY(A) —

Ecau saooicenue i: A — X asasemca xopaccaoenuem (nanpumep, ecau (X, A) — xae-
mounaa napa), mo H"(X, A) = H"(X/A).

Korpaunumstii (umu ceaswearouut) romomopdusm d: H"1(A) — H"(X,A) B Tou-
HOI [0CJIeIOBATEILHOCTH IAphl ONpejiesisercst ciepyomumM obpasom. [lyers kiace [c] €
H" '(A) npencrasnen kormukiaom ¢ € C" 1 A). Ilpogomkum ¢ no konenn ¢ € C" (X)),
NOJIOKUB (DYHKIMIO € PABHON HY/I0 HA CHHTYJISPHBIX CHMILIEKCAX, KOTOPbIE HE JIeyKaT
B A. Konensb d, ¢ € C™"(X) na camom jiesie sijsiercst kouukiom B C™ (X, A), Tak kak
d,—1c = 0. Torna d[c] = [d,_1¢] € H"(X, A).

Teopema 5.3. ITycmo (X, To) — HAO0P NPOCMPAHCNE ¢ OMMEYEHHBMU MOYKAMU, OAA
KOMOPHLT BAOHCEHUA To, —> X ABAAWMCSA KOPACCAOCHUAMY. To200

" (\/ Xa> = [[H"(Xa), n>0.

Kak ®w B ciydae TOMOJIOTHiI, 9TO BBITEKACT W3 TOYHON MOCJIEIOBATEIHHOCTH Ma-
per (L, X, L {za}). Ormmume (koTOpoe mposIBIseTCA TONBKO [7Ist GECKOHEIHBIX Ha-
oopos mnpocrpaucrs) B toMm, uro H, (], X.) = @, Hn.(X,) — mnpamas cymma, a
H™(L, Xa) =11, H"(X,) — upsmoe npomssesnenue. DTO BHITEKAET U3 alredPamIecKoro
dbaxra: Hom(P, Go, H) = [ [, Hom(G,, H).

Tt Kj1eTo4Horo mpocTpancTBa X MOMKHO OUPEIEJUTh IPYIILY KACMOYHLEL KOUE-
neti C"(X;G) mbo xkaxk H"(X", X" 1;G), mmbo xax Hom(C,(X),G), tue C,(X) =
H,(X™ X" ') — rpynna kjerounbix meneif. Tu jaBa 10JX0ja SKBUBAJEHTHBI (32/124a).
Koromomornu H™(X; G) 110/y9aemMoro KONEmHOro KOMILIEKCA HA3BIBAIOTCS KACTNOYHbLMU
Ko2omonr02uamu pocrparcTia X ¢ koadgdummentramn B G. Torna H"(X; G) = H"(X; G).

Kaerounyito komens ¢ € C"1(X; G) MOXKHO TIPEACTABIATH cebe KaK Takylo (DyHKIHIO
Ha (n— 1)-MepHBIX OPHEHTUPOBAHHBIX KJIETKAX eg_l € X co 3nauenuamu B G, 4TO 3aMeHa,
OPMEHTAIMYU KJETKU IIPUBOAMT K M3MEHEHHUIO 3HaKa 3HadeHns GpyHKnun. Toraa Korpanuy-
noe orobpawxenue d: C"1(X;G) — C"(X; G) zanaércst bopmyiioit

de(el) = Zdagc(eg_l),
B

rje onpejesenne ducea dog € Z nano B TeopemMe 3.5.

ITpumep 5.4. Hanomuum (em. mpumep 3.7), 9T0 KJAETOIHBIN MEMHON KOMILTEKC st R P"
uMeeT BU/I

2 0 2 0 2 0 .
0 — 2 —>42— ... — 1L —7L— 72— 7 —0, ecaun 9€THO;

0 2 2 0 2 0 .
0 —2—2—...—7—7—7Z—7Z— 0, ecau n HEIETHO.

[Mocae npumenenusi GbyHKTOPOB — @ Zo u Hom(—,Zs) Bce romomopdusmbl B MOy va-
eMOM KOMIIJIeKCe CTaHOBATCs HysieBbiMu. [lostomy Hy(RP™;7Zy) = HF¥(RP™ Zy) = Zs
mpu 0 < k < n. OtHAKO IPYNIH MeJ0YuCTeHARX Koromoaoruit HF(RP™) otimuaores ot
rpymn romosoruii Hy(RP™) (3anaua).
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5.2. KoaddumumeHTHbIE TOYHBIE MOCJEA0BATEILHOCTU. PacCMOTPUM KOPOTKYIO
TOYHYIO TTOCTEI0BATEILHOCTD abeIeBBIX I'PYIII

9) 0—F —G— H—0.

ITpumenss k weit dyukTops Cp,(X) ® —, mojaydaeM KOPOTKYIO TOYHYIO MOCJIEI0BATEb-
HOCTD TIENHBIX KOMILIEKCOB

0— Co(X;F) — Co(X;G) — Co(X;H) — 0

(npumenenne dynxTopa G ® — He 0043aTEIBHO COXPAHSIET TOYHBIE OC/EI0BATETHHOCTH,
CM. CJIEIYIOIIHIT ITYHKT, OJ{HAKO B HAIEM CJIy9ae 9TO BepHO, Tak Kak rpymnia C,, (X)) ¢Bo6o-
Ha). KOpOTKaH TOYHadA MMOCJACAO0BATECJIBHOCTH HEMHBIX KOMIIJIEKCOB IIPUBOAUT K ,Z[III/IHHOIU/I
TOYHOII TTOCJIeIOBATEIBHOCTH TOMOJIOTHiE (¢M. Teopemy 2.9)

(10) ... — H (X:F) — H(X:G) — Ho(X: H) -5 Hy (X F) — ...

Ananornuno, npumenssa kK (9) dyukropsr Hom(C),(X), —), moaydaeMm KOPOTKYIO TOU-
HYIO IOC/IEJI0BATEIbHOCTD KOLCIIHBIX KOMILIEKCOB

00— C*(X;F) — C*(X;G) — C*(X;H) — 0
H JJIMHHYIO TOYHYIO IIOC/JA€J0BaTEJIbHOCTD KOT'OMOJIOT U
(11) .. — H"(X;F) — H"(X;G) — H"(X; H) -5 H" (X, F) — ...

[Mocaemosarenbrocru (10) u (11) HA3BIBAIOTCS KOIPBHUUUEHMHBLMU MOYHBLMU TLOCAED0-
BAMEALHOCTNAMU.
Oco0bIit MHTEpeC MPeaCTABIAIT KOPOTKHE TOUYHBIC MOCIeI0BATEIHHOCTH

0—2-"%57 —Zm —0 u 0— Zp, — Zppz2 — Zpn — 0.

I'panungnbie romomopdusmsl b: Hy, (X Zy,) — Hy, 1(X) u b: H\(X;Zy) = Hy (X Zy)
M3 COOTBETCTBYIOMHUX K03(DMOUIMEHTHBIX TOTHBIX MOCTIeJ0BATETBHOCTEH, a TaKkzKe Korpa-
nuaabie romomopdusmer 3: HY(X; Z,,) — H""NX;Z) n 3: HY(X; Z,,) — H""Y (X Z,,)
HA3BIBAIOTCA 20MoMOpPusmamu Bowwmetina.

LFomosmormaeckuit romomopdusm bokmreina b: H, (X;Z,,) — H,_1(X;Z) onucbiBaet-
¢ B SIBHOM Buje cueayiontum obpaszom. s o € H,(X;Z,,) BeiOepeM TpeacTaBuTe st
a € Cpo(X; Zy,). «Hoguumenms nens a € Cy(X;Zy,) 10 nenn a € C,(X; Z), paccmarpusast
K03 PULIUEHTBI-BLIYETHL 10 MOJY/II0 M KaK Lejble ducia. Torja rpanuna Ja Je/uTcd
na m (eé npmsesenne 1o Moaymo m ecrsb da = 0). Togennm: —Ja eCTh NENIOTUCICHEbI

IIUKJI, KOTOPBI 1 nipeacrasiser kiaace b(«) € H,_1(X;Z). Ero npuseierne mo MOIYJIIO m
ectb b(a) € Hy 1(X; Zyy).

Koromosornuecknii romomopdusm Bokmreitna §: H(X;Z,,) — H""(X;Z) ounn-
coiBaercs Tak. s v € H™(X;Z,,) oibepem upexacrasuress ¢ € C"(X;Z,,). «Iloz-
uumem» korenb ¢ € C"(X;Z,,) mo xonenun ¢ € C™(X;Z), cantas eé 3HaUeHUs IIe-
JBIMA 9HCTaMH, a He BhrdeTamu. Torga Korpammma dcé JeluTes Ha m W MBI HMeeM
B(v) = [£dc] € H"™(X;Z). Kpome Toro, nmpusesenne Knacca [--dc] mo MOLymo m ectb

B(v) € Hyy1(X;Zy,). D10 BBIpazkaeTcst KOMMYTATUBHO JHarpaMMoii

HY(X;Z) = HY (X Z) —— H™ (X Z) —"= H") (X, Z)

TS

H"" Y X Zy),
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rie p — OpUBEJIEHUEe O MOJIYJIIO M.

5.3. @yukTopsl Tor m Ext. Mur onpegesinm Tor n Ext mst moysieit Ha 1 Tpon3BOJIBHBIM
KOMMYTATUBHBIM KOJILIIOM R ¢ e uHuIeil, TaK KaK 3T0 00Jiee eCTeCTBEHHBIN KOHTEKCT, XOTS
JIUIsl HAIIIAX TeJTeli JIOCTATOYHO OMPAHUYUTHCsT abeIeBbIME TPYIIaMi (T. €. Z-MOJYJISIMH ).

HanomuuMm, 910 Mmodysem Ha KoabiioM R (win R-modyaem) HasbiBaeTcst abesieBa rpyTi-
na M c onepamnueit -: R X M — M, (r,m) + 7 -m, KOTOpasi yJAOBIETBOPSET YCIOBUIM
(r1 +ro)m = rim + rom, r(my + ma) = rmy + rmo, (rire)m =ri(rom) uw 1-m = m s
aobbix ; € R m; € M. Ilpumepamu siBistiorcst abesieBbl rpyinbl (Mogynn Hajx Z) u
BEKTOPHbIE MPOCTPAHCTBA (MOY/IH HAJ [OJIEM ).

R-vonynes F HassiBaercs c60600Hbim, ecin oH n3oMopden mpsmoit cymmve @, Ro, Tae
KaxKapiii R, ecTh KOIbIO R, paccMaTrpuBaeMoe Kak [R-MOIyIb.

Tensoproim npoussedenuem moaynein M u N wag R (obo3nauenne: M ®p N) HasbiBa-
ercst haKTOPMOJYJIb CBOGOIHOTO MOJIYJIS ¢ MHOZKeCTBOM obpasytomux {(m,n) € M x N}
1O TTOAMOJIYJIIO, TOPOXKIEHHOMY BCEBO3MOXKHBIMU dJI€MEHTAMU BHJIA

(m—+m',n)— (m,n) — (m',n), (m,n+n')—(m,n)— (m,n’),
(rm,n) —r(m,n), (m,rn)—r(m,n),
re m,m’ € M, n,n’ € N, r € R. l'omomopdusmer R-monyneit M — N obpasyror
R-momynn, kotopsiit oboznadaercs Hompg (M, N).

C60b600n01 pesorveenmoti R-monyns M Ha3bpIBaeTCs TOUYHAS MOCTIEI0BATEILHOCTD MO-
AyJiei

(12) . — by —F, — Fy— M —0,

B KOTOpPOit Bce Moayan F; cBOOOTHBI.

[Iycte N — npyroit R-moayub. [lociae npumenenuns dyrkTopa — @i N K ¢BOOOTHOIM
pesosibBerTe (12) mostyvyaemast HOCIe0BATEbHOCTD MOXKET He ObITh TOYHOM, HO SIBJISIETCS
MEMHBIM KOMILIeKCOM. VICKII09UB U3 3TOTo KoMILIekca 4wieH M Qg N, moaydum memHoit
KOMILJIEKC

o. — Fy®r N — F1 ®r N — Fy ®r N — 0.

Ero n-g rpymmna romoJoruii oboznagaerca Tor’ (M, N), . e.
Ker(Fn KrN — F,_1 Qg N)
Im(Fp ®@r N = F, @p N) -

Torf (M, N) =
Ananornuno, npumenus dbyakTop Homg(—, N) k (12) u uckmouns wien Homg(M, N),
IOJIY9MM KOIEIHOH KOMILIEKC
0 — Hompg(Fy, N) — Hompg(F1, N) — Hompg(Fy, N) — ...
Ero n-s rpynna koromosioruit obosuadaercsa Exty (M, N), 1. e.
Ker(HomR(Fn, N) — Hompg(F,1, N))
Im (Hompg(F,—1, N) = Hompg(F,,N)) '

Bor ocnosubie coiictBa dpynkropon Tor n Ext.

Ext? (M, N) =

Teopema 5.5.

a) Modyau Tor®(M, N) u Ext’,(M, N) ne sasucam, ¢ mounocmuio do usomopdusma,
om evbopa c6060dHoll pesoaveenmul (12).

6) Torf(—, N), Tor®(M, —) u Ext%(M, —) aeraomca xocapuanmmvmu Gynrmopa-
mu, a Exth(—, N) aeasemes KoHmpasapuanmmoim GyHEmopom.
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B) Torl(M,N) = M ®p N u Ext% (M, N) = Homg(M, N).
r) Tor® (M, N) = Tor®(N, M).

Zoxasamensvcmeo. Mbl JTUIIL TPUBEIEM OCHOBHBIE MK JOKA3ATEIbLCTBA, OCTABIAS TeTa-
Ju B Kadecrse 3aja4. CpoiicrBa a) 1 6) JOKA3BIBAIOTCS [IPH MOMOIIH CJIELYIOIEr0 yTBED-
xaenus. [ycrs Fy — cBobognas pesosbbenta moayiast M, F) — cBoboanast pe3osibBeHTa
Moyt M'. Toraa so6oii romomopdusm R-monysreii f: M — M’ nponoszkaercs 10 Lel-
HOTrO orobpakenus fo: Fy — FL:

FQ F1 F() M O
| | |

I f2 I f1 I fo Lf

\ \ \
F— e Fl— = F — M ——0),

npudém JIIo0bIe /1B TAKUX HPOJIOJIZKEHUSI [IEIMHO TOMOTOITHBI. DTO YTBEPKICHUE POBEPS-
eTCd AuarpaMMHbIM ITOUCKOM.

Jlnst mokazaTeabeTBa ) pacCMOTPUM CBOOOIHYIO pe3osbBeHTy Fy Momynst M u ¢BoGo-
Hy10 pe3osibBeHTy (¢ MOyt N. Torga Mbl mMeeM KOMMYTATHBHYIO JTHATPAMMY

= QrG, ——=F,®r G —= F, Qr Gy —= 5 Qr N —0

——F®rGy——F 1 ®r G —= F1®r Gy —=F1 g N —0

= ®r Gy ——= Iy QrGI —= [y ®r Gy —= [y @r N —=0

——MRrG— M rGL — M QrGy— M Qg N —0

0 0 0 0

TComostorun camoro mpasoro memyseBoro crobmna — 31o Tory (M, N), a romosorun camoii
HuKHeil Heryaesoit crpoku m3omopdusl Tory (N, M). MoxKHo H0Ka3aTh, 9TO TOMOJOIUTH
KazKJIOr0 M3 9TUX IEMHBIX KOMILJIEKCOB H30MOP(HBI TOMOJIOTUSIM KOMILIEKCA, COCTAB/ICH-
HOro u3 mouynieit H, = @p+q:n F,®rG,. O
5.4. @opmysibl YyHUBepCcaAbHbIX KO03d dumumenToB. Moyt Hal KoJgbloMm R = 7 —
910 abeseBnl rpymnbl. CBOOOMHYIO pe30sbBeHTY abeseBoil rpynibl G- MOXKHO MOCTPOUTD
caeayiomuM obpazoMm. BozpMmém B KadecTBe Fy cBoboanyio abesieBy rpynmy ¢ 6a3mucom,
9JeMEeHTBI KOTOPOTO COOTBETCTBYIOT JTI060MY Habopy obpasytomux rpyusl (. Mber nmeem
suumopdusm Fy — G, aapo Kkotoporo Mbl obo3uadum depe3 Fi. Torma F) Tak:ke cBoOOI-
Has abeseBa rpymna (TOATPyHNa cBOGOAHOM abesieBoil rpynsl ¢cBOOOIHA, HO MOAMOIY.IH
cBOOOIHOTO R-MojtyJisi, BooOIIE roBOpsi, MOXKET He ObITh ¢BOOOAHBIM). B pesyiabrare Mbl
MOJTyIaeM «KOPOTKYIO» CBOOOIHYIO Pe30JbBeHTY rpymibl G:

0—F — F—G—0.
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TaxkuMm obpasom, HerpuBHagbHBIME Tor-momymamm mpu R = SIBJISAIOTCS  JIUIID
Tor2(G, H) = G ® H u Tor?(G, H), xoroperit o6o3magaerca Tor(G, H). Mbr nmeem
(13) Tor(G, H) =Ker(Fy ® H - Fy® H).
AHATOTHYHO HeTpHBHATLHBIME Ext-Momynavu mpu R = 7 asasiorea jumb Ext) (G, H) =
Hom(G, H) n Exty(G, H), kotopsiit obo3Haqaerca Ext(G, H). Mbr mmeem
(14) Ext(G, H) = Coker (Hom(Fy, H) — Hom(Fy, H)).

. i J
Koporkas Tounas mocsienoBarebaocts R-monyneit 0 - A — B = C' — 0 nassiBaercs
pacusenumoti, eCIi BBIIOTHEHO OHO U3 IKBUBAJIEHTHBIX YCJIOBUIL:

1) cymecrByer romomopdusm s: C' — B, ajst koroporo js = id: C' — C

2) cymectByer romomopdusm q: B — A, mist koroporo gi =id: A — A.
Jlng paciienuMoii KOPOTKOH MOCJe10BaTeibHOCTH uMeeM u3omopduzm A & C 5 B,
(a,c) —i(a) + s(c).

Teopema 5.6 (dopmynbl yaEBepcanabHbiX Kodbdumentos). Jia 410000 abeaesot epyn-
not G u ar06020 n = 0 cywecmsyrom ecmecmeentvie no X PACUENUMBE KOPOMKUE MO~
HBLE NOCAEJOBANENBHOCTNY

a) 0— H,(X)®G — H,(X;G) — Tor(H,—1(X);G) — 0,
6) 0— H'X)®G — H'(X;G) — Tor(H™(X);G) — 0,

ecau G KOHEUHO NOPOXHCIENHA,
B) 0— Ext(H,1(X),G) - H"(X;G) - Hom(H,(X),G) — 0.
Jameuanue. DTU pacilelliMble TOUYHBIE TT0CJIe0BATETbHOCTH JIAI0T U30MOPMOUIMBI
H,(X;G) =2 (H,(X)®G) @ Tor(H,_1(X),G),
H"(X;G) = (H"(X)®G) @ Tor(H"(X),G) (rpymma G KOHEYHO TIOPOYKICHA),
H"(X;G) 2 Hom(H,(X),G) @ Ext(H,_1(X), G),
KOTOPbIE, OJIHAKO, He SIBJSIOTCS €CTeCTBeHHBIMHU 110 X .

Jlokasamenvecmeo meopemuv, 5.6. TlepBbie nBe TOYHBIE TOCTEA0BATENLHOCTH JIETKO BbITe-
KaIOT 13 KO3(DDUIHEHTHBIX TOUHBIX HocaegoBarensuocreit (10) u (11). Bosegem Toumyio
M0CTIeI0BATEILHOCTD a). PaccMOTpUM KOPOTKYIO TOYHYIO TIOCTIEI0BATEILHOCT (DPe30ib-
seruty) 0 — Fy — Fy — G — 0, tne Fy, Fi — cBoGojanble abeeBbl TpyIibl. Toraa Mbl
HMeeM
H,(X; F) = H\(X;80Z) = ©H,(X;Z) = H\(X) @ F,

re BTOPOe DAaBEHCTBO cjejyer u3 pasercTBa rpynn koreneil Cp(X;0,Z) = Ch(X) ®
(BalZ) = BoCr(X). Paccmorpum dparment Tounoii mociemoBareasuocta (10):

— H,(X; FY) In, H,(X; Fy) — H,(X;G) — H, 1(X; F}) Ty H, 1(X; Fy) —.

Orcroma noaydaeM KOPOTKYIO TOYHYIO ITOCIEI0BATEILHOCTD
0 — Coker f, — H,(X;G) — Ker f,_1 — 0,
e
Coker f,, = Coker(H,(X) @ Fy — H,(X)® Fy) = H,(X) ® G,
Ker f,_1 = Ker(Hn_l(X) QF — H, 1(X)® Fo) = Tor(H,_1(X),G),
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cM. (13). Tlogcrapiasis 3T0 B OPEJBLIYILYIO TOYHYIO TOCIEI0BATENLHOCTD, MOJIYIaeM a).

HT06Bl TTOJYIUTH HOCIE0BATENIBHOCTD 6), paccMoTpuM pesonbsenty 0 — F; — Fy —
G — 0, rne Fy, F} — KOHEYHO OPOXKIEHHDBIE CBOOOIHBIEC abesIeBbl IPYIIbL. ' 1orna
) )

H'(X;F) = H'(X; ®.Z) = G H"(X;Z) = HY(X) ® F,
rie Bropoe paBeHcTBO cienyer u3 paenctBa C"(X;®,Z) = Hom(C,(X),®.Z) =
®o Hom(C,(X),Z) = ©,C™(X; Z) nnst KoHeqHO# TpsAMOii cyMMBI B,Z. Jastee ucnoansy-
eM TOYHYIO MOCIe0BATENbHOCTD (11) aHAJIOTMYHO JOKA3ATeIbCTBY a).

OHaKko 9TOT MeToj He PaboTaer Jyis TOYHON HOCIeA0BATeJbHOCTH B). Mbl npuseiém
Apyroii cnocob J0Ka3aTeabCTBa, KOTOPBIi BMECTO DE30JIbBEHTHI rpymnbl G UCIOJAb3yeT
pesosibBenTy rpymbl H,(X).

[ycrs C,, = Cp(X), Z, = Ker 0,, — nukasi, B, = Im 0,1 — rpanuns, H, = Z, /B, —
roMOJIOTHU. MBI HMeeM KOPOTKYIO TOUHYIO HOCTEA0BATETLHOCTD

0—>Zn—>6’ni>Bn_1—>0,

KOTOpasi PACHICIUISeTCs, Tak KaK B Hell Bce abeseBsl Tpymmbl ¢BoGommbl. llpumenus
Hom(—, G), moay<¥uM TOYHYIO MOC/Ie0BATETBHOCTD

0 — Hom(B,,-1,G) — Hom(C,,, G) — Hom(Z,,,G) — 0.

9Ty ocJjie 10BaTeJIbHOCTb MO2KHO paCCMaTpUBaTh KaK KOPOTKYIO TOYHYIO 1IOCJ/I€10BaTE/Ib-
HOCTD KOIECITHbIX KOMILJICKCOB

0 — Hom(B,_;,G) — Hom(C,, G) — Hom(Z,,G) — 0,

rie Hom(B,._1,G) u Hom(Z,, G) — kommiekcor ¢ wyaebiM auddepennnasom. Coorser-
CTBYIOIIAst JIMHHAST TOYHAS [TOCJIE0BATEIHHOCTH KOTOMOJIOTHI HMeeT B

S Hom(Z, 1, G) "2 Hom(By_1, G) — H™(X; G) — Hom(Zy, G) =5 Hom(B,, G) —

CaasbiBaromumM romomopdusmom 3zxecsh asasgerca i : Hom(Z,,G) — Hom(B,, G); on
npeacraBiasger coboil MpocTo orpanmdenue romomopdusmos 7, — G wva B, C Z,. U3
9TOH MOCJIeI0BATEILHOCTH MBI IOy IaeM KOPOTKYIO TOUHYIO TTOC/Ie0BATEIBHOCTD

0 — Cokeri, ;, — H"(X;G) — Keri; — 0.

Tenepn 3amerum, uto 0 — B, In, Zn, — H, — 0 — pe3onbBenTa rpynnsl H,,, TO3TOMY
Ker i = Ker(Hom(Z,,G) — Hom(B,,G)) = Hom(H,, G),
Coker i, _, = Coker(Hom(Z,_1,G) — Hom(B,_1,G)) = Ext(H,_1,G),

cM. (14). TlogcraBasis 910 B IPEABIIYIYI0 TOYHYIO TOCTEA0BATENLHOCTD, MOIYIaeM B).

JlokazkeM pacIienuMocTh TOYHON MOCIeJ0BATEJbHOCTH B). B Heii romomopdusm
h: H*(X;G) — Hom(H,(X),G) conocrapiager Kjiaccy KOroMoJoruii [c| Koruk.a
c: C,, — G romomopdusm H, = Z,/B, — G, 3a7aBaeMblii OrpaHuYeHHEM ¢ HA TPYIILY
IUKJIOB Z, ¢ HOCIEAYIONMM IIepexoaoM K dakroprpyiie. diasg h cymecrByer mpabblii
obparusiit s: Hom(H,(X),G) — H"(X;G), KOTOPBI# CTPOUTCS CIEAYIOMAM 00PA3OM.
Lomomopdumsm f: H,, — G sanaér romomopdusm f: Z, — G, KOTOPbI MOKHO IPOOJI-
KuTh 10 Tomomopdusma f': C, — G (rak kak Z, C C, — npsmoe caaraemoe). Torma
nostoxkum S(f) = [f']. OgeBuano, uro hs = id, Tak 4TO TOYHAS MOCIEAOBATEIHLHOCTD B)
pacIenuma.

Jlnst nokaszarebcTBa pacienuMOCTH TOTHON MOCTeI0BATETLHOCTH &) PACCMOTPUM DaC-
memgomue romomopdusmel C,, — Z, 1 TOYHBIX IOCJemoBaresbHocreit 0 — 2, —
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C, — B,_1 — 0. B3gap kommno3uiuio ¢ ¢pakroporobpaxkeHusamMu 7, — H,, moaydnm
romomopduzmel C,, — H,,. Bmecte oum obpasyior nemnoe orobpaxkenue Cy — H,, T1€
clpaBa CTOUT KOMILIEKC C HYJIEBBIM I'DAHUYHBIM OTOOparkeHueM. TeH30pHO YMHOXKHUB Ha
G, nosyuaum nemnnoe orodopaxkenune Cy @ G — Hy ® G. Tlepeiigsg K TOMOJIOIHAM, Oy YUM
J )
pactenstonuii romomopdusm ¢: H,(X; G) — H,(X) ® G ajst TOYHO# MOCTIe10BaTe b
HOCTH a). JI0Ka3aTebeTBO JJisl MOCAeI0BATEIbHOCTH 0) aHAJIOTHIHO. O

3azaun U yruparkHeHus.
5.7. Joxaxure, uro rpyina H'(X) He cojepKur KpyueHus.

5.8. Ilycts A, B C X — noanpocTpaHCTBa, BHYTPEHHOCTH KOTOPBIX MOKpHIBalOT X . BhI-
BEJIUTE KO20MOAOLUYECKYIO MOwHYI0 nocaedosamenvrocms Matiepa—Buemopuca:

o — HY(X) 5 HM(A) @ H(B) 25 H"(ANB) % H" (X)) — ...
M ONHUIIHTE ABHO KOrpaHmaHOoe oTobpazkenue d: H"(AN B) — H"M(X),

5.9. Onpenennm d": H*(X", X" 1 G) — H"™H( X" X" @) kak koMIo3unuio oTobpa-
xenuit j*: H"( X", X", G) - HY(X";,G) u d: H*(X™;G) — H""H( X", X" G) u3
KOTOMOJIOTHIECKAX TOYHBIX TOCIeIoBaTeIbHOCTeH map. JJoKazKuTe, 9TO KOIEMHbIe KOM-

wrekeer { H"( X", X" 1 @), d"} u {Hom(C,(X),G), 9} } usomopdHsI.
5.10. Boiumcanre rpymims nesiouncaenabix koromostornit HE(RP™) uw H*¥(RP>).
5.11. Onummre romomopdusm Boxkmreitna 3: HF(RP™; Zy) — H* Y (RP>; Zs).

5.12. Jloxaxmure, uro Momystu Tor’ (M, N) m Ext},(M, N) He 3aBHCAT, ¢ TOYHOCTBIO JI0
uzoMopdusMa, 0T BbIOOpa CBOOOIHON Pe30JbBeHTH MoayIst M.

5.13. Jloxaxure, aro Tort(—, N), Torf(M, n Exth(M,—) aBasioTca KoBapHAHTHBIM
dbyukTopamu, a Extly(—, N) sBiseTcss KOHTpaBapuaHTHBIM (BbYHKTOPOM.

5.14. Jlokaxure, uro Torf (M, N) = M ®g N u Ext%(M, N) = Homg(M, N).
5.15. Hdoxaxute, uro Tor? (M, N) = Tor® (N, M).
5.16. Jlokaxkute, 9TO KOPOTKasd TOYHAS MMOCIEI0BATE/IHLHOCTL R-Moy/1eit
00— My — My — M; —0
JIAET cJIelyIolue JJINHEBIe TOTHBIe TOCIeJ0BATEThHOCTH:
... — Torf(My, N) — Tor®(M,, N) — Torf(Ms, N) —
... — Tor® (M, N) — Tor®(M,, N) — Torf (M5, N) —
N

— Torl(My, N) — Tor{(My, N) — Tork (Ms, N) 0,

0 — Ext% (M3, N) — Ext%(My, N) — Ext%(M;, N)
— BExty(Ms, N) — Extp(Ms, N) — Extp(M;, N)
oo — Exth(Ms, N) — Exth(My, N) — Ext’ (M, N)

[T

a KOPOTKas TOYHAd MOCJe/I0BATETbHOCTD [R-Moyteit

00— Ny —> Ny — N3 — 0
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NAET IJIMHAYIO TOYHYIO ITOCIEI0BATEILHOCTD
0 — Exth(M, Ny) — Ext%(M, No) — Ext% (M, N3) —
— BExty(M, Ny) — Extp(M, Ny) — Extp(M, N3) — ...
.. — Exth(M, Ny) — BExt’y(M, Ny) — Ext’ (M, N3) — ...
5.17. JMoxawxure, 910 Tor(Zp,, Zy) =2 Ly @ Ly = L ), TE (M, ) — HANOOMBIIII 0OIITHIT
neauress m u n, a Tor(Zy,,Z) = Tor(Z, Z,,) = 0.
5.18. Hoxaxknre, ut0 Ext(Zy,, Zy) = Ly, Ext(Zy,, Z) = Ly, v Ext(Z, Z,,) = 0.
5.19. Tlocrpoiire cBOOOAHYIO PE30JbBEHTY Zg-MOLYJIA Zo U BbIYUCATE Tor%4 (Zo,Zs) u

EXt%4 (ZQ, Zg) .

5.20. okazkuTe, 9TO eciu orobpazkenue npocrpancts f: X — Y unaynupyer u3oMop-

dbuswm f,: H,(X) = H,(Y) aag 1060ro n, To OHO UHAYIUPYET B30MOPGMU3MBI TOMOJIOT T
1 KoromoJioruit ¢ kKoaddunuenramu B J1060it rpynmne G. [Vkazauwe: ucnoabsyiire dop-
MYJIBl YHHBEPCATIBHBIX KOI(DDUIHEeHTOB. |

6. KOJ/IbIIO KOTOMOJIOT U

It 106010 KOMMYTATHBHOTO KOJIbIIA R ¢ eIHHUIICH MBI OIIPeIeJ UM OTOOpaZKeHUsI
—: H?(X;R) x HY(X; R) — H"™(X;R),
KOTOpBIe IpeBparmaT npsMyo cymmy H*(X; R) = ®p>0 HP(X; R) B acconuaTtuBHOE,
IPaJyHPOBAHHO-KOMMYTaTHBHOE KOJIbIO (R-anrebpy) ¢ eqununeii. Hapsay ¢ rpynmavu

(KO)roMOJIOTHA, CTPYKTYPa ITOrO KOJBIA SBIAETCS BAYKHBIM TOMOTONAYECKUM HHBAPHU-
AHTOM TOIOJIOTUYECKOI'O IIPOCTPAHCTBA X .

6.1. IIpousBenenne KoamoropoBa—Amnekcanaepa. OupenaeauM —-npoussederue
(rakzke u3BecrHOE Kak npoussedenue Koamozoposa—Aaekcandepa) CUHIYISAPHBIX KOIE-
ueii @ € CP(X; R) u b € C9(X; R) kax konenb a — b € CPT(X; R), 3na1enne KOTOpoil HA
CUHTYJIsIpHOM cumiuiekce o APT9 = [ug, ..., vy, — X 3amaéres dopmyiioit

(15) (a~b)(0) = a(o|,....05]) 0T |[up,...copsa])-

JIemma 6.1. Jlasa a € CP(X; R) ube CIX; R) 6vnoaneno pasencmeso
d(a~b)=da~ b+ (—1)Pa — db,

2de d: C*(X; R) — C*TY(X; R) — woepanuunwviti 2omomoppusm (8).

Joxasamenvemeo. Has o: APYL = [y .0 vpig41] = X MBI mMeeM
p+1
(da = b)(0) =Y (=1)'a(0]wo...50. 1)) (O oy i)
i=0
pta+l
(—1)P(a~ db)(0) = Y (=1)'al0]ue,..0p)) b0yt
i=p

[Ipu cjioykeHWU 3TUX BbIPAYKEHUH MOC/IeHUI WIeH MepBOH CYMMbI COKPATUTCH C TEPBBIM
WICHOM BTODOIl CyMMBI, a ocTasinuecs wiensl gaayT d(a « b)(o) = (a ~ b)(00), Tak Kax

p+q+1

30 - Z <_1)10|[U0 """ @7"'7UP+'1+1}' |:|

=0
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HanomunM, 9T0 2padyuposartoe K0ab140 — 3TO KOJIBIO A, IpeJIcTaBIeHHOe B BUJE IPd-
Moit cymmst @, A* moarpymr A’ rakum o6pasom, uto ecmna € A'ub € A7, 1o ab € AT,
Ecan Bce A aBasioTcs MOTLYIAMA HaJ, KOMMYTATHBHBIM KOJBIOM R ¢ eHHUIell 1 yMHO-
sKeHne B Koablle A aisiercas R-OnnnHeHHBIM, TO A Ha3LIBAETCS T'PALYyUPOBAHHON a.2e0-
poti Haj KosabiioM R (uian Kpatko R-aazebpoti). I'pagynpoBaHHoe KOIbIo (Wiam ajirebpa)
A =@, A’ naspiBaeTca epadyuposaEHHO KOMMYMAMUGHBLM, eCIIE 1T 100X a € A 1
b € A7 Bemonueno coornomenne ab = (—1)7ba.

Teopema 6.2. Ilycmv R — xommymamusnoe koavuyo ¢ edunuuetd. Tozda —-npousse-
denue xoueneti sadaém na H*(X;R) = @, H'(X; R) cmpyxmypy epadyuposarod,
accouuamueroti, 2padyuposaHHO-KOMMYMamusHot anrzedpu, ¢ edurnuuet Had R.

Joxazameavemeo. 13 jiemmbr 6.1 cjejiyer, 4T0 —-IIPOU3BEJEHNAE JIBYX KOIMKJIOB CHOBA
ABJIAEeTCAd KOIUKJIOM, a IIPOU3BEACHNEC KOUUKJIAa U KOI'DAHUIIbI (B ﬂIO6OM HOpHﬂKe) ABJIA-
ercs Korpamunei. [109ToMy “—-IPOU3BEJCHNE KOUETel 3aJaéT —-TPON3BEICHNe B KOTO-
mogtorusix «—: HP(X; R) x HY(X;R) — HP™(X;R), xoropoe npespamaer H*(X; R) =
@D, H?(X; R) B rpajsyuposantoe KoJplo ([-arebpy). Ejpunnueit sToro Kosbua -
erca Kjaacc 0-MEepHOro KOIMKJIA, IPUHUMAIOIIETO 3HAUYEHHE | Ha KaxKJIOM CHHIYJISPHOM
O-cumILiekce. Y MHOKEHHE B KOTOMOJIOTHSX aCCOIUATUBHO, TaK KAK OHO aCCOLUATUBHO HA
ypoBHe Koneneii. OgHako yMHOKEHHE KOIlelell He SABIIeTCa IPaJLyuPOBAHHO KOMMY TATHB-
HBIM, MOSTOMY TPAAyUPOBAHHAA KOMMYTATHBHOCTH YMHOKCHEA B KOTOMOJOIHAX HY K1
ercsd B JIONOJIHUTEIbHON TPOBEPKE.

[Mycts w: A" — A" — addunnbiii aBTOMOPOUIM CUMILTEKCA, 00PAIIAIONIAN TOPSTOK
BepruH. JIJist CHHTYJISIPHOTO CHMILTEKCA o : [vg, ..., v, — X obo3HaunM & = 0 o w, T.e.
7(v;) = 0(vp_i). Temepb onpenennm romoMopdusm

p: Co(X) = Ch(X), 0 E,0,

rie €, = (—1)""*1/2 — onpenenutens oneparopa w.
Hnsta € CP(X;R),be CYX;R) u p*: C"(X) = C™(X) numeem

(P*CL ~ p*b) (U) = a(5p0|[vp,...,vo]) b(5q0|[vp+q,...,vp])a
p*<b ~ a) (J) = €p+qb(0-|[vp+q7---7vp]) a(0-|['Up7---7'UO})'

Tak KaK €p4 = (—1)P%e,e,, a KObo R KOMMYTATHBHO, OTCIOAA HOIydaeM (p*a — p*b) =
(—1)Pp*(b ~ a). Huzke MBI OKayKeM, 9TO p — HENHOe OTOOpazKeHHe, MEMHO FOMOTOIHOe
TOXKACCTBEHHOMY. [109TOMY IpH mepexojie K KIaccaM KOrOMOJIOTHI p* MOYKHO OMYCTUTD U
MBI ToJtydaeM Tpebyemyto dopmyiy [a] « [b] = (—1)PI[b] « [a].

[Tposepum, 4ro p — nennoe orobpaxenue. st o: [vg, ..., v, = X umeem

ap(g) =é&n Z<_1)ZU|[Un,...,’/v\n,i,‘..,vob
(2
p0(0) = p(D_ (10l ] ) = Enct D=1l
J K3
Tax kak €, = (—1)"¢,_1, moaydaeM Tpebyemoe cootnorrenne dp = po.

OcTajgoch HOCTPOUTH HENHYI0 FOMOTOIMIO MexKay p U id. DTO HOCTPOeHHE NMOXOKE Ha
II0CTPOEHNUE MEITHOI rOMOTOIMHI B JI0Ka3aTenbcTBe Teopembr 2.6. Tam ke GbLia moCTpoeHa
rpuaHryasinus npusmbl A" X [ ¢ BepumHamMu v, . . ., v, #Ha ocaoanuu A" x {0} u Bep-
HMITHAME Wy, . . . , Wy, HA ocHOBaHUN A™ X {1}. CUMILIEKCH 3TOH TPUAHTYIAIMN UMEIOT BU/L
[V0, -y Uy Wiy .y wy], @ = 0. n. Hyers m: A" x I — A™ — npoekuus. Omnpeenum
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npusmennsiit oneparop P: Cp(X) — C,11(X) mo dopmye
P(0) =Y (=1 eni(0)|fuo,...vm,. 00
i
Yrobs! mokasarh, uto 0P + PO = p — id, cHavaJa BeraucauM 0P, OIycTHB 118 KpaT-
KOCTH 0 U OT:

(16) 8P:Z(—l)i(—l)jan_i[vo,...,ﬁj,...,vi,wn,...,wi]—i—

J<i
+ Z(—l)’(—l)””"‘ﬂen_i[UO, U Wy e, Wy W
>0

Ynensl ¢ j = ¢ B 3TUX ABYX CYMMax JalOT

En[wn, oo ,UJ()] + § gn—i['UOa ey Vi1, Why,y - - ,ULJ‘F
i>0
E n+j+1
+ (—1) En_j[vo,...,vj,wn,...,ij] - [’Uo,...,vn].

j<n
B sTom BBIpa:KeHWW JIBe CYMMBI COKpaIlalOTCd, TaK KaK 3aMeHa j Ha ¢ — 1 BO BTOpPOit
CyMMe IPUBOJUT K HOBOMY 3HaKy (—1)"T'e, ;11 = —&,_;. OcraBiumecs: Ba WieHA JAIOT
EnlWny ..., wo] — [vo, ..., vn] = p(0) —o. [Tosromy, aT06B OKA3ATH, uT0 0P + PO = p—id,
0CTaéTCsl IIPOBEPUTH, YTO “ieHbl ¢ § # 1 B (16) mator —P0d. Mbl nmeem

Pa = Z(—l)i(—l)jéfn_i_l[?]m ey Uiy Whyy . e ,1/1}]‘, . ,wz]—l—

i<j
+ ) ()TN =1 enivo, -, Dy, Vs Wy ).
i>j
Tak Kak &, ; = (—1)""'e,_;_1, MBI geiicTBETENBHO NOAyIaeM OP + PO = p — id. d

ITpennoxkenune 6.3. Omobpascenue f: X — Y undyyupyem 2omomopdusam xoaey, xo-
eomonozuts f*: H*(Y; R) — H*(X; R), m.e. f*(a~ )= f*(a)— f*(5).

oxazameavcmeo. U3 onpesenenns: npoussenenus (15) caeayer, 9To yzke Ha yPOBHE KO-
nerneit mveer Mecto dopmyna f*(a — b) = f*(a) — f*(b). O
6.2. OTHOCUTEJBLHBIE IPOU3BEAeHNS U X-npousBenenne. Popmyia
(a~b)(o) = a’<o-‘['UOy---7Up]) b(‘7|[vp,---,vp+q])
ast a € CP(X; R) u b € CUX; R) TakKe 33/1aéT OTHOCHTEJIbHbBIE ‘—-[IPOU3BEIECHNSI
—: HP(X;R) x HY(X,A; R) — H"™(X, A; R),
w: H?(X,A; R) x HY(X, A; R) — HP™(X, A; R),

Tak Kak eciu xouenu a € CP(X; R) u b € CY(X; R) obpamaiorcss B Hy/Ib Ha Iengax B A,
TO 3TO BEPHO U Jjist @ ~ b.

Ecaun A u B — orkpbiThie nogmuozkectsa B X win (X, A) u (X, B) — KaerodHbie naphl,
TO nMmeercs 6osee obIIee OMHOCUMENLHOE ~-NPOU3BedeHUe
(17) o: HP(X, A;R) x HY(X, B; R) — HP*(X,AUB;R).
Ono onpeesiseTcs: CIeayonuM 00pa3oM: —-IPOU3BEJCHHEE Koleneil 1aér oTobpakenne

(18) CP(X,A; R) x CU(X, B; R) — C""(X, A+ B; R),
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rie C"(X, A+ B; R) — noarpymnmna B C"(X; R), cocrosias 3 Korerneii, o0paaonmXcst
B HyJ b Ha cymMMmax teneii B A u neneit 8 B. Brmowenna C"(X, AU B; R) — C"(X, A +
B; R) unyuupytor u3oMopdu3Mbl KONOMOJIOTUIT; 9T0 CJiejyer u3 b-jieMMbl 1 jieMMbl 2.19
(M3 KOrOMOJIOTHYIECKOr0 BapHaHTa 3TOMH JieMMBbI cjiejyer, uro orpanndenue C"(AU B) —
C™(A+ B) uaaynupyer u3oMopdusM B Koromosorusx ). CiemnoBareabHo, “w-IPON3BeIeHHe
korerneit (18) naér oTHOCHTENIbHOE —w-TIpOU3BeAeHNe Koromosornii (17).

OmpeiesinM TakzKe abCOJIOTHOE U OTHOCUTETbHOE X -npoussedenue (W 6HewHee npo-
ussedenue)

x: HP(X;R) x H(Y;R) — H"™(X x Y; R),
w: HP(X, A; R) x HU(Y, B; R) — H"* (X x Y,Ax Y UX x B;R)
dbopmynoit a x 5= p(«a) « py(B), tae px u py — npoeknun X X Y va X uwna Y.

6.3. Kuerounoe onpenesneane ymHoxKeHus. lVmeerca Ipyroit moaxo K onpeIeeHuo
YMHOXKEHUST B KOTOMOJIOTUSIX , UCTIOIB3YIOTIHIA KJCTOTHBIE KOTeTH. MbI U3/T0KUM TOT MO/~
X0/ CXeMaTU4YHO, OCTaBJ/Issd JOKA3aTe/IbCTBA OCHOBHBIX yTBEPXKJIEHUN B Ka4ecTBE 3a/1a4;
9TH JOKA3aTeJLCTBA MOXKHO HaiiTh B Kuurax [PP| nnn [Xal.

[Tycts X, Y — kaerounsie mpocrpancTsa. Hanomuum, uro npousseenne X X Y umeer
KJIETOUHYIO CTPYKTYDY, KJIETKAMH KOTOPOH SIBJISIIOTCST TPOU3BEJIEHNST €, X €] KJIETOK €y, C
X m ey CY. Takum o6pa3om, Mbl noayyaeM OuuneiiHoe oToOpazkeHne

(19) X Con(X) X Cp(Y) = Crgn (X X Y, (en's€5) — e X ep.
JIemma 6.4. Kaemounwd eparuunod 2omomopdusm 0: C;(X X Y) = C;i_1(X X Y) ydo-
BAEMBOPALIT COOTNHOULEHUIO
(20) d(ey x ef) = ey x e+ (—1)"ey x dejs.
13 (20) caemyer, 9T0 HpoU3BeNEHHE ABYX IUKJIOB — IHKJI, a IPOU3BEICHHAE IUKIA U

rpanuinbl — rpapuma. CieqoBaTe bHO, OMPeIeTeHo 0TOOpaKeHne B KJIETOYHBIX TOMOJIO-
rusx (¢ kosdpdbunuentamu B Kobie R)

(21) x: Hp(X5;R) x Hy(Y; R) = Hpn(X X Y5 R),

KOTOPOE HA3BIBAETCSI (20MOA02UNECKUM) X -NPOU3EEIEHUEM.
Teneps pacecmorpum kierounsie Korenu. CytiecrByer R-Ouiuneiinoe oTobpazkenue

(22) x:CP(X;R) x CU(Y;R) = C*" (X x Y; R),

nepeBogIiee napy Komeneii (1, ca) B Kolenb ¢ X ¢z, 3HAUEHUE KOTOPOii HA KJIeTKe e X
n m n = . -1 . % .

e pasrO ci(ey)ca(e). Tax kax kaerounsrit muddepenmman d: C'~H(X; R) — C'(X; R)
samaéres coornomenneM (dc)(e™) = ¢(de™), upocras mpoBepKa ¢ ucnosb3obannem (20)
IOKA3BIBAET, UTO UMEET MeCTO (hOPMYJIa

(23) d(cp X ¢3) =dey X cg+ (—1)Pey X dey, c1 € CP(X;R),c0 € CUY; R).
Orcrofa moayvaem oToOpaskeHne B KJICTOTHBIX KOTOMOJOTHSX

(24) x: HP(X;R) x HY(Y; R) — H"™(X x Y; R),

KOTOPOE HA3BIBACTCS (KOMOAORUNMECKUM KACTOUHBIM,) X ~NPou3cedenuem.

Sameuanue. B HEKOTOPBHIX MOHOTpaduax U yueOHWKAX KAETOUHBIH audepeHiua
d: CP(X; R) — CP*1(X; R) 3aaérca cooTHONIEHHEM

(dc,e™) = (=1)P{c,0e"), c € CP(X;R),
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a X-IIpoU3BeIeHAe KOLeneil 3a1aéTcsa COOTHOMIEHAEM
(c1 X ca, ey X ef) = (—1)"ci(ey)ca(ef), c1 € CP(X;R),co € CUY; R).
[Tpu s1om dopmyrta (23) mo-mpeKHEMY HMeeT MecTo.
Tenepb MBI MOKEM OIIPEIEIUTD KACTMOUHOE ~-NPOU3GedeHUe KAK KOMIO3IUIHIO
< H?(X:R) x HY(X; R) = H"(X x X:R) =5 HP9(X;R),
rne A* — orobpazkeHnue, HHIyIHpOoBaHHOe nuaroHaabio A: X — X x X,

Teopema 6.5. Kaiemounwe X- u —-npoussedenus cosnadarom ¢ npoudsedeHuamu,
ONPEIENEHHBIMU NPU NOMOWU CUHRYAAPHBLT Kouenell. B wacmuocmu, waemouroe —-
NPouU3BEIeHUE HE 3ABUCUM OM KACMOYHOTU CMPYKMYPHL U ABAAELMCH 20MOTONUYECKUM
UHBAPUAHIOM TLPOCTPAHCMNEQ.

Sameuanue. Kiaerodnoe —-npon3BeieHne HeJIb3sl eCTECTBEHHBIM 00Pa30M OIPEIeINTh JIJIs
koreneit. J/leno B Tom, aro auaronanb A: X — X x X He aBigercs KJIeTOIHBIM 0TOOpa-
JKEHHeM 1 Jiist mocTpoennst orobpazkenust CPT9(X x X) — CPT9( X)) neoGxoqumo nepeiitu K
KJIETOYHOI armpOKCUMAINK JuaroHasn. OHaKOo He CyIecTBYeT KOHCTPYKINN KJI€TOTHOM
ammpokcrmarua A: X — X X X, koropas ObL71a 661 PYHKTOPHAIBHONR OTHOCHTEIHHO BCEX
orobpazkennit X — Y. lHorna 3To MOXKHO caeaTh OTHOCHUTEIHLHO BBIAETICHHBIX KJIACCOB
HPOCTPAHCTB U 0TOOpaAZKEHUIA.

6.4. ®opmyna Krounera. [lycrp 3aganbl nennsie kommiekcsl C = {Cy, 0, u C' =
{C!,0,} abenerbix rpynn uwin R-monyneit. Tenszoproe npoussedenue C @ C' onpenens-
eTCd KaK IEIMHON KOMILTEKC, COCTOANNNI U3 MOIYJIEH

(C®rC"=EDCi®r Crs

¢ rpanndnbiM roMoMopdusmom J: (C' @g C'), — (C @ C'),—1, 3amautbiM HOPMYJIOQT
(25) INewd)=0cxd+ (1) c®dd, ceCy,d el .
HenocpeicTBeHHas TPOBEPKa MOKa3bIBaeT, 410 0% = 0:

0*(c®c) = 0(0c@c +(—1)'c®dc) = 9*c@c +(—1)"10c®0c +(—1)'0c®d +c®0*c = 0.

U3 (25) caemayer, 4ToO TEH30PHOE MPOU3BECHEE UKJIOB — UK, & TEH30PHOE TTPOU3BE/Ie-
HHUC ITUKJIAa U I'PaHUIbl — I'paHUIlA. HOSTOMy MbI I10JIy4Ya€eM I/IH,ZLyHI/IpOBaHHbHU/I T'OMOMOD-
dbuzm romosoruit H;(C) ®@g H,—;(C') — H,(C ®@g C"). TIlpocymmupoBas 1o i, moJydaem
roMmoMopuszm

(26) P Hi(C) @ Huei(C') = H,(C @5 C').

i
Dopwmysia Kionaera onuchiBaeT 3TOT roMOMOP(U3M [IPU HEKOTOPBLIX OIpaHuvYeHudx Ha R
u C. OcHOBHOE €€ IpuMeHeHHe — B CJIEAYIONEl TOMOJOTHIECKON CUTYAINH.

ITpumep 6.6. [Iycts C' = {C,(X),0,} u C' = {C,(Y),0,} — kierounsie menmbie KOM-
miekchl Jyist X u Y. Bununeiinsie orobpazkenns (19) garor uzomopdusm

DC(X)@Cos(Y) 5 ClX xY), el el x ey,
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a ¢dopmysra (20) npespamaercs B (25). CrenoBaTeqbHO, MBI HMeeM H30MOPGMU3M TIeTl-
HbIX KOMILTEKCOB Co(X) ® Co(Y) — Co( X x Y), a romomopdusm (26) npespainaercs B
romoMopdu3M

P Hi(X) @ Hyi(Y) = Ho(X x Y).

Teopema 6.7 (aareGpaudeckast dbopmyna Kionnera). Ilyems R — obaacms 2aa8HbLT
udeanog (nanpumep, R = 7 uau noae) u uennoli xomnaexce C cocmoum u3 c60600HbLL
R-modyseti C;. Toz2da das 06020 n cywecmeyem ecmecmaennas PAcUenuMas Kopomra.a,
MOYHGA NOCAEI0BGMENLHOCTD

0= @ Hi(C) @ Hui(C') = H,(C @5 C') = @D Torp(Hi(C), Hyo1—i(C")) — 0

Jloxazameavemeo. PaccMoTpuM cHavaJga caydail, Korjaa Bce I'paHUYHbIEe 0TOOpaYKeHHs B
komrtekce C HyJessie, 1.e. H;(C) = C;. Torna d(c®c') = (—1)'c®Ic u nenuoit KOMILIEKC
C®RrC" — 310 mpsamasg cymma KOMILIEKCOB C; @ pC’ | KaxKIbIil 13 KOTOPBIX, B CBOIO OYepe/Ib,
SIBJSETCSA TpAMOit cymmoii komttekcoB C7) tak Kak C; — ¢BOOOIHBIN MOy/h. [loaTomy

H,(C®rC (@C QR C’) = @Hn(q- ®p ) =
= @C ©r Hp Z C/ @H ®R Hn—i(C/>>

TaK 9TO B 9TOM CJIydae TeopeMa BepHa.

B obmem ciryaae paccmorpum noarpyunbl B; C Z; C C; TpaHUIl U MUKJIOB, KaK B J0Ka-
3aTebCTBE YACTH B) (DOPMYJT YHHBEPCATBHBIX KO3DdbuimenTos (Teopema 5.6). Mbl nveem
KOPOTKYIO TOUHYIO ITOCJIET0BATEILHOCTD MEMHBIX KOMILIEKCOB 0 — Z, — Cq — Be_1 — 0,
COCTOSIIYIO U3 PACHIENIIMBIX KOPOTKHX TOYHBIX IocaegoBaTenbuocreit 0 — Z; — C; —
B;_1 — 0. YMmuozxkas Ter3opno Ha C’, moJyduM KOPOTKYIO TOYHYIO MOC/IEJI0BATEILHOCTD

0— (ZRr(CNe — (CRrC")e — (BRRC")e1 — 0

U COOTBETCTBYIONLYIO €l JUIMHHYIO TOYHYIO IIOCJIE/I0BATEIbHOCTD TOMOJIOT Ul

Sy Ho(Z @R C') — Ho(C @5 C") — Hy (B @ C) 23 Hy ((Z 9 C') —

3/1ech CBA3BIBAIONIIM T'OMOMOPGMU3MOM SIBJISETCA FOMOMOPMU3M, HHIYIIHPOBAHHBIN BJIO-
KenueM i: B — Z. Tak kak B u Z — KOMILIEKCHI ¢ HYJIEBBIM I'PAHHIHBIM rOMOMOPhu3-
MOM, YaCTHBIN ciydail, pa3oOpaHHbIl B HadaJe J0Ka3aTeabCTBa, IO3BOJsIET Tpeodpaso-
BaTh MPE/bIAYILYI0 TOYHYIO [10CJIE€0BATE/ILHOCTD B II0C/I€0BATE/ILHOCTD

= @(ZZ ®r Hy—i(C')) — Ho(C @ C') — @(Bz ®@r Hy1-4(C")) ey

7

5 @(Zl ®R Hn_l_l-(C")) —

%
OTCIO,Z[a I[I0JIyda€eM KOPOTKYIO TOYHYIO IIOCJI€A0BATEJIbHOCTD

0 — Cokeri,, — H,(C @ C") — Keri, ; — 0
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Teneps 3amernm, aro 0 — B; — Z; — H;(C') — 0 — cBobomnas pezobsenta miast H;(C')
(371€Ch MBI UCIOJIB3YEM TO, 9T0 R — obsacth mnenoctHoctn). [Tosromy

Coker(B; @ H,i(C") - Zi @ Hyi(C")) = Hy(C) @ Hyi(C"),
Ker(Bi ®R Hn_l_i(C’) E) ZZ ®R Hn_l_,-(C/)) = TOI'R(Hi(C), Hn_l_i(C')).

CyMMupys [O i U TOJCTABJISASL ST BBIPAKEHHU B MPEJABLIYILYIO TOUHYIO MOCJIE0BATE b
HOCTb, [OJIY9IaeM TOYHYIO TI0CJIeI0BATETBHOCTD U3 GOPMYJIUPOBKE TEOPEMBI.

OcTanoch YCTAHOBUTD PACIIEIMMOCTD TOUHOM TOCTIeI0BATENLHOCTH. MBI JOKazKeM pac-
MIEMUMOCTD [IPU JOMOJTHUTETLHOM YCJIOBIH, UTO MemHoil Komiaeke C' cocTouT u3 ¢BoboI-
HbIX R-Momyseii C). 91oro 6yaeT J0CTATOUHO /sl TOMOJOMMIeCKIX TpuioKennil. Tak Kak
Z; C C; — upsimoe cyiaraemoe, romomopdusm daxropusanuu Z; — H;(C') upogoskaercs
1o C; — H;(C). Ananormuano noaygaem C] — H;(C'). Paccmarpusas romosnorun H (C')
u H(C") kax 1emHble KOMILIEKCH ¢ HYJIEBBIM I'DAHHYHBIM TOMOMOPGMU3MOM, MOJTYYaeM
nerroe orobpazkenne C ®g C' — H(C) ®@pg H(C"). Tlepexomnst K TOMOJIOTHSAM, MOJIYYaeM
Tpebyemoe paciiertsioniee oroopazxkenne H, (C @ C') — @,(H;(C) ®r H,—;(C")). O

Tenepp npumenuMm aarebpandeckyio ¢popmyny Kionnera B curyanuu u3 mpumepa 6.6.

Teopema 6.8 (ronosornueckas dopmyria Kounnera). Hycmo XY — waemounvie npo-
cmparemea u R — obaacms 2aashux udearos (nanpumep, Z usu nose). Tozda das moboeo
N CYWECMEYEm eCmecmeerHas PACUENUMAL KOPOMKLS TOUHAA NOCACOOBATMEALHOCTND

0= P Hi(X)® Hyi(Y) = Ho(X x V) = @D Tor(Hi(X), Hy_ia(Y)) = 0

(2de Mol onycmuan Koavyo Kosdduyuenmos R).

JI1st MpUIoKeHn it BBIACTIUM CJASYIONINN BayKHBIN YACTHBIH cIydail, KOTOPBI BKIIOYAeT
1 KOTOMOJIOTHYECKYI0 (DOPMYJIUPOBKY.

Teopema 6.9. ITycmv X,Y — waemounwvie npocmpancmea. Ecau H;(Y) asasemesa ceo-
600011 abeaesoti epynnoti 044 4106020 i, MO 20MOMOPPHUMBL

P Hi(X) @ H,i(Y) — Ho(X xY),

aadasaemuie X -npouseederuem, Aeaaomcsa usomoppusmamu. Ecau H;(Y) asasemes wo-
HEYHO NOPOHCIEHNHOT c80000HOT abeaesoti epynnoti das 1100020 i, MO 20MOMOPHUMbI

P H (X))@ H (V) — H'(X x Y),

sadasaemuvte X—npOUS’GG()@HUGJ\/L; ACGAANOTNCA USOMOpéUSMCLMU.

Aorasamenvcmeso. s ToMOIOTHIT 9TO HEIOCPE/ICTBEHHO BBITEKAET W3 TeopeMbl 6.8, Tak
Kak B Hamrem ciaydae Tor(H;(X), H,—1-;(Y)) = 0.

JI71s1 KOTOMOJIOTHIA 3aMeTHM, 9TO TPeGYeMBbIil TOMOMOPMU3M MOXKHO PA3I0KHUTh B KOM-
HO3HIHIO

P H (X) @ H" (V) — P H (X, H"(Y)) — H*(X xY),

rjie TepBblil m30MOpPGU3M HoJaydaercd u3 (QOPMYJibl YHUBEPCAIbHBIX KOIDDUIUEHTOB
(teopema 5.6 6)), rak kax H"(Y) — cBoGoauag abejesa rpynna (3j1ech Mbl T0JIb3yeM-
cst teM, uro H, ;(Y) koreuno mopoxena). [1os3moMy 10C¢TaTOYHO 10KA3aTh, 9TO BTOPO
roMoMOphu3M B IPUBEIEHHON BBIIIE KOMIIO3UIUH — H30MOP(MU3M.
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PaceMoTpuM KOPOTKY0 TOYHYIO [OCJIEI0BATEILHOCTD 13 POPMYJIbI yHHBEPCATBHBIX KO-
sdpdurmentos (Teopema 5.6 B)):

0 — Ext(H, 1(X x Y),Z) — H"(X x Y) — Hom(H,(X x Y),Z) — 0.

NnmeroT MecTo m30MOPQGU3IMBI

Hom (H,(X x Y),Z) = Hom(EP Hi(X) ® H,_i(Y),Z) =
= @ Hom (H;(X), Hom(H, (), Z)) = @ Hom (H,(X), H"'(Y)).

31ech B mepBoM n30MOpPGU3ME MBI BOCIIO/IB30BAINCH YIKE TOKAZAHHBIM YTBEPKICHIEM
JJIsT TOMOJIOTHH, BTOpOii m3omMopdusM BbiTekaeT u3 coorHorennss Hom(A ® B,C) =
Hom(A, Hom(B, C)) (3ana4a), a Tperuii ciaemyer u3 GpopMy/bl yHHBEPCATbHBIX KO3DDU-

nuenToB, Tak kak H, ;(Y) — cBoboauas abesnesa rpynmna. Jaiee, nuveeM n30MOpdOUIMBIL

Ext(H,—1(X x Y),Z) = Ext(EP Hi-1(X) @ H,i(Y),Z) =
o ED Ext(H;_1(X), Hom(H,_;(Y), 7)) = EB Ext(H;_1(X), H"'(Y)),

e BTopoit m3omMopdusM BoiTekaeT u3 coornomenns Ext(A® B, C') = Ext(A, Hom(B, C))
Jist cBOGOJIHOM abesieBoit rpynmnbl B (3amaua). Tenepb paccMOTPUM KOMMYTATUBHYIO J[Ha~
rPaMMy, CTPOKH KOTOPOH — TOUHBIE MOCJIEI0OBATEILHOCTH YHUBEPCATbHBIX KO3 hurmen-
TOB:

0 — Ext(Hy—1(X X Y),Z) ————— H"(X x Y) ————> Hom (Hn(X X Y),Z) =0

! | .

0— @, Ext(Hi—1(X),H" (Y)) —= @, H'(X,H""(Y)) — @, Hom(H;(X), H"*(Y)) — 0.
Torpma u3 5-jieMMbI Caeayer, YTO CpeIHsAS CTPeIKa IBAIETCS U30MOP(MU3IMOM. U

6.5. Kosbpra koromoJioruii Topa m mpoOeKTUBHBIX MPOCTPAHCTB. llycts R — KOM-
MYTaTHBHOE KOJIbIO ¢ eaumHumneit. HamomuuMm, aro R-aszebpoti Ha3bIBaeTCs KOJbIO A,
KOTOpOe Tak:Ke sBIsgeTca R-momymeMm, mpudem ymHOkenume A x A — A aBiasercsa R-
OMJIMHEAHBIM.

Brewmnet anzebpoti ¢ n oOpa3yonuMu HaJT KOJIBIOM [ HA3bIBAETCS aCCOIMATHBHAS aJI-
rebpa ¢ 1, HOpOXKAEHHASA JIEMEHTAMUA (1, . . ., Oy, KOTOPBIE YIOBJICTBOPIIOT COOTHOIICHN-
am af =0, oa; = —ojq;. Bremnas anreGpa o6osnataercs Aglaq, . .., ] nan mpocro
Alay, .. ., ap). BrenmHon anrebpy MOXKHO ¢/ie/aTh TpajyipoBaHHoil, motoxkus deg oy = 1.
ITpu srom asnrebpa Alasq, . . ., ;| CTAHOBUTCS TPAIyUPOBAHHO-KOMMY TATHBHOMN, W MBI Me-
eM Alag, ..., a,] = @p_, A*, tne A¥ — cBoGomublit R-M0/1y/1b, TOPOKIEHHBIN MOHOMAME
Qjq e Oy 1< <... <y <n.

IIpenyoxkenune 6.10. [Tycms T" = St x ... xSt — n-mepuwti mop. Tozda umeem mecmo
USOMOPPHU3M

H*(T") = Ao, . .., ap),

npu xkomopom «; € Moy, ..., a,) nepexodum 6 pi(a) € HY(T™), 2de o € H'(S') 2 Z
obpasyrowsan, a p;: T" — S* — npoexyua na i-t commosrcuments.
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Zokasameavcmeo. Byaem Bectu mHAyKIUO 1Mo n. [Ipu n = 1 yTBep:KIeHHe OYEBUJIHO.
ITpeAmoaoKuM, 4TO yTBep:KaeHne BepHo Aad 1™, u gokazkeM ero gag 1. JToctaTouno
JI0Ka3aTh, 4T0 s a0boro k rpynna HF (T apnsercsa csoboanoit abenesoii ¢ 6azncom
U3 MOHOMOB oy, ..., rae 1 < 43 < ... < 1 < n+ 1. I3 teopempr 6.9 nomyuaem
n3omMopusm

HYT™) @ (H*=Y(T") @ H'(SY)) — H*(T" x 8') = HH(T™),

IPU KOTOPOM (v ... Qp + ...y, Qo 1 < <o < <, 1 < <. < g1 <,
HEePeXONUT B y, ... Q5 + 0y, ..., 0py1. OTcCIonNa cilegyer Tpebyemoe yTBepzKenue. [

Hapsiy ¢ BHemuuMmu anrebpaMu BayKHBIH KJIacC TPAJyHPOBAHHBIX KOJEIN 00pa3yioT
KOJIbIIA MHOTOWIEHOB Rvy, ..., v,]|. [pagyuposka B kosbie Rlvy, ..., v,] 3amaéres cremne-
HgaMu obpazyitomux, degv; = d;. Ecau Bce ajemenTnl Kojiblia R MMeEIOT HOPSIOK 2, TO
KOJBIO R[vy, ..., v,] 6yJer rpaJynpoBaHHO-KOMMYTATHBHBIM IIDH JIOOBIX CTENEeHAX 00pa-
gytormux. Ecin ke B R UMEIOTCST 3JIEMEHTHI MOPSIJIKA, OTJIMIHOTO OT 2, TO JJI TPAILYUPO-
BAHHON KOMMYTATHBHOCTH KOJIblia R[vq, . .., v,| HeoOGX0auMO, 9T00b Bee creneru d; ObLIn
yérabiMu. Hanpumep, MOKHO 1OJIOKUTE deg v; = 2.

Takzke paccMaTPUBAIOTCS «yCedSHHbIe» Koubia R[v]/(vF), cocTodmue ns MEOTOUIEHOB
CTeIleHW MeHbIe k.

IMpennoxkenune 6.11. Hmerom mecmo usomophusmol

H'(RP™ L) = Lo[u]/(u"),  H'(RP*;Zy) = Zolu],  degu=1,
H*(CP™Z) = Z[v]/(v"*Y), H*(CP*®;Z) = Z[v], degv = 2.

Joxazameavcmeo. CHauaga pa3dbepém cayqait RP™. Jlisa ynpomenus o6o3Hadenuii Oymem
nucarb P" Bmecto RP™ u me ykaswiBarh siBHO Koa(unuentsl Zo. Umeem H'(P") =
Zy upu i < n. Ecim Mbl Jokazkem, 4To Tpoussejienue obpasylomeil rpynnst H(P") na
obpasytomyto rpyunsl H"1(P") paér obpasyionryio rpymust H™(P"), To uzomopdusm
H*(P") = Zs[u]/(u™*) nonyunTca unaykumeil mo n, Tak Kak BKmodenme P! — P7
UHIyIEpyeT uzoMopdusM rpymun H npu i <n — 1.

MpbI foKazkeMm GoJiblle, a UMeHHo, uTo ~—: H'(P") @ H" Y(P") — H"(P") — u30Mop-
dbusm. Broxkum PP u P"' 5 P" B KadecTBe CJIeAyIONMX IOIMHOKECTB!

{lwg:...:2y) EP w1 = ... =2, =0} &< P,
{l[wg:...:axy) EP  mg=... =2, =0} = P,
Torma P°N P"% — omna touka p = [0 : ... : 1 :...: 0], ome 1 crour Ha -M MecTe.

IIycts U; C P" — i-a adpdunnas kapra, 3amaBaemas ycaosuem x; % 0. Torma U; = R”,
u 1pu 31rom uzomopduszme p € U; nepexogur B 0 € R™. Mbl numeem jiecbopMaiimonuyo
perpaxuuio P\ P"~" — P~ romoTonus Mex 1y Heil u TOXKIeCTBEHHBIM 0TOOpazKeHueM
3agaéresd popMyIoit

fi: PP\ P = P"\ P"", [xo:...:2,) = [T0,...,Ti_1,tas,. .. t2,].
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Temeps paccMOTPUM KOMMYTATHBHYIO JUATPAMMY

H'(P")® H"(P") H"(P™)

Hi(Pn,Pn \ Pnfz) ® anz(Pn7Pn \ Pz) - Hn(Pn’Pn \ {p})
Hz' (Rn’ R” \Rn—i) ® Hn—i (Rn’ R™ \ Rz) - H" (Rn7 R™ \ {0})

H(RR\ 0)) & HP2 (R R (0)) = (R R {0))

N

Hi<Ti, Tz) ® Hn—i(jﬂn—i’ Tn—z) - H"(T”, Tn)
Hz(Tz) ® Hn—i(Tn—i> - Hn(Tn)

3/1eCh rOPU30HTAJIBHBIE CTPEJKHU IPEJCTABIAIOT C000# pasHble BapHAHTHI OTHOCHTE/Ib-
HOTrO “-mpomussesenns (17), a 1™ o6o3nadaer (n — 1)-MepHBIH OCTOB N-MEPHOTO TOpPA
CO CTAHJAPTHOH KJIETOUHOH cTpyKTypoii. [lepBasi (cBepxy) mapa BepTHKATIBHBIX CTpe-
JMOK — m3omopdusMmbl, Tak kKak H'(P™ P" \ P" %) = HY(P" P"') (cMm. BBIIE), a
HY(P™) — H(P", P""') — mzomopdusm (3T0 cresyeT u3 KJAeTOIHBIX KOTOMOJIOTHI, TaK
KakK Bce Kjaerounbie auddepennuasibl Hysiesbie). Bropast mapa BepTHKAJIbHBIX CTPEJIOK —
130MOpP(U3MBI COITIACHO BhIpe3aHuio. Tperbsa n 4yeTBépras mapbl BEPTHKAJIBHBIX CTPEIOK
ABIAIOTCA N30MOP(U3MAMH, TAK KAK TaM HMEIOTCA O9eBHIHbIe 1eDOPMAIMOHHBIC PeTPaK-
uun. Ilarag napa BepTUKAILHBIX CTPEIOK — H30MOPQU3MBI, HHAYIHPOBaHHBIE (HDAKTO-
porobpaxkenusamu " — T". HuzkHag napa BepTUKAJbHBIX CTPEJOK — H30MOPGhU3IMBI,
TaK Kak Bce auddepeHiuaibl B KJIeTOYHOM KOIEHOM KOMILIEKCe Topa HyJsesble. Hako-
Hell, HUKHsI TOPU30HTAIbHAS CTPEJIKA ABJseTcs n3oMopduaMoM Giraroaps mpeiozKe-
auio 6.10. MTak, BepXHsiss TOPU30HTAJBHAS CTPEJIKa TaKxKe U30MOP(MU3M, UTO 3aBepIIaeT
otncanue Koibia H*(RP"; Zs).

Nszomopdusm H*(RP>; Zs) = Zs|u] ciaeayer u3 KOHEYHOMEPHOIO CJIydasi, TAK KaK BJIO-
xenne RP" «— RP* unaynupyer msomopdusm rpymn H' mpu i < n.

Hoxkazareascreo misgs CP" u CP* anajornvho, HaI0 JIUITH PACCMATPUBATH KOAIDdhU-
IMEHTH B 7Z W YABOUTH PA3MEPHOCTH TPYII W IPOCTPAHCTB. O

3azaun U yrupa>kHeHus.

6.12. Jlokaxkure, 9TO JIIsT MPOU3BONBHBIX R-Mmoysteit A, B, C' cyniecTByeT ecTecTBeHHBIH
uzoMopusm

HOIIIR(A Qr B, C) = HOIIIR(A, HOIIIR(B, C))
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6.13. Jlokakure, 9To ecam R — 006acTh TIABHBIX HAEAI0B, TO aas R-monyieir A, C u
cBOOOIHOTO R-Monyass B cyIiecTByeT ecTeCTBEHHbBI T30MOpGI3M

EXtR(A KR B, C) = EXtR(A, HOIHR(B, C))
6.14. JlokaxkuTte cjeayoimyo GopMy/1y, CBA3BIBAIOILYIO - U X-TIPOU3BEICHUSI:

(1 X 1) ~ (P2 X 1h2) = (=1)"2 (01~ @2) X (1h1 ~ 12)
JJIs 1 € le(X), @Z}l € qu(Y), P2 € HpQ(X), 7,02 < qu(Y)

6.15. Jlokaxkure uzomopduzm H*(RP>;Z) = Z[v|/(2v), tae deg v = 2. Onuimre KOIBIO
koromostoruit H*(RP™; 7).

6.16. /lokaxure mzomopdusm kosern, H*(CP>® x CP®) = Zvy, vs], degv; = deguvy = 2.

7. JIIBOMCTBEHHOCTDH IIVAHKAPE

J171s1 OpreHTHPYEeMOro 3aMKHYTOIO N-MePHOr0 MHOrooOpasus M UMEIT MeCTO H30MOP-
dbusmbl qpoiicteennocru Ilyankape H* (M) = H,,_(M). Jnsa kosddbunuentos B Zy u3o-
vopdusmbl HE(M; Zy) = H,,_1.(M; Zs) umeloT MecTo 6e3 nperooxkKenis 06 OpueHTupy-
eMocTh. MBI TakxKe JOoKazkeM H30MOPMU3MBI IBOHCTBEHHOCTH B OoJee OOIIeil CHTyaIllnu:
I KOI'OMOJIOI'U#l ¢ KOMIIAKTHBIMU HOCUTEJIAMU HEKOMIIAKTHBIX MHOFOO6pa3I/IIU/I n aJ14d MHO-
roobpazuii ¢ Kpaem.

7.1. 'magkue 1 TOIOJIOrMYeCKNe MHOrooopasug. TomomoruaeckuMm mHo2000pasuem
Pa3MepHOCTH N HA3bIBaeTCs TaKoe XaycIopdoBo Tomomormyueckoe mpocTpancTso M co
cuéTHO 6a30it, YTO M1 KaxKa0i ToUku & € M cyIliecTByeT oKpecTHOCTh U, romeomMopd-
Hasg OTKpbITOMY noaMuoxKecTBY V' B R™. KoMmakTHBIE MHOTOOOpa3ust TPAIUIMOHHO Ha-
3BIBAIOT 3AMKHYMbLMU.

I'nadkum amaacom wa n-mepaoM MHOT00Opaszuu M HA3BIBAETCS OTKPLITOE MOKPHITHE
M = {J,c4 Ua Muoroobpasus M, B Koropom it Kazjoro muoxecrsa U, dbukcupopan

romeomopdusm @, : U, — V,,, HaszpiBaemblil kapmot, rae V, C R™, u Ha nepecedeHusx
Uy, N Ug omobpasicerua 3amens, K0opounam

Yap = a0 95" ©a(Ua NUs) = 0a(Ua N Up)

SIBJISIIOTCS Tyt IKME (6eckonedHo quddepeHnupyeMbiMi) 0TOOPAZKEHISIMA Ha OTKPBITHIX
moJMHOZXKecTBax B R™.

Beibop rmagxoro ariaca Ha MHOroOOpa3uu HA3BIBAETCS 2440%K00 cmpykmypotl, a MHO-
roobpasue ¢ TIaJKuM aTaacoM — 2aadkum (nnn duddeperyupyemvim) mHo2000pasuem.

[Ipumepamu riiagkux MEOTO0Opa3uii apisiorcs R™, cdepbr S™, IpoeKTHBHBIE IPOCTPAH-
crBa RP"™ u CP", kj1accudeckre JByMepHbIe oBepXHocTH. [Iponsseienne riiaJKux MHO-
roo0bpasuil CHOBa, SIBJISIETCA IVIAJKAM MHOI00Opa3HeM.

He gaBastorcst muoroodbpasusMu rpadbl ¢ BepHIMHAMH CTeIeHH > 2 U OeCKOHedYHO-
MepHBIe KJIeTO4YHbIe mpocTpancTBa Tuna S, RP>* u CP>. Konyc, HaacTpoiiKa, CM3III-
HPOU3BEJICHNE U JIZKOWH MHOrooOpasuii, Kak IPaBujio, He sBJIMI0TCH MHOIOOOpa3UsIMU.

7.2. I'pynnsl gokajabHbIX romMoJioruii. OpueHranusa. PyHagaMeHTATbHBIN KJjacc.
IIyctb X — romosornueckoe mpocrpancrso. I'pynna H, (X, X \ {z}) naseiBaercs n-i
epynnoti AOKGADHBLET 20M0A02UT TTPOCTPAHCTBA X B TOYKE T.

IMpennoxxenune 7.1. I[lycmv M — monoaoeuueckoe n-mepnoe mnoz2oobpasue. Tozda
H,(M,M\A{z})=7Z u H(M,M\ {z}) =0 npu i # n daa a0b0t mouwrku x € M.
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lokxazameavcmaso. Nmeem
Hi(M, M\ {o}) 2 H(R" R\ {0}) = H; (R \ {0}) = Hi,(S"7),

r7ie IepBbIi N30MOPMU3M CJIeAyeT U3 TeOPEeMbl BbIPE3aHusi, 8 BTOPO# — U3 TOYHOU TOC/Ie-
JIOBaTeJILHOCTH Taphl. Tenmeph yTBep:KIeHUE CaeyeT U3 mpejioxenns 2.15. U]

Jlokanrvras opuenmayus n-Meproro Maoroobpasus M B TOUKe T — 3TO BHIOOD OJHOI
U3 JBYX 00pasyoIIuX IPYIIbl JOKaJIbHBIX romooruit H, (M, M \ {z}) = Z.

BribepeMm JoKaabayio opuentanuio p, € Hy(M, M \ {z}) B kaxmoit Touke z € M.
Takoit BHIOOD HABBIBACTCS CO2AACOGAHHBLM, €CIH JJIS KazKI0# Touku € M cyrecTByer
Takas OKPECTHOCTH B, roMeoMopdHas OTKPHITOMY mapy B R™, 9T0 [JIsl KaXKI0# TOUKH
y € B obpaszylomue [i,; U (i, HepexondaT ApyT B JApyTa Ipu u3oMopduimax

Ho(M, M\ {z}) < H,(M, M\ B) = H,(M, M\ {y}),

WH Iy mupoBauubIX Biaokenusyvu M\ B — M\ {z} u M\ B — M\ {y}. MuorooGpazue M

HA3BIBAECTCS OPUEHMUPYEMBLM, €CITH CYIIECTBYET CONTACOBAHHBIN BHIOOD JIOKATBHBIX OPU-

eHTanuit Bcex ero rovek. Takoii BHIOOP Ha3bIBaeTCs opuenmayuet muorooopasus M. Ecim

MHOroo6pasne M CBSI3HO W OPHEHTHPYEMO, TO ¥ HEr0 €CTh B TOYHOCTH JBE OPUEHTAIIIH.
PaccMoTpuM MHOZKECTBO, COCTOsAIIEe U3 Hap (T, fi):

M = {(z,ps): © € M, j1; — NnOKaIbHAS OPHEHTAISA B TOUKe = € M},

Jlns kaxkjjoro noaMuoxectsa B C M, romeomopduoro orkpsiromy mrapy B R™, u obpa-
sytomeit up € H,(M, M \ B) = 7Z oupenennm noamuoxkectso U(pug) C M kak

U(pp) = {(:U,,um): T € B, |ip IePEXOINAT B [l
upu usomopdusme H,(M, M\ B) — H,(M, M \ {z})}.

Beeném na M ronosioruio, 6a3y koropoit obpasyior moamuoxkectsa U(up). Toraa u3s sroit
KOHCTPYKIINA U OTPeIe/IeHnsT OPUEHTHPYEMOCTH BHITEKAET CJIeIYIONIee.

ITpennoxkenune 7.2. I[Iycmv M cea3no. Toeda

a) M opuenmupyemo 6 mom u moavko mom cayuae, koeda M umeem dee komnonen-
mut ceaznocmu, m.e. M = M LI M;

0) ecau M ne opuenmupyemo, mo M — ceasnoe opuenmupyemoe Mro2000pasue, a
npoexyus M — M, (x, 1) — &, ABAAEMCA OBYAUCTIHOLM HAKPLIMUEM.

JIBynuctaoe nakpoitue M — M HeopuenTupyemoro MHoroobpasusa M Ha3bIBaeTCs
OPUEHMUPYIOULUM HAKDPDITIUECM,.

CaenctBue 7.3. O0noceaznoe MH02000pa3ue OPUEHMUPYEMO.

Taxxke M opuentupyemo, ecau B 71 (M) HeT moarpymnn uujgekca 2.

PaccmarpuBast rpymmnbl romosioruii ¢ KoagUImeHTaMn B KOMMYTATHBHOM KOJIbIle R
C eJIUHUIIEH, TOaYyIuM onpeenenue R-opuenmupyemozo Muorootpasus. (Obpasyroreil B
H, (M, M\ {z}; R) = R naspiBaercs 11000it o6parumstii sjement kosbia R.) JIioboe muo-
roobpasue Zy-0pueHTupyeMo, Tak Kak obpasyioiiast B Zy € IMHCTBEeHHA. boJjiee Toro, jierko
BHJIETH, YTO OPUEHTUPYyEMOe MHOrooOpasue R-opueHTHpyeMo s Jioboro R, a neopuen-
THpyeMoe MHorooOpasue R-opuentunpyemo, ecin 2 = 0 B Koabie R (3amaga). [Tostomy
UHTEpPeC MpeJICTaBaAbgIoT ciaydaun R =7Z u R = Zs.
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Jlemma 7.4. Ilycmv M — mnozoobpasue pasmeprocmu n u A C M — xomnaxmmoe
nodmmoscecmeo. Tozda 0ra Kommymamusenozo xoavya R ¢ edunuuerd

a) asemenm o € H,(M, M\ A; R) pasen nya10 6 mom u Moavko mom cayuae, k0204
e20 0bpas oy, 6 H, (M, M\ {z}; R) pasen nymo dazn aobot mouru x € A;

0) ecau 6wbpanbl CO2AACO8aHHBE AOKAALHOE opuenmayuy 1, € Hy,(M, M \ {z}; R)
oas ecer © € A, mo cywecmeyem eduncmeennul asemenm pa € Hy (M, M
A; R), komopuili omobpastcaemcs 6 i, npu 2omomopdusme ra: Hy (M, M\ A; R) —
H,(M, M\ {z}; R) daa w060t moukxu x € A;

B) H(M,M\ A;R) =0 npu i > n.

Joxazameavcmeo. Jloka3aTeibCTBO JeMMbl pa300bEM Ha HECKOJIBKO Maros. byaem orryc-
KaTb Ko3(pduimenTsl R B 0603HAYEHHAX I'PYIIT TOMOJIOTHI.

Illae 1. Ecau aemma sepra dan A, B u AN B, mo ona eepra u das AU B. Pacemorpum
TOYHYTO TTOCJIeA0BATELHOCTE Maiiepa—Bueropuca mist nap (reopema 2.21):

0 — H,(M, M\ (AUB)) % H,(M, M\ A) @ H,(M, M\ B) % H,(M, M\ (An B)).

Caesa cront 0 tak Kaxk H, 1 (M, M\ (ANB)) = 0 mo npexanonoxkennio. Kpome Toro, rpym-
ubt H;(M, M\ (AUB)) upu i > n crodar MexK/ly JBYMsl HyJeBbIMH I'DYIIIAMU B IIOC/I€10Ba-
TeJIbHOCTH, MOTOMY OHHU DaBHbBI HYJIIO, YTO JOKA3bIBAET YTBEPKIEHUE B). Y TBEDPKICHHE
a) st AU B caenyer u3 yrBepxIAeHus a) 1ig A 1 B B CHIy HHbEKTUBHOCTH (.

s mokazarenbcrBa yrBepiKiaeHus 0) mis A U B paccMOTPHM 3J€MEHTHl fi4 €
H,(M,M\ A) u ug € H,(M,M \ B;R), KOTOpbIe CYIIECTBYIOT IO IIPE/IOJOKEHUIO.
Ilpu orobpaxkenun H,(M, M\ A) — H, (M, M\ (AN B)) 37aeMeHT {14 TEPEXOIUT B €~
MEHT, Y/IOBJIeTBOPSAIONINH YCJIOBUIO U3 YTBep:kKaeHus 6) st AN B, T.e. B fianpg, B CHIY
eIMHCTBEHHOCTH TAKOTO 3JIeMEeHTa. AHAJIOTUYHO [ig TEPEXOIAT B [Lang HPH OTOOPaKEHUN
H,(M,M\ B) — H,(M,M\ (AN B)). CrenoBarebHo, 0TOOpayKeHne ¢ U3 TOTHON MO~
caeioBaresibuoctn Maitepa—Bueropuca nepeBogur siement (fiq, —pp) B Hyab. [loaromy
(a, —pp) = @(aup) mia sexkoroporo paup € Hy(M, M\ (AU B)). 9T0T 3JeMenT [iaup
YAOBJIETBOPSIET YCAOBHIO W3 yTBep:KaAeHust 6) miasg AU B, a ero e JuHCTBEHHOCTH CJIEJIyeT
N3 UHBEKTUBHOCTHU Q.

Iaz 2. Ceodum semmy % cayuaro, kozda M — omxpwmoe nodmmoscecmeo ¢ R™ (00-
na Kapma). KoMIakTHOE MOJAMHOKECTBO A COAEPIKUTCS B KOHETHOM OOBETHHEHHH KapT
Hekoroporo ariaaca M, T.e. A C Uy U...UU,. Bynem Bectn naaykmuio o k. TTomgoxknm
A; = U; N A 1 npuMeHIM yTBep:KaeHne mpeapiayniero mara K A; U ... U Ax_1 u A, B
pesyJbTaTe yTBEepKIeHHEe CBOJMTCI K CJIydaio k = 1, T.e. K CJIy4ato OJHON KapThl.

Iae 3. A = K — xoneunwii cumnavyuaivrud xomnaexe. BEcm A = AF — cnu-
mwieke, 7o R" \ A — R"\ {z} — nedopmanmonnas perpakuus u r4: H;(M, M \ A) —
H;(M, M\ {z}) — m3somopdusm mst z € A. Janee semma 1yist K CBOAUTCS K CJIYIAI0
OJTHOTO CUMILICKCA MO HHIYKITHU TP TOMOIIY YTBEPKICHUs U3 mara 1.

Hlaz 4. A C R" — npoussoavrwd komnaxm. Ilycts snement o = [a] € H;(R™, R"\ A)
IPeJICTaBIEH OTHOCHTEIbHBIM HUKJOM a. Torma da C C [jid HEKOTOPOro KOMIAKTA
C' € R™\ A. TToctpouM cuMIaIuaabablii komiieke K, ayst koroporo A C Ku KNC = &.
(TTokpoem A CHMILTIEKCOM, TEPeiiiEM K KPATHOMY OGAPUIEHTPUIECKOMY MOJIPA3/IEJIEeHUTO
C JMaMeTPOM CUMILIEKCOB MEHbINEe paccrosuust Mexay A u C u ocTaBUM TOJBKO N-
cumiiekcel, mepecekatonie A.) Torma a 3amaér knace ax = [a] € H;(R",R™ \ K),
KOTODBIN 0TOOpazkaeTcsi B JaHHBIA 31eMeHT « mpu romomopdusme H;(R™ R" \ K) —
H;(R™" R™\ A). Cormacuo npeapiaymemy mary oy = 0 npu ¢ > n. Ciaegosarenbto, o = 0
u H;(R",R"\ A) = 0 upu i > n, 970 JTOKA3BIBAET TPEThe YTBEPXKIEHHE JEMMBI.
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[Iycts Teneps @ = n. [peamonoxum, aro o, = 0 gnasg awoboit Toukn © € A. Torna u
a, = 0 yrst mo6oit Toukn x € K, Tak Kak K — 00beIuHeHne n-CUMILTIEKCOB, MePeceKao-
mux A, a H,(R",R"\ A") — H,(R",R™\ {z}) — uzomopdusm s v € A". Coraacto
npegpaymemy tmary ax = 0, a 3#a9uT u o = (. DT0 [10KA3BIBAET MEPBOE YTBEPIKIEHUE
JIEMMBI 1 € JUHCTBEHHOCTH BO BTOPOM YTBEPXKICHUH.

JI1s1 1oKa3aTeIhCTBa CyNIeCTBOBAHMS MPOJIOJIKIAM COTJIACOBAHHBIE OPHEHTAINY (i, T €
A, ma cummieke A" D A, Jna A" cymectBoBanue snaementa pan € H, (M, M \ A")
oueBHIHO. TOTIa MCKOMBIH JIEMEHT [i4 €CTh 00pa3 JeMEHTA fian TPH roMoMopdusme

H, (M, M\ A™) — H,(M, M\ A). O

Ecau mMuHOroo6pasue M 3aMKHYTO (KOMIAKTHO), TO MbI MOXKeM MOJOKUTE A = M B
nemme 7.4. Torma w3 yrBep:KjaeHust 0) moaydaeM, 9ro ecaun M 3aMKHYTO U OPUEHTHU-
POBAHO, T.€. COIIACOBAHHO BBIOpaHbl oOpasyiomme , € H,(M,M \ {z};7Z), ro cyue-
CTBYeT eJMHCTBEHHBIH Kjacc pyy € H,(M;Z), nepexoadiiuil B JOKAIbHYIO OPUEHTAIUIO
pe € Hy(M, M\ {x};Z) ans moboit Toukn x € M. D1or Kiacc Ha3biBaeTCst PyHoameH-
MAALHBLM KAGCCOM OPUEHTHPOBAHHOTO MHOr00Opasus M u obosnawaercs [M].

Temeps MOKHO cHOPMYJIUPOBATH TEOPEMY O CBSI3W OPUEHTHPYEMOCTH U CTAPIIeil TPYII-
OBl TOMOJIOTHI JIJIsT 3AMKHYTHIX CBSI3HBIX MHOT00Opasmit M.

Teopema 7.5. [lycmv M — samxnymoe ceasznoe mHoz2000pasue paszmeprocmu n. Tozda

a) omobpascenue Hy,(M;Zo) — H, (M, M\{x}; Zs) = 7y asaaemcs udomopPhusmom
ors moboti mouku x € M;

6) ecau M opuenmupyemo, mo H,(M;7) — H,(M, M\{z};Z) = Z — usomoppusm
o n060t mouku x € M; ecau M weopuenmupyemo, mo H,(M;Z) = 0;

B) H;(M;Z) =0 npu i > n.

Jlokasamenvcmeso. Tlonoxxum A = M n R = 7 win Zs B sevme 7.4, YTBepkKaeHue B)
BBITEKAET U3 YTBEDPIK/CHWS B) JIEMMBI.

[Iycte © € M. llokaxem, 4YTO Jjid CBg3HOro MHOrooopasus M romomopdusm
H,(M;R) — H,(M,M \ {z};R), @ — «,, nabextusen. llycts o, = 0 11 HEKOTO-
poro a € H,(M;R). Torga ecoiu y € M — apyrag TOYKa, COIEPKAIIASICS BMECTE C
x B OKpecTHOCTH B, romeoMopdHO#l OTKPBITOMY MIapy, TO TOMOMOP(MU3MBI JId T U Y
PACKIAIBIBAIOTCS B KOMIIO3UIIMIO CJIEAYIOMIIM 00Pa30M:

H,(M;R) — H,(M,M\ B; R) —— H,(M,M\ {z}; R)
1=
H,(M, M\ {y}; R)

Tax xkax M cBA3HO, OTCIOMA CAeyeT, 9T0 &y, = 0 aug m06oit Toukn y € M. Caenosarens-
HO, @ = 0 B CHJIy YTBEPKIEHUS a) JeMMbl 7.4.

Ecau muOoroo6pasue M ssiserca R-opueHTHpyeMbiM, TO romomopdusm H, (M; R) —
H, (M, M\ {z}; R) clopbeKTHBeH B CHIy yTBepKAeHus 6) aemmol 7.4 (s A = M). Dro
JIOKa3bIBaeT yTBep:KIeHre a) TeopeMbl (Tak Kak M Bceria Zs-OPHEHTHPYEMO) U TIEPBYIO
9aCTh yTBEPXKIeHUs §).

[Iycts M wueopuentupyemo. Tax xkak romomopdusm H,(M) — (M, M \ {z}) = Z
unbekTuBeH, nojgyyaem H, (M) = 0 wiu H, (M) = Z. TlpeanojioKum HocjiejiHee, u mycrb
a — obpasytomas. Torna o, = kg, tae p, € H,(M, M \ {z}) = Z — obpasyromas, a
k — moyiozxKuTe/IbHOE Tie10e Yucs10. V3 npuBeAéHHO#M BhIIE JUAarpaMMbl CJIEyeT, 9To k He
BaBUCHUT OT & U [i; MOYKHO BBIOPATH COTJIACOBAHHO st BceX © € M. DTO mpOTUBOPEIHT
IPEJINOJIOKEHUIO O HEOPHEHTUPYeMOocTH Muoroobpasusa M. Urak, H, (M) = 0. 0
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Takum obpaszom, a1 3aMKkHyTOro cBstnoro M wumeem H, (M;Zs) = Z, Bcerma, a
H,(M;Z) = Z win 0 B 3aBHCHMOCTH OT TOTO, siBIAseTcss M OpPUEeHTHPYEeMBIM WIH HeT,
a BHIOOp opueHTanuu Ha M — 310 BBIOOp Ob6pasyiomei rpyuust H,(M;Z) = 7 (dynna-
MEHTAJBHOTO KJIACCa).

[Ipegnosioxkum, uTo 3aMKHYyTOE MHOTOOOpa3ue M TpUaHTYTHPOBAHO WK Ha HEM 33/1aHa
CTPYKTYPa KOHEYHOI'O TO/IyCAMILIMIIHAILHOIO KOMILIEKCA C N-MEPHLIMU CUMILICKCAMHU 07,
i=1,...,k. Torma kaxzpiit (n — 1)-MepHBIH CHMILIEKC T SIBJISIETCSI TPAHBIO B TOYHOCTH
JIBYX N-MePHBIX CHMILIEKCOB 0; U 0. Ecaiu M opueHTHpyeMO, TO OpHEHTAIMH CHMILIEK-
COB 0; MOYKHO BBIOpATH COIVIACOBAHHO. DTO 03HAYAET, YTO MOXKHO BBHIOPATH 0TOOpAKEHUS
oi: A" = [vg, ..., v,] = M TaK, 9T0 KayK/JIblil T BXOMUT B J0; U 00; ¢ PA3HBIMH 3HAKAMH.
Torna 6(2?21 0;) = 0 u muKI Zle 0; npenacTapiasier obpasyomyo rpymnabl H, (M) —
dbyunaventanpubiii kaace [M]. Tng kosddunnentos Zy nenb Zle 0; — BCerJa IHUKJI,
npencrapssomuii obpasywountyo rpynnel H, (M; Zy) = Zs.

7.3. CreneHb oTOOparkeHuss MHoroobpasmii. Ilycte f: M — N — orobpakenue
CBS3HBIX 3aMKHYTBIX OPHEHTHPOBAHHBIX N-MEPHBIX MHOroobpasmii ¢ (pyHIaMeHTaTIbHbI-
vu kaaccamu [M| u [N]. Torna ana f.: H,(M;Z) — H,(N;Z) umeem f,[M] = d[N].
Hestoe yuco d HaspiBaercs cmenenvlo orobpaxkenus f: M — N.

IMpennoxkenue 7.6. /[1s 241006020 c6843H020 3AMKHYMO20 OPUEHMUPOBGHHOZ0 N-MEPHO20
MHo2000pasus M u aobozo d € 7 cywecmesyem omobpasrcenue M — S™ cmenenu d.

oxaszameavcmeo. Cuagasia nocrpoum orobpazkenue crenenn 1. [lycrs U C M — xapra,
npuaém U = R". Pacemorpum orobpakenne M — M /(M \ U) = S™. g n06oit Toakn
r € U mveem xommosunuio romomopbusmos H, (M) — H,(M,M \U) — H,(M,M \
{z}), mpu koropoii [M] nepexomut B p,. Orcioga caemyer, uro obpa3 kmacca [M| npu
nepBoM romomopdusme ecth byHIaMeHTagbHBIH Kiaace [S"| € H,(S™) = H,(M,M \
{z}), a smaunr orobpaxenue M — M/(M \ U) umeer crenens 1. Kommosurust 31010
oTobOpazkeHus ¢ J0ObIM oToOpazkenuem S — S™ crenenu d maér orobpazkenue M — S
cTenenu d. U

7.4. ~-mpousBesieHne u n30Mopdu3MbI aABOlicTBEHHOCTH. OUpeIenM npoussede-
HUE BBICEYEHUA, WITH ~-npoudsederue

~: Cp(X;R) x CYX; R) — Cp_y(X: R)
g p = q 1o dopmyie
e 90 = SO(O-‘[vov"'VU(I])O-|[qu"'/up}7
rae o: [vo, ..., v, = X — cunrymspustit cuviuteke u ¢ € C9(X; R) — Kouens.

JIemma 7.7. 0(c ~ p) = (—1)%(0c ~ p — 0 ~ dp).

Joxazameavemeo. HenocpejacTBennas mpoBepka:

q p
90 ~ o= (1) 0(0ltvg,tieivari)O gl T D (F1 PO )0 il
=0 i=q+1
q+1
o ~dp = (1) '(0lpy....50..001))0
1=0
p .
a(O’ ™ 90) = Z(_l)z_qu((ﬂ[Uo,...,vq})0_|[Uq,...,’@...,vp}- 0J

1=q

[v(IJrlv"'vUP]’
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Orcrona moayvaem R-Ounmmeiinoe oTrobpazkenue (2omonozuueckoe ~-npouseedenue)
H,(X;R) x HI(X; R) — H,_,(X;R).
Nmerores TakyKe OTHOCUTE/IbHBIE BEPCUU:
H,(X,A;R) x HI(X;R) — H, (X, A;R),
H,(X,A;R) x HI(X,A; R) — H, ,(X;R),
H,(X,AUB;R) x H(X,A; R) — H, ,(X,B;R).

JIemma 7.8 (dbyukropuanbhocts). Jasa f: X — Y omobpasicernus 6 duazpamme

H,(X) x H(X) - H, (X)

N

Hy(Y) x H1(Y') — Hyo(Y)
ydosaemesopsrom coomuouenuto fo(a) ~ @ = fo(a ~ f*(p)).

Hoxazamenvemeo. fo ~ @ = @(f0|wg,...0q0) Tl 1wg,... 00 O

Tenepb MBI MOKeM chopMyIHPOBATH TeopeMy 00 m3oMopduzMax deoticmeenmnocmu 1ly-
amKape.

Teopema 7.9. Ilycmv M — samrnymoe R-opuenmupyemoe n-meproe mmo2006pasue ¢
dyndamernmanvrom xaaccom [M] € H,(M; R). Tozda omobpasicerue

D: H*(M;R) — H, 1(M;R), ¢ [M]~ ¢,
ABAAEMCA UBMOMOPPUSMOM OAA 2106020 K.

JlokazaTesbcTBO 3TOH TeopeMbl OVIeT AHAJOIHYHO JOKA3ATEJIHCTBY CYIIECTBOBAHUS
byHIAMEHTAJIBLHOTO KJIAcCa: ¢ MOMOIIBIO TocjaenoBaTesbuocTn Mailiepa—BueTopuca Mbl
cBeéM yrBepxkaenue K ciaydaio M = R™. Ho s 9Toro Ham noHajo0uTest Bepcust JBOH-
creHHocTH [lyankape /st HEKOMIIAKTHBIX MHOTOOOpasuii. OHa MCHOo/Ib3yeT MOHATHE KO-
TOMOJIOTHI ¢ KOMIAKTHBIMHA HOCHTEISIMHU.

7.5. KoroMmoJjiorum ¢ KOMOakKTHBIMUA HOCUTEJIAMU. 1 mpocTpancTBa X ompeaeTnm
I'PYLILY -MEPHBIX CUHYAAPHOLE KOUuenetl ¢ KOMNAKMHOMU HOCUMEAAMY C KOIDDUIneH-
ramu B G kak noarpynny CH(X; G) B CY(X; G), cocrosityio u3 Koreneii, 06paiaonuxcs
B HYJIb BHE HEKOTODPOT'O KOMIIAKTHOI'O IMOAMHOXKECTBA (3aBI/ICHH_[eI‘O oT KOL[GHI/I)Z

CHXG) = {f: Ci(X) = G- f

Komennoe Korpannanoe oro6pazkeHne OrpaHUIUBACTCS HA TPYIIILI KOMENmeil ¢ KOMITaKT-
ueivu Hocurersavu: d: CHX; G) — CPHX; @). I'pynmbl KOrOMOJIOTHIT TIOTy4aeMOT0 KO-
IEIIHOI'O KOMILJIEKCA HA3BIBAIOTCS KO2OMOAOZUAMU € KOMNAKMHOMU HOCUMEAAMU U 000-
snavatiorcst Hi(X; G). Eciu camo npocrpancrso X komnakrtao, 1o CHX; G) = C{(X; Q)
u H(X;G) = H(X;G).

Ecan K C L — BiiokeHne KOMIAKTHBIX MOJAMHOYXKECTB, TO Mbl HMeeM MOHOMODMU3M
CX, X\ K;G) = C(X, X\ L;G) 1 CUX;G) = Ugex C(X, X\ K;G). Nanynu-
poBanHblil Tomomopdusm romosoruit H'(X, X \ K;G) — H'(X,X \ L;G) moxer He
obIThL unbekTuBHbIM. Ojako rpynny H(X;G) raxke MOXKHO ONHCATh 4Yepe3 IPYIIIbI
HY (X, X \ K;G) npu momonu ciaeayomeil anrebpandecKoil KOHCTPYKITUH.

c.(x\k;) =0 JJ1s1 HEKOTOPOro KOMIAKTHOIO K;C X}.
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Koucrpykmua 7.10 (npsamoii mpegen (kompenen) rpymm). Iyers (P, <) — 9acTudHO
YIOPSIOYEHHOE MHOXKeCTBO. Jluazpammoti abeaeBbIX T'PYII, WHICKCHPOBAHHON MHOMKE-
crBoM P, naszbiBaercs takoit nabop D = {G,: a € P} abenesbix rpynn G, u TOMOMOD-
busmos fop: Go — Gg, 910 foq =id 1 f,, ecTb KOMEIO3NINSA fo5 U f3,, ecm o < B < 7.

[Tycts P — rareropusi, 06beKTaMu KOTOPOil SIBJISIOTCS 3/IeMeHTh « € P, u mexyny o u
MMeeTcst e IMHCTBeHHBI Mopduam, ecn o < 3. Torma auarpamma — 3710 (KOBApHAHTHBIIN )
dyukrop D: P — AB, a — G, u3 P B Kareropuio abeIeBbIX I'PYIIIL.

Hpamvim npedesom Wiu xonpedesom auarpamMmbl DD abesieBbIX IPYIIT Ha3biBaeTcsa hak-
Toprpymna npsaMoi cymmsl @, p Go 10 HOArpyIIe, HOPOXKIEHHON BCEMH 3JeMEHTaMU
BUJA (o — fop(ga) 18 go € G,. Obo3nauenue: colim D num lim G,.

OnpenesieHbl KAHOHTYECKHE TOMOMOPMU3MBL iy : G — hgl%a, YJIOBJI€TBOPSIIOIIHE CO-
OTHOIIEHUAM g[8 = i IPH @ < 3.

Ecau B P cymiecTByeT HawmOOJBIIHI 7IEMEHT [i, TO tha = G,. Ecyin nukakue nipa

Ga.

Pa3INIHBIX dJeMeHTa B P He HAX0AATCSd B OTHOITEHWH TOPSIKA, TO @Ga = @aep

IMpennoxkenue 7.11. ITycmo 6 P dasn awobvx deyx ssemenmos a, B € P cyujecmeyem
maxot aaremenm v € P, umo a < v u f < . To2da npamotli npedea liglGa MOHCHO
omooicdecmeums ¢ darmopmmoscecmeom (| ,cp Ga)/~ no omuowenuro sxsusarenmmo-
CIMU, NOPOACOENHOMY FKEUBANENTHOCTNAMY Jo ~ fap(ga) 044 go € Ga.

Hoxasamenvcmeo. Beeném na daxropmuoxkectse (||, pGa)/ ~ cTpyKTYpy abeseBoit
IPYNIBL CaegAyonmM obpasom. s KIaccoB 9KBHBAJEHTHOCTH [gq] M [gs] 971€MeHTOB
Jo € G, 1 g € Gp HANAEM TaKoll 3yeMeHT 7 € P, ut0o o < v 1 B < 7y, U MOJIOXKIM
[90) + (98] = [for(9a) + f5-(gs)], rile B 1paBoii YacTh s/1eMEHTBI CKJIAJIBIBAIOTCS B IDYII-
ne (G,. Torna orobpakeHue

ling Go = (D Ga)/~ = (L Go) /v la = Lol

acP

SABJIAETCH U30MOPGMUIMOM. U

IIpensioxkenune 7.12 (yHuBepcajabHOe CBOICTBO mpsiMoro mupemena). Ilyems D =
{Go: a € P} — duazpamma abesesvir 2pynn, UHOEKCUPOBAHHAA “ACTMUYHO YNOPAJO-
yerHbvM MmHootcecmeom P. IIpednonrostcum, umo sadarnv. 20momoppusmo, he: G, — H,
ydosaemeoparowue coomuouenuim hgfoz = ho npu a < [. Tozda cywecmsyem edun-
cmeerHvlt maroti comomoppusm h: ligGa — H, wmo hi, = hy:

Jlokasameavcmeso. Tomomopdusm h oaHozHadHo 331aé1cst yeaosueM h([ga]) = ha(ga) 101s

9o € Ga, [9a] € @Ga = (@aep Go)/~. O

DTO yHUBEPCAJBHOE CBOWCTBO OmIpejeiger Koupeaea guarpammol D: P — C ajs upo-
n3BoIbHON KaTeropuu C. Koncrpykims 7.10 mokaswIBaeT, 94TO KOMPEIETbl CYIECTBYIOT
B Kareropuu abeseBbix rpynn. Konpenesbl auarpaMM TakzKe CYIECTBYIOT B KaTErOpUH
TOMOJIOTHIECKUX MPOCTPAHCTR: MPSAMYIO CyMMY HEOOXO/IMMO 3aMEHHUTH Ha HECBSI3HOE 00b-
e/luHeHUe (KOIPOU3BEIeHNe MPOCTPAHCTB), a (hakToprpyminy — Ha haKTOPIPOCTPAHCTBO.
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IIycrs Temepsb P — 9acTUYIHO YIOPSIIOYEHHOE [0 BKAYEHHIO MHOXKECTBO KOMIIAKTHBIX
noamuoxkects K C X. Mbl umeem qmarpammy rpynn HY(X, X\ K; G) u romomopduszMos
Hi(X, X\ K;G) — H(X,X\ L;G) ns K C L.

IIpennoxenune 7.13. H{(X;G) = hﬂHi(X,X\K; G).

Jokasamenvcmeo. Tak kaxk kampiii sjgement uz H'(X;G) upejcrasien KOUUK/IOM B
CY(X,X \ K;G) aua uexoroporo kommaktaoro K C X, nogyuaem romomopdusm
Hi(X;G) = (Brex H(X, X \ K;G))/~ = liﬂHi(X,X \ K;G). CropbeKTuBHOCTD

1 MHBEKTHBHOCTD 3TOr0 TOMOMOPMhU3MA CIeIyerT U3 onpeeeHuil (3a1aqa). O

IIpumep 7.14. BuruucauM KOroMOJIOTHH C KOMIIAKTHBIMHI HOCUTEJISIMH IpocTpancTBa R™.
[Iycts By — map paguyca k > 0 ¢ menrpom B Hyje. Tak Kak Kazx0e KOMIAKTHOE IT0/I-
muoxkectBo K C R” couepxkutca B HEKOTOPOM By, Mbl uMeeM

Hi(R";G) = lim H'(R",R"\ K;G) = liy H'(R",R" \ By; G),

rIe TOCTenHuil Tpefen 6epéTcd Mo YIOPAIOUeHHOMY MHOMKecTBY mapos Bj. Tak kak
HY{(R" R"\ By;G) — H{(R",R"\ B;; G) — uzomopdusm npu k < [, moaydaem

HI(R"G) = H'R",R"\ By;G) = {G pm e,
0 B OCTAJBHBIX CIyYasX.

Pacemorpum Teneps R-opueHTHpyeMoe n-mMepHoe MHOrooOpasue M, BO3MOXKHO HEKOM-
nakTHoe. Jlajee TOMOIOTHN M KOrOMOJIOTHH OyIeM paccMaTpuBaTh ¢ Kodbduimenramu B
KOMMYTATUBHOM KOJiblle R ¢ ejuuuueii.

CornacHo jiemMe 7.4 cy1ecTByer e JMHCTBEHHBIH 31eMeHT (i € H,, (M, M\ K), koTopsiii
0TOOPAYKACTCA B IOKATIBHYIO OpHenTanuio (i, € H, (M, M\ {z}) ana moboit Toukn x € K.
Paccemorpum romomopduzm HE(M, M\ K) — H, (M), ¢ — px ~ . BEem K C L —
BJIOJKEHME KOMIAKTHBIX mojMuokecTB u i : (M, M\ L) — (M, M\ K) — coorBercTByIOIIee
oTOOpAZKeHUe map, TO JuarpaMma

H"(M, M\ K) — H,_(M) Q> g ~ P

N

H*(M,M \ L) — H,_(M) Q> fif, ~

KoMMyTaTuBHA. JleiictBurenbro, puy, ~ i*(p) = i.(ur) ~ ¢ = px ~ @, rae mepBoe
COOTHOIIIEHUE CJIeIyeT U3 JeMMbl 7.8, a i, () = fix B CHIIYy JIMHCTBEHHOCTH [l . Loriaa
U3 NpeIozKeHust 7.12 1osrydaeM, 9To ONPENETEH 20MOMOPPHUIM 080T CIMEEHHOCTNU

Dy Hi (M) =lim H*(M, M \ K) — H,,_,(M).

Teopema 7.15. /Jlaa R-opuenmupyemozo n-meprozo mnoz2006pasus M 2omomopdusm
deoticmeerrocmu

Dy: HY(M; R) — H,_(M; R)

ACAACTICA USOMOpﬁUSJ\/LOJ\/L.

Tax kak HY(M; R) = H*(M; R) ana komnaxtHoro M, Teopema 7.9 BhITEKaeT U3 TEO-
peMbl 7.15.

okasameavecmeo meopemo, 7.15. Bynem omyckarh obo3nadenus kodddunuentos R.
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llaz 1. M = R"™. U3 npumepa 7.14 moayvaeM, 9TO eJIWHCTBEHHAsd HETPUBHATbLHA
IpyIa KOTOMOJIOTHH ¢ KOMIAKTHRIME HOocuTeaamu ecth H'(R™) = H"(R", R"\ B) = R,
e B C R" — map. ['omomopdusm j1BoliCTBEHHOCTH €CTh

Dgn: HY(R",R"\ B) = Ho(R") 2 R, @ ug ~ .

3nech knace up € H,(R",R"\ B) = R upencrasjen aobbim cumiiekcom A" C R™, co-
nepxaiuM B B coeii BayTpennoctu. I'pynna H(R™) = H™"(R™,R™\ B) = R nopox/jeHa
KOIIeNbio, npuHuMatomieil 3aadenne 1 Ha A" u 0 Ha oCTaAbHBIX cuUMILTEKcax. [lpu sTom
g ~ @ = p(pup) — cnapuBaHue nN-KOIEN# ¢ N-Nenbio fp. [losromy Drn — uzomopdusm.

Crenyiomue marn OCHOBAHBI Ha MPUMEHEHUH TocaeoBaTesbunoctu Maitepa—Bueropu-
ca. [Iyctb M =U UV, tiue U u V orkpoitel. Toraa jguarpamma

—— HUNV) HYU) @ HE(V) HY (M) ——— H'(UNV) ——
lDUﬂV lDU@_DV lDIM LDUmV

- nfk(U N V) - n7k<U) S ank(v) - nfk(M> - nfkfl<U N V) -

KOMMYTATHBHA C TOYHOCTBIO /0 3Haka. Mbl ocTaBuM 3T0 Ge3 JoKazareanceTsa, oM. [Xa,
nemma 3.36].

Hlaz 2. M — omxpumoe mmoocecmeo ¢ R™. llpencraBum M B BHe CUETHOTO 00Db-
eaunenust oTkpuirbix wapos, M = (J2, U;. Tonoxum Vi, = Uy U ... U Uy. dokaxem 1o
uaayKun, 9ro Dy, — m3omopdusm niag moboro k. Caydgait k = 1 — sro mar 1, Tak Kak
U, = R™. Janee, Vi, = U, U Vi_q1, npuuém Vi1 u U, N Vi_1 romeomopdHbl 00beInHe-
Huio k—1 oTKpBITHIX 11apoB. PaccMoTpuM KoMMYyTaTuBHYIO AuarpaMmmy Boiie ¢ U = Uy u
V' = Vi_1. VI3 ipeanonozkennd WHIYKIUT 1 O-TeMMBI ToJtydaeM, 910 Dy, — n3oMopdu3m.

Temeps MBI MOTyHaeM, 9T0 M — o0be/IMHEHUE TMOCTETOBATENBHOCTH BJIOXKEHHBIX OT-
KPBITHIX MHOKecTB Vi C Vo C ... Eem K C V; — KOMIOakTHOe TOIMHOYKECTBO, TO
HY(V,, Vi \ K) = H*(M,M \ K) coriacio BbIpe3anuio. Tax Kak KazJoe KOMIIAKTHOE
noAMHOKeCTBO B M conepxutces B HekotopoM V;, notywaem HY (M) = hﬂHf(Vz) Kpo-
me toro, H, p(M) = hﬂHn_k(V;) (zamaua). [Tostomy romomopdusm Dy HY(M) —
H, (M) sBngerca npegesaom romomopdusmos Dy : HX(V;) — H,_1.(V;). Tak Kak kax-
aptit Dy, — m3oMmopdusm, D)y Toxke n30MOpdhu3M.

Hlaz 3. IIpouseoavnoe M. Tak xkaxk M umeer cuérHyio 0a3y, €ro MOXKHO IPEJICTABUTD
B Buge o0beannennst M = (J;°, U;, tue kaxgoe U; roMeoMopdhHO OTKPBITOMY MHOKECTBY
B R". Jlasiee paccyzkaeHne B TOYHOCTH MOBTOPSET PACCYZKIEHHUE M3 MPEbIIYIIero 1mara ¢
3aMeHOIl OTKPBITHIX IIAPOB HA OTKPBITHIe MHOXKecTBa B R™. U

7.6. CBa3p ¢ ymuoxkeHueM. CurHarypa. ['pagynpoBaHHO-KOMMYTaTUBHAs aJredpa
A nan nonem k naswisaercs aazebpoti ITyanxape, eciu ona ceasua (r.e. A = k), koneu-
d ; ; .

nomepHa (T.e. A = P;_, A’, rae Bce A* KoneunoMepHEI) U k-uHeiiHbIe 0TOGpaKeHNs

j d—i Ad

A" — Homy (A“™", AY),

a > mg, T Me(b) = ab,
apagioresa nzoMopdusmamu mpu 0 < ¢ < d. Jna aareopn Ilyamkape mveem A° =
Homy (A9, A?), tax uto A= A" > [ u A® = A4

Mubi rokazkeM, 4To JjIs 3aMKHYTOTO CBA3HOTO MHOTOOOpasus M ajirebpa KOroMoJIOruii

H*(M;Zs) sisasiercsa anrebpoit Ilyankape Bcerga, a aarebpa koromogoruit H*(M;k) c

ko3 durnmenTaMu B Mpou3BoJILHOM Tosie kK gaBsgercsa anredopoit [lyankape, ecoim M opu-
EHTUPYEMO.



Ham nonamodurces bopmysia, CBA3BIBAIONMAS ~- U “—-ITPOU3BEICHUSI.

Jlemma 7.16. Jaa o € Cyp(X), p € CUX) up € CP~UX) umeem mecmo gopmyaa
vla~ ) =(p ) (a)

Joxaszamensvemeo. dns cuuryiasproro cuminiekca o: AP — X umeeMm

Yo~ @) = ¢(80<‘7’[vo,.u,vq])al[vq,-..,vp]) = @(Jl[vo,...,vq])¢(U’[vq,...,vp]) =(p~)(a). O

PaccmorpuM opueHTHpOBaHHOE 3aMKHYTOoe MHOroobpaszme M ¢ dpyHIaAMEHTATHLHBIM
kiaaccom [M] € H,(M). Torga —-npoussenenue onpeensier oununeiinyo Gbyuxmumio (cna-
pusarue)

(27) H'(M:k) x H" ' (M:k) =k, (p,9) = (9~ ¥)[M],

ang gioboro mong k m 0 <@ < n.

HanomuumMm, uro 6usuneitnoe cnapusanue f: VX W — k, (v,w) — f(v,w), BEKTOPHBIX
IPOCTPAHCTB HaJ K HA3BIBAETCH HEBBLPONHCOEHHBILM, €CIH JTUHEHHbIe oTobpaxkenus W —
Hom(V k), w+— f(—,w), u V — Hom(W, k), v — f(v,—), aBasgiorcs u3oMopdu3MaM.

Teopema 7.17. /lasa 3amruymozo muozoobpasus M cnapusanue (27) nesuposrcdernho,
ecau M opuenmupyemo uau ecau nose K umeem capaxmepucmury 2.

lokaszameavcmaeo. PaccMOTPUM KOMIIO3UIIUIO
H™ (M k) & Homy(H,_;(M:k),k) 25 Homy(H'(M:k), k),

raie h — romomopdusM, 3ajaBaeMblii BBIUYUCICHHEM KoIlelleil Ha Iensx, a D* — romo-
MopduU3M, IBOHCTBEHHBIN K m3omopdusmy apoiicrsennoctu [lyankape D: HY(M;k) —
H,_i(M;k). Kommosunus D*h saBisiercs m3omopdusmom, Tak Kak h — mzomopdusm
st koaddunmentos B moje k B ety opMy yHEBEpCATbHBIX KO3(hMUIUEHTOB (Teo-
pema 5.6). C apyroit croponbl, komuosuius D*h nepesojgur ¢ € H"(M;k) B romomop-
dbuzm ¢ = Y([M] ~ ) = (p ~ ) [M], rae mocresHee paBeHCTBO cyeyeT U3 JeMMbl 7.16.
Orcroaa cieayer, ato D*h — nepBbiit n3 n30MOPGU3MOB B OIIPE I/ IEHNN HEBBIPOYKIEHHOTO
cnapuBanusd. Bropoit nzomopdusm BeITEKaeT U3 KOMMYTATUBHOCTH —-IIPOU3BeIeHusd. [

CutepcrBue 7.18. Asneebpa kozomonozui H*(M;k) = @, H'(M; k) ceasnozo samkiy-
moz0 mroz000pasua M asasemea aneebpoti Ilyankape, ecau M opuenmupyemo ual ecau
noae k umeem xaparmepucmury 2.

Jokasameavcmeo. Yeaosue HO(M; k) = k poitekaer u3 ceasnoctu M. KoneunomepHocThb
IPYIIT KOTOMOJIOHH KOMIAKTHOIO MHOT0OOpa3ust OCTaBUM 6e3 T0Ka3aTebeTBa (J1J1sl Tal-
KHX MHOT0OOpasuii ecTh aBHAS KOHCTPYKIMA KOHEYHOTO KJIETOYHOTO Pa3sOreHus, IPOUCXO-
Jgmias u3 Teopun Mopcea; /i TOIOJIOrnIecKuX MHOrooOpasuii eM. [Xa, caencrsue I1.9)).

Yro6el mpoBepuTh, uTO ToMoMopdusMm H"(M;k) — Homy(H'(M;k), H"(M;Xk)),
Y= (p = @), aeiagercs u30MOpGU3IMOM, PACCMOTPUM KOMIIO3UIHIO

H"(M; k) — Homy (H'(M; k), H"(M;X)) = Homy(H'(M:k), k),

/e mocseiHui n3omMopduam 3amaérea kommnosunueii ¢ uzomopduszvom H™(M; k) — k Bbi-
YUCJICHUAd N-KOICIIN Ha beH,ZLaMeHTaJIbHOM KJIacce. HpI/IBe,I[éHHaH BbIIIIE€ KOMIIO3UNUA €CTh
uzomopcdusm D*h u3 jokazarenbcTBa TeopeMbl 7.17. Tloaromy nepsbiit romoMopdu3m B
KOMITO3UIMHI TAKKe SBJISETCS N30MOP(MU3IMOM. O]
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Buuneitnoe cnapusanue (27) upu n = 20 u i = { 33J1aéT HEBBIPOKJICHHYIO GUIMHE-
Hy1o GYHKIHIO Ha cpedHeil rpymme Koromosoruit H(M;K) 3aMKHYTOr0 OpHEHTHPOBAH-
HOT'O MHOT0O00pa3ust. DT1a OnanHeiiHast GyHKIMS KOCOCUMMeTPprIecKas, ecjid { He4€THO, U
cummMerpudeckas, ecin £ 9étHo (T.e. n = 4k).

Curnarypa (pa3sHOCTH MEKJY YHCIOM IOJOKUTEJIBHBIX W 9THCJIOM OTDHIATEJbHBIX
KBaJIPATOB B JIMATOHAILHOM BHUJIE) HEBBIPOXKJIEHHON CHMMETPHYIECKOi OnanHerHO (yHK-
107031

H*(M;R) x H*(M;R) = R, (0,9) = (0~ ¢)[M],

SIBJSIETCS TOMOTONMYECKHM HMHBAPUAHTOM 3aMKHYTOrO OPHEHTHPOBAHHOTO 4k-MEpHOTO
MHOroobpasust M u Ha3bIBaeTCsI €10 Cu2Hamypot.

7.7. JIBOMCTBEHHOCTH [Jjisi MHOrooOpa3mii ¢ kpaem. Tomnojoru4eckum mHo2000pa-
3UEM C Kpaem Pa3MEPHOCTH N HA3BIBAETCH XayCcAopdoBO TOMOIOrHYECKOe MPOCTPAHCTBO
M co cuérHoit 6a30ii, Aad KaxKjioit Toukn r € M KOTOPOro cymecTByeT oKpecTHocTh U,
roMeoMopdHas OTKPBITOMY HOJAMHOXKECTBY V' B IOJIYIPOCTPAHCTBE

g:{<x17'--7xn) e R": Ty 20}

Ecau Takoit romeomopdusm mepeBoaut Touky * € M B 104Ky (21,...,2,) € R" ¢z, =0,
TO COTJIACHO BhIpesaHmio Mbl mMeeM H, (M, M \ {r}) = H,(RZ,RZ \ {0}) = 0. Ecm
ke x € M mepexomut mpu romeomopdusme B T0UKy (z1,...,%,) € R" ¢ x, > 0, T0
H, (M, M\ {z}) = H,(R",R" \ {0}) = Z. [TogmuoxKecTBO

OM = {x € M: Hy(M, M\ {z}) = 0}

Ha3bIBaeTcd kpaem Muoroobpaszus M. Ilpu s060M romeomopdusMe MezKIy OTKPHITHIM
mMuOKecTBOM U C M n oTKphIThIM MHOXKecTBOM V' C RY ToUKM Kpas nepexojdaT B TOUKH
¢ x, = 0. Kpait OM sapaserca (n — 1)-mepubiM MHOrOOOpasueMm 6e3 Kpast.

Inadkoe mruoz006pasue ¢ Kkpaem OMPEIEJSIETCST AHAJTOTHIHO IVIAJKOMY MHOTOOOPA3HIO
6e3 Kpast, IpH MOMOIIA TJIAIKOTO aTIaca, B KOTOPOM OTOOPayKeHUsT Mepexoia sBJISIIOTCS
IJIaJIKIME 0TOOPasKeHHAME Ha OTKPBITHIX noaMuoxkecTBax B RZ. (Orobpakenne mex iy
OTKPBITBIMHI HOAMHOKeCTBaME B RY HasbpIBaeTCA 24a0KUM, €CIII OHO SBIACTCA OTpaHmYe-
HHEM TJIaJIKOT0 0TOOPasKeHUsT MeK/Iy OTKDPBITBIMHU MOJMHOKecTBaMu B R™.)

Muoroo6pasue M ¢ KpaeM HA3BIBAETCS OPUEHMUPYEMBIM, eCTH MHOTO0Opasue M \ OM
OPHEHTHPYEMO.

st koMmakTHOrO MHOTOOOpasuss M ¢ KpaeM CYIIECTBYIOT OTKPBHITAasl OKPECTHOCTH
U(OM) xkpast u romeomopdusm U(OM) = M x [0,1), mpu KoTOpom OM mepexomuT
B OM x {0} (3amaua). Takas OKPECTHOCTH HA3BIBAETCH G0POMHUKOM Kpas OM .

Ucnonb3ys BOPOTHHK, MbI TIOJIydaeM IOMOTOINYECKY IO SKBUBAJEHTHOCTH (jedopMarti-

onnyio perpakmmio) M \ OM = M. Orcioga nosydaem u30MOpdu3M
H;(M,0M) = H;(M \ OM,0M x (0,¢)) = H;(M \ OM, (M \ OM) \ K.)

s 0 < e <1, tne K. C M\ OM — xoMnakTHOe TOAMHOKeCTBO. [Ipnmenss temmy 7.4 k
muoroodpaszuto M\ OM u komuakTHoMy 110 AMHOKecTBY K, mojiydaem, uro ecau M\ OM
OPHEHTHPOBAHO, TO CYIIECTBYeT e MHCTBeHHbIH aement [M| € H,,(M,0M), orpanndenue
KOTOPOTO JaéT JIOKAJIbHBIE OpHEHTanuu BOo Bcex Toukax x € M \ OM. Kuace [M] €
H,(M,0M) uazeiBaercst (pyndamenmanrvHoim KAGCCOM KOMIAKTHOIO OPHEHTHPOBAHHOTO
MHOroobpazus M ¢ KpaeM.
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Teopema 7.19 (nBoiicrBennocts [lyankape—J/ledimena). [yems M — xomnaxmmoe opu-
EHMUPOBAHHOE N-MepHoe MHo2000pasue ¢ kpaem u (M| € H,(M,0M) — gyndamenmanv-
ol kaace. Toeda 2omomopdusmu, deoticmeennocmu

HY(M,0M) = H\p (M), o= [M] ~ g,
HYM) = Hy o(M,0M), ¢ [M] ~ o,
ABAANMCA USOMOPPHUSMAMU.
okasameavcmeo. Teopema 7.15 paér nuzomopdusm
D: HY (M \ OM) = H,_,(M \ OM).
U3 romoronmueckoii sxsusanentuoctu M \ OM =M HOJIy9aeM U30MOPMU3MBI
Hy— (M \ OM) = H, (M),
H*(M,0M) = H*(M \ OM,0M x (0,¢)) = H*(M \ OM, (M \ OM) \ K.).

Tak kax Jioboe KOMIAKTHOE moaMHOXKecTBO K C M \ OM comepxutcst B HeKoTopoM K.,
HOJTy 9aeM

H{ (M \ OM) = lim H*(M \ OM, (M \ OM) \ K) = H*(M,0M).

Torpa nzomopdusm D npeppaiaercsd B 1epBblil U3 JI0Ka3blBaeMblX U30MOpdu3mMos. [lo-
Ka3aTeIbCTBO BTOPOro n30MOpMHU3Ma OCTAETCH B Ka4eCTBE 3aa4H. U

3amaunm u ynpakKHeHUud.

7.20. Hokazxxute, uro S”, T, RP™ u CP" aBAsgioTCd 3aMKHYTBIMA MHOTOOOPA3UAMH, a
map D" u nosmoropue D? x St apasiorca MHOrooOGpasuaMu ¢ KpaeM.

7.21. Boruuciure rpynnst Jokaabubsix romosoruit H; (X, X \ z) mis rpada X u ero npo-
U3BOJIBHOU TOYKHU X.

7.22. Jlokaxkure, 9TO OpHEHTUPYEMOEe MHOrooOpas3ue R-opueHTHpyeMo g JI000ro KOM-
MYTaTHBHOTO KOJIbIA R ¢ eIMHUIEH, a HeOpHEeHTHPYeMoe MHOToobpa3ue R-opueHTupyemo,
ecsim 2 = 0 B KoJibIe K.

7.23. Hoxazxkute, aro muHoroobpasus S", T", CP" opuentupyeMmnl. [Ipu kakux n opuen-
tupyemo RP™?

7.24. Jlokaxute, uro H/(X) = ligHi(X, X \ K), rae npamMoii peges 6epéTesa mo Kom-
MaKTHLIM moaMHOKecTBaM K C X.

7.25. Ilycts npocTpancTBO X TPEJACTABICHO B BHJIE OObEJIMHEHUS MOCIEI0BATEIBHOCTH
BJIOXKEHHBIX OTKPBHITHIX MHOXKeCTB V] C V5 C ..., mpuaém J11000e KOMITAKTHOE TTOIMHOKE-
crBo K C X cozmepxkurcst B Hekoropom V. Jokaxkure, uro Hy(M) = hg]-]k(‘/;)

7.26. Ilycte M™ — 3aMKHYTOE OpPHUEHTHPOBAHHOE MHOrooOpasme, a i: N" — M™ —
BJIOJKEHWE 3aMKHYTOIO OPMEHTHPOBAHHOTO TOAMHOroobpasus. Ilycrs x € H™ ™(M) —
KJ1acc, apoitcreennslii o Ilyankape k i, [N] € H,(M). Jokaxure, 9To 115 JII0O0T0 KIacca,
koromostoruit y € H" (M) nmeer mecto dopmyia

(i*y, [N]) = (&~ y, [M]).
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7.27. OupenennM jeficTsue rpynnsl Zy; Ha S° dpopMy.oii

T (2072172‘2) = (eyzoﬂwﬁﬁwﬁ%),

rje T € Z; — obpasyiomnias rpyiibl. Berauciaure rpymib romosoruii S°/Zy ¢ koadduiu-
eHTamMu B Z u ¢ Koadpdunuentramu B Zry.

7.28. Ceasnoti cymmoti M+ N Tomosormdeckux muoroobpasmit M u N omHOil pasmep-
HOCTH 7p HA3bIBAETCHA MHOrooOpasue, IMoJiydaeMoe BbIPe3aHHeM MAJIbIX OTKPBITHIX IIapOB
u3 M n N ¢ mocjegayonmuM OTOXK/IECTBICHHEM WX TPAHUYIHBIX cdep TyTEM HEKOTOPOTo
romeomopdmama S =5 S, Hackoanko BBIOOP 3TOTO TOMeoMopdu3Ma BAHSET HA
TOIOJIOTHYECKHUI TUII pe3yJibTaTa — CBA3HOU cyMMbI? ['oMeomMopdHbI /i MHOr0OOpa3us

a) S x S? u CP?*#CP?%

6) S% x S? u CP?#CP?, rie CP? o6oznauaer CP? ¢ obpaiménnoii opuentaueii?
7.29. /lokaxkure, 9TO €cau n-MepHubie MHOrooOpasust M n N 3aMKHYTHI U OPUEHTUPYEMBI,
to H(M#N) = H;(M) ® H;(N) mpu 0 < i < n. Kak BBIVISAAT COOTBETCTBYIOMIAS
dbopMyIa B HEOPUEHTUPYEMOM CJIydae?

7.30. [lokaxkure, 9TO JJIsT 3aMKHYTBIX N-MEpHBIX MHOrooopaszuit M u N ummeer MecTo
dbopmymna s sitneposoit xapakrepuctuku X (M#N) = x (M) + x (V) — x(S™).
7.31. Ilycrb S, — 3aMKHyTas OpHeHTHPyeMasd HOBEePXHOCTDb poja ¢g. JokazkuTe, 4T0 0TOO-
paxenue S, — Sj cTelleHn 1 cyIiecTByeT TOT/ia U TOJBKO TOTJa, Korna g = h.
7.32. Buraucaure KojbIlo KOTOMOJOIHt
a) JOMOJIHEeHHs! 10 00beJMHeHUs] KOOPIMHATHBIX IIOCKocTell 1 = 3 = 0 u 9 =
s =08 RY
6) JonosiHeHus 10 00beAMHEH T KOOPAMHATHBIX IIOCKOCTeH 71 = X3 = 0, 29 = x4 =
0, 133:275:0,374:1‘1:OH$5:I2:OBR5;
B) JONOJIHEHHsI 70 O0beIMNHeHNsT KOOPIHHATHBIX IIIOCKOCTel 21 = 23 = 0 U 29 = 24 =
0B C%
I) JIONOJIHEHUs J10 00be JTUHEHUsT KOOPIUHATHBIX TIOCKOCTel 21 = 23 = 0, 29 = 24 = 0,
29 =25=0, 24 =2 =00 25 = 20 =0 B C°.
7.33. Jlokaxure, 94TO /IS 3AMKHYTOTO OPUEHTUPYEMOTO (41 + 2)-MepHOTO MHOTOOOpa3ust
M panr rpynust H2" (M) aérabrii.

7.34. Briuncanre curnarypy muoroobpasuit CP? u S? x S2. Jlna ganHoro mesoro k mo-
CTpOiiTe CBA3HOE 3aMKHYTOe OPHEHTHPOBAHHOE MHOroOOpasne CUTHATYPHI k.

7.35. Hokaxure, 9410 J/Isi KOMIAKTHOIO MHOT00Opa3us M ¢ KpaeMm CymecTByIOT OTKPbI-

rast okpecruoctb U(OM) kpast u romeomopdusm U(OM) = OM x [0,1), upu KOTOPOM
OM mnepexoaur B OM x {0}.

7.36. Jlokaxkure BTOpOil nu3oMopdusm B Teopeme 7.19.
7.37. Jlokaxkure, 4T0 KOMIAKTHOE MHOIOOOpa3ue He peTparupyercd Ha CBON Kpaii.

7.38. Ilyctb K — KOMIakTHOE MOAMHOXKeCTBO B cepe S”, mpuuéMm BaoKenue K C S™
SIBJISIETCS KOPACCJAOCHUEM, T. €. YIOBIECTBOPSeT CBOHCTBY LPOJOJZKEeHUsI roMoronnn. Jo-
KazkuTe u3omoppuzmol deoticmeennocmu Asexcandepa—Ilonmpazuna:

Hy(S" — K) = H" " Y(K).

(D1r m3oMOpdU3MBI HUMEIOT MeCTO 1 Ge3 OrpaHuYeHHs Ha BJIOKeHHe, ecin K — JOKaIbHO
CTATHBAEMOE KOMIIAKTHOE TOJMHOKECTBO. )
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7.39. Ilycrs K — cUMILTHIUATBHBIH KOMIUIEKC Ha MHOXKecTBe [m] = {1,...,m}, oranu-
HEIil OT mosroro cumiuiekca A™ ™1 Onpenenrnm deoticmeentwviti Komnaexc

K ={1C[m]: [m]\1¢ K},

T. €. HAOOpAMH BEPIIUH CUMILIEKCOB U3 K SBISIIOTCS JOMOTHEHHs 0 HAGOPOB BEPIITHH,
He Hopoziamux cuMmiiekeol B K. Jlokaxkure n30MOpdU3Mbl IPYIIT CUMILIAIIMAIbHBIX
(Ko)romosoruii:

7 ~ ITm—3—j (1>

Hj(K)=H (K).

DT0 KOMOMHATOPHASA Bepcusi ABOMCTBeHHOCTH Ajtekcanepa—loaTpsruHa.

8. BEKTOPHBIE PACCJIOEHUSA

8.1. JIokanpHO TpuMBUAJBbHBIE paccjioeHusa. BekTopubie paccioeHud. JoxkaivHo
MpusUaLLHuIM paccaoenuem (TIPOCTO paccaoenuem) HasbiBaercst dersépka (E, B, F.p),
rie F, B, F — upocTpaHcTBa, a p — Takoe oTobpaxkenune E — B, uro qobas Touka x € B

[~23

nMeeT OKpecTHocTh U C B, 1y KOTOpoil cymecTByeT romeoMopdusm ¢p: pH(U) —
U x F', 3aMbIKQONIUii KOMMYTATUBHYIO JIMarPaMMy

Tomeomopdusm ¢y HazbiBaeTcd mpusuasusayuet; paccaoenus nan U. IIpocrpancrso E
HA3BIBAETCA MOMAALHUM NPocmpancmseom, B 6azot, a F cioem JTOKaJIBHO TPUBHAIHHO-
ro paccaoenusi. JIOKaJbHO TPUBHAJIBHBIM PACCIOEHHEM TaKyKe HA3BIBAIOT OTOOpAYKEHNE
p: E — B. Ilpoobpas p~'(x) Toukn z € B HA3BIBACTCA CAOEM PACCAOCHUA HAO TOY-
x0tl x U obo3Hauaercs F,; KaxKiplil cioit romeomopden F. Kak MHOXKeCTBO, TOTaIbHOE
pocTpaHcTBO E mpecraiser coboit oobeannenue caoés | J .5 Fy, TapaMeTPU30BAHHBIX
TOYKaAMU OA3bI.

JIOKaJIbHO TPUBHAJILHOE PACC/IOCHHE HA3BIBACTCS MPUSULALHOIM, €CJIU B JTHATPAMME
BbIIIIe MOXKHO 110J10KkuTh U = B; 310 o3navaer, uro = B X F.

Omobpasicenuem nim mopgusmom paccioenuii p': ' — B' u p: £ — B nasbisaercs

zeB

napa orobpaxenuii f: ' — Fu f: B — B, BXOAAIIUX B KOMMYTATHBHYIO JHATPAMMY

oy

(28) lp’ lp
B LB
Baxkubiv caydaem MopdusMa sBIAeTCa uHOYUUPOSAHHOE PACCAOCHUE. [ OBOPAT, 4TO
pacciaoenne p': B/ — B’ undyyuposano pacciaoenuem p: £ — B npm momoru oTobpa-

kenud f: B' — B, ecan
E' = {(e.,¥)) € Ex B': ple) = f()}

— DaCCJIOEHHOE TIPOM3BENIeHNe, T.e. AuarpaMma (28) aBIsgeTcs JeKapTOBBIM KBaPATOM.
IIpocTpaHCcTBO MHYIMPOBAHHOTO paccaoenns obosHadaerca f*E. B sTom ciyvae orobpa-
JKeHue f OTOXKJIeCTBJISIET CJIOH MHAYUpOBaHHOTrO paccaoenus p': f*E — B’ nan t € B’
co cioem paccaoennst p: B — B uan f(b) € B. Ecim f: B’ < B — BioxeHue, 410
WHAynupoBanHoe pacciaoenue p': f*E — B’ ectb ozpanuuenue p: E — B wa B'. Ecin
B = pt, T0 HHAYIUPOBAHHOE PACCJIOEHHE TPUBUAJIBHO.
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Jlokanpro TpuBnatbHOe paccaoenue (E, B, F, p) nassiBaercs zaadkum, ecna B, B, F —
Iajgkue MHOrooOpasus, p: ' — B — riaakoe oTobpazKeHue  TPUBUAIAZAINY (Qy; SBJIS-
1orcs Juddeomopduzmamu.

ITpumep 8.1.

1. HakppiTne siBjisieTcs JTOKAJIbHO TPUBHAJIBHBIM PACCJIOEHUHEM € TUCKPETHBIM c1oeM F.

2. IIpoektus aenTsl MéOuyca Ha eé cpegHIO JUHUIO IPeICTaBasgeT coboit HeTpuBUAIb-
HOE PACCTOCHTEe HAJl OKPYKHOCTBIO CO CJIOEM OTPE30K.

3. Tycrs E = 5% = {(20,21) € C%: |20)*+|21|*> = 1}, B=CP' = 5%, p(20,21) = [20 : 21]-
[Tosrydaem JIOKaJIBHO TPUBHATIBHOE pacciaoenne p: S° — S? co cmoem F = S, koTopoe
Ha3bIBaeTca paccaoeruem Xonga. B kadectBe MHOKecTB U U3 OIpe/te/ileHAs PACCIOCHUS

MoxkHO B3aTh Uy = {[20: 21] € CP': 20 # 0} uw Uy = {[29: 21] € CP': z; # 0}.

Jloka/ibHO TpuBHaJibHOE paccjioenue p: B — B co ciaoem F' = R™ nazbiBaercs eeuje-
CMBEHHDIM T-MEPHBIM BEKMOPHHM DACCAOEHUEM, €CIN OTPAHNYEHNe KayKJI0H TPUBUAJIH-
sanuu op: p (V) = U x R" na KazKJIblil CJI0# gBJIsiercd JIMHEHHBIM H30MOPQMU3MOM
E, = r x R". AHAJIOTTIHO ONPEIEISIeTCs KOMNAEKCHOE N-MEPHOE BEKMOPHOE PACCAOE-
nue (co cinoem C™). BekTopHbIe paccioenns 06bITHO 0003HAYAIOTCST IPEYECKIMU OYKBAMHE
§:1,7 1 m

Ecin ¢y, : p'(Ua) = Ua X R" 1 @y, : p~'(Us) — Uz x R" — aBe TpuBHAIA3AIMI
BeKTOpHOTO paccioenus & Hag U, u U, COOTBETCTBEHHO, TO ONpeAeeHbl 0mobpastcerua
nepexooa

Gap: UsNUz — GL(n,R), gup(z) = (pu, © @&;)’:;:X]R": R™ — R".
OHu yI0BIETBOPAIOT COOTHOIICHUSIM

(29) gaa<x> = 1d7 gaﬁ(x)gﬁ"/(x)g'yoc(x) =1id
ang moboro x € Uy, NUg NU,,.

Ecan 3apano orkpeiToe nNOKpeiTHE B = Uae 4 Ua 1 orobpazkenus: nepexona gog: Uy N
Uz — GL(n,R), yrosrersopsiformue cooTHoennsM (29), To MOXKHO ONPEJIETATH BEKTOP-
Hoe paccyoenue p: F — B, IOJIOXKUB

(30) B= (. x&Y)/ ~

«

rae (x,v) ~ (2, gop(z)(v)) ana x € U, N U, v € R™.

IIpumep 8.2. Tasmonozuueckoe paccaoerue HAI BENECTBEHHBIM IIPOEKTUBHBIM IIPO-
crparcTBOM RP" — 3T0 0JHOMEPHOe BEKTOPHOE pACCIOeHHE 7y = 72,11%7 CJI0eM KOTOPOI0O
Hai Toukoii RP", 3anapaemoii npamoit ¢ € R gpigerca cama sta npamad. Takum
00pa30M, MPOCTPAHCTBO PACCJIOEHHS 7Y €CTh

Evy = {({,x): { — ognomepnoe noanpocrpanctso B R" 7 € (}.

Ananorn4no ompesensercda TaBTOJOITIECKOe OJHOMEPHOE KOMILJICKCHOE PACCIOeHUe 7y =
vp ¢ Hag CP™.

Ceuenuem JIOKAJIbHO TPUBHAJIBHOIO paccioenus p: ' — B HazbiBaercs: oToOpazkeHue
s: B — FE rtakoe, uto po s = id: B — B. Bekrophoe n-mepnoe paccjoenue Hajm B
TPUBUBAJIBHO TOT/IA W TOJBKO TOIJIA, KOTJA OHO UMEET N CeYeHUil Si,...,S,, TAKAX UTO
BEKTODEI $1(X), ..., Sy (x) JAUHEHHO HE3aBUCHMBL It KaxK/I0# Toukn x € B.

Mopgusmom sexmoprvix paccroernut p': B — B’~I/I p: & — B Ha3pIBaeTcda MOp-
dbusm (28), B KoTOpoM orpanmuenue orobpazkenust f: E' — FE Ha Kaxaeiii cioit F,
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nuHeiiHo. Eciau npu stom B = B’ u f = id, To Takoii Mopdu3M Ha3BIBAETCA MOPPHUS-
MOM GEKMOPHBIE paccaoenutl Had B. MopdusM BEeKTOPHBIX PAaCCIOCHUI, OrpaHHYeHne
KOTOPOIO Ha KazKJblil CJIOH MHBEKTHBHO (COOTBETCTBEHHO, CIOPBHEKTHBHO, OHEKTHBHO),
HA3bIBACTCS MOHOMOPHUMOM (COOTBETCTBEHHO, SNUMOPHUIMOM, U3OMOPPHUMOM ).

Mubi Gyem ob03HAYATH TPUBHAJIHHOE BEIIECTBEHHOE W KOMILJIEKCHOE N-MEPHOE PacC/io-
erne HaJI qanHoit 6a3oit B depe3 R™ u C", coorBercrBenno. JI1s1 BEKTOPHBIX PaCCIOEHT
Ha/I OJHOI U Toil Ke 6a30il B ompejie/ieHbl Te Ke OIepallil, YTO U HaJ BEKTOPHBIMH IIPO-
cTpaHcTBaMHU. B 9acTHOCTH, onpeesensl npamad cymma & D1, menzoproe npouseederue
¢ ®n, Hom-paccaoenue Hom(&, n), dsoticmeennoe paccaoenue & = Hom(&,R), snewmnan
cmenenv AFE, cummempuueckaa cmenens SFE u T. 1.

JL1 BEIecTBEHHOTO BEKTOPHOTO paccoenus & ero xomnaexcugpurayus ¢ = € Q C aB-
JISIETCST KOMILJIEKCHBIM PACCIOEHUEM TOM Ke pa3MepHOCTH. J[jisi KOMILJIEKCHOTO N-MEePHOTO
PACCIOCHHUST 1) €70 08EULECMBACHUE Mg ABISIETCS BEIECTBEHHBIM 2N-MEPHBIM PACCI0CHU-
em. metor mecto nzomopdusmbl ({c)r = D E u (nr)c = 1 O 7, Tae 7 — KOMILIEKCHO
COTIPSIZKEHHOE PaCCJIOEHNE.

IMpennoxkenue 8.3. Bexmophoe paccaoenue & nad xwomnaxkmuot raycdopposoti b6a3ofi
sraadusamea 6 mpusuasvroe paccaoerue RY nad mot oce 6asol daa nexomopozo N,
m. e. cyuecmeyem moromopdusm paccroenud j: & — RY.

Joxazameavcmeo. llycts p: E — B — nannoe paccjioenune. Tak kak B KOMIIAKTHO, CyIIe-
crByer Koueunoe nmokpoitue B = Uy U. ..U Uy OTKPBITBIME MHOZKECTBAMU, HAJT KOTOPHIMH
pacciaoenne TpuBmaabHO. Ilycts fi, ..., fr — pa3bueHue eIUHUIGI, MTOTIMHEHHOE STOMY
OTKPBITOMY HMOKPBITHIO, T. €. dbyukIius f;: B — R menpepbiBHa, HeoTpunareibHa, eé HOCH-

Tesb cojepxkurcd B U; n Zle fi = 1. Paccmorpum Tpusnanusanum p;: p- - (U;) =N U; xR™.
Hust i =1, ..., k oupeneuM HellpepbIBHOE O0TOOpazKeHue
filp(e)) - wi(e) mpm e € p~H(U),
((p(e),0) npn e ¢ p~H(U).
[Monoxkum N = nk u oroxzgecrsum RY ¢ @le R™. Torga Tpebyembiit MOHOMODPhDU3M
j: & — RY zamaérca dopmysoii
jle) = (fr-eule)s. -, fu - wrle))
ange € F. ]

leZE%BXRn, e

Pumarosoti mempuroti Ha BEIIECTBEHHOM BEKTOPHOM PACCJIOCHUH & HA3BIBAETCS IIOJIO-
JKUTETHHO ONpeNeJIéHHasi CHMMeTpUUIecKas OunnHelinas GyHKIUs (CKaJsIPHOe TPON3Be-
JIeHNe), 3aJlaHHast B KaxKJIOM cjioe F,, Takas 9T0 KOMIIOHEHTHI €€ MATPHIBI B KOODIHHATAX
JIOKATBHBIX TPUBHATH3ANMUIT SIBIAIOTCS HEMPePBhIBHBIME QYHKIUSMU 0T © € B (riaakn-
ME DYHKIUAME B CIy9ae TIaJKOT0 PACCJ0eHNsT). AHATIOTHYHO OTPeIEISIeTCs IPMUMOEa
MEMPUKE HA KOMIIJIEKCHOM PaCCJI0eHUH.

ITpensioxkenue 8.4. Pumanosa (apmumosa) mMempura cyulecmeyem na 6eu,ecmeerHom
(Komnaexcrom) paccaoenuu Had Komnaxmmol caycdopdhosol 6a3od.

Jlokazamenvcmeo. BioknM pacciioenme B TpUBHAIBHOE pacciaoernie R corsmacro mpeji-
J0KeHuIo 8.3, BBeéM MeTpHKY Ha RY 7 orpammamM eé Ha cJIOH paccaoeHns. [l

IMpennoxkenue 8.5. /lasa 1106020 eexmoptozo paccioenusn & Had Komnaxmuot raycdop-
Boeoti 6azoti B cywecmesyem paccroenue 1 wad mot sce 6azoti, maxoe wmo & Hn = RY
(mpusuanrvhoe paccaoerue).
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Jokazamenbcmeo. BIozKuM IPOCTPAHCTBO PACCIOCHHS B TPUBHAIBHOE pacciaoenme R
BBEIEM MeTpuKy Ha RY 1 BO3LMEM B KauecTBe 1) paccaoeHne, CJI0eM KOTOPOro Haja x € B
ABJIIETCS OpTOTOHAIbHOe mononenne B RY k cioo E, paccioenus &. U

8.2. KacarembHOe 1 HOpMaJIbHOE pacciioeHmne. llycts M — n-MepHOe ritajkoe MHO-

roobpasue ¢ riaagkuMm ariaacom M = UaeA Uay Vo Uy = V, C R™ u riaakuMu oTodpa-
JKEeHHAMH 3aMeHbl KoopIuHAT Vg ©a(Us NUg) — po(Us N Up).

Kacameavnoe npocmpancmeo T,M cocrouT u3 BcexX KacaTeJbHbIX BeKTOpoB K M B
rouke x. Obobesunenne TM = (J, o, ToM KacarebHBIX HPOCTPAHCTB BO BCEX TOYKAX
ABJIAE€TCAd TOTAJBbHBIM IPOCTPAHCTBOM 7-MEPHOT'O INIaJKOI'0O BEIIEeCTBEHHOI'O BEKTOPHOI'O
paccjioenns HaJl M, Ha3bIBAEMOIO KACAMEALHBIM PAccAoeruem. Ero MOXKHO ONpeIeuTh
Kak paccioenne (30) max M ¢ tpuBnanusyomum araacom {U,} n dbynknusavmu mepexoia

Gap: UsNUz — GL(n,R), x> Jacy Yags,

rae Jac, ¢,p 0bo3nagaer Marpuiyy 2lko0u U3 JaCTHBIX IPOU3BOJHBIX OTOOpaKeHUs 3aMe-
HBI KOOPJMHAT B Touke x € M.

[To ompeneneHuio, cedeHUSIMH KacaTeIbHOTO paccaoeHus T M SBIASIOTCS BEKTOPHBIE
nosst Ha M. ['nagkoe MHOrooOpasue M HA3BIBAETCS NAPAAAEAUSYEMBLM, €CTH KACATETHHOE
paccioenune T M tpuBuajibHo, T.e. Ha M cymecrByer n = dim M BeKTOpPHBIX MOJIEH,
KOTOpPbIE JINHEITHO He3aBUCUMBbI B KaxK 10if Touke x € M.

Cnajkoe muoroobpasue M Ha3bIBAETCH NOYMU KOMNAEKCHDIM, €CJTH B KACATETHHOM Pac-
ciaoennn T M MOKHO BBECTH CTPYKTYPY KOMILIEKCHOTO BEKTOPHOTO pacciaoenusa. Kak u B
cJydae BEeKTOPHBIX MPOCTPAHCTB, KOMILIEKCHASA CTPYKTYPa Ha BEIEeCTBEHHOM PAaCCJIOCHUH
T M 3anaérca Bei6opoM Mopdusma paceaoenuit 1: TM — T M, takoro ato 12 = — idyyy.
[TouTn KoMILIEKCHOEe MHOTOODOpa3ue uMeeT YETHYIO pa3MepHocThb. Eciu camo M aBisieTcs
KOMILTEKCHO-aHAJIUTHICCKAM MHOTOOOpasueM ¢ roaomopdubim atiacom M = | _, Uy,

Vo' Uy 5 Vo € C" (u ronoMopdHBIME OTOGPAXKEHUSIME 3aMeHbl KOODJUHAT), TO Ka-
carenpHoe paccaoenne T M uMeeT eCTECTBEHHYIO KOMILTIEKCHYIO cTpyKTypy. OaHako He
JiI00ast MOYTH KOMILJIEKCHAsE CIPYKTYpa IIPOUCXOIUT U3 KOMILJIEKCHOU CTPYKTYpbl Ha M.

[Tycts M — rnajkoe noamuoroobpasue B riajakom Mmaoroobpaszuu N. Hopmarvrvim pac-
croenuem M B N HazbiBaercs pakrop-pacciaoenue (T N|y)/T M, vue TN |y o6o3nagaer
orpannyenue KacarejabHoro pacciaoenus K N na M. Hopmasibnoe pacciioenmne obo3nava-
erca v(M C N). Beena pumanosy merpuky ua T N, cioii paccaoenus v(M C N) B Touke
x € M MOXKHO OTOXKI€CTBATDH ¢ OPTOrOHAJILHBIM jgonoaHeHueM K T,M B T, N.

OnureM KacaTeJbHOE PAacCJOeHHe K BeleCTBEHHOMY U KOMILIEKCHOMY MPOEKTHBHOMY
npocTpancTBy. Hapsiy ¢ OJHOMEpPHBIM TaBTOJIOTHYECKUM pacciaoeHuem 7y (mpumep 8.2)
PacCMOTPUM ero OpTOroHaILHOe JOMOJHeHHe Y, clIoeM KOToporo Haj mpaMoii £ € CP"
ABJIFCTCS OPTOrOHAIBLHOE MOIIOAHEHHE K 3Toi mpamoit B CHL:

aEA

E~y* = {(£,v): { — omnomepnoe nomupoctpancrso B C" v € ().
Torma mer mveem v @+ = C".
IMpennoxkenue 8.6. TRP™ = Hom(y,y*), TCP" = Hom(v, v1).

Jloxasameavcmeso. Pacemorpum ennanuanyio cdepy S™ C R u npoexrmmio p: S* —
RP™, p(z) = tx. KacarenbHoe paccioenue cdepbl ecTh

TSn — {(3577)): T,V & R7l+17 ’SL’| = 17 (JZ,U) - 0}
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Huddepennnan npoexnuu Dp: TS™ — TRP™ nepeBoguT KacaTeabHbIH BEKTOP (T,v) B
KacaTeIbHbl BeKTOp +(z,v) kK RP™, rae

TRP" = {i($,v): r,v e Rn+17 ’ZL‘| =1, (ZE,U) - O}

Torma Tpebyembrii mzomopdusm TRP™ = Hom(y,v1) orobpakaer +(z,v) € TRP" B
MopdusmM v — v+, mepepongamuii (¢,x) B (£,v), rae v € £, v € (*.
Uzomopdusm TCP™ = Hom(vy,y!) mokassiBaeTca aHATOTHYIHO (3a1a4a). O

Teopema 8.7. Umerom mecmo usomopphusmos

TRP"®R=vd...07, TCP"pC=76...87.
1 +1
n—+ n

Jlokasamenvcmeo. meem

TCP" & C = Hom(vy,7+) @ Hom(y, v) = Hom(v,7* @ ~) = Hom(y,C""™) =27 & ... & 7,
C (v,77) (7,7) (7,7 &) (v, C") : 7
n+

rIe BO BTOPOM PAaBEHCTBE MBI BOCHOJB30BATHCH TEM, YTO OJHOMEPHOE PaCCIOCHHE
Hom(y, ), umeeT BCIOLY HEHYJEBOE CEUCHHE, 3a1aBAEMOE TOXKJIECTBEHHBIM MOP(hU3MOM,
1 [IOTOMY TPUBHAIBHO. U

8.3. MHuoroob6pa3usa I'paccmana, BioxkeHue Ilmokkepa m kKaerku IllyGepra.
MHOKeCTBO BcexX k-MepHBIX JIMHeHHBIX HojnpocTpancTs (maockocreil) B RY nasbiba-
eTcsl BEeleCTBEHHBIM MHo2000pasuem I'paccmana (Mnm zpaccmanuanom) u 0003HAYALT-
ca G (RY). Ananorudno onpeje/stercss KOMILIEKCHoe MHOTooGpasue ['pacemana Gy (CV).
[Toampocrpancrtso 7 C RY pasmepnoctn k 3amaéTes k-TOIUBEKTOPOM v A ... A vy €
AFRY pm, B KOOPAMHATHON 3aIlUCH, KJIACCOM 3KBUBAJICHTHOCTH [P] marpun, P pasmepa
k x N ¢ TOYHOCTBIO 10 yMHOXKeHus cjeBa Ha marpuiy w3 GL(k,R) (B ctpokax marpu-
Bl CTOSAT KOOPAMHATHI OA3UCHBIX BEKTODOB 1, . . ., Uy HOAIPOCTpaHCcTBa 7). st Habopa
nHaekcoB 1 <4 < 1 < ... < i < N Oyzem obosnagath 4epes R;  ; cooTBeTcTBYyIOIIEE
k-MepHOe KOOPJMHATHOE MOAIPOCTPaHcTBO B RY 1 4epes p;,. ;, OUpeIeInTeh HOJAMATPH-
16l B P, 06pa3oBannoii cToJOmaMu ¢ HOMEPAMH i1, . . ., . PACCMOTPUM TOIMHOKECTBO

Usy.ir = {7 € Gx(RY): m mpoextupyerca Ge3 Boipoxkennit na R;, ;, } =
= {[P]: pi,..q, # 0}

Torna Uj,. i, romeomopdro RFV=F) (¢ goopammatamu — sqeMenTaMu MaTpuipl P BHe
CTOJIGIOB ¢ HOMepaMU i1, . .., ix) u ariac {U;, 4, } 3anaér na G (RY) crpykrypy riaikoro
muOroobpasus pasmepuoctu k(N — k).

B ciayuae KoMIiekcHoro rpaccvmannana arnac {U;, 4, } 3anaér ma Gi(CV) crpykrypy
KOMIIJIEKCHO-aHAJIUTHIECKOTO MHOT00Opa3ust KOMILIeKCHON pasmeproctn k(N — k). ITo-
CTPOEHHUS B BEIIECTBEHHOM M KOMILIEKCHOM CJIy4ae abCoII0THO aHAJOIHYHEL, JAIee B 9TOM
pasjese OyaeM paccMaTpUBATh KOMILIEKCHBIH ciydail.

k _ N
Habop 13 Cf = gz e {pi,..i, } ABASETCA KOODAMHATAMHE TIOJHBEKTOPA U1 A. .. A

vp B crangaptHoM Gasuce {e;, A ... A e; } suemmeii crenenn A*CYN u naswviBaerca xoop-
dunamamu Ilmoxkepa k-mepHoit miockoctu m. OHE 06006IIAIOT OTHOPOIHBIE KOOPIUHATHI
B npoekTHBHOM TpocTpancTee CPY ! = G1(CY) u y10B/1eTBOpsIOT cucTeMe ypaBHeHHiA,
HA3BIBAEMBIX coommouenuamu Ilaokkepa.

Teopema 8.8 (ByioKenue u coorHomenus ILmokkepa). Omobpascenue

Gi(CY) - CPAFCNY =CPY Y, 7oA. Aw]=[ . py.a -]
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ABAAEMCA BAOHCEHUEM 2A00K020 NOOMHO2000pa3uA, a4 €20 00pa3 36G0AEMCA COOMHOULEHU-
AMU

k+1
T N
E (_1) pilmik—ljv‘p‘jl...ﬁ...jk+1 =0
r=1
ons mobox wabopos (iy,...,ik—1) © (J1,...,Jkt1), 20e MbL noaazaem Digyivgy =

(—1)psy .4, Oas a060T nepecmanosky o.

Cootnorrenus [L1okKepa J0Ka3bIBalOTCA B JHHEHO# aareOpe, MBI JIHIIL HPUBEIEM
MepBBII IPpUMED HETPUBUAJIBHOTO COOTHOIITEHUS.

Ipumep 8.9. I'pacemannan Go(C*) Braamsmaerca B8 CP(A*C*) = CP® ¢ omaopomub-
MH KOODJMHATAME [P12 © P13 : P14 © P23 © Pod © P34] KAK IMIEPIOBEPXHOCTH, 3a/AHHAS
KBAJAPATHYHBIM Y PDABHCHECM

P12P34 — P13P2a + prapes = 0,

KOTOpOE T0JIydaercs, ecan nonoxuthb (i) = (1) u (j1, ja2, J3) = (2, 3,4) B Teopeme 8.8.
OnumreM Tak»ke KJaeTodHoe paszdueHne MEOrooopasus I'paccmana wa kiaerku [1ly6Gepra.
PaccmoTpun  craHaapTHBI KOOpAMHATHBIH (uiar (moc/ie10BaTe IbHOCTD BIOKEHHBIX

noxmnpocrpancts) {0} € C' € C? C ... € CV. lna k-mepnoit mnockoctn 7 € Gi(CV)

PaACCMOTPHUM TI0C/I€/I0BATETLHOCTD

0 <dim(rNCH < dim(rNC?) < ... <dim(xzNCY) =k,

JIBa coceHUX WyIeHa TOM MOCICAOBATETLHOCTH OTINIAIOTC He Gostee uem Ha 1, T.e. B

I10CJIE/I0OBATE/ILHOCTH €CTh B TOYHOCTH k «CKAIKOB». DTH CKAYKHU 3aJAI0TCH CUMBOALMU

HIybepma

s§=(51,...,5), 1<s8<s<...<s, <N, dim(rNC*) =14, dim(7zNC* ') =i—1.

PaceMoTpuM MHOXKECTBO K-ILTOCKOCTEH, «CKAYKU» KOTOPBIX 33Ial0TC B TOYHOCTH CHMBO-

JIOM §:

e(s) = {m € Gx(CY): dim(rNC%) =4, dim(rNC* ) =i—1aqnai=1,2... k}.
Torna e(s) naspiBaerca kaemkol Llybepma. OdeBuIHO,
Gr(CY) = U e(s), mupuuém e(s) Ne(s’) = upu s # s
8=(s1,...,5k)

Jlerko BujieTh, 9To T € €(§) TOraa U TOJHKO TOTIA, KOrIa IIOCKOCTh 7 3aa6TCs MATPHIEH

P =

rjie 1 B 1-if CrpoKe CTOUT Ha S;-M MeCTe, a Ha [TO3UIHMIX, 0003HAYEHHBIX *, CTOSIT HPOU3BOJIb-
Hble qucia. TaKol BUJ MATPHIbL, 3aJAI0IIElH [LJI0CKOCTh T € €(8), ONpPeIeséH OJHO3HATHO
¢ TOYHOCTBHIO JIO YMHOXKEHUA CJeBa Ha KBaIPATHYIO HUYKHETPEYTOJLHYIO MaTPUILy ¢ 1 Ha
auaronann. Orcona ciaeayer, 9to e(s) roMmeoMopdHO OTKPBITOMY APy Pa3MepHOCTH

dime(s) =2((s; — 1)+ (s2 —2) + ...+ (s — k)).

Beénem wacruumstit mopsanok Ha cumposiax Illybepra: s’ < s, ecm s; < s; i1 Kak-
goro i = 1,... k. Jloka3aTeJbCcTBO CIeAYIONEro yreepxaenns Mol onycrum (em. [MC]
win [Hal).
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Teopema 8.10 (knerounoe pazbuenue [lybepra). Kaemxu I[lybepma e(s), coomsem-
CIMBYIOULUE BCEBOZMONCHM CUMBOAGM S = (S1,...,8k), 1 < 81 < 89 < ... < s < N,
aadarom kaemounoe pasbuenue mnoz006pasus I'paccmana G (CN). Ilpu smom samwixarue
kaemxu e(s) codeporcumes 6 obsedunernuy kaemok e(s) ¢ § < s.

Nmeem Broxenue rpaccmannanos Gy (CY) C G (CNT)| coorercrByomniee Bioxkenuio
CN c CN*! no nmepsriM N KOOpAWHATAM.

Ipennoxkenue 8.11. G (CN) C Gx(CNT) asaaemea xaemounvim nodnpocmpancmeom
ommocumesvro pazbuernua na xiemwy Hlybepma. IIpu smom kasrcdas xaemxa Llybepma
pasmeprocmu < 2(N — k) 6 Gp(CNT) sesrcum ¢ Gi(CV).

Joxazamenvcmeo. Pacemorpum kietky e(s) C GR(CNTY) rae s = (s1,...,81), 1 <
51 < 83 < ... < 8 < N+ 1. SIcno, uro e(s) C GR(CY) Torma u ToaBKO TOrHA, KOra
sp < N. Tostomy G1(CY) C Gp(CN*T1) — samkmyTOE TIOAMHOAKECTBO, TIPEICTABISIONEe
c060il 00beIMHEHNEe KICTOK, T. €. KJeTouHoe noanpoctpancto. Ecmn e(s) ¢ Gx(CY), To
s = N + 1 u, caegoBaTeabHO,

dime(s) =2((s1 — 1)+ (s —2)+ ...+ (s — k) = 2(sx, — k) > 2(N — k). O

Pasbuernuem nenoro uumciaa d > 0 HA3BIBAETCS HEYINOPAJOYEHHOE MHOXKECTBO W =
(i1,...,%,) HATYPAJBHBIX YHCET, TAKHX 4TO i1 + ... + i, = d.

Ilpennoxkenue 8.12. Yucao xaemox pasmeprnocmu 2d 6 pasbuenuu Illybepma epaccma-
nuana GL(CN) paeno wucay pasbuenuti wucaa d na ne boaee uem k caazaemwviz, xavicooe
u3 Komopwulx He npesocrodum N — k.

Joxazameavemeo. Kiterku paszmepnoctu 2d coorBercTByioT cuMBojaMm [Ilybepra s, Ta-
kuM 9t0 d = (81— 1) + (s2 —2) + ... + (s — k). Paccmorpnm muOXKeCTBO W = (i1, . . ., 1),
HoJIy4aeMoe yJIaJeHueM HyJIel U3 IOCJIeI0BATeIbHOCTH S| — 1,80 — 2,..., 8, — k. Torma
i1+ ...+1, =d, T.e. w — pasbuenue d Ha He Oojiee YeM k caaraeMbIX, KazKJoe U3 KOTO-
pbIX He npeBocxoauT N — k, Tak Kak s < N. O0paTHO, KaxKJ0e TaKoe pa3dHeHne 3a1aéT
cuMBOJT § (HAJZ0 YHOPAAOUIATH (i1, ... ,1,) IO HEYOBIBAHHIO, TOUHUCATD CJIeBa k — p HyJeil
U K KayKJIOMY 9JIeHY [IOJIyYeHHOMH MOCJIeI0BATEIbHOCTH IPHOABUTH €r0 HOMED). U

8.4. Knaccudukaiusi BEKTOPHBIX PACCIOEHUll. BeckoneuHomMepHvim 2paccmaria-
nom Gp = GR(R>) HazpiBaeTCst MHOXKECTBO BCEX k-MEPHBIX IMOINPOCTPAHCTB B R™® =
Uy RY. Kaxnoe k-MepHOe moampocTpaHcTBo B R™® mexkur B HekotopoMm RY, Tak 4ro
Gr = Uy Gr(RY). Ha Gy, BBOIUTCH caabas monoaozus: mogmuoxkectBo A C Gy 3aMKHY-
TO TOrJa M TOJILKO TOTJIA, KOorla 3aMKHYTHI lepeceuenns A N Gp(RY) misa Becex N.

Teopema 8.13. Kaemku e(s), coomeememeyroujue cumeonram Llybepma s = (s1,. .., Sk),
ede 1 < 51 < 59 < ... < S, 3a0ar0m Kiemowhoe pa3dbuerue beCKOHEYHOMEDPH020 2PACCMa-
nuara Gi. Qucro kaemox pazmeprocmu d pasho wucsy pasbuenut wucaa d wa we boaee
wem k caaeaemolr.

Jokazameavemeo. D1o caenyer u3 teopembl 8.10 u npemroxkennit 8.11 u 8.12. O]

IIpumep 8.14. Tasmonozuueckoe paccaoerue HaJ T'PacCMAHTAHOM Gk(RN) — 910 k-
MepHOe BEeKTOpHOe paccioenne v¢ = % o cioem xoroporo mag m € Gi(RY) apagerca

k-mnockocTs 7. IIpOCTPaHCTBO TaBTOMOITYECKOTO PACCIOCHHS YF ecTh
Ey, = {(n,v): 7 — k-mepnoe noanpocrpancrso B RY, v € 7}.

Taxzke olpeJiejieHo Taprojiorudeckoe paccioenune v* naa Gy = Gy (R*).



TaBToOrHIecKoe pacciaoenne Y¥ 1exKuT B ocHoBe KIaccndUKAIMOHHON TEOPEMBI.

Teopema 8.15. ITycmo B — zaycdophoso napakomnaxmmuoe npocmparcmeo (Hanpumep,
kaemounoe). Tozda

a) atboe k-meproe sexmoproe paccaroenue § nad B uzomopdno paccaoenuio, unoyyu-
POBAHHOMY U3 MABMOAOUNECKO20 PACCAOEHUA VX npu nomousu nexomopozo omob-
pasicenus f: B — G, m.e. £ = f*yF;

6) undyyuposarnnve paccaoenus fiy® u fiv* usomopdum mozda u moavko mozda,
Koeda omobpasicenus fo: B — G u f1: B — G 2omomontot.

Taxum o6paszom, mmoocecmeo Vect™(B) waaccos usomop@usma k-meprvis sexmopols
paccaoeruti Had B narodumca 60 63aUMHO 00HOZHAUHOM COOMBEMEMEBUL ¢ MHOHCECTNEOM
[B, G| xaaccos 2omomonmvz omobpascenuti B — Gj.

Joxazamesvcmeo. Mbl OycTHM HEKOTOPBIE JAETAIN JIOKA3ATETHCTBA; TOAPOOHOCTH MOK-
Ho Hajitn B [Mu| uan [Ha, Ch. 1].

[Iyctsh paccnoenme & 3amaéresd npoekiueit p: £/ — B, a TaBTOJOrMYecKoe paccJioe-
nue v* — npoekmueit pi: Ep — Gj. Ilpexkae Bcero 3aMeTHM, YTO IIOCTPOCHHE H30MOD-
duszma & = f*~4* skpuBasenTHO HmOCTpoeHHIO OTOOpazkenud ¢: F — R, orpannmdenne
KOTOPOT'O Ha KaXKJbIi CJI0H sBJIsgeTcs JIMHEeHHBIM MoHOMOpPdHU3MOM. [leiicTBUTe/IBHO, ec-
mm & = f*~4* 1o orobpaxkenme g 3amaéTea xKommosumueit F X f*E, — E, — R*, rme
nocsienee orobpaxenue ecrb (m,v) — v. Obparno, ecju jauno g: £ — R, 1o 3ajauum
f: B — Gy no dopmyne f(z) = g(E,).

Brauase nokazxkeM a) B ciaydae, Korja 6asza B kommnakTHa. Torma cymnecTByer BIoKeHne
j: E — B x RN B rpusnambnuoe paccioenue (npejjoxenue 8.3). Kommnosumust ¢ npoex-
nueit B x RY — RY naér tpebyemoe orobpakenne g: £ — RY < R*. B obmem cayuae
paccyzK/JieHHe aHAJOTHYHO JIOKA3aTeJbCTBY IPEIIOKEeHH 8.3 U HCHOJb3yeT pa3dHeHue
eaunuupl. Cymecryer cuéraoe nokpsitue B = |J;2; U; OTKPBITBIME MHOYKECTBAMHE, HAT
KOTOPBIME paccioenne & TPUBUAIBHO, U pasOuenue enuHuipl { f;}, NOTIUHEHHOE STOMY
nokpeiTuio. Ilociaeanee o3nadaer, uro ¢pyuknus f;: B — R HempepbiBHA, €€ HOCHTED
cogepxkurca B U;, B KaxK0i ToUke © € B JIMIIb KOHEYHOE YHUCJIO f; OTJMYHO OT HYJIS
u ZZ fi = 1. (CymecrBoBatune pa3bueHusi eMHHUILI CJIEIYyeT W3 TOTO, YTO KJETOUHBIE
NPOCTpaHCTBa apaKoMIaKTHHL.) [l Kazkaoro 4 onpegeaam h;: p~1(U;) — RF xax kom-

NO3HIAIO TpUBHAIM3amu @;: p~ ' (U;) = U; x R¥ u mpoeknuu. Jdajee ompemeanm

. k filp(e)) - hi(e) mpm e € p~ (1),
glE%R , et 0 Hpﬂ@%p_l(Ui)‘

Oroxkaecteum R® ¢ @57 R*. Torna tpebyemoe orobpaxkenme g: £ — R> sanaérca
dbopmynoii g(e) = (g1(e), ..., gi(e),...).

Teneps mokazkem 0). Ilycrs fiEp = fiE, = E, usomopdusm fiE, = E 3amaérca
orobpazxkeHueM go: F — R a uzomopdbusm fi L), = E 3anaérca orobpakenuem g;: E —
R>°. Yro6er mocTpouts romoronuto f;: B — Gy, t € [0,1], mexkay fo u fi moctaTodno
IIOCTPOUTEH TOMOTONHUIO ¢y : B — R MeXKay go U g1, TAKYIO UTO KazKI0€ ¢y MOHOMOPMHO
Ha cjiosx; rorga fi(z) = gi(E,) naér rpebyemMyo roMOTOHO.

Pacemorpum rotomoronmio Ly R® — R®) Ly(r,ra,...) = (1 — t)(r1,r2,...) +
t(r1,0,7r9,0,...). Torna kaxaoe L; auneiino, Ly = id, a L; «IpopeKuBaeTs KOODIMHATHI,
TaK YTO HAa YETHBIX MECTAaX CTOAT HY/10. Kommo3uius ¢ L; 3a1aéT TOMOTOIHIO MEXKLY ¢o 1
oTobpazkenueM g, = Lj 0 gy, KOTOpOe NMeeT HeHyJIeBble KOODIUHATH TOIbKO Ha HEIETHBIX
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MecTaxX. AHAJIOTHYIHO CTPOMM FOMOTOIHIO MEXKy ¢, U oTobpazkenneM ¢;: E — R* koro-
poe MMeeT HeHyJIeBble KOOPIHHATH TOJBKO Ha I6THBIX MecTax. Temepn g; = (1 —1t)g) +tg;
eCTh TOMOTOIHS MEXK/Iy g, U ¢1. B pesysbrare 1mosydaem 1mocieoBaTebHOCTh TOMOTOIHI
Jo ™~ g6 =~ g1 =~ g1, TAe KayKa0e IpoMexKyTodnoe orobpazxkenne £ — R* monomopdno ma
crosx. CaenoBarenbHo, fo >~ f1.

Teneps nycts fo ~ fi; mpu momoru romorormu F': B X I — Gy. Paccmorpum uH-
AynupoBamHOe paccioenne F*y* mam B x I. Ero orpammuenna na B x {0} u B x {1}
uzomopdubl (0KazaTeabeTBo 3Toro dakra — 3amaua). Ilepsoe orpanuvenue ecthb fivF,
a BTopoe — f1vk. ([l

Bauay TeopeMbl 8.15 TapTosiornueckoe paccaoenne yF Takyke HA3BIBACTCH YHUGEPCAAD-
HolM k-MEepPHBIM BEKTOPHBIM paccjioeHueM, a ero 0asa G = G (R*) naswiBaercsa kaac-
CUPGUUUPYIOUWUM NPOCTPAHCMEOM k-MEDHBIX BEIECTBEHHBIX BEKTOPHBIX PACCAOCHUN u
oboznauaercs BO(k). Tosopar, uto orobpasenne f: B — Gy, ans koroporo & &2 f*yk,
Kaaccupuyupyem paccaoenue &.

Teopema 8.15 TakxKe mMeeT MeCcTO JIJII KOMILTEKCHBIX BEKTOPHBIX pacciaoenuit. bec-
KOHEYHOMEPHBIH KOMILTeKCHBIH TpaceManuan G (C™) wmasbBaeTcs kaaccuduyupyro-
WUM NPOCMPAHCNEOM k-MEPHBIX KOMILTIEKCHBIX BEKTOPHBIX PACCIOCHHI U 00O3HAYAET-

ca BU(k).

3amaunm u ynpakHeHud.

8.16. IlpuBegure npuMep JOKAJIbHO TPHBHAJLHOTO paccaoenud p: £ — B co cioem R”,
He SBJIAIONErocsd BEKTOPHBIM.

8.17. Ilpu momomniu pMUTOBOM METPUKH YCTAHOBUTE KAHOHHYECKHI m3oMopdu3m £ = &€
MeKJY MTBOHCTBEHHBIM KOMILTEKCHBIM paccaonueM £ = Hom(¢, C) u KOMILTEKCHO cOmps-
KEHHBIM paccjoenuem &.

8.18. /lokaxKuTe, ITO POCTPAHCTBO TABTOJIOTHYECKOTO PACCIOEHNS Y r Hag RP romeo-
MOpdhHO OTKPBITOl JeHTe Mébuyca (IPOEKTUBHON IJIOCKOCTH ¢ BBIKOJOTON TOYKOI).

8.19. Jlokaxkure, 4TO TABTOJOIHYECKOE PACCIOCHHE ’y}L,R Hag RP" merpuBmajibHO IPU
n > 1.

8.20. 3Bazaiite siBHO oTOOpazKeHus nepexona gog: U, N Uz — C* TaBTOMOIrIYECKOrO pac-
cioerns Y, « s nokperrag CP™ cranpaprabivu adpbUHHBIME KapTaMu.

8.21. Ilycre mig orkpsrroro nokpeitus B = |J,c4 Ua Mansl qsa Habopa oTobpazkenuii
nepexona gos: Ua MUz — GL(n,R) u 9np: UaNUs — GL(n,R), yrosiersopgioniue ycio-
suaM (29). JlokaxkuTe, 9TO 3ajiaBaeMble MU BEKTOPHbIe paccaoenus £ u £ u30MOpdHbI
TOIJIA U TOJBKO TOTJIA, KOTJIa CyIecTByeT Habop orobpazkenuit f,: U, — GL(n,R), a € A,
yaoBaeTBopsionuii coornomennsy ghg(2) = fo()gas(x) f5 ' (x) aas moboro z € Uy NUs.

8.22. /lokazKurte, 4T0

a) na cepe S*H1 cymectryer BekTopHOE HoJe Ge3 Hyeit;
6) ma cdepe S cymecTBYIOT TpH IMHEHHO HE3ABUCUMBIX BEKTOPHBIX 110/ 0€3 HyJIeii;
B) cdepa S* me napasteausyema npu n > 1.

8.23. Tlycrn V(B) — KaTeropusi BEKTOPHBIX PACCAOEHHU 1 MOPMU3MOB HAJT KOMITAKTHBIM
xaycaopdoBbIM IIpocTpancTBoM B. lokaxkuTe, 94TO
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a) mpoCTpancTBO cedeHuil I'(£) BEKTOPHOIO PACCIOeHus & SBISETCS KOHEUHO TIOPOZK-
JMEHHBIM TTPOEKTUBHBIM MOJyIeM Has KobiioM C'(B) HenmpepbIBHBIX (GQYHKIHHA Ha
B (Moaynb Ha3bIBaeTCsl MPOEKTUBHBIM, €CJIH OH SIBJISIETCS MPSMBIM CJAraeMbIM
CBOOOTHOTO MOJIYJIs);

6) kareropusi V(B) 9KBUBAJIEHTHA KATETOPHH KOHEYHO MOPOKIACHHBIX TPOEKTHBHBIX
momyseit vHajg C(B), npu 9TOM TpUBHAJBHBIE PACCIOEHUST COOTBETCTBYIOT CBOGOI-
HBIM MOJYJIsIM (9TO yTBepZK/IeHIe U3BeCTHO Kak meopema Ceana).

8.24. Jlokaxure uzomopdusm TCP™ = Hom(vy,y1).

8.25. okazure mzomopbusm TGr(RY) = Hom(y,~"), tae 7 = y§p — TaBroiormde-
ckoe paccioenne Haj rpacemannanom Gi(RY), a v — ero oproronanbhoe jponosnenue.
Ananoruuno, TGr(CY) = Hom(y, 1) a1 KOMILIEKCHOTO rpaccMaHnaHa.

8.26. /lokaxkuTe, 4TO ecqim B KOMIIAKTHO H XaycIopdoBO, TO OTpaHUYEHHST BEKTOPHOIO
paccioenus E — B x I va B x {0} u B x {1} uzomopdHbl (310 TakKe BEpHO U B HGoJee
obIeM ciydae mapakOMIIAKTHOIO u Xaycaopdosoro B).

9. XAPAKTEPUCTUYECKIUE KJACCH! LHHITUDEISA-YUTHU U Y>KEHS

Mbl u3/102KHUM J1Ba 110JX0/1a K OLPEJIEJIEHUI0 XapaKTePUCTUYECKUX KJIACCOB BEKTOPHbBIX
pacciioennii. [lepBblit OCHOBaH HA BHIYUCJIEHUN KOTOMOJIOTHIT IIPOEKTUBU3AIUN BEKTOPHOT'O
PACCJIOEHNUS; ITOT TMOAXO0 IO-BUIUMOMY SBJISETCS HanboJiee YHUBEPCAJIbHBIM U IIPUMEHUM
TaKzKe W JJIsd JIPYTUX Teopuil KoroMojioruii. BTopoii moaxo s ocHOBaH Ha HEIOCPE/ICTBEH-
HOM BBIYUCJIEHUN KOJIBIIA KOTOMOJIOTUI KJIACCUPUIUPYIONIIX TPOCTPAHCTB — DECKOHeU-
HOMEPHBIX I'DaCCMaHUaHOB.

9.1. Teopema Jlepe—Xwupmma. /[ng jioboro orobpaxenus p: ' — B KOJIbIIO KOI'OMO-
noruit H*(E) sagercsa moaynem wax koibiom H*(B) o dopmyre b-e = p*(b) — e ais
be H*(B), e € H*(E).

Cﬂe,[[yIOH_[aH TeopeMa MO3BOJIAET MPHU HEKOTOPHIX YCJIOBUAX BBIYUCIATH KOTOMOJIOTHUHN
TOTAJBHOTO IPOCTPAHCTBA JIOKAJIHHO TPUBUBAIBHO PACCIOCHUS Y€pPe3 KOrOMOJIOTHE Oa3bl.

i p
Teopema 9.1 (Jlepe-Xupm). Hycmo F 5 E 5 B — 40KaAvHO MPusuaibhoe paccaoenue
u R — xommymamuenoe korvuo ¢ eduruuet. Ipednoroscum, wmo

1) H*(F; R) — xoneuno-nopoosicoénmmti c60600muiti R-modyav daa a106020 k;
2) cywecmsytom kaacco, v; € H*(E; R), makue wmo ux ozpanuyernus i*(v;) Ha 110600

caoti F' darom R-basuc 6 H*(F; R).

Toeda H*(E; R) asasemes ceob00nvim H*(B; R)-modyaem ¢ basucom {v;}, m. e. omobpa-
ocenue

Op: H'(B;R) @ H*(F; R) — H*(E;R), b®i*(v;) — p*(b) ~ vj,
ABAAEMCA USOMOPPUIMOM R-modyset.

Joxazameavcmeo. Mbl jloKakeM TeOpeMy B IPEJIIIOJIOKEeHHH, 9T0 B — KJIeTOYHOe 1POo-
CTPAHCTBO, 3TOro Oy/AeT JOCTATOYHO g Hamux nejei. [penmonoxkum Buadasie, 9ro B
KoHeunoMepHo, dim B = n. YTBepxKjaenue 04eBHIHO 1ipu n = (), TAK 9TO MOYKHO MPEJIII0-
JIOXKUTH 110 WHJLYKIIUHU, YTO YTBepzienue BepHo Js (n — 1)-mepnoro octosa B L.
Ilycrs B’ C B — moampoCTpaHCTBO, HMOJYYEHHOe yIaJleHHeM TOYKH T, U3 KayKIoh n-
MepHO#l KieTku e C B. Torma cymecTByeT roMOTOMMYECKasi SKBUBAJIEHTHOCTD (1edop-

MAaIlMOHHASI peTpaKHHH) B’ = B™ . 13 cBoiicTBa HOAHATUS TOMOTOINH IS paccioeHAd
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E' — B’ noayuaem roMoTonHYecKylo sKpupasenTHocth E' — p~1(B"71). Tenepn pac-
CMOTPHM JHATPAMMY

.—— H*(B, B') g H*(F) — H*(B) g H*(F) — H*(B') © H*(F) — ...

l@EE, L¢E L%/

H*(E,E) H*(E) H*(E)

3/ech HUKHSISA CTPOKA — TOYHAs MOCJen0BaTebHOCTh napbl (K, E'), a BepxHss cTpo-
Ka MOJIy9aeTcsl U3 TOYHON MOCaenoBaresbHOCTH naphl (B, B') TeH30pHBIM yMHOKEHHEM
Ha cBOGOaHBIH R-momyas H*(F'). KoMMyTaTWBHOCTH IBYX KBaPATOB, MOKA3AHHBIX Ha
JiHarpaMmMe, CJaejIyeT W3 eCTeCTBEHHOCTH BXOJALANUX B HUX romomopduszmos. KommyTra-
TUBHOCTb KBaJIPaTa, BKJIIOYAIONIEr0 KOI'DAHUIHBIE TOMOMOPMU3MbBI, MPOBEPIETCH HEIo-
CPE/ICTBEHHO:

b @ i*(v) db' @ i*(vj)

| |

pr(V) ~ v == d(p* (V') ~ vj) == p*(d') ~ v,

TaK Kak dv; = 0.

Tak KakK HMEIOT MeCTO TIOMOTOINMYeCKHe 3KBHBajgenTHoctn B’ ~ B"! y ' ~
p~1(B"!), orobpaxenue @ B AUATpAMMe BbIIIE ABISETCH H30MOPMUIMOM I10 MPE/III0JI0-
JKennio naAyKiun. JlokaxkeM, aTto Pp g TakKe gBiageTca nzomMopdusmom. [laa xKax ot
BBIODAHHOM TOYKN T, BBIOEpeM OTKpBITOe MHOXKecTtBO U,, Takoe uto z, C U, C el
u orpanudenue paccaoenund p (U,) — U, rtpusuambno. [lomoxkum U = U,Us u
U = UnNB. Ms umeem H*(B,B') = H*(U,U’') B cuiy Bbipe3aHusl ¥, aHAJOIHYHO,
H*(E,E") = H*(p~'(U),p " (U")) = H*(U x F,U’" x F). Torna orobpaxkenne P g mpu-
HUMAaeT BH]T

Ppp: H (U, U)@r H(F) = H*(U x F,U' X F).
1o uzomopdusm cornacHo Gopmyiae Kionuera (oTHocuTe bHAas Bepcus TeopeMbr 6.9).
Tenepb 10T bakt, 4T0 P ABAZETCS U3OMOPMUIMOM (/711 KOHEYHOTO KJIeTOIHOro B)
BBITEKAET U3 H-JIEMMBbI, IPUMEHEHHON K JHarpaMme BBIIIE.
B ciiygae mpou3BOJIBHOTO KJAETOYHOIO B paccMOTPUM N-MEPHBIH OCTOB U JUTPAMMY

H*(B) ®@gr H*(F) — H*(B") @ H*(F)

E |

H*(E) H*(p~'(B")).

31ech TOPU3OHTAIBHBIE OTOOPAYKEHHS SIBJISIOTCS H30MOP(MU3MaMH B PA3MEPHOCTIX MEHb-
e n, a orobpakenne P, gapigercs n30MOPAU3MOM CONIACHO KOHEYHOMEPHOMY CJIyvalo.
CaenoBatenbio, @ gBisgeTcs U30MOPMU3MOM B pa3MEpPHOCTAX MeHblre n. Tak Kak 3To
BEPHO [IJist JTI0O0TO N, TOKA3aTEeIbCTBO I KJIeTOYHOrO B 3aBepIIeHo. O

9.2. Onpenenenue u cBoiicTBA XapaKTEPUCTUUYECKUX KJaccoB. [lycts & — Beme-
CTBEHHOE N-MEPHOe BeKTOpHOe paccioenue p: F — B. Ero npoexmususayuet Ha3piBaeTcs
muoKecTBO RP(§) = {¢ € E,} Bcex 0JHOMEPHBIX MOANPOCTPAHCTB BO BCEX CJIOSIX PACCIIO-
eanst &. Nmeercsa npoexiust RP(p): RP(§) — B, nepesogsimast ¢ € E, B x. Cioem 310it
NPOEKINN HAJL & € B ABJsieTcsi TPOEKTUBHOE TTPOCTPAHCTBO ¢ios F,. MuoxkecrBo RP (&)
OTOXKJIECTBJIAETCA C (PAKTOPHPOCTPAHCTBOM JIOIOJHEHHS JIO0 HYJIEBOTO cedeHud B I, Tem
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caMbIM Ha HEM BBoAUTCA Tomosorud. Tpusuammsanuu p~ ' (U,) — U, X R" paccioenus
¢ onpegensior Tpupnanusanun RP(p)~H(U,) — U, x RP"™ u Tem caMbiM 337a10T Ha
RP(§) crpyKTypy JIOKaJIbLHO TPUBHAJILHOIO paccjoenus Haj B co cioem RP™ L,

Hanx RP(&) onpeaeneno masmosoeuueckoe ogHOMEpHOe pacciaoenue y(£), cioem KoTo-
poro Hag ¢ € E, apiasercs upsivas ¢ (ecan B = pt, To (§) upesparmaercsi B TaBTOJIOIH-
ueckoe paccioenne Hag RPL).

B cuny teopemsr 8.15 TaBrosornueckoe paccioerue y(€) Kiaaccudunupyercss HeKOTo-
pbiM orobpazkenueM f: RP(£) — RP®, T.e. v(£) = f*(14), Tae V4 — TABTOJOTHIECKOE
paccioenue Hag RP®. Mpt umeem H*(RP™>; Zy) = Zy[v], rae v € HY(RP™; Zy) — 06pasy-
fommas, cM. npeatoxkenue 6.11. Takum obpasoM, ¢ pacciaoenneM & ecTeCTBEHHBIM 00pa3oM
CBS3aH Kaace Koromonoruit ve = f*(v) € HY(RP(£); Zs).

Teopema 9.2. [lycmov & — seuecmseentoe n-meproe BEKMOPHOE PACCAOEHUE HA0 KACTNOYU-
nowm npocmparcmeom B. Tozda koavyo kozomonozutt H*(RP(E); Zs) usomopdro daxmop-
KOABUY KOABUA MH0204AeH06 ¢ Kospiduyuenmamu ¢ H*(B;Za) om odnoli obpasyrowe
ve € HY(RP(£); Zs) no eQuHncmeeromy coommowenuso

(31) v+ wi(€) - vg T+ waoa(8) - ve +wa(€) -1 =0,
2de waacco, wi(€) € H(B;Zs), i = 1,...,n, onpedeasromea paccioenuem &.

Jlokasameavcmso. Tlpumenum teopemy Jlepe—Xupia (Teopemy 9.1) k pacciaoenuio RP ()
Haj B co cioem RP™" ! IlepBoe ycjioBue TeopeMbl BLIIOJHEHO aBTOMATHYECKH, a I
IPOBEPKH BTOPOTO YCIOBHA 3aMETHM ciaefyiomee. Kak BHIHO M3 JTOKA3ATEILCTBA TEO-
pembl 8.15, wiaccudunupyiomee orodopazkenue f: RP({) — RP 1aBrojoruueckoro
paccioennst y(§) 3amaéres orobpaxenuem g: Evy(£) — R Koropoe JuHeHHO Ha CJI0-
sx. TToaromy orpanuuenne orobpazkenust f Ha caoit paccioenns RP(§) ecth cranmapt-
Hoe Baokenne RP"! <« RP®. Ecmm i: RP"' — RP(§) — Baoxenue caog, TO
i*(ve) = *(f*(v)) = v — obpasyromag rpynnst H'(RP"™1; Zy) = Zy. Toraa Z*(Ug) =) —
obpazyiomas rpyunbl H/ (RP" Y 7)) = 7y g j = 1,...,n — 1.

13 reopembr 9.1 caemnyer, uro H*(RP(§);Zsy) siBisiercss CBODOJHBIM MOJYJIEM HaJl

H*(B;Zs) c obpasyommumu 1, vg, . . . ,vg_l. Coorromutenne (31) — 9T0 pas/ioKeHue dJIeMeH-
Ta —vg 10 bazucy 1,vg, ... ,v?’l, a kaaccehl w; (&) — xkoadduImenTs B paziokennu. [
Knacent w;(§) € HY(B;Zy), i = 1,...,n, 3amaBaemble coorHonmenuem (31), HasbiBa-

0TCS  Tapakmepucmuseckumy kiaccamu LlImuders—Yumnu n-MepHOTO BeIIecTBEHHOIO
BeKTOpHOTO pacciaoenus &. Takxke dopmanrbro momokuM wo() = 1.

Anajioruuno oupejessiercst KoMiiekcHast npoekrususaius CP(€) KOMILIEKCHOTO n-
MEPHOIO BEKTOPHOI'O PACCA0eHUs &, COCTOAIIAS 3 BCEX KOMILICKCHBIX OJHOMEPHBIX 0/
npocrpancTs B ciaogx. Hang CP(€) onpeseneHo TaBTOJIOTHYECKOE OJHOMEDHOE DaCCIo-
ernne y(§), xoropoe kiaccudunupyercst orobpaxennem f: CP() — CP*™®. Mb ume-
eMm H*(CP>;Z) = Z[v], HO, B OoTin9Ime OT BEIIECTBEHHOIO CJydasi, obpasymomas v €
H?(CP®°;7Z) oupejesiena HeoJHO3HAYHO (MMeeTcs JiBe oOpasylolye, OTIndalonuecs 3Ha-
KoM). Breibop 10ii obpasyrworieii onpejiesier BuJ MHOTUX TOCTEAYIOMHX GopMya. Mol
BO3bMEM B KavecTse obpasyiomeil v € H*(CPY) kiacc KOroMoJornii, ABORCTBEeHHBII 10
ITyankape K runepmiaockoctn CPN~! ¢ CPY ¢ kamonndeckoil opmenTanumeif, TpoucxoId-
meil U3 KoMILIeKCHOl crpyKTyphbl. B kadecrse obpasyiomeit v € H2(CP>) mbl Bbibepem
Ty, KoTopas orpamnuuBaerca na v € H2(CPY) npu orobpaskennu KoroMo0ruii, HHTy -
posantoMm BioxkenueM CPYN — CP>. TakuM 06pa3oM, ¢ KOMIUIEKCHBIM PacCIOeHHeM &
eCTECTBEHHBIM 00PA30M CBsI3aH Kjacc Koromosornit ve = f*(v) € H*(CP(§);Z).

Caemyioniasg TeopeMa JIOKa3bIBACTCA aHAJOIUIHO Teopeme 9.2.
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Teopema 9.3. Ilycmo £ — KomnaekcHoe N-MepHOE BEKMOPHOE PACCAOEHUE HAD KAEMOY-
nom npocmparcmeom B. Tozda xoavyo H*(CP(€); Z) usomopdro daxmopkosvyy Kosvya
MH0204AeH06 ¢ Koadipuyuenmamu 6 H*(B;Z) om 0dnoti obpasyrowed ve € H*(CP(); Z)
10 e0UHCMBENHOMY COOMMHOWEHUIO

(32) vE+ea(€) - ufT H  Gna(§) v+ ea(§) 1 =0,
ede xaaccw, ¢;(§) € H*(B;Z), i = 1,...,n, onpedeasromea paccaoeruem &.
Knacew ¢;(€) € H*(B;Z), i = 1,...,n, 3ajaBaeMble cooTHolleHueM (32), Ha3biBa-

I0TCA  TAPAKMEPUCTNUMECKUMY KAGCCAMYU  Hotcens N-MepHOr0 KOMILIEKCHOTO BEKTOPHOIO
paccioenus €. Takxke dbopManbio moaoxuM ¢o(€) = 1.

CroiictBa xapakrepuctudeckux kjaccoB Irtudens—Yuran n YKeHs ONUCHIBAIOTCH
cJieytoreii TeopeMoii (KoTopyto Mbl copMyIHpyeM Jist KiaccoB Uzkenst; hopMyInpoBKa,
U JI0Ka3aTenbeTBO s Kiaaccos [ltudens—YuTau abcoI0THO aHATOTHIHB ).

Teopema 9.4. Hmeem
a) ¢;(§) =0, ecau i > dim&;

6) ¢i(f*) = [f*ci(§), ede f*¢ — paccaoenue, undyuuposarmnoe omobparceruem
f: B"— B;

B) ci(§Dn) =>4 i (§)ew(n) (Popmyna Yummu);

r) c1(y') = —v daa masmonozuneckozo paccaoenus vt nad CP™.

Jloxasamenvcmeo. CBOHCTBO &) CJIeLyeT U3 ONpeIe/IeHus.
st nokazaresnbersa 6) cHadada 3amernwm, dro ecan f: CP(f*¢) — CP(§) — orobpa-
—%

JKeHHe TIPOeKTUBU3aluil, HHAynupoBaHHoe orobpaxkenueM f: B’ — B, 10 vy = f (v¢)
1o onpesenennto Kiacca ve € H2(CP(E)). Sanumenm (32) aus pacciaoenus f*E:

0= v +c1(f7E) - v?:él +.ote(ff)-1=0.
C ApyTOif CTOPOHBI, TPUMEHHB | K (32) mast &, mosyaum

0=f (0 +cr€) v o eal€) 1) = Ve + frea(€) Vi o+ frel) - L

Tak kaK 1, vp, ... ,v?;; — Gasuc crobogHoro H*(B')-monyns H*(CP(f*€)), uz cpaBHe-
Hust K03DDUIMEeHTOB B mocaeHux AByX dhopmynax nomydaem ¢;(f*€) = f*¢;(€).

Hokaxem B). IIycts dimé = n, dimn = m. Paccmorpum Baowenns ig: CP(§) —
CP(¢®n) ui,: CP(n) — CP(£®n), nHAyIUPOBAHHBIE BJIOKEHHEM IIPSIMBIX CJIAraeMbIX
B £ ® . [Ipu 3TUX BJIOKEHHSX TABTOJOIMYECKHE PACCAOEHHS HaJl IPOEKTUBU3AIMAMU
orpanudMBaloTCs JApyr Ha apyra: ify(§ ©n) = y(§), iry(§ @ n) = v(n). Caemosaresnho,
lgVean = Ve, IyVsen = Uy

Nnmeem 1edOpMAIMOHHBIE PETPAKIUK

U=CP(E®n)\CP(&) = CP(n), V=CP(®n)\CP(n) = CP(¢),

KOTOpbIE 3a/a10Tcst H0C/I0iiHo Kak perpakin CP™ =1\ CP™~1 = CP"! u3 noxasa-
TeJILCTBA Mpejtoxkennd 6.11.
Temepb pacemorpum cieyotiee cootromenne B H*(CP(§ & n)):

g(‘;g(ﬁ)ck(”) ' U?@T_i> _ (i ¢ (€) - Ugg) (kf% cx(n) .v?@}k> :

~"~ ~~ v
a al az
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Pacemorpum dparment Townoi mocaemosarensuoctu napel (CP(E @ n), V):
H*(CP(E®n).V) — H'(CP(E®n) — H* (V)= H"(CP())
51 — ai — 0
Mer mveem i (ar) = D7 ¢;(€) -vg_j =0 B cunty (32). [TosTomy sIeMEHT a; HAKPHIBACTCS
ssemenToM a; € H*(CP(§ @ n), V). Aranoruuano, wisa naper (CP(§ @ n), U) noaygaem
H*(CP(@n),U) — H(CP(Een) — H(U)=H'(CP(n)
Eig — as — 0

N3 ecTecTBEHHOCTH KOT'OMOJIOTHYECKOTO MPOU3BE/IEHUS MOJIydaeM KOMMYTATUBHYIO JIHa-
rpaMMy

H*(CP(§®n),U) x H(CP(§®n),V) —— H(CP(E@n),UUV) a1y
1 1 1
H*(CP(§ ®n)) x H(CP(E ® 1)) ————— H(CP(§®n)) aias

e BepxHee oTOOpazKeHHe — OTHOCHTEIbHOe KOromosorudeckoe mnpoussejienue (17). Ho
UUV =CP( @n), nostomy H*(CP({ @ n), U UV) = 0. Crenosarensuo, ajay = 0, a
sHauMT U a = ajay = 0. C apyroii croponsl, cootrotierue (32) pyst £ @ n naér

m-+n

Z ci(§@n) v =0.

i=0
CpasauBasg KO3(pDUIUEHT IPH v?&"‘i B 9TOM COOTHOIIEHUH ¢ TeM ke Ko uimenTom B
cooTHomeHuu a = (0, ¢ y4€ToM TOro, 4To 1, Vegy, - . - ,vgg;?”_l — Gasuc, moaydaeM ¢;(EDn) =

Zj-i—k:i c;j(&)ck(n).

Jlna nokaszaresbersa r) 3amerum, uro CP (') — CP™ — roxaecrsennoe orobpaskenue,
Tak kak ' ogmHomepno. IMosromy v,1 = v € H*(CP™) — pmbpannas ofpasynomas, u
cootrHomrenwe (32) mpuanmMaet sug v + ¢1 (') = 0. O

Ioanvim xaaccom Yorcens KOMILUIEKCHOIO N-MEPHOTO PACCI0eHus & Ha3bIBAETCs (HEO -
HOPOJIHBIIT) /1eMeHT

c§)=14+c(&)+...+c(&) € H(B).

Dopmyy Yurau u3 TeopeMbl 9.4 B) MOKHO 3alHCATh B BHJIE

c(§®n) = c(§)c(n).

Paccioenns & 1 1) HA3BIBAIOTCS ¢MabusbHo skeusasenmuvimu, ecin EBCP = n@Cl aia
HEKOTOPBIX k, [. B wactHoCTH, £ HA3BIBACTCS cmMabuavho mpusuasviom, ecan EHCH = CL

IIpensioxkenune 9.5. Ecau £ u n cmabuavno sxsusasermun, mo c(§) = c(n). B wacm-
nocmu, ecau & cmabusvho mpusuasvro, mo c(§) = 1.

Jokasamenvcmeo. Samernm, uro ecin & = CF (rpunanbuo), To ¢(€) = 1. Dro creayer
U3 TOro, 4YTO TPUBHAJIbHOE paccjoenne Hall B Knaccuduiupyercs orobpazkenuem B — pt
u yTBepKaenus 6) reopembl 9.4. Teneps npejioxkenue ciaepyer u3 dbopmyasl Yurau. [

ITpennoxenue 9.6. [lycmv & u n — odnomepHbie KoMNAEKCHbIE DPaccaoerus Had B.
Tozda

ci(§®@n) = c1(§) + ().
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Hoxazamesvcmeo. CHagana paceMorpuM caydait B = CP® x CP™, £ = piv, n = pby,
rjie v — TaBToJoTHYecKoe pacciaoenne Hamx CP*) py,py: CP* x CP*> — mpoeknuu. Mubrl
uveeM H*(CP™>® x CP™®) = Zlvy,v9] u ¢1(§ ®n) = kyvy + kove, ki, ke € Z. s Broxenust
i1: CP™® x pt < CP>® x CP* umeem ij(§{ ® n) = ~. CaenoBarenbHo, if(c1(§ @ n)) =
c1(y) = —vu ky = —1. AHasorudHo, JJist BIOXKeHus iy : pt X CP® — CP> x CP* nveem
i5(c1(§®@n)) = c1(y) = —v u ky = —1. CaegoBarenbHo, ¢ (§®n) = —v;—vg = ¢1(§)+c1(n).

B ciaygae mpomsBosibHBIX &,7) Bocmob3yeMcs (byHKTOpHaIbHOCTBIO. Ilycrs & Kiac-
cuduiupyercs orobpaxkenuem f: B — CP*™, a n knaccudunupyercsd orodpazKeHuem
g: B — CP>. llonoxum h = (f,g): B — CP>* x CP*™, torna £ = f*y = h*(pjvy) n
n =gy = h*(p5y). Mol umeem

(€ ®n) = cr(h*(piy) @ W (py7)) = b (er((piy) @ (p37))) = B (cl(piv) + c1(pyy)) =
= c1(h*(p17)) + ar(R*(p3y)) = a1 (§) +c(n). O

B crenyromem pasgene Mbl 00Cy UM, KaK BBIBOJIUTH (DOPMYJbBI JIJIsI KJIACCOB UzKeHs
TEH30PpHOI'O NPpOUu3BEeJACHUA IMTPOU3BOJILHBIX paCCﬂOGHI/Iﬁ.

9.3. Ilpunmnun pacmenjgenuda. MHorooo6pasus daaros. E1uHCTBEHHOCTh Xapak-
TEPUCTUUECKUX KJaccoB. llpuniun paciemienus, nedopMaJbHO TOBOPS, 3aKII0UaeT-
¢ B TOM, YTO BCE CBOHCTBA XapaKTEePUCTUUIECKUX KJIACCOB, BBIINOJIHAEMbBIE I Paccaoe-
HU, pACHICILISIONINXCA B CYMMY OJHOMEPHBIX PACCJIOEHUN, BBIIOJHSIIOTCI U JJIsI JTIOOBIX
pacciioeHuii. B ocHOBe 3TOI0 HPUHIMIIA JIEKUT CJIEJYIONIAs TeopeMa.

Teopema 9.7. Ilycmo & — n-meproe KomniekcHoe paccioenue Had kiemounot 6a30t B.
Tozda cywecmeyem B' u omobpasicenue f: B' — B, makxoe wmo f*¢ = M @D ... D\,
(cymma odrnomepruz paccaoenut) u f*: H*(B) — H*(B') — monomoppusm.

Joxazameavcmeo. PaceMoTpuM cJ1e/IyIoyIo JuarpaMMy HH/YITUPOBAHHBIX PACCA0CHUIT:

NBVR®...8Mm — ... &> NOR®EL — 1 ® & - &=¢
l l ! b
B,=CP(&,.) =% ... = B,=CP&) & B =cP&) & B, =8B

3nech f; — mpoeknusa MpOeKTUBH3AIMN paccaoenusa &;_q Hax B;_;. Ha mepsom mare Mbi
unayupyem pacciaoenne vag CP(&y) npu nomomy otobpazkenus f1. DT0 WHIYIMPOBAH-
HOe pacciioenne f;&y cOIep:KUT B KadeCTBe MOPACCIOEHH OJHOMEPHOE PACCJIOEHHUE Y] —
raprogornaeckoe pacciaoenne Han CP(&y). OproronaibHoe gonoaHerre K 1 B f1€ 0603Ha-
quM 4epes &, Tak 410 [ = v1 @ &. Ha BTOpOM 11are Mbl HHAYIIUPYEM PacCI0eHUe HaT
CP(&;) mpu nomommu otobpazkenust fy. DTo uHIAyIHpoBaHHOE paccaoenue fi (v & &) co-
JIEPXKUT B KA4€CTBE 110/IPACCIOCHUI yIKe JiBa OJIHOMEPHbBIX PACCJI0eHHs — paccjoenue f57yy,
KOTOPOE MbI MPOJIOJIzKaeM 0003HA4YaTh Y1, U TaBTojoruyeckoe paccioenue najg CP(&;),
KOTOpOE MbI 0003Ha4aeM Yy. VIX oproronajibHoe JonosiHeHne obo3znadnm yepes &y. 1 Tax
nagee. Ha mocseiaem, n-mmare Mbl OJIy9aeM, 9TO 7y, — TO TABTOJOTHYECKOe PACC/IOEHNE
Hag CP(&,_1). Kaxmoe n3 orobpazkeHuii f; WHIyIMpyeT MOHOMOPMU3M B KOTOMOJIOTH-
X B cusly Teopembl Jlepe—Xupina. YTBepKIeHAE TEOPEMbI MOJIYIaeTCsl, eCJIU TOJ0KUTD

B'=B,uf=/fio...of,. O

Bousee aBHO KoHCTPYKIMIO 0TOOpazkenud f: B’ — B u paciiemnesus f*6 = \®... B\,
U3 TeopeMbl 9.7 MOXKHO ONHUCATH HA OCHOBE MOHSATUS MHOrooOpasusd (Jiaros.

HanomuuMm, aro (moaabiM) dhaceom B C™ HA3BIBAETCSA MOCIEIOBATEIHHOCTD BIOKEHHBIX
HO/IITPOCTPAHCTB

ucU,c...cU,,cU,=C", dimU; = 1.
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MmuoxectBo Becex ¢diaroB B C™ sgpisieTcss KOMILIEKCHBIM MHOTOOOpa3ueM pa3MepHOCTH
w. Owno HasbIBaeTcst MHo2006pasuem Paazos u obosnauaercss FI(C™). Hax mrOroo6-
pasuem FI(C") mmeerca m TaBTOJOrHIECKHX pacciaoenuit v' ... 7" dim~’ = i; cnoem
paccIoenus y' HaJ JAHHBIM BJIaroM SBJIAETCS ero i-€ MoAnpocTpancTso U (Tak 4To pac-
CJIOEHUE " TPUBUAJBHO).

Daazusarueti N-MEPHOIO KOMILIEKCHOTO paccaoenns £ Haj B Ha3bIBAETCs MHOKECTBO
Fl(§) Becex duraros Bo Beex caosix paccaoennust . [Ipoeknus FI(§) — B siBasieTcs JIOKaIb-
HO TPUBHAJBHBIM pacciaoennem co cioem FI(C™). Han muoroobpasnem FI() mmeercs: n

TaBTOJIOTMIECKUX paccaoernit L, ... 4", dim~® = i.

Teopema 9.8. [Tycmvb & — n-mepHoe KOMNAEKCHOE paccaroeHue Had kiemounot basoti B
u nyemo f: FI(E) — B — npoexyusa Paazusayuu paccroenus &. Toada

ey e o0/
u f*: HY(B) — H*(FI(§)) — monomoppusm.

oxazameavemeso. 113 KOHCTpYKIUU npocTpaHcTBa B’ B JgokaszareabeTBe TeopeMbl 9.7
cjlelyer, 4To Touka B B’ 3amaércs mociegoBaTeIbHBIM BEIOOPOM 1 OJHOMEPHBIX IIOAIIPO-
crpauctB {y C By, by C E /0y, ..., 0, C E/((L1D...BLl,1) Bcaoe E, = C" pacciioenus €.
Kazxkaprit Takoit Habop n OHOMEPHBIX Mo pocTpancTs 3aaér duar Uy C Uy C ... C U,
B E,, tne Uy = (1 ® ... D L. Obparno, kaxxapiii daar Uy € Uy C ... C U, B E, 3a-
Jaér Habop ofHOMepHBIX moanpoctpancTs ¢; = U;/U;_;. Tlosromy mpocrpancrso B’ u3
reopembl 9.7 oroxaectisiercs ¢ FI(E), a ofHOMEpHBIE DACCTOCHUS Y1, Y2, - - -, Ypn HAL B’
OTOZKJICCTBIAIOTCA ¢ paccaoenuaMu v, 2 /yY ... 4™ /4" nan FI(E). O

Amnayiorn Teopem 9.7 n 9.8 mMeeT MeCTO U JIJIST BEIIECTBEHHBIX PACCAOCHUNR W KOTOMOJIO-
ruit ¢ Koapdunuenramu B Zsy.
CnencrBueM sgBIsgeTCS TeoOpeMa eIMHCTBEHHOCTH JIJIT XapaKTePUCTUIECKUX KJIACCOB.

Teopema 9.9. Kascdomy KomMnaiekcromy eKmMOpHOMY Paccaoenuto & Had KiemowHot ba-
301l B mootcno eduncmesenmoim obpazom conocmasums nabop kaaccos ¢;(€) € H*(B),
YO08AEMBOPAOUWUT c80TIcmEam a)—2) u3 meopemos 9.4.

Ananoeunno, KaHCOOMY GEUELCMBEHHOMY GEKMOPHOMY paccaoenuto € Had KAemoy-
nol 6azolit B mootcrno eduncmeennovim 06pazom conocmasums mabop kaaccoe wi(B) €
H'(B;Zs), ydoeaemeopaowus anarozam ceolicme a)-2) us meopemv, 9.4 0as KAaccos
HImugpern—Yummnu.

Jlokasamenvemeo. CBoficTBa &) U T') OAHO3HATHO 3a/IAI0T KJIACCHI ¢; JIJIsS yHUBEPCAIBHOTO
omHOoMepHOTO paccaoenns v mag CP>®. Torma cBoicTBO 6) ONHO3HAYHO 3aJaET KJIACCHI
¢; s JTI0DOTO OJHOMEPHOTO PAaCC/JI0eHUs HaJl B, Tak Kak TaKoe pacCJoeHue KJacCudu-
IEpyeTcst HeKOTOPhIM oTobpazxkennem f: B — CP™. [lanee, ¢BONCTBO B) OJHO3HAYHO
3aJ1a€T KJIACCHI ¢; JIJIS CYMM OJHOMEPHBIX paccyoeruii. Torna u3 mpuHIKIA pACIIeILIeHNs
CJIeIYeT, YTO KJIACCHI ¢; OIpPeesIeHbl OAHO3HAYHO I JIOOBIX PACCIOEHUN HaJ KIeTOd-
Hoit Gasoit B. [leiicreurennno, ecom {c, € H*(B)} — apyroit Habop KJIACCOB, yIOBIe-
TBOPSAIONIMX CBOHCTBAM a)-T), TO Jjist orobpaxkenus f: B’ — B u3 teopeMbl 9.7 mveem
FA(©) = A(fE) = alf€) = F(ei(€) v HA(B'), tax Kax f*€ — cymma onomep-

ubix pacciaoenuii. Tak xkak f*: H*(B) — H*(B') — monomopdusM, 0TCIOa CIeLyeT, 9TO
ci(€) = ci(§)- O
Ecom £ =X ® ... B N\, — cymMMa OJHOMEPHBIX PACCJIOEHHUi, TO
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Orciona ¢;(§) = oi(ty,...,t,) — i-#i 7IeMEHTAPHBIH CHMMETPHUYECKHH MHOTOYIEH OT
t1,...,t,. TakuM 0Opa30M, IPUHIUN DACIICIICHNS MO3BOJISIET PACCMATPUBATH XapaKTe-
PHCTHYECKHE KJIACCHI N-MEPHOIO PACCIOCHHsI KAK CHMMETDHYECKHe MHOIOWIEHB 0T (op-
MaJIbHBIX MePEeMEHHBIX 11, ..., {y.

Ilpumep 9.10. IlonyunMm Ha OCHOBe NPUHIMIA paciieiieHus (popMy/ay st HepBo-
ro kJjacca UkKeHs TEH30PHOrO MpousBejeHus JAByX pacciaoenunii. [Iycrs dimé = n wu
dimn = m. Moxuo cuautarh, 910 & = A\ D ... BN\, un = 1 D ... D Ly (CymmbI
OJIHOMEPHBIX paccioenuit). Torma

alE®n) =a (é Ai @ éw) =G (@O\i ®Mj)> =) aiou) =

= Z<Cl(>\i) +cipy) = mzcl()\i) + nZCl(Mj) = mey1(§) + nei(n),

7€ B TPETbeM PABEHCTBE MBI BOCIOIB30BAIUCH (HOPMYION YHUTHH JIA ¢, & B YeTBED-
TO#i — POPMYJION [yIst €1 OT TEH30PHOIO HPOU3BEIEHHUs OJAHOMEPHBIX PAcC/IOeHuil (Ipes-
noxenne 9.6).

9.4. Koromojoruu mHorooOpasuii I'paccMmaHa. 371ech MBI TOKaXKeM, 9TO KOJIbIIO
KoromoJiornii Muoroobpasus I'pacemana Gi(CY) mopoxmaerca knaccamn Txkenss Tap-
TOJIOTHYECKOTO PACC/I0CHUs YK, U onuieM cOOTHONIEHUA MeKJy STUMHU Kjiaccamu. Or-
ciofia OyJeT CJIe0BaTh, YTO KOJBIO KOTOMOJOTHH GECKOHEYHOMEPHOrO I'DAcCMaHUAHA
Gr(C>®) = BU(n) nopoxmaercs kiaaccamu ci(V*), ..., cx(v*) 6e3 coornomenwuii, T.e.
H*(BU(n)) 2 Zcy, . . ., ;] — KOJBIIO MHOTOYJICHOB.

Hapsity ¢ TaBTOJIOTHYECKAM PacCJIoeHueM Yk, Gyiem paccMaTpuBaTh ero OpToroHaIbHOe
nononnenne — (N — k)-mepnoe paccioenne (v%)+, cioem koroporo mag m € Gy(CV)
gBjiseTcss opToroHanbHoe gononnenne 7- k m B CV. OB6ozHaunmM [1s KPaTKOCTH ¢; =

ci(vh) mef = c;i((vh)*F). Tax xak +& @ (v5)* = CV, noxyuaem

coct=14+c+... ) I+t +ep+...)=1

Orcrofa caeyer, 9To KAyl Kirace ch SIBJITE€TCS MHOTOWIEHOM OT KJIACCOB Cq, . . . , Ck.
Kosbno koromostoruii Gy (CY) nopoxknaercs knaccamu ¢y, . .., g, a BCe COOTHOIICHUS

MEYKJIy HUMU BBITEKAIOT U3 «PA3MEPHOCTHBIX» COOTHOIEHHIT ch =0unpu j > N — k.
Teopema 9.11. Hmeem mecmo uzomopphusm

H*(Gp(CM)) 2 Zcy, . ... ,ck]/(cjL =0npuj >N —k).
okxasameavemeo. ZcHo, 9TO onperesléH rToMOMOP(U3M KOJIeI],

Zlcy, . .. ,c;g]/(cjL =0mpu j > N — k) = H*(GL(CY)),

nepesoamuii ¢; B ¢;(v%) € H*(Gy(CV)). dokazkem unayKuueit o k, 4To 3T0 — U30MOP-
busm. [pu k = 1 nmeem H*(G1(CV)) = H*(CPYY) 2 Z[v]/(vN =0) u ¢; = c1(7x) =
L

—v. Tormac=1-vuct == =1+v+0v?+... Takum o6pasom, coornomenne v = 0

SKBABAJCHTHO COOTHONICHUAM ch =0mpuj>N— 1

[Tpeamonokum Temnepb, 9TO YTBEPIKIEHUE JTOKA3AHO JIJIsT Gk,l(CN ). TTIpoekTuBu3amnns
CP(~%) oroaectnserca ¢ npoexrsusanueii CP((vh 1)) caexyommy obpasom. s
npsamoii £, exkameit B k-mtockoctu ¥, pacemorpum gonosnutebuyio (k — 1)-miockocTh



7F 1 re. 8 = (@ rFL. Torma ¢ MoxkHO paccMaTpuBaTh Kak npamyio B (1)L, Orciona
oIy daeM

CP(vy)={t:tca"cC"}={t: 0 c (7"t cCV} =CP((v&Hh).
Mycrs p: CP(v%) — Gx(CN) u pt: CP((v5 1Y) — Gr_1(CN) — npoexmun n mycts y —
TABTOTOrIIECKOe oHOMepHOe pacciaoenne wag CP(v%) = CP((75)4). Torma
Py =¢ey, @) (Ox ) =8¢

re £ — mekoropoe (k — 1)-mepuoe, a ¢ — (N — k)-mepnoe paccnoenne nag CP(v5) =
CP((yy)*)- Tpm srom p*((v§)*) = Cm (pH)" (W 1) = & me.

E@r®(=p(w®(y)") =p(CY) =C".
ITo reopeme Jlepe—Xupma H*(CP(v%)) ects csoboaubiit H* (G (CN))-momyin ¢ 6asu-

com 1,v,..., 087t e v = —¢;(7), u coornomennem
(34) O p (@) T T (a(hy) = 0.
I3 pasencTsa p* (V) = & @ v nomydaem
L4 e (p" %) + (™) + ... = 1+ (€ + e(€) +...)(1 —v),
Tak 4ro coorHouenue (34) moxkuo 3anucars kax ¢ () = 0.

Amnanornano, H*(CP((v5 1)) ects crobommmiit H*(Gj_1(CN))-moayms ¢ 6asucom
Lv,..., oV % u coornomennem cy_g41(¢) = 0.

[To npemnonoxkennto unaykuuu, H*(Gy_1(CV)) nopoxaercsa kiaccamu c; (’y]’ifl), e
cr_1(vh 1) ¢ coornomenmavu ¢; (Y5 1)Y) = 0 mpu i > N — k + 1. CnegoBaTe/bHo, KOJIBIO
H*(CP((v51)1Y) = H*(CP(v%)) noposxtaercs kiaccamu ¢;(€), ¢1(y) = —v u ¢;(¢), a see
COOTHOIIEHUST MEXK/Ly HUMH HPOrcxoasaT u3 paseHcTs ¢({BYDB () =1, ¢(§) =0 upu i > k
ucj(() =0mpu j > N —k+ 1, 1.e. u3 rpuBnanproctu paccroenus § @y @ ¢ u pa3mep-
HocTu paccioennit &,¢. Dro oznavaer, uro H*(CP(v¥)) apisgerca cBoGoIHbBIM MOJLy/IeM
HAaJT CBOUM MOJAKOJBIOM R, MOPOKIEHHBIM KiaaccaMu ¢1(§ B ), ..., k(£ @ ), ¢ 6azucom
1,v,...,v*"t. C apyroii croponsl, pu Monomopdusme p*: H*(G1L(CY)) — H*(CP(v%))
nmeeM p*(c;(vh)) = ci(€ @), Tax aro p*(H*(Gr(CY))) = R u H*(G1(CY)) nopoxza-
erca Kiaccamu ¢ (%), ..., ck(yX) ¢ COOTHOMEHMAMH, TPOUCXOMATTUMEA U3 PA3MEPHOCTH
paccioenus (V%)L O

Temepb pacecmorpuM GeckonedHoMepHbIil rpaccmanuan BU (k) = Gi(C™).
Teopema 9.12. Hmeem mecmo uzomoppusm
H*(BU(k)) = Z[cy, . . ., cx).
Jokazamenvemeo. PaccMOTpUM KOMIIO3HIUIO TOMOMOPGhU3MOB
Zlci, ... cx) = H*(G(C™)) = H*(G(CN)) = Zey, ... ,ck]/(cjL =0mupu j >N —k).

31ech nepBblii roMoMOPdH3M IIepeBOIUT ¢; B ¢;(7"), BTOpoil HHIYHMPOBAH BJIOKEHHEM
Gr(CN) — Gr(C>), a Tperuit — uzomopdusm u3 Teopemst 9.11. Ipacemannan Gy (CV)
SIBJISIETCST KJIETOUHBIM TOoaKoMILIeKcoM B G (C™) orHocuTe bHO pa3bmeHns Ha KJIETKH
[Ily6epra (Teopema 8.10), mpu 3rom 2(N —k)-mepubie octosbl Gi,(CN) u G, (C*) cosnaa-
o1 (npennoxkenue 8.11). [Tosromy Bropoit roMoMOpdU3M B KOMIO3UIUE BBIIIE SIBISETCS
u3zomopdusmom B pazmeproctax < 2(N — k). Bea komnosunust sipisercst uzoMopdus-

MOM B pasmeprocTsx < 2(N — k), Tak Kak HepBoe COOTHOIIEeHHe ch = 0 nosiBaIdIeTCA B
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pasmepnoctu 2(N — k + 1). CrenoBareabHo, mepBbiii TOMOMOPMU3M TAKIKE ABJSIETCI U30-
Mopduzmom B pazmepaocTsx < 2(N — k). Tak kak 910 BepHo mias mwoboro N, monydaem,
aro Zlcy, ..., cx] = H*(GE(C™®)) — uzomopdusm. O

KomMiutekcHoe n-mepHoe pacciaoenue & HaJ KJaeTO4dHo#t 6a3oif B Kiaccudumupyercs
orobpaxenunem f: B — BU(n), u Mpl umeem ¢;(§) = f*(¢;). B cBa3m ¢ stum Kitac-
col ¢; € H*(BU(n)) Ha3BIBAIOTCS YHUGEPCANLHMU TAPAKMEPUCTNUMECKUMU KAACCAMU
Yorcens.

Crezytoree yTBepZKIEHIE OMUCHIBAET (DIATH3AINI0 YHHBEPCATBHOTO (TABTOJOIHIECKO-
ro paccjaoenns) " Hag BU(n) u 1aér reoMeTpHUYECKYI0 MHTEpHpeTanuio (HpopMaTbHBIX
epeMeHHbIX t1, .. ., t, U3 IPUHIATA PacIenienHus, cM. (33).

Teopema 9.13.
a) Mo umeem Fl(y™) ~ (CP>)", npuuém npoexyus daceusayuu FI(y*) — BU(n)
eomomonna omobpascenuro f: (CP®)" — BU(n), kaaccuduyupyrouiemy oexap-

MOBO NPOUZEEIEHUE N IKZEMNAAPOS MACMON02UNECK020 paccaoenus ' nad CP™.
6) I'omomopgusm f*: H*(BU(n)) — H*((CP>®)") umeem cud

Z[Cl, o ,Cn} — Z[tl, R 7tn], C; Ji(t17 R 7tn)7

m. e. nepecodum yrusepcarvrvlli kiacc Horcens ¢; 6 1-1 cuMMempuseckuts MHo-
20uneH om 0bpasyruus ty, ... t,.

Jloxasamesvecmeo. Toukamu npocrpancrsa FI(4™) apastiorcs daaru puuast n B C™,
a roukamu upocrpancTsa (CP™)" aBISIOTCS 10CTIEI0BATENLHOCTH W3 7. IPAMBIX B
(C>)™ = C*°. Bzaumuo obparuble ToMOTONIYecKNe IkBUBasIenTHoctn F(y") — (CP>)"
u (CP>®)" — Fl(~™) conocramsitor daary HabOp NPSMBIX U 00PATHO, AHAJIOTHYHO TO-
My, KaK 9TO CJIeJAHO B J0Ka3aTeabcTBe TeopeMbl 9.8. IlompobHocTn ocTaBuM B KauecTBe
33140,

Hokaxem 6). Ilycts p;: (CP>®)" — CP* — mpoeknusi Ha i-il COMHOXKHUTETb, ¢ =
ca(vt) € H*(CP>®) u t; = pi(t). Torma H*((CP™)") = Zlty,...,t,) u (")) =
(1+ty) ..o (L+t,). Umeem f*(c;) = c;(f*v™") = c;(Y)™) = 04(t1, - . ., ). O

AHajiorn Bcex pe3y/abTaToB 9TOro maparpada uMeT MecTo s KiaccoB Ltudens—
YHUTHHA U KOTOMOJIOTHH ¢ KO3pDUIUEHTAMH Zsg:

Teopema 9.14. Hmerom mecmo u3omopphusmok
H*(Gp(RN); Zs) = Zo[wy, ..., wi]/(wj =0 npu j > N — k),
H*(BO(n); Z2) = Zo[ws, ..., wy).

9.5. Ilapaienn3yeMoCTbh BEMIECTBEHHBIX IMPOEKTUBHBLIX HNPOCTPAHCTB. Aareb-
pbl ¢ geaeHuneM. Opuum u3 npuioxkenuit kiaaccoB Itudens—Yurau sapisercs poka3a-
TeJBCTBO HECYHMIECTBOBAHHSA AAre0p ¢ JedeHHeM B pPasMepHOCTAX, oTamdHbrx ot 2F, Kax
MBI YBUJIMM, 9TOT BOMPOC HEMOCPEICTBEHHO CBSA3aH C MapaJijieIn3yeMOCTbIO BEIeCTBEH-
HBIX MTPOEKTUBHBIX MPOCTPAHCTB.

Knaccamu Itudens—Yurnu riaaakoro Mmaorooopasud M OyjgeM Ha3bIBaTh KJaCChI
Hltudens—Yurnu ero KacaresbHoro paccaoenus: w;(M) = w;(TM).

IIpeanaoxkenue 9.15.
a) w(RP") = (1 +t)"*! 6 xoavue H*(RP"; Zo) = Zo[t]/(t"H1);
6) w(RP™) =1 mozda u moavko mozda, Ko2da n = 28 — 1 daa yeaozo k = 0.



85

Joxazameavcmeo. Cormacuo Teopeme 8.7, uveem TRP @R =A@+ orxyna w(RP") =
w(y)" = (1+t)" e t = wy(y) € H(RP"; Zy) — nepspiit kiaace HItndens—Yuran
TABTOJIOTHYECKOI0 PACCIIOEHHUSI.

Tokazxem 6). ycrs n + 1 = 25, Torma w(RP™) = (14 ¢)2 = 1+ 12 = 1 B kombue
H*(RP™ Zy) = Zo[t]/(t"*1). Ilycrs Teneps n + 1 = 2% - m, tne m > 1 neuérno. Torma
w(RP") = (142" = (1 +£2")" =1+ mt* + ... # 1, rax kax t2* # 0. O

I‘I&HOMHI/IM7 qT0 MHOI‘OO6paSI/Ie Ha3bIBACTCA IapaJlJIeJIN3YyEeMbIM, €CJIN €ro KaCaTe/JIbHOe
paccgaoenune TpuBHAJIBHO.

Caencteue 9.16. Fcau RP" napaaresusyemo, mo n = 28 — 1 das yenozo k > 0.

Teopema 9.17 (ltuders). Ilpednososcum, wmo wa R™ cywecmeyem bGuauneiinoe
ymmoorcernue m: R x R™ — R™ fes deaumeneli nyas (accouuamusrocms U Cyu,ecmeosa-
nue edunuybi He npednoasazaemes). Tozda RP™™' napairesusyemo, m. e. n = 2F.

Jlokasamenvcmso. Ilycts ey, ..., e, — craugaprasiii 6asuc B R". Torma r;: y — m(y, e;)

3agaét nuzomopdusm R” — R”, Tak Kak yMHO)KeHHE m Oe3 jiestuTesieii Hyas. PaceMorpum

n30MOpbH3MEL v; = 101y +: R® — R™. Torma vi(z), v2(z), . . ., v, () THHEHHO He3aBUCHMBI

npu x # 0 u v; = id. HeitcrBurensho, ecan 0 = \jvy(z) + ... + A\yvn (), 10 0 = Ay (y) +

A A (y) = my, Aer . dpen), Tie y = 17 (x) # 0, oTRyaa Arer + ...+ Aue, = 0.
PacemorpuMm Terepb MOpU3MBI paccIoeHui

Uity =y, (0, x) — (El,przi vi(x)),

rie © € { C R™, a pr,. v;(z) — npoeknusa Bekropa v;(z) na (. Torma pr,. vi(z) = 0, a

BEKTOPBI PryL U2(x), ..., pros v, () sumeiino mesapucumbl B ( npu z # 0. Ciegosares-
HO, Vg, ..., 0, CYThb (n — 1) JMHeiHO He3aBUCHMBIX cedeHuii paccaoenus Hom(y,yt) =
TRP" ! Ilosromy 3TO paccioenne TPUBHAILHO. [

ITpoctpanctsa RPY = pt, RP!, RP? u RP" napanieansyeMbl, Tak Kak Ha R, R2,
R* u R® umeerca Guiuneiinoe ymuoxenue 6e3 jesureneil nyas (BeuecTseHHble YUCIIA,
KOMILIIEKCHBIE YHC/Ia, KBATEDHHOHBI W OKTOHMOHBI Kausm, coorBercrBenuo). [lpu k > 4
npocrpancteo RP2 1 e HapaJIeIn3yeMo, U TIOITOMY JIPYTUX OMIHHEHHBIX YMHOKEHUN
be3 memmreneil myaa #Ha R”™ Her. dror dakT ObLI mokazaH B 1960 romxy k. Amamcom
METO/IaMU A/ IreOPAMIECKO TOMOJIOTHH.

9.6. IlpengarcTBUA K BJOXKEHUAM U NOTPYKEHUSIM MHOrooopasmii. Enié oo npu-
JIOYKeHNe XapakTepuctudeckux kJaccoB IllTudens—YuTHu 3aKa09aeTcss B MOCTPOEHUN
NPENSITCTBUI K BJIOYKEHUSIM U TOTPYZKEHUSIM MHOTOO0Opa3uil B eBKJIUI0BO TTPOCTPAHCTBO.

Hanomuum, 9o riajkoe orobparkenue rjiakux MHoroodpazuit f: M — N HasbiBaeTcs
nozpyocernuem (obosnavaerca M ¥ N), eciu ero quddepennman Dy f: ToM — Tp) N
UHbEeKTUBeH B Kaxk1oi Touke x € M. llorpyxkenne f: M — N Ha3bIBAETCI 8A0MCEHUEM,
eCJIM OHO sIBJIsIeTCsl ToMeoMOpdu3MoM Ha ¢Boit 06pa3 f(M) (B TOMOJOrMH, MHIYIUPOBAH-
woit u3 N). Eciam M KOMIAKTHO, TO MOIPYZKEHHE SABJSETCS BJOKEHHEM TOTJA U TOJIBKO
TOI/Ia, KOT/Ia OHO WHbEKTHBHO.

Hopmaavroe paccroenue v = v(M % N) morpyxenus f: M % N omnpezensgercs
kak (f*TN)/T M. Beeas pumanoBy merpuky Ha T N, cioii pacciaoennss v(M ¢ N) B
TOUKe T € M MOKHO OTOXK/JIECTBUTH C OPTOT'OHAJIBHBIM JIOINOJTHEHHEM K IOIPOCTPAHCTBY
D, f(TeM) B Ty N. meer mecto pasiozkenne

[ TN=TM&v(M % N).

N3 muddepennnaibHOil reOMeTPUN H3BECTHA
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Teopema 9.18 (Vuruu). Inadkoe xomnarxmmoe muozoobpasue M pasmeprocmu n > 1
MOICHO 6.0001cumb 6 R*™ u nozpysums ¢ R2M1,

Korga M™ MOXKHO HOTPY3MTh B €BKJIUJOBO IMPOCTPAHCTBO MEHBIIEH pa3sMepHOCTH?
IlycTs 3agano orpyzkenne M™ 4 R™"* ¢ nopmaasaeiM paceioenneM v. Torma MBI mMeeM
TM @ v=R"" orxyma w(M) - w(v) = 1. MbI 6yzeM 0603HaYaTh XapaKTepHCTHYCCKI
kiace w(v) HOpMaIbHOro pacciaoenus depes w(M). OH 3aBHCHT TOJBLKO OT XapakTe-
PHCTHYECKUX KJACCOB MHOrooOpasus M, Tak Kak mmeer mecto dpopmysna (popMaaIbLHOrO
obpaireHus

1

wH(M) =1+ wi (M) +wy (M) + ... = 1+ wr (M) + wa (M) + ..

Hanpuwmep,
wi (M) = —wi(M),  wy (M) =wi(M) - w(M),
wy (M) = —w? (M) + 2wy (M)wy(M) — ws(M), . ..
(pu hbopMasbHOM 06PAIEHUH PsiJIA HEKOTOPOE CJIaraeMble [MOJIYIal0TCs CO 3HAKOM MUHYC,

Kak B popMmyJsiax BbIIIe, HO TaK KaK MBI paboTaeM ¢ KoddhunuentaMu B Zo, STH 3HAKH

MOzkHO omyctuthb). Tak xax paccioenue v = v(M™ & R"™) umeer pasmepuocts k, Mbl

nostyaaem w;- (M) = 0 npu i > k. 910 MOKeT jaBaTh orpanmdeHust Ha k.

IIpumep 9.19. Paccmorpum M = RP?. Toraa
w(RPY) = (140 =148 +2%, wH(RP) = ———— +t1 =L + 82+t 410,
Tax kak wg (RPY) # 0, norygaem, aro RP? menbss norpysuts 8 ROT5 = R, Cornacno
teopeme Yurau, RP? norpyxaerca 8 R17.
B mekoropwix caydasi OneHKa 3 TeOpPeMbl Y UTHU OKa3bIBAETCS TOTHOIA.
Teopema 9.20 (Muanop). Mrozoobpasue RP?" neavaa noz2py3ums 6 R2 -2,

loxaszamenvcmeo. MBI nmeeMm
wRPY) =1+ T =1+ 0+ =1+)1+8) =1+t +1>,
W RPY) =1+t +2 4. 42N

[TpeamookumM, 9TO CYIIECTBYET MOTPYKEHHE RP?" o R2"'-2, Torna ero HopmMaabHOE
pacc/ioeHne v uMeeT pasmepHocTb 28 — 2 —2F = 2% — 2 Ho wyr_4(v) = w;_l(RPQk) =
251 # 0. TIporusopeune. O

Cpapunbag ¢ npumepom 9.19, mosydaem, aro me Tonpko RP?, mo naxe RP® mennss
norpysuth B R, B obmiem ciryuae HaX0KIeHIe MIAIMAILHON PA3MEPHOCTH TOTPYKeHNS

IPOEKTUBHOTO IpocTpancTBa RP™ gpidercd TpyAHOil 3ajadeil, KOTOpad MOJTHOCTHIO He
pelieHa JI0 CUX Iop.

3azaun U yruparkHeHus.

9.21. Ilycrb &, 7 — KOMILIEKCHBIE BEKTOPHBIE PACCJIOCHUS HAJ KJETOYHBIM TPOCTPAH-
crBoM B, mpuuém vy ogHoMepHo. Jlokazkure, uro pacciaoenns CP(§ ® v) nu CP(£) u3so-
MopdHBI. To 2Ke 171 BelecTBeHHBIX BEKTOPHBIX PACCIOEHUN U MIPOEKTUBU3AIUIA.
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9.22. Paccmorpum otobpazxkenne q: CP® — CP"/CP" ! = §?" Jlokaxure, 9ro ¢*a =
V", tae a € H*"(S?") — cranpaprhag obpasyiomas, npoucxofdmas u3 opuentamun CP",
av € H?*(CP™) — kuacc, asoiicrsennpiit o [yankape k [CP"'] € Hy, o(CP").

9.23. JlokaxKuTe CIEAYIONIYIO OTHOCUTEIBHYIO Bepcuio TeopeMbl Jlepe—Xwuprma. [Iycts na-

Ha TIApa JTOKATBHO TPHBHATBHEIX paccaoenuii (F, F') - (E, E') £ B nax oxmoit 6a30it B.

[Ipesosioxkum, 4To
1) H*(F, F'; R) — KOHeYHO-IIOPOZKASHHBIH cBOOOIHDBIN R-MOIy/Ib 1/1s J11060T0 k;
2) cymectByioT Kiaccsl v; € H*(E,E'; R), Takue 910 nX orpamudenus i*(v;) Ha
noboit croit (F, F') maior R-6azuc 8 H*(F, F'; R).
Torma H*(E, E'; R) asngerca csobonubiM H*(B; R)-momynem ¢ 6asucom {v;}.

9.24. IlpuBeaure mpuMmep JIOKAJIbHO TPUBUAJIBHOTO paccjaoeHus F — B, 1ig KOTOpOro

a) He BBINOJHEHO BTOpOe u3 ycjaoBuii Teopembl Jlepe—Xupma (1.e. H*(F; R) saBis-
eTCs KOHEYHO TOPOXK/IEHHBIM CBOOOTHBIM R-MOIy/ieM, HO He CyIecTByeT Habopa
kiaccoB B H*(E; R), KOTOpble OrpaHUIHBAIOTCST Ha 6a3UC B KOTOMOJIOTHSIX CJIOS);

) BBINMOJHEHBI YCJIOBUSA TeopeMbl Jlepe—Xupiia, HO OTCYTCTBYeT H30MOPhU3M KOJIeIl

H*(E;R) = H*(B; R) ® H*(F; R).

9.25. /lokaxkuTte, 9TO /g KOJEIN KOTOMOJIOTUN YHUTAPHON W CHeNUaJIbHON YHUTAPHOI
IPYII UMEIOT MECTO U30MOP(PU3MBL:

H*(U(n);Z) = Auy, ug, . .., up,l, H*(SU(n);Z) = Aug, . . ., uy), dimu;, =2i — 1

(cupasa croaT BHENIHHE aJArebpbl OT HEYSTHOMEDPHBIX 00pasylomux). Yxasanue: UCHO/Ib-
syiite paccioenue U(n — 1) — U(n) — S?"7! u teopemy Jlepe-Xupima. Uro MoxkHO
cKa3aTh 0 KOroMosiorusix rpymimbt O(n), HCHONb3ys TOT Ke MeTO!

9.26. Beruncanre

a) KOJIBbIIO Koromosoruit muoroobpasus L(n,m) = CP(y @ C™), tae 7 — TaBro-
Jormaeckoe ofgroMeproe paccioenne nanx CP", a C™ — TpuBnasbHOe m-MepHOe
paccaoenne Hag CP™;

6) Ko/blo Koromojioruii Muoroobpazus CP(y®" @ ... @ y®*) 118 1pou3BoOJLHBIX
TEJIBIX 9UCeT 11, . . ., 1)}

B) MOJIHBI XapaKTepHCTHYeCKHUH Kaace UKeHsl KacaTeJIhbHOrO PacCI0eHusi MHOTO06-
pasus CP(y®1 & ... @ %),

9.27. Ilycts 0 < k < | — marypauabable gncaa. Oupegennm muoz006pasue Muanopa
Hy={([z0: 2, [wo: - :w]) € CP* x CP': 2wy + ... + zpwy, = 0}.
a) Hokaxkure, uto Hy; sBasieTcs cedenuneM obpasa eaoorcenus Cepee
CP* x CP! — CpH+DE+)-1
([z0 -+ vz, [wo o -+ cwy]) = [zowo @ -+ - zpwy o -+ 2 zpwy
k4+1)(14+1)—

runepmiockoctsio H C CP! L obmero mosoxenus.
6) Boramcinre kosp10 KOromosoruii Maoroobpasus H;;.

9.28. Ilyctb & — m-mepHOe, a 17 — N-MepHOE KOMILIEKCHbIe paccioenusd. [lojb3ysach
IPUHIUTIOM DACIIeIIeHNs, BhIpa3uTe Kiacchl dxens co(E @ 1), c1(S%E), ca(S2%E), ¢1(A%E),
c2(A2€) uepes knaccnt Yxxens paccaoenuit € u 7). 3yech S obozHAYACT (-CUMMETPHYECKYIO
crenenb paccioenud &, a A'E 06o3HaUaET i-10 BHEIIIOIO CTEelleHb.
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9.29. Banumem ¢;(§) = o;(r1,...,2,) (i-9 cummerpuyeckast byHKIUsT HOPMATBHBIX TTe-
peMeHHbIX ). JIoKazKuTe, 4T MOJTHBIE KIACCH UKeHsI CUMMeTPUUIECKON U BHEIITHel cTerneHn
paccioenus & BbIpazkaroTcst 1o (popmysiam

c(h)= JI Cr@a+. ), o= J[ Q@+ ).

1<i1<...<ip<n 1< << <n

9.30. 3ajaiiTe B BHOM BHJe 00pa3yIOMIUME M COOTHOIIEHUSAMHU KOJIbIA HeJ0YMCICHHBIX
KoromoJioruit rpacemanuanos Go(C*), Go(C?), G5(C?).

9.31. Jlokaxure, uro FIl(y") =~ (CP*)", npuuém upoekius drarusamun Fl(y") —
BU(n) romoronuna orobpaxenuto f: (CP>)" — BU(n), kinaccudunupyommemy gekap-
TOBO MPOW3BEJICHAE N IKZEMILTSAPOB TABTOJOTHICCKOTO paccaoerns ! nag CP™.

9.32. [lokaxkuTe, 9TO YHCIa BeTTr (panru rpyni MeJ0uncIeHHBIX TOMOJIOTH{T) MHOT000-
pasus duaaros FI(C") yroBaeTBopsioT cooTHomeHusIM [a;41(FI(C™")) =0 n

n—1

> Bu(FUCH)E = [+ +...+1%).

=1

9.33. [okaxure, 9TO KOJBIO KOTOMOJOTHI MHOTOOOpasus duaaros FI(C") onuceiaercs
CTAEIYIONIUM 0OPA3OM:

H*(FI(C™);Z) =2 Z[ty, ..., t,]/(01,. .., 00),
rae dimt; = 2, a 0; ecTh i-d 3JeMeHTapHast CHMMeTpudecKast (pYHKIHUSA OT Ly, ..., t,.

9.34. Ilycrb £ — BelllecTBEHHOE BEKTOpHOEe paccioenue. lokaxure, uro ecau w() # 1,
to gucao min{i: w;(§) # 0} ecTb crenendb IBOHKH.

9.35. JlokaxkuTe, 9TO /I KOMILIEKCHOTO pacciaoenns & qucao min{i: ¢;(€) # 0} moxer
OBITH JTIOOBIM.

9.36. [lycTn v — TaBTO/IOrHYecKOe paccaoenue Hasi R P>, JJokaxKuTe, 9TO He CYIIECTBYeT
BEKTOPHOTO paccyoerns ( Hag RP* Takoro, 4ro 7y ¢ ( TPUBHAIBHO.

9.37. JlokazKuTe, u4TO ecju MHoroodpasme M"™ MOKHO mOrpysuTb B R To KaxKplif
kinacc w;(M) aBasiercs crenennio kiaacca wy(M).

10. Ki1Acc DWIEPA U KJAcC ToMA

10.1. OpueHTHpYEMbIe BEKTOPHBIE PACCJAOEHUA. PaccMOTpUM BeIECTBEHHOE BEK-
TOPHOE N-MepHOe paccjoenue &, 3ajanHoe npoekimeit p: £ — B ¢ TpuBHaJIU3YOINHM
noxpeirnem B = |, Uy, TpuBnanusanusamu ¢, : p~ ' (U,) — U, X R™ n orobpazkennsimu
nepexona gog: Uy, N Ug — GL(n,R).

Boi6op opuentamun B cioe E, = p~l(x) = R™ najg Toukoit & € B SKBHBaJICHTEH BbI-
Gopy ofHO# u3 AByX obpasyromux rpynust H,(E,, E, \ {0}) = Z. B cBs3u ¢ s1um 6y1em
Ha3bIBaTh obpasyouyw u, € H,(E., E, \ {0}) opuenmayued cnoa E,. Jas rpymimbl
H,(R™,R™ \ {0}) (coorBeTcTBYIONEil €00 TPHBHAIBLHOTO PACCIOCHUS) MMEETCsT KAHO-
Hudeckuii Boibop obpasyiomeit py € Hy(R™, R™ \ {0}), koropast 3a1aéTcsi CHHTYIISIPHBIM
CHMILIEKCOM [V, . .., U,] — R™ ¢ BepimmHaMu vg = —€1 — ... — €y, V1 = €1,..., Up = €y,
rae €1,...,€6, — CTanaapTHbii 0a3uc B R".

Buibop opuenranmii p, € H,(E,, E, \ {0}) B kaxa0M coe pacciaoenns £ HA3BIBACTCS
CO2AACO8AHHBIM OTHOCHTEIBHO OTKPHITOro MoKphiTHs B = |J, U, ¢ TpuBHAIH3AIAIME
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Vo: P HUy) = Uy x R, ecotu gt mobbix U, w0 © € U, n3oMopdusm

(35) Ho(By, Bo\ {0}) 220 fr (e R {0})

IIEPEBOIAT [iy B [ig.

BekTopaoe paccioenne £ Ha3BIBACTCH OPUEHMUPYEMBLM, CCTH CYIMIECTBYET OTKPBITOE
noxpsirne B = J, U, ¢ rpuBnammsannsmu @,: p+(Uy) — U, X R™ 1 cornmacoBanubiit
BeIGOD opuentanuii ., € H,(E,, E, \ {0}), € B, 0oTHOCHTENBHO 3TOr0 MOKPHITHS.

IIpennoxkenne 10.1. Bewecmeennoe 6eKmMoOpHoe n-MepHoe paccaoenue & opueHmupyemo
mozda u moavko mozda, kozda ono donyckaem mpusuasusyrouwee noxpumue B =, U,
¢ omobpastcenuamu neperoda gos: Uy NUs — GLY (n,R), 2de GLT(n,R) — epynna nesvi-
POHCOEHHBLT MATNPUL, C NOAOHCUTIEADHUM ONPEOCAUTENEM.

Jlokasameavemeso. Ecau £ opuentupyemo, 1o u3 (35) mosydaem, 9to Jiis J06oro x €
U, N Ug roMoMopdusm

gaﬁ(x)* = ((90a © ngl)|x><R")*: Hn(anRn \ {O}> - Hn(Ea:> E, \ {0}) — Hn(RnaRn \ {O})

IEPEBOAT [l B [y, & 3HAYHT JUHEHHBIH m30MopbusM gp(z): R" — R" coxpamnger opu-
EHTAIINIO, T.€. UMeeT MOJOXKHUTEIbHBIH onpeaenuressb. O6paTHO, ecan u5(z): R — R”

HMeeT MOJOKUTENbHBIT onpeaenurenb A aoboro x € U, N Us, 10 w, == (¢, 5, )0
33/1a6T COIVIACOBAHHbBIN BHIOOD OpUEHTAIUI B CJIOSX. U]
Ecim M — rmagkoe mMHOrooOpasme, TO TpyINNa JIOKATBHBIX ToMmosoruit H, (M, M \

T), UCHOJIb3yeMasl B OLpejesieHun OpueHTaiuu Ha M, OTOXKIECTBIISIETCS € TPYHION
H, (T M, T, M \ {0}) upn momoru sKcnoHeHImaabHoro orobpaxkenust T,M — M, xo-
Topoe sBisiercs auddeomopduamom B okpectrocTr Toukn x € M. OTciona momydaem

ITpepnoxkenune 10.2. [lycmoe M — 2aadkoe n-meproe mruozoobpasue. Caedyrouue ycao-
6UA IKGUBAAEHINHDL:

1) wmnozoobpasue M opuenmupyemo;
2) kacamenavroe paccaoenue T M opuenmupyemo;

3) cywecmeyem enadkuti amaac M = |J, Un, Yo' U =N V., C R™, daa xomopozo
omobpasicerus samervt Koopournam Pag: (U NUg) = ¢a(Uy NUp) ydosaemeso-
parom yeaosuto det Jacy Yoz > 0 das aobozo x € M.

10.2. Kmacc Toma u uzomopdpusm Toma. OpueHTanuio B €JI0e BEIIECTBEHHOTO Pac-
cJIOeHNST £ MOYKHO TaKzKe 3a7aBaTh BeIOOpoM obpasytomeii 0, € H"(E,, E,\{0}) B rpymnme
KOIOMOJIOTHH (39T0 y700HO, HampuMep, pu pabore ¢ Koromosorusymu je Pava). Ilpu srom
YCJIOBHE CONTACOBAHHOCTH OPHEHTAIMH PA3HBIX CJIOEB MOIYYAeTCS OYeBUIHOM IyaIu3ali-
eit popmyasr (35).

Teopema 10.3. [Tycmov § — 6ewecmeenioe 0PUEHMUPYEMOE BEKMOPHOE N-MEPHOE DAC~
croenue &, 3adarnnoe npoexyuel p: E — B, ¢ c024acA06aHHO 800PAHHMY OPUEHMAYUA-
mu cnoés 0, € HY(E,, E, \ {0}). Toeda

a) cywecmeyem eduncmeentuil kaace koeomonoeud 0 € H"(E, E '\ B), oepanunerue
komopozo na H"(E,, E, \ {0}) ecmo 0, das nobozo x € B;
6) ymuoorcenue na kaace 0 zadaém uzomoppusmol

H*B) =~ H*E) =% H""(E,E\ B), Hpn(E,E\ B) -5 H,(E) =~ Hy(B)

das awboeo k.
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Knacec § € H"(E, E '\ B), 3amaBaeMblil ycJIoBHEM a), Ha3blBaeTCsl kaaccom Toma pac-
caoerust &, a n30MOpMU3MBI U3 YTBEpXKIAeHUs 0) HABBIBAIOTCS usomoppusmamu, Toma.

B noxazarenbcrse TeOpeMbl HCHOJL3YeTCd CJedylonas ajredpandeckas KOHCTPYKIHA
00paTHOTrO Ipenesa, JBOHCTBEHHOTO K IPIAMOMY IIPeJIey.

Koucrpykiua 10.4 (o6parHbiii upegen rpymn). Pacemorpum quarpammvy D = {G,: a €
P} abeneseix rpynn G, u roMoMopdusmos fu5: G, — G, HHIEKCHPOBAHHBIX GaCTHIHO
yTopsiioueHHbIM MHOzkecTBOM (P, <) (eM. korcTpyKimio 7.10).

Obpammowm npedesom WA TPOCTO npedesom auarpaMMbl [ abejieBbIX I'DYII Ha3bI-
BaeTCs NOJIPYIIA IpAMOro npomssejienud |[,.p Go, cocrodmas u3 yHKImi BeIOOpa
(o= go € G,), Takux 9T0 fop(ga) = g Ipu a < (. Obosnavaercs lim D min @Ga.

OnpenesieHbl KAHOHTIECKHE TOMOMOP(PU3MBI P, - @1 Go — G, YIOBIETBOPSIONINAE CO-
OTHOIIEHUAM fo3Dq = Pp IPH @ < 3.

Ecau B P cymecTByeT HAMMEHBIIHII J€MEHT [i, TO @Ga = (. Ecin Hukaxue 1Ba
Pa3IUIHBIX dJeMeHTa B P He HaX0AATCd B OTHOITEHWH TOPSIKA, TO l'glGa = [Locp Ga-

IIpensioxkenue 10.5 (yHuBepcaibHOe cBoficTBO obparTHOro mpemena). Hycmv D =
{Go: a € P} — duazpamma abesesvir 2pynn, UHOCKCUPOBAGHHAA “ACTNUNHO YNOPAJO-
yenHvM Muootcecmeom P. Ilpednonsootcum, wmo sadarnor 20momoppuamol he: H — G,
ydosaemeopaowue coomuowenuim foghe = hg npu o < [. Tozda cywecmesyem edun-
cmeennviti 20momoppusm h: H — l'&nGw maxot 4mo poh = hey:

ha
o
H ----- > im G fas
s P G,
Jlokasamenvcmso. Tomomopdusm h nepesonut a € H B dyukmuo (o — hy(a)). O

U3 onpejesienuii npsiMoro 1 06paTHOrO Hpejiesia BITEKALT, YT0 TOMOMOMOPGhU3M
Hom(li_ng Go, H) — l'ngom(G’a, H),

MOy 9aeMblil 13 YHUBEPCAJIBHBIX CBONCTB, IBJISAETCA M30MOP(MU3IMOM Jjis J11000i abesieBoii
rpyunel H (3a1a4a).

YuusepcaabHoe CBOUCTBO BBIIIE OIpejieasdeT npejes auarpammel D: P — C s upo-
u3BostbHOM KaTeropuu C. Koncrpyknus 10.4 mokaswiBaeT, 4TO Mpeebl CYIMIECTBYIOT B
KaTeropuu abesieBbIX rpymil. Ilpemensl auarpaMM TakzKe CYIHIECTBYIOT B KATETOPHH TOIO-
JIOTUYIECKUX MPOCTPAHCTB.

Jlokasameavcmso meopemu, 10.5. Beeném obosnadenue Ey = E '\ B. Mbl joKazkeM KOTO-
MoJiorudeckuit m3omopdusM Toma; 10Ka3aTeabCTBO JJIs TOMOJOTHI aHaaoruvHO. oKa-
3aTe/JILCTBO Pa300bEéM Ha YeThIpe IIara.

Ilaz 1. Paccaoenue & mpusuarvro. lycrs E = BxR™. Nmeem obpasytomue 1 € HY(B)
u 0y € H*(R",R™ \ {0}). Torna H"(F, Ey) = H"(B x R", B x (R"\ {0}) u § =1 x 6

ecTh TpedbyeMblil KJacc.

a2 2. IIpednoaoscum, wmo B = B'UB", 2de B', B” omxpvimui, u meopema eepra oas
gy &l u &l papr; dokascem meopemy dasa €. O6oznauum B" = B'N B" u E" = E' N
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E”. PaccMOTpHUM CJI€IYIONLYIO AUATPAMMY OTOOParKeHUH MexKy IOCJIeI0BATeIbHOCTIMUI
Maitepa—Bueropuca:

HEY(ED) HY(E) H*(E') @ H*(E") HK(EM)

%L-eﬁ ?l-e %lﬂ’@'e” %l-aﬁ

HF1(EN, B — HF™(E, By) — H¥™(E/, By) @ HY"(E", Ef) — H*™(E", EY))

[To 0pe/noIoKeHHIO CYIIECTBYIOT U ejuHCTBeHHbI Kiaacchl 07 € H™(E" Ef), § €
H™(E',E}), 0" € H"(E",E{). Orpaunuenus xiaaccos 0’ u 0" wa H"(E", E{) obnasna-
10T CBOICTBOM W3 yTBEpXKIeHus a) TeopeMbl st 0. TlosToMy, B CHIIYy €IMHCTBEHHOCTH,
0" u 0" npu orpanmdennn nepexonar B 0. I3 Tounoctu nocaemosareabrnocTn Maiiepa—
Bueropuca crenyer, ato ¢’ u §” asiasiorcs obpasamu mekoroporo kiaacca € H"(E, Ey).
Dror Kjaacc oupejendén oguoznauno, tak kak H" ' (E" EJ') = 0 B cuiy yrBepue-
uug 6) Teopembl Just pacciaoenns . Torma ymuoxkenue Ha 6 3amaér romomopdusm

0 .

HY(E) = H*"(E, Ey), Bxoasmuii B KOMMyTaTHBHYIO JHarpaMMy Bbire (B CHy ecre-
CTBEHHOCTH YMHOYKEHHsI B KOTOMOJIOTHSX ). DTOT TOMOMOPGU3M ABIAETCS B30MOPDU3IMOM
COIJIACHO D-JIEMME.

Llaz 3. Cywecmeyem konewnoe mpusuaausyrouee noxpumue B = Uy U ... U U, (na-
npumep, B xomnaxmuo). Byaem Bectu uHIYKIMIO 10 m. Basa uaaykmun m = 1 — 310
mar 1. VHIyKImoHHeli mepexon — mpuMeHsieM Tmar 2 K paccaoenusm &|y o, ov,, 1, €

Um
u §|(U1U.‘.UUm_1)ﬂUm = €|(UmUm)u...u(Um_mUm)-

Ilaz 4. Obwud caywat. Ilpencrapum B B Buge 00beIneHNHNS KOMIIAKTHBIX ITOJIMHO-
xects C' C B. Mbl nmeem liquk(C) = Hi(B), tak xak 00pa3 J11060ro CHHIYJISIPHOTO
CHUMIIJIEKCA COJIEPYKUTCS B KOMITAKTHOM TIOMHO)KecTBe (CM. TakxkKe 3aja4y 7.25). OaHaxo,
ectecTBeHHbI roMoMopdusy HF(B) — 1&1 H*(C), Boobme ToBops, He ABIATCA T30MOD-
duzmom. Tem He MeHee, MBI JIOKazKeM U30MOPQPU3IM

(36) H(E, B\ B) = lim H"(p~(C),p™(C) \ ),

Hnst sToro BHadase 3amerum, uyro H, 1(E,E \ B) = 0. [JelcTBUTEIBbHO, s KOMIAKT-
HOl 6as3bl B 970 BhITEKaeT U3 roMoJorndeckoro uzomopduzma Toma H, ((E, E \ B) =
H_1(B) = 0, ycraHOBaJIEHHOTO Ha TIare 3, a B 00IIeM CJIydae nuMeeM

H, (B, E\ B) = lim H,1(p~'(C),p (C)\ O) = 0.
Hanee, u3 Gopmyst YHUBECAJBHBIX KOIPDOUITUEHTOB Oy YaeM

H"(E,E\ B) ¥ Hom(H,(E,E\ B),Z) ® Ext(H,_1(E,E\ B),Z) =
= Hom(H,(E, E\ B),Z) = Hom(liy H,(p~'(C),p~ (C)\ O), Z) =
= lim Hom (H, (p~"(C),p~"(C)\ C),Z) = hm H"(p~'(C),p~ " (C) \ O).

Torpa Tpebyembiii kiaace § € H"(E, E\ B) coorsercTryer mipu uzoMopdusme (36) ssremen-
Ty 06paTHOTO Tpemena, 3agasaeMomy Kiaaccamu O € H™(p~H(C),p~1(C) \ C), xoropsie
CYIIECTBYIOT, €IMHCTBEHHBI U 00/18J1a10T CBORCTBOM M3 yTBEPXK/IEHHsI &) TEOPEMbI COIJIACHO
mary 3.

Ocranock yeranosuth nzomopdusm Toma (yrBepzkaenne 6) TeopeMbl) B 0OIIEM CJIydae.
JInst 5T0ro mpuMeHNM OTHOCHTENbHBIN BapuaHT TeopeMmbl Jlepe-Xupma (3agzada 9.23)
mape paccioennii (R",R™ \ {0}) — (E,E \ B) — B. Jlpyroit cnocod I0Ka3aTeJbCTBA
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n3oMopdu3Ma 3aKII049aeTcs B caeayioneM. BHadaste paccMOTpEM KOTOMOJIOTHH ¢ KO-
dumuentamu B moje F. B KoMMyTaTuBHON quarpaMme

H*(E; F) 2 HMn(E,E\ B;F)

EL LE

lim H*(p(C); F) = lim H*"(p7(C),p~(C) \ C; F)

BEPTUKAJBHbBIE CTPEJKU ABJAIOTCA N30MOPMU3MaMU COracHO (hopMysIe yHUBEPCATHHBIX
K03bduIenToB (Kak Npu JokasaresbeTBe n3oMopduama (36)), a HUKHSS CTPeIKa sTB-
JsteTcs w3oMopdu3MoM coryacHo mary 3. CienoBaTelbHO, BEPXHsIsl CTPEIKA TaKKe sB-
astercst uzoMopduzMoM. Jlaee, MOXKHO J0Ka3aTh (3a1ada), 9TO ecau TOMOMOPGhU3M

-6
HY(E; F) — H¥"(E,E\ B; F) asngerca u3oMopdmu3MOM 114 mo6oro moias F, To o
TaKzKe [BJIsgeTcd H30MOPGU3MOM ¢ IeJIBIMU K03 ulmeHTaMu. O

Bsejiém Ha BekTOpHOM paccsioenuu & eBKINJI0BY MeTpuky. Ilycrs DE — npocrpancTrso
BEKTOPOB unHBl < 1 B cogx paccaonus &, a S C DE — moampocTpaHCTBO BEKTOPOB
anuasl 1. Torma DE — B — moKaJabHO TPUBHAIBHOE PAcCaIoeHue co caoem D", a S§E — B —
paccioenne co ciaoem S™L

®akroprpocrparctso ThE = DE/SE maswiBaercst npocmparncmeom Toma paccioe-
Hug £. Mbl umeeMm

H*(E, E\ B) = H"(D¢, D¢\ B) = H*(D§, S¢) = H*(Th),

a uzomopdusm Toma nmpuodbperaer BuL
H*(B) — H*"(Th¢), 9 € H*(Th¢).

ITpumep 10.6.

1. Ecm & — tpuBmansHoe paccaoenne R¥ — pt wan Toukoit, o Th ¢ = S*.

2. Eciiu & — nysnbMepHoe paccioenue B — B, o Th& = B, = B U pt.

3. Unmeem Th(¢ @ RF) = X% Th ¢ (k-kparnaa mazcrpoiika, 3a1ada).

4. W3 npeapraynux npumepos noaydaem Th(RY) = (X*B) v S*,

5. Ecin v — TaBrosorudeckoe paccioenne vHag RP", o Thy = RP™ ! (zapaua). Ana-
noruano aas CP™.

10.3. Onpenenenune KJjacca ditjgepa, ero cpoiicTBa. Ilycrs & — opueHTHPOBAHHOE
n-MepHoe paccioenne p: E — B. O6pas kiaacca Toma 0(§) € H"(E,E \ B) npu romo-
Mopduszme
H"(E,E\ B) — H"(E) = H"(B)
HA3BIBAETCA KAACCOM DUAepa OPUEHTHPOBAHHOTO BEKTOPHOIO paccjoeHus & u 0003HaYa-
ercs e(§) € H"(B).
CroiicTBa Kjaacca Jitepa OMUCHIBAIOTCS CIEIYIONIEH TeopeMoii.

Teopema 10.7. Hmeem

a) e(f*€) = fre(§), ede f*¢ — paccaoenue, uHIYyUPOBAHHOE OMOBPANCEHUEM
f+B"— B; ~
6) ecau & — paccaoenue & ¢ npomusonososxcnol opuenmayued, mo e(§) = —e(§);

ecau pazmeprocms § newémua, mo 2e(&) = 0;

)
)
F; (€ x &) =e(&) xe(l) ue(€®LE) = e(§) ~ e(l);

ecau & donycraem scrody weryaesoe cevenue, mo e(§) = 0.
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Jlokasameavcmso. CeoiicTBo a) ciaeayer u3 GpyHKTOpUATBHOCTH Kiacca Toma, a 6) cie-
JIyeT U3 OIPeIe/CHNUs.

Ecyin pazmephocTs cjiost neuérua, o orobpaxkenune FE — E& v — —uv, 3ajaét 00-
PAIAIOTIHIT OPUEHTAITIIO N30MOP(MU3M PACCTOEHU, T. €. H30MOP(U3M OPHEHTHPOBAHHBIX
paccaoennii & =N €. Torma e(§) = e(&) m3 croiictBa a) n e(§) = —e(&) u3 cpoiicTna 6),
OTKY/Ia CJIeyeT CBOHCTBO B).

Bamerum, uro (¢ x &) = (&) x 0(¢') € H™W(E x E',E x E'\ B x B'), orkyna
nostydaeM e(§ x &) = e(§) x e(¢'). Janee, pacemorpum auaronais A: B — B x B, torna
Ep=A(ExE)neldE) = A%e(&) xe(€)) =e(&) — e(f). CroiicTBO T) J0KA3AHO.

Hokaxkem 1). Henynepoe ceuenne s: B — E \ B Haér pasiozKeHHe TOXKIECTBEHHOTO
orobpazenns B — B B komnosurmio B 5 E\B — E % B. Takum 06pa3oM KOMIO3HIsE
B BerHeﬁ CTPOKe dBJideTCd TOXK/AeCTBEeHHbIM I/ISOMOpCbI/IBMOMZ

H«B) % H*(E) — H*(E\B) < H"(B),
e(§) = 0&)|g — 0 — 0.

3aech 0(§)| g 0b6o3ragaer 06pa3 kiaacca Toma npu romomopduzme H"(E, E\B) — H"(E),
W OH [epexoJuT B Hysb npu romomopdusme H"(E) — H"(E \ B), Tak Kak KOMIO3UITH
H™"(E,E\B) — H"(E) — H"(E\ B) aBasercs HyneBoit (13 TOUHOI IIOCJI€/[0BATEILHOCTH
napel (E, E'\ B)). Orcroga e(§) = 0.

[To-npyroMy CBOJCTBO JI) MOXKHO YCTAHOBHTD, BBe/isl METPUKY Ha paccioennn £. Torma
HeHyJIeBoe cevenne Taét pasnoxkenue { = £ @R, orkyna u3 cpoiictsa 1) noaydaem e(§) =

e(&') —e(R) =0. O

MoxkHO TakzKe onpeaesuTh noHsaTne R-opuenmupyemo20 BEKTOPHOTO PACCIOCHUST JJIsT
JII0O0r0 KOMMYyTaTuBHOTO Kojblia R ¢ eaununeii. Teopema 10.3 mmeer mecro s R-
opueHTHpyeMoro pacciaoenus ¢ u maér kiaacc Toma 0(§) € H"(E,E \ B;R). Kak u
JIi R-OpueHTupyeMbIX MHOrOOOpa3uii, MHTEPeC MpeJICTaBA[IOT JIMIG caydan R = Z n
R = 7Z5. Cneayiomnee yTBepzKieHIE TTOKA3BIBACT, UYTO «Zo-aHAJOIOM» KJjacca Jdiljaepa dB-
ngercd crapiuit Kiace Hltudenra—Yuron.

IMpennoxkenue 10.8. Ilycmov & — n-meproe sexmoproe paccroenue p: E — B. Obpas
kaacca Toma 0(§) € H"(E, E \ B;Zsy) npu 2omomoppusme

H"(E, E\ B;Zs) = H"(E; Zy) = H"(B; Z»)

ecmv kaace Imupens—Yumnu w,(§). Ecau paccaoenue £ opuenmuposano, mo kaacc
wy (&) noayuaemea uz xaacca diaepa e(§) npusedenuem no modyao 2.

Jokazameavcmeo. Oba yTBEpZKIEHUs BHITEKAIOT U3 CPABHEHHS CBOMCTB KJIACCOB Dilaepa
u [HItudens—Yuran (teopemsr 9.4 n 10.7) u eguncTBenHocTH Kaacco [rudens—Ynran
(teopema 9.9). letasu ocTaiorcs B Ka4eCTBE 3a1a49H. O

10.4. CBa3b ¢ asoiictBeHHOCTHIO Ilyankape m »3iijiepoBoii XapaKTEePHUCTUKOIA.
ITycts M — rnajakoe m-MepHOe MOIMHOT000pa3ne B IJ1aKOM N-MepHOM MHOTooOpasnu N.
Nwmeer MecTo ciieayioiast TeopeMa 0 TpyOUIaToil OKPECTHOCTH, KOTOPast JOKA3bIBAETCS TTPU
HOMOIITH YKCIOHEHIINAIBHOTO oTobpazkerusa 7 N — N; 9T0 H0Ka3aTeIbCTBO MOKHO HANTH
B kuurax [Jle] m [MC].

Teopema 10.9. Cyuwecmeyem oxpecmuocms U nodmnozoobpasus M 6 N, duppeomopd-
nasa npocmpanemey Ev wopmanvrozo paccaoenus v(M C N), npuuém duddeomopdusm
nepesodum M 6 nynsesoe ceuenue paccaoenus M.
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ITpennoxkenue 10.10. [lycmo nodmnozoobpasue M samxnymo 6 N. Tozda umeem me-
cmo kanonuneckuti uzomopdpusm H¥(Ev, Ev \ M) = HF¥(N,N \ M). Taxum obpasom
ecau nopmanvroe paccaoernue v(M C N) opuenmuposano, mo ezo kaacc Toma mootcho
pacemampusams kax anemenm 0(v) € H*™(N, N \ M). IIpu amom xaacc Jiaepa e(v)
asaaemes 0bpazom kaacca Toma npu Komnosuyuy

H™™(N,N\ M) 2 H"™(N) 5 g™ (M),

ede 2omomoppusm J* undyyuposan omobpasicenuem nap j: (N,@) — (N, N\ M), a i,
undyyuposan earosceruem 1: M — N.

Ananoeuunoe ymeepotcoenue sepho oas Lo-kaacca Toma O(v) € H" ™ (N, N\ M;Zs) u
kaacca HImuders—Yumnu wy_,,(v) € H*™(M; Zs).

Joxazameavemso. llycts U = Ev — okpectHocts M u3 Teopembr 10.9. Paccmorpum
orkpsitoe mokpeitne N = U U (N \ M). Torga u3 Boipe3anns u Teopemsr 10.9 mosmydaem

H*(N,N\ M) > H*(U,U\ M) = H*(Ev, Ev\ M).

VTBepKIeHre 0 Kaacce Jiljiepa BEITEKAET M3 KOMMYTATUBHON JHATPAMMBI

H™(N, N\ M)~ gn=m(N)

| | e

H"""™(Ev,Ev\ M) —— H" ™ (Ev) — H""™(M).
Vreepxkaenue s kiaacca [ltudens—YuTHu noKa3biBaeTca aHAJIOTUYIHO. [l

CaenctBue 10.11. Feau samrnymoe m-meproe mmoz2000pasue M 2a00K0 6.400ceH0 6
R™* mo wi(v) = 0. Ecau M opuenmupyemo, mo e(v) = 0.

k k+1_
Teopema 10.12. Muozoobpazue RP? neavasa enadko esoocumo ¢ R? 1

Jloxazameavcmeo. Tlpeanonoxum, Takoe BIOXKeHHWE cyliecTByeT. Torma W3 BBIYUCIEHUS
k_
B Teopeme 9.20 nosyuaem wok_1(v) = t2 1 # 0. TIporusopeuue. O

Ecim 7: M — N — BjoxkeHue 3aMKHYTOI'0 OPHEHTHPOBAHHOTO MOJAMHOI0O0Opa3us B
3aMKHYTOM OPHUEHTHPOBAHHOM MHOrooOpa3uu N, TO u30MOp(hU3M

(37) FTN=Zv(MCN)eTM
33/1a6T OPUEHTAIINI0 HOPMaJbHOTO PAaCC/JIOeHUsd V.

IIpeanoxxkenme 10.13. Ilycmv i: M — N — saootcerue 3aMEHYMO20 0PUEHMUPOSAHHO-
20 NOOMHO2000PA3UA 8 3AMEHYMOM OPUEHMUPOCAHHOM MH02000pasuu N ¢ HOPMAADHBLM
paccaoenuem v u j: (N, @) — (N, N\ M). Tozda xaacc 7*0(v) € H" ™ (N) deoticmsen
no Ilyankape x i.[M]| € H,,(N).

oxazameavcmeo. Ilycrs U = Ev — okpectaocts M u3 Teopembr 10.9. CornacHo Jjiem-
Me 7.4 7 OPHEeHTHPOBAHHOTO N-MePHOr0 MHOT000pasust U W KOMIOAKTHOTO MOAMHOZKE-
crBa M C U cymecrByer enuacTBeHHbI Kiaace uy € H, (U, U \ M), koropsiii npu orpa-
HUYICHUH [IEPEXOJUT B JOKAIbHYIO OpHeHTaruio (, € H,(U,U \ x) = Z nag moboit TouKu
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xr € M. PaccmoTpum auarpaMmy

/|

H"=m(N)

[N]~

o)

3aecy * uupynuposan orobpazxenuem mnap (: (U, U\ M) — (N,N \ M) u gapiasercs

n3oMopdu3MoM coraacHo Beipesanuto. zomopbusm H,, (U) = H,,(M) nanynupoBan
nedopmanmnonnoii perpaknueii U — M. B nmxkueilr ctpoke cronT m3oMopdusMm JIBOH-
creernocTu [lyankape. /luarpaMva KOMMYTaTHBHA, Tak Kak st ¢ € H" ™ (N, N \ M)
nuMeeM
C(pns ~ C@) = Lu(par) ~ ¢ =GN ~ ¢ = [N] ~ je,

e IepBOe B TPEThe PABEHCTEO CJICAYIOT U3 JIEMMBI 7.8, a BTOpoe — u3 onpeaesenud (yH-
JAMEHTAIBHOTO Kaacca. [1010:KuB ¢ = 6(v) B paBEHCTBE BBIIIe, TTOJYIUM, UYTO JBOWCTBEH-
ubiM 110 [Tyankape kiaccom K j*0(v) sasiercst U, (pupy ~ €60(v)). Tpebyemoe paBeHCTBO
[N] ~ j*0(v) = i,[M] 6yner nokazaHo, ecim Mbl IpoBepuM, 4T0 Kjaacc Toma 6(v) nepexo-
aut B byHIaMeRTanbHbI Kaace [M] npu koMosunun roMmoMopdhu3MoB B BepXHEil CTPOKe
JHarpaMMbl. DTO JOCTATOYHO MPOBEPUTH i orpanwdenuii 0, € H" " (FEv,, Ev, \ 0) u
p e H,,(M, M \ z) ma mobyio Touky & € M, B CHIy eJMHCTBeHHOCTH Kiacca Toma u
dyHIaMeHTaJIBHOTO Kaacca. [Ipu nsomopdusmax

H" ™ (Evg, Ev, \ 0) =2 H" "™(T,N, TN\ T,.M) = H* "™(R",R" \ R™) =2 Z,
3a/1aBaeMbIX pa3jiozkenneM (37) 1 OpHEHTAIUAMHE, 3JIEMEHT 0, MepexonuT B KAHOHUIECKY 0
obpazyromyio 0y € H" ™ (R", R™ \ R™) = Z. AnajorudHo, npu n3oMopdu3mMax

H,(N,N\z)= H,(T,N, T,N\0) = H,(R",R"\ 0) = Z
KJ1acC JIOKaJbHOIl OpHeHTanum ;Y TepexomuT B KaHOHMUECKylo o6pasylonyto b €
H,(R™,R"\ 0) = Z. PaccMoTpuM ~-IIPOU3BEICHHE
~: Hy(R",R"\ 0) x H"™(R",R"\ R™) — H,(R",R" \ R"™™).
Torna mpomssenenne obpasyomux (i ~ 6y ecth obpasyiomas rpymmsl H,(R™ R \

R*™) = H,(R™ R™\ 0), r.e. uf', Koropasi COOTBETCTBYeT OIDAHHYEHUIO Ha T (yH-
JameHTanbHOrO Kiaacca (M) € H,,(M). O

Paccvorpum Teneph auaronanbHoe Biaoxkerne A: M — M x M, A(x) = (z, ).

JIemma 10.14. Hopmaavroe paccaoenue v(A: M — M x M) xkanonusecky uzomopgino
KacamenvHomy paccaoenuro T M.

Hokasamenvcmeo. Bexrop (u,v) € ToM X T,M = T o (M x M) kacare/ien K 10JMHO-
roobpasuto A(M) Torma u TOABKO TOrAA, Korja u = v u HOpMmasen K A(M) Torga u
TOJBKO TOrna, Koraa u = —v. Orobpaxkenne TM — v(A), v — (—v,v), Jaér TpebyeMblit
n30MOpU3M PaCCIOEHUIA. O

[IpeamonozkumM, aro MHEOr0OGpasne M OpHeHTHPOBAHO (MM KOTOMOJIOTHH PACCMATPU-
BatoTcs ¢ koabdunnentamu Zsy). O603HAUNM depes

On € H™(M x M, M x M\ A(M))
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kinacc Toma mopmanbaoro paccrnoenuss v(A). g x € M obosnaumMm dwepes 1), €
H™(M,M \ z) = 7Z x1acc KOrOMOJOTHii, TBOUCTBEHHBIH K JOKAJBHON OpHeHTAINH
po € Hp (M, M\ ), 1.e. (¢, 1t,) = 1. Pacemorpum orobpazkenne

(38) Joi (M, M\ ) = (M x M, M x M\A(M)), y+(z,y).
Jlemma 10.15. Umeem j 0 = 1), das arboti mowku x € M.

Joxazameavemeo. llycrs U — okpectroctb Touku © € M u3 rteopembr 10.9, Torma mbl
nmeem Biaoxkerune T, M = U — M. Paccmorum nuHeiiHbIe 0OTOOpaKeHN

fos fro (Te M ToM A O) — (ToM X ToM, ToMox T M\ TR A(M)),
fO(v) = (071})? fl(“) = (_070)'

Orobpaxenus fy u fi TOMOTOIHBL TOCPeACTBOM romoromnuu f;(v) = (—tv,v). Umeem jBe
KOMMYTATUBHBIE JIAATPAMMbI

(ToM, M\ 0) —2 (T.M x ToM, TM x ToM N\ ToA(M))

L |

(M, M \ z) 2 (M x M, M x M\ A(M))

(ToM, M\ 0) —2 (T.M x ToM, ToM x ToM N\ TLA(M))

y |

(Bvy, Bvy \ 0) ——— (M x M, M x M\ A(M))

Bo BTopoit auarpamMmme HUKHEE 0TOOparKeHHe — BJIOYKEHIE CJIOS HOPMAIbHOTO PACCI0CHUS
v(A: M — M x M), a neBoe — nzomopdusm n3 jgemmbr 10.14. 13 Bropoii auarpammsr,
onpemenenus Kiaacca O u gemmsl 10.14 monygaem 0 = 1. Tak kak fy ~ f1, umeem
Jaba = fi0a = f{Oa = i"On = 1., 1€ MBI OTOKAECTBIIsIEM O C ero obpazom B H™ (T, M x

ToM, TM X oM\ ToA(M)). =
Pacemorpum X-ymuozkenue X : HP(M) x HI(M) — HPT(M x M).
Jlemma 10.16. Jlasa ai06020 ¢ € H¥(M) umeem (o x 1)« Oa = (1 x @) <~ Oa.

Jokazameavemeo. [lycrs U — tpy6uatas okpectaocts A(M) B M x M u3 reopempt 10.9 u
p1,p2: M x M — M — mpoekiuu. [Tockoabky py u py coBnagaor Ha A(M ), orpanudenue
p1|u romoronHo orpanuueHuio ps|y. CiegoBaresibuo, aBa Kiaacca p X 1 = pi(p) u 1 x ¢ =
pi(¢) umeror omun u TOT e o6pas npu romomopduzme orpanmuenus HY(M x M) —
H*(U). Torma u3 KoMMyTaTUBHOI JHArDAMMbI

H*(M x M) H*(U)

l% Lv%

H*™(M x M, M x M\ A(M)) — H*™(U, U\ A(M))
BBITeKaeT, uTo (¢ X 1)« O = (1 X ) — Oa B H*™(M x M, M x M\ A(M)). O

OnpenenM Temeps Kocoe 20MOA02UMECKOE npoudsedenue Wan [-npouseedenue. s
KJICTOYHBIX (KO)memeil KaeTo9HeIX mpocrpancrs X m Y ompemennm Omammeitnoe /-
TPOM3BeJICHNIe

/1 CY (X X Y) % C,(Y) — C"9(X)
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o dpopmyJie

(f % g.€") = f(g,e)
rae f € CP(X), g € C"P(Y), a e? — kaerka B Y (31ech Kak 00bI9HO mostaraeM (g, e?) = 0,
ecau n — p # q). Dra hopMysa OJHO3HAYHO ONpPeIeIsieT 0TOOpaXKeHne, TaK Kak J00ast
kierounas xorensb u3 C"(X x Y) saBigercs auHeiinoit kombunamueit Koreneit suma f X g.
(CpaBHHUTE ¢ KJIETOYHBIM OTpeJIeIeHNEM X-TTpou3Beienus B §6.3.)

IIpennoxkenune 10.17. Jas h € CM(X X Y) ua € Cy(Y) svnoanero pasencmeo
d(h/a) = dh/a+ (—1)"""h/0a.
Joxazamesvcmeo. Moxuo cuurars h = f X g, f € CP(X), g € C"P(Y), a = €. Torua
d(hfa) = d(f x g/e?) = d(f{g,e?)) = df (g, €),
dhja = d(f x g)/e" = (df x g+ (—1)°f x dg) /e = df{g, %) + (~1)" f{dg, %),
h/Oa = (f x g)/0e* = f{g,0e%) = f(dg,e’).

[Tpu srom (dg, e?) # 0 Tonpko ipu n —p—+ 1 = ¢, T.e. n—q = p — 1. YMHOKasI TTOCTIe/IHEE
paBeHcTBO Ha (—1)""9 U CKJIA/bIBAs, OTYIUM TpebyeMoe. O

U3 npemnoxkenust 10.17 coenyer, 9To /-npousBejieHre KOMUKIIA HA UK €CTh KOIHUKI,
HPOU3BEICHHE KONMKJIA Ha I'PAHUILY €CTh KOIPpAaHUIA U T.[., TAK YTO OIpEeIe/IeHO OUIu-
HEHHOe TOMOJIOTHIECKOe /-TTPOU3BeICHIEe

[ HY (X xY)x H(Y) = H"(X), (n,a) —n/a.

Ilpenmoxxenne 10.18. Hmeem
a) (p x )/ =(h,a) danp € HP(X), p € H"P(Y) ua € Hy(Y);
6) (nfa, By =M xa)daane H' (X xY), a € H(Y) u € H,_4(X);
B) ((px 1) = n)/a=p~(n/a) drap € HP(X), n € H'(X xY) ua € Hy(Y).

loxazameavcmeo. PaBercTBa a) u 6) BBIIOJHEHBI HA YPOBHE KOIEHEH M BBITEKAIOT H3
OTpeJIeIeHHsT TIEITHOr0 /-mpou3Beienus. [ 10Kka3aTebeTBa B) MOKHO CIUTATD, YTO 1) =
X XY, x € H"9X), v € HI(Y). Torna umeem

((ex 1)~ (xx¥)/a= (g x)x¥)/a= (o x)Y,a) =p -~ (n/a),

IJIe B IEPBOM PaBEHCTBE MbI BOCIIOJIL30BAJINCH (popMmyioit n3 3amaun 6.14. U

[Tpu orpanngennn na (M x M, @) C (M xM, M x M\A(M)) xracc Toma 6 mepexoaut
B ki1acc Vy € H™(M x M), KOTOpBI#i HA3BIBACTCSA OUGZOHANDHDM KO2OMOAORUNECKUM
xaaccom. Ecnu muoroobpasme M 3aMKHYTO, TO KJjacc Vs jBofictBen mo Ilyankape k
A [M] € H,,(M x M) coracuo npeiozxenuto 10.13.

JIemma 10.19. Ecau mnozoobpasue M samrrymo u opuenmuposaro, mo ¥V /[M] =1 €

HO(M).

Joxazameavcmeo. Paccmorpum Bioxenue i,: x — M. Jlocrarouno jgokaszarb, 4TO
i*(Vau/[M]) =1 € H(z) ana moboit Touku x € M. Paccmorpum otobpazkenue j, (38)
U KOMMYTaTHBHBIE JUaTl'DaMMBbL

H(M x M) M goan M - e s (M, M\ )

(i xid)*l li; Jrl ljz

H (@ x M) M Fo(g) M x M <25 (M x M, M x M\ A(M))
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W3 mepBoii quarpaMMbl MOy IaeM
i (Var/IM]) = ((1e X 1d)*V ) /[[M] = (1 x j2Va)/[M] = 1- (5, Var, [M])

B H°(x), rae B mocaemneM paBeHCTBE MBI BOCTIONB30BAIACH Tpeyozkennem 10.18 a). U3
onpejenenust Vy, U BTOPOii AHATPAMMBI Oy daeM

(e Var, [M]) = (izra(0a), [M]) = (r3z(0a), [M]) = (rithe, [M]) = (¢r, i) = 1,

I7le B TPETheM PaBEeHCTBE MBI BOCIIOJB30BAIUCH JemMoit 10.15. U
Teopema 10.20. llycmv M — samrnymoe mrozoobpasue u F-nonse. Ilpednonoorcum,
wymo M opuenmupyemo usu nose F umeem zapaxmepucmuxy 2. Ilyemo Py, ... 10, —

bazuc ¢ H*(M; F) u iy, ..., 0, — deoticmeennviti no Ilyankape 6asuc ¢ H*(M; F), m. e.
<wz ~ %‘, [M]> = 51j Tozda

Vi = Z(—l)dim%%’ X U, e(TM) = Z(—l)dimwim < 1.

i=1 =1

Aokxazamervemeo. dna xosdbdunuentos B mone umeem H*(M x M; F) = H*(M; F) ®
H*(M; F). IlosToMmy MBI MOZKeM 3amucarb Vy = » ., ¢ X (; A1 HEKOTOPBIX KJIACCOB
G € H*(M; F), dim; + dim §; = m.

Orpanuunsast coornomrenue u3 jgemmbl 10.16 va M x M, nonyuaem (¢ X 1) « Vy =
(1 X ¢) ~ Vy ana moboro ¢ € H*(M; F). Ilpuvenum /[M] k obenM 9acTsaM 3TOrO
coorHomtenust. CieBa MOy IuM

((px 1)~ Va)/IM] = o~ (Vi /[M]) =
B cuy npeioxkenust 10.18 B) u slemmer 10.19, a cupasa

(5 0) Dy ) /IM] = S (=)™ iy x (0 )/ [M] =

J

- Z(—l)dimdim%%@ ~ G, [M])

B cuty npejgioxkenns 10.18 a). Tlosaras ¢ = 1);, mosyanm
(—1)dim¢i dim¢j<¢i ~ <j7 [MD - 5@‘.
Orcioma (G = (=1) W™ ¥igh; w Vo = 37 (=1)M¥ieh; x 4.
Dopwmyaa qist e(T M) crenyer u3 onpenenennst: e(T M) = A*(Vyy). O

N3 teopembr 3.8 u popmysn yHUBEpPCATBHBIX KOIMDMUINEHTOB BHITEKAELT, 9TO IMIEPOBY
XapakTepucTUKy MHOroo6pasus M (uau J0O0r0 KOHEYHOTO KJIETOYHOIO MPOCTPAHCTBA)
MOZKHO BBIYUCJISTH Yepe3 KOTOMOJIOTHH ¢ KOdddHUIHeHTaMiu B MPOU3BOJIBLHOM mosie F', u
pe3yJIbTaT He 3aBHCHT OT F:

X(M) = "(=1)* dim H*(M; F).
k
Teopema 10.21. /J[aa 24a0K020 3aMEHYMO20 0PUEHMUPOBAHH020 MHO2000pasus M
{e(TM),[M]) = x(M).
Ecau M neopuenmuposaro, mo w,, (T M), [M]) = x(M) mod 2.

Hokazameavcmeo. Boranensist e(TM) = > (—1)4m¥ig, < U; Ha DYHIAMEHTATLHOM
kaacce, nosydaem (e(TM),[M]) = 3. (=1)4m¥ = y(M). O
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Caencreue 10.22. Umeem x(M) = (Vi ~ Vi, [M x M]).

Jlokasameavemso. Tak kak V), nsoiicren 1o Ilyankape Kk A, [M], nmeem

X(M) = (e(TM),[M]) = (A"Var, [M]) = (Var, Au[M]) = A [M] ~ Vi =
= (M xM]~Vy) ~Vy=[MxM~(Vy~Vy)=(Vy~ Vy, [MxM)). 0O

[nagkue monmuoroodpasus My u My B N nepecexaromces mpaHceepcanvbHo, eCan B KazxK-
ol rouke x € My N My Bomosneno T,M; + T,Ms = T,N. Ecom M; n M, nmeror
JOLOJIHATEIbHBIE PA3MEPHOCTH (T.€. My + Mgy = N), TO TOYKH TPAHCBEPCATHHOIO ITe-
pecedeHusi 00pa3yIOT THCKPETHOE MOAMHOKECTBO (KOHewHOe, ecau N KOMOakTHO). Ecim
My, My n N opueHTHPOBaHBI, TO KaxKJA0# Touke nepecedenus xr € My N M, npucsauba-
eTcs 3Hak, PABHBIA +1, ec/ii OpUEHTAIUU IIPOCTPAHCTB JIEBOM M MPAaBOil YacTH paBEHCTBA
T.My & T, My = T,N coBunagator, u —1 B nporuBHOM ciaydae. CyMMa 3HAKOB TOUEK IIe-
pecedeHus Ha3bIBACTCS UHIEKCOM nepeceyeris OPUEeHTUPOBAHHDBIX TOIMHOTroopas3uit M u
My TOIOMHUTEIBHBIX Pa3MepPHOCTedl B OpHEeHTHPOBAHHOM MHOroobpaszuu N.

B muddepennuaabaoit TOMOJIOTHHA JTOKA3bIBAETCs, UTO HHIEKC IIepeceveHus] paBeH
(D[M;] ~ D[M,],[N]), toe D[M;] € H" ™ (N) — xmaacc, gsoiicrBennpiii no Ilyan-
Kape K dymnamentaspbaomy kiaaccy [M;] € Hyp,,(N). D10 TakzKe MO3BOJsIET OTpe/ie-
JINTh WHJIEKC Tepecedenus Juid noaMuorooopasuit My u My, mepecekaroniuxcs He TPaHC-
BEPCAJBHO (B 9aCTHOCTH, UHOEKC CAMONEpecedenus MHOT0OOPa3ws TOJOBHHHON pa3mep-
Hoctu B N). Jljss 9TOr0 HEOOXOJMMO <IIOIIEBEJIUTh» OJHO M3 MHOTro0oOpasuil, Hampu-
Mep My, T.e. 3aMEHUTH BJIOJKEHHE M, B N Ha TOMOTOIIHOE BJIOXKEHHE TaK, 4TO HOBOE
nogaMuorooopasue M mepecekaer My TpaHCBepcaﬂbHo.NI/IH;LeKc nepecevenust My n My
TOLJla MOZKHO OLPEJeINTb KaK HHJAEKC IepecevdeHns M, n MQ.A]:[pI/I 9TOM MbI HUMEEM
(D[M;] ~ D[Ms], [N]) = (D[M] ~ D[M,], [N]), rax xax [M;] = [M].

Tax xak kmacc V), msoiictBen mo Ilyankape K AuaroHaJbHOMY IOIAMHOINOOOPA3HIO
A(M) B M x M, Bopaxernne (Vi ~ Vy, [M x M]) B upaBoii 4acTu COOTHOIICHUS
u3 ciaeacteus 10.22 ecth nHgeke camonepecedenust A(M).

CaenctBue 10.23. ineposa rapaxmepucmuka 3aMKHYMO020 MHoz006pasus M pasHa
uHdeKCY camonepeceuenun ouazoHanbHo20 nodmuozoobpasus A(M) e M x M.

Tak kaxk mopmasbaoe pacciaoenue Kk A(M) B M x M xanonmvecku H30MOPMHO Ka-
carepbHOMY pacciaoenuto T M, Bmecto Toro, arober «ireseantby A(M) B M x M, mbl
MOZKEM TIEBEIUTH HyJIeBoe cedenne B nmpocrpanctse T M. Cedenns KacaTeanHOTO Paccio-
enust TM — 310 BekTOpHBIE 0N Ha M, a Hynu ceveHus — 0coOble TOUKH BEKTOPHOIO
nostst. [Togmuoroobpasme M C T M, 3amaBaemMoe BEKTODHBIM MOJIEM (CeUeHHeM), TPaHC-
BepCaJbHO K HyJaeBoMy cedenuto M C T M Torma u TOJIBKO TOIJIA, KOIIa BEKTOPHOE MOJIe
UMeeT M30JUPOBAHHBIE OCOOCHHOCTH.

CaenctBue 10.24. Cymma undercos ocobvblir mouer 6EKMOPHO20 NOAA C U30AUPOCAHHDL-
MU 0COOEHHOCTNAMU HG 2AA0KOM 3AMEHYMOM OPUEHTUPOSAHHOM MH02000pasuy M pasha
atineposoti zapaxmepucmure X(M).

3azaunm U yruparkHeHus.

10.25. [loxkazkure, 910 A5 1000t abesepoit rpymnnsl H nmeer Mecto n3oMopdusm

Hom(lim G, H) = lim Hom(Go, H).
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10.26. Jlokaxure, uto eciu romomopdusm H*(E; F) — H*™"(E E \ B; F) apndercs
u30MOpU3MOM J1JIsT 100010 1M0JIsT F', TO 0H siBAsieTcsa n30MOPPU3IMOM C HEIBIMI KO3 hu-
nueHTamu (a Takzke ¢ KoyddunmeHTaMu B T060M KOMMYTATHBHOM KOJIbIE C €TMHUIIEH ).

10.27. Jdokazxure, uro jjist upocrpancrsa Toma Thé = DE/SE BemecTBeHHOIO BEKTOD-
Horo paccoenust £ umeem Th(€ @Rk) ~ Yk Thé, rae RF — rpuBnanbuoe pacciaoenne Ha
Toil ke 6a3o0il, a L¥ — k-xkpaTHas HaJcTpoiiKa.

10.28. Jlokaxure, uro npocrpanctBo Toma Th & BemecTBeHHOroO (KOMILIEKCHOIO) BEK-
TOPHOTO paccioenns  HaJl KJIETOYHBIM pocTpancTBoM romeomopduo RP(E@GR)/RP(E)
(coorsercrBenno, CP({ & C)/CP(£)).

10.29. JlokazkuTe, 9T0 TPOCTPAHCTBO TOMaA TABTOJIOTHYECKOTO paccaoenust Hag RP™ (co-
orsercrsenno, Haj CP") romeomopduo RP™ (coorsercrsenno, CP™ ).

10.30. /lokazkuTe, 9TO BellleCTBEHHOE BEKTOPHOE PaCC/JIOeHWe & OPHEHTUPYEMO TOT/a U
TOJIbKO Torja, Korjga wi (&) = 0.

10.31. [lokaxwute, uto mpu romomopdusme H"(B;7Z) — H"(B;Zs) xnacc Diinepa e(§)
OPUEHTUPOBAHHOIO N-MepPHOIo paccioenust & nepexoaut B kiaace Hlrudens—Yurau w, (§).

10.32. Ilycts " — TaBrosormaeckoe paccaoenne Hax BO(n) = G, (R*). Jokaxure, 4ro
paccioenne 0" @ n™ opuentupyemo u e(n™ & n") # 0.

10.33. Ilyctb £ — KOMILIEKCHOE N-MEPHOE BEKTOPHOE paccjoeHue u {g — ero OBEIeCTB-
nenue. JJokaxkure, 910 €(&r) = ¢, (&).

10.34. IIpu kakux n Ha chepe S™ cyliecTBYeT HUTIE He 0OpaIaionieecsd B HYJIb BEKTOPHOE
noste? Tor ke Bonpoc mia CP".

11. KjgAcchel [TOHTPSATUHA

11.1. Ob11ee noHATHE XapPaKTEPUCTAIECKOTO Kjacca. [lycrs V — nHekoropoe ceMeii-
CTBO BEKTOPHBIX PACCIOCHUH (PUKCHPOBAHHON pa3sMepHOCTH 7, 3aMKHYTO€ OTHOCHUTEIbHO
nepexoaa K WHAYIIMPOBAHHOMY PaCC/JIOEHUI0, U IYCTh R — KOMMYTAaTUBHOE KOJIBIIO C €11~
uureii. HazoBéM k-MepHBIM Zapakmepucmuveckum KAGCCoM paccaoeHuit u3 V ¢ koadodu-
nuenTaMu B R cooTBeTcTBIE

{BexTopHble paccaoenus u3z V} — {knaccet w3 H*(B; R)}, &= (p: E — B) ~ ¢(§),

yaoBaeTBopsitoriee cootHorennto f*c(§) = ¢(f*€) ana f: B’ — B.

[Mpumepsr — kiacewt [Tudens—Yurau aus V = {BeriecrBeHnbie pacciaoenusi} u R =
Zs, xaaccel Ykenst jiag V = {KOMILIEKCHBIE paccyioeHust U R = 7, a TakzKe KJIAcC
Ditepa mias V = {opueHTHpOBaHHble pacciaoenus} u R = Z.

XapaKTepuCTHIeCKHne KJIACCHI BCEBO3MOXKHBIX pa3MepHocTell ¢ Kodddunuenramu B R
00pa3yIoT KOJIbIO OTHOCHTEILHO KOTOMOJOTHIECKOTO YMHOKEHUSI.

IIpennoxkenue 11.1. Koavuyo Tapaxkmepucmuyueckur KaAGCCo8 GeUw,eCmEeHHuT (KoM-
NAEKCHOLE) N-MePHUT paccroenutdl ¢ koapduyuenmamu 6 R usomoppro H*(BO(n); R)
(coomeemcemeenno, H*(BU(n); R) ).

Jokasamenvbcmeo. D10 ciiejyer U3 OnpejieseHus XapaKTePHCTHIECKUX KJACCOB, KJIACCH-
dburnupyomux npocrpaucts BO(n) = G,(R>), BU(n) = G,(C*) u teopemsr 8.15. [
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U3 teopem 9.12 u 9.14 MbI 3HaeM KaK YCTPOEHBI KOJIbla Koromosoruit BO(n) ¢ koad-
dbunmenravu B Zy u BU(n) ¢ koadpdunuenravu B Z (a 30aunt, u ¢ koabdunuentamu
B 06om R): H*(BO(n); Za) = Zolwy, ..., wy,], H*(BU(n);Z) = Zlcy, ..., ¢y, tue w; —
yuupepcaJibubie Kjaacchl [tudensgs—Yurnu, a ¢; — yHUBEpPCAJTbHbIE KJIACCH UXKeHSI.

Caencreue 11.2. JIob6ol xapaxmepucmuseckuti KAGCC 6EUWLCMEBEHHBLEL (KOMNAECKCHBIL)
n-MepHuL paccaoenuti ¢ koapduyuenmamu 6 Lo (6 7)) ecmv MmHo20uAEH OM KAGCCOS
HImugens—Yumnu (Yocens), npuuém pasnolm MHOLOMAEHAM COOMBEMCMBYIOM DA3HOLE
TAPAKMEPUCNUYECKUE KAACCDL.

AnajiornuHoe ONUCAHTEe XaPAKTEPUCTHICCKUX KJIACCOB BEIECTBEHHBIX WJIH OPUEHTHPO-
BAHHBIX PACCI0eHuit ¢ KoaddunuenTamu B Z 0TCYyTCTBYeT, Tak Kak Koabiia H*(BO(n); Z)
u H*(BSO(n);Z) ycrpoenst cioxuo. Hexkoropoe pazymuoe npubanrKeHue Jal0T KJIACCHI
[Tonrparuna, kak Mbl yBuauM Jasee. Kiaceor [TonTpsarunna Takyke €CTeCTBEHHO BO3HUKA-
10T IPA PACCMOTPEHUN KBAaTEPHUOHHBIX BEKTOPHBIX PACCIOEHUI.

11.2. CBa3b kaaccoB llltudenas—YuTHn KOMIJIEKCHOTO PACCJIOEHU C €ro KJac-
camu Ykens.

Teopema 11.3. IIycmv & — Komnaerchoe n-meproe paccaoerue 1ad B u g — e20 ose-
weemeaenue. Tozda wor(Er) = ¢ (§) mod 2 u wory1(Er) = 0.

Jlokasamenvcmeso. Pacemorpum npoektupusanuio CP () — B, TaBTOJIOrHYECKOe OJHO-
MepHoe KoMIiutekcHoe paccaoerne v = v(CP(€)) nag CP(E), ero oemmecrnienue g (1BY-
MepHoe BerectBennoe pacciaoenne nag CP(€)) u npoektususaimio RP(yg). Mbl umeem
RP(&r) = RP(ygr), Tak Kak j0basi BEMECTBEHHAs TMpsiMasi B ¢I0e g OJHO3ZHAYHO 3a-
JMAET COMEepKAIIYI0 eé KOMILUIEKCHYIO MpsMyio B ciaoe £. [lonydyaem mocsie0BaTeibHOCTD
pacciioennii
RP(&r) = RP(yr) = CP(¢) — B,
roe ™ — paccioenue co caoem RP.
CorsacHo TeopemaM 9.2 1 9.3 0 KOTOMOJIOTHSIX TPOCKTHBU3AINU UMeEeM

H*(CP()) = H*(B)]/ (" +c(Qv" " + ...+ cul§) = 0),
(30) H'RP(&) = H'(B)u]/ (™ + wi(§e)u " + ... + wan(&r) = 0),

H*(RP(vr)) = H*(CPE)[t]/ (£* + 7 wi(yr)t + w2 (1r) = 0).

31ech Bce Koromosiornn ¢ koaddunmentamu B Zg, v = e(yr) = wa(yr) = ¢1(y) mod 2.
O6oznaunm 7 = v(RP(&r)) = 7(RP(yr)) — TAaBTOIOrHYIECKOE OJHOMEPHOE BEIECTBEHHOE
paccioenne Hag RP({g) = RP(4g). Torma u =t = wy (7).

Mer nmeem m*yg = v/ @~'; nzomopdusm nepesonut (z,y) € E(Y' @) B x+iy. llosromy
T wi(1r) = 01 T we(1r) = wi(7)?, T e. v = t? = w2, [loacTasass s1o B (39), nosyvaem

H'(RP(&r)) = H*(RP(yr)) = H*(CP(&))[u] / (u* = 7"v) =

=~ H*(B)[u, 7] / (7" 0)" 4+ c1(§) (7*0)" ' + ...+ ¢u(§) =0, v* = 7*v) =
= H*(B)[u] / (u*" + c1()u®" 2 + ... + c,(€) = 0).

Cpasuusas xkosddurments npu u* co Bropoit dhopmysoii (39), momyanm Tpedyemoe. [

Pacemorpum orobpakenune 7: BU(n) = G,(C®) — G9,(R*) = BO(2n), 3azasae-
MO€e OBeIecTBIeHHeM (3abbiBaHHeM KOMIUIEKCHON CTPYKTYDBI) N-MEPHBIX KOMILIEKCHBIX
miockocteii. [lo ompesenenuio, 310 orodparkenue KJIaCCHMUIIIPYET OBEIIECTBICHUE TaB-
TOJIOTHYECKOT0 KOMILTEKCHOTO paccyoenus " wag BU(n).
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Ilpenmoxkenue 11.4. omomoppusm
H*(BO(QTL), Zg) = Zg[wl, wa, . .. ,wgn] — ZQ[Cl, Co, ... 7Cn] = H*(BU(H), Zz),

uHdyUUposantuLll 3abveanuem Komnaiekcrol cmpykmypo. r: BU(n) — BO(2n), nepeso-
dum wap, 6 Ci U Wogtq 6 0.

Jlokasameavecmso. TlycTb v — TABTOJOTHYECKOE KOMILIEKCHOE paccioenune Han BU(n), a
7/ — TaBTOJIOTHYECKOE BerecTBennoe pacciaoenue man BO(2n). Torma r*v' = g,

r war = 1" (war (7)) = war (1Y) = war(yr) = cx(y) = mod 2,

r*warr1 = ' (war 41 (7)) = warr1(r*y') = war1(yr) = 0. O

11.3. KBarepuunouubie KJjgacchl llouTparuma. KseamepHuons, OIpeaeasiorcd Kak
9JIEMEHTBl IeTHIPEXMEPHOTO BeKTOpHOTOo mpocrpanctBa H = R(1,i,7,k) ¢ Gasucom
1,7,7, k, 1.e. Kak JmmHeitHbIe KOMOuHanuu a + bi + ¢j + dk, rue a,b, c,d — BemecTBeH-
Hble yucaa. [IpaBuio yMHOXKeEHUsS CUMBOJIOB 1, j, k

ij=—ji=k jk=—-kj=1i, ki=—ik=j, i¢=j*=k®=-1,

pacnpocTpanénHoe 1Mo GunHeHOCTH, npeBpaiiaer H B accomuaruBHyIo (HO HE KOMMYTa-
THBHYTO anre6py) aareGpy ¢ mesenneM Haj R.

KeamepHuorroim 6eKmMoOpHbLM NPOCMPAHCIMEOM HA3BIBAETCS BENECTBEHHOE BEKTOPHOE
IpocTpancTBo V' co crpyKTypoit gesoro H-momysisd, mpogokaioieii crpykrypy R-momyis
(T.e. yMHOXKEHHE HA BENIECTBEHHBIE CKAJIAPBI OCYIIECTBIAETCS KaK B HCXOMHOM V). Be-
MIeCTBEHHAsT PA3MEPHOCTh KBATEPHUHOHHOTO BEKTOPHOI'O MPOCTPAHCTBA KpaTHa 4.

Ecaun W — kBaTepHHOHHOE BEKTOPHOE IPOCTPAHCTBO, TO €T0 kKomnaexcudurayuets We
HA3BIBAETCS KOMILTIEKCHOE BEKTOPHOE MPOCTPAHCTBO, TMOJIydaeMoe 3a0bIBAHNEM YMHOXKE-
Huil Ha J, k (ocTaéres TONBKO YMHOXKEHHE Ha KOMIUIEKCHbIe CKaJspbl). Ecan W nmeso
pasmeprocTb n Hax H, o W nmeer pasmeprocts 2n Hazg C.

Ecnu V' — koMmmiekcHOe BEKTOPHOE TPOCTPAHCTBO, TO €0 K8AMEPHUOHUAUUET HA3BI-
BaeTcs KBaTepHUOHHOe npocTpancTBo Vg = V ® H. B Gosee sssrom Buje, Vi npeacran-
ager coboit mpocTpancTtso V @V, B KOTOPOM YMHOMKEHHE HA KBATEPHHOHHYIO €THHUILY
j ompeneneno dopmymoit j(x,y) = (—y,x). Tax xak i(z,y) = (iz,—iy) B V &V, nve-
em k(z,y) = ij(z,y) = (—iy, —iz). Hemocpeacrsennas mpoBepka MOKA3LIBAECT, YTO ITHU
(bOPMYJIBI IEHCTBATEILHO OIPEIeISIOT CTPYKTYPY Jesoro H-momyns na V @ V.

Keamepruonnoe npoexmusnoe npocmpancmeo HP™ oupejiesisercsd Kak MHOZKECTBO OJI-
HOMEPHBIX KBATePHHOHHBIX MOAIpocTpatcTs (npambix) B H"M ananorudno semecrsen-
HOMY M KOMILIEKCHOMY CJIydasiM (YMHOXKEHHe Ha KBATEDHHOHHbBIE CKAJSIPBI BCETJA OCY-
IIECTBJIAETCST CJIEBA).

Keamepruontvim n-mMepHbLM GEKMOPHBM DACCAOCHUEM HAZBIBACTCS BENECTBEHHOE 47~
MEPHOE PAaCC/JI0eHHUE, CJ0U KOTOPOIO SIBJISIOTCA KBATEPHUOHHBIME BEKTOPHBIMU [TPOCTPAH-
cTBaMu, a TpuBnagu3anun — H-nuHeiiHbiMu orobparkernsavu. OUUCAHHBIE BBHIIIE OMEpa-
[IIU HAJ[ BEKTOPHBIME TTPOCTPAHCTBAMHI OMPEIEIeHBl U JI/Isl BEKTOPHBIX paccaoeHuii. Tax,
OTTpe Ie/IeHBI KOMILJIEKCH(DUKAIINS )¢ KBATEPHUOHHOTO BEKTOPHOTO PACCIOEHUSI 1), KBATED-
HUOHU3AIHsT {i KOMILIEKCHOTO PaccaoeHus & U KBaTepHUOHHAs poekTuu3anust HP (7).

Caenyromas TeopemMa BBIBOJUTCS U3 TeopeMbl Jlepe—Xupiina anaaoruduo teopeme 9.3.

Teopema 11.5. ITycmo 1 — K6AMEPHUOHHOE N-MEPHOE BEKMOPHOE PACCAOEHUE HAO KAE-
mounom npocmparcmeom B. Tozda woavyo H*(HP(n);Z) usomoppro daxmoprons-
Yy KoALUYL MHO20UAER06 ¢ KoafiPuyuenmamu ¢ H*(B) om 0dnoti obpasyrowet v, €
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HA(HP(n)) no eduncmeenromy coommowenuro

v () vy P () vy pa() - 1 =0,
ede xaaccw, pi(n) € HY(B), 1 = 1,...,n, onpedesttomca paccioeHuem 1.

Kraccol p;(n) € H*(B) massiBaiorcst keamepruonnvimu xaaccamu Ilonmpazuna n-
MEPHOTO KBATEPHHOHHOTO BEKTOPHOTO PACCIOEHUS 1).

Chenyiomag Teopema, aHaJoOrudHas TeopeMe 11.3, mMOKa3bIBaeT, YTO KBATEPHHOHHBIE
kJiacchl [ToHTpsirnHa CBOJLATCS K KJaccam YzKeHs.

Teopema 11.6. [lycmv n — Keamepnuonnoe n-meproe paccaoenue nad B u ne — eeo
xomnaexcugpurayus. Tozda pp(n) = (—1)*cor(nc) u copy1(nc) = 0.

oxasameavcmeso. Pacemorpum npoekrususanuio HP(n) — B, TaBTOJOIHYIECKOE OTHO-
MepHOe KBaTepHHOHHOe paccaoenne v = (HP(n)) nag HP(n), ero KoMiutekcubUKAIIIO
ve (aBymeproe KoMiutekcHoe paccioenue nan HP(n)) n npoekrusuzanuio CP(yc). Mo
nveeM CP(n¢) = CP(y¢), Tak Kak J00ast KOMILTEKCHASI IPSIMast B CJI0€ 7)¢ OTHO3HATHO 3a-
6T COAEPIKAILYIO e€ KBATEPHUOHHYIO HPAMYIO B ciioe 7). [TorydaeM mocsie10BaTe/IbHOCTD
pacciioennii

CP(nc) = CP(yc) & HP(n) — B,

rie ™ — pacciaoenue co ciaoem CP1L
Corsacao TeopemaM 9.3 u 11.5 0 KOroMoJIOTUSX IIPOCKTUBH3AIUNA NMeEEeM

H*(HP(n)) H*(B)[v] / (V" + pr(m)o™ " + ...+ pa(n) = 0),

(40) H*(CP(ne)) = H*(B)u]/ (U + c1(ne)u® ' + ... + con(ne) = 0),
H*(CP(1c)) = H'HP()[H]/ (£ +m ci(he)t + 7 (ve) = 0).

Mst mveem v = co(Ye) = p1(7y). O6oznaunm v’ = y(CP(nc)) = v(CP(y¢)) — TaBronorunde-
ckoe ogiHOMepHOe KoMmIutekcHoe pacciaoenne Hag CP(nc) = CP(y¢). Torma u =t = ¢1 (7).
Msr umeem ¢ = 4/ @75 uzomopdusm nepesoaut (x,y) € E(v' &7') B x4+ jy. [losromy
mc1(yc) = 0 1 mea(ve) = —a1(7)?, e v = —t? = —u?. [lomerasum 310 B (40):
H*(CP(nc)) = H*(CP(yc)) = H'(HP(n))[u] / (u* = —7"v) =
~ H*(B)[u, 7] / ((7*0)" + pi(n)(7*0)" "' + ...+ pa(n) =0, v = —1*v) =
= H"(B)[u] / (u* —1?1(77)7«62"*2 +o o+ (=1)"pa(n) = 0).

Cpapnubas ko3¢ dumuenTsl npu u® co Bropoit dopmynoit (40), noayunm Tpedyemoe. [

12

KBarepHuonHoe BeKTOpPHOE paccioeHre — 3TO BechbMa Ooraras reoMeTpruiecKas CTPYK-
TYpa, U eCTECTBEHHO BO3HUKAIONIUX KBATEPHUOHHBIX PACCJIOEHUN MaJIo.

Ona u3 TPYAHOCTEl, BOSHIKAIONINX IPU paboTe ¢ KBATEPHHOHHBIMI PACCIOCHUSIMU, 3a-
KJI0UaeTcs B ToM, 9410 MHOKecTBO Hompy (U, W) KBaTepHHOHHO-THHEHHBIX 0TOOpazKe I
KBaTepHUOHHBIX npocTpancTs U n W He aBJisieTcsi KBATEDHUOHHBIM TIPOCTPAHCTBOM (J1e-
BeiM H-mo/ysiem), B cHIIy HEKOMMYTATHBHOCTH YMHOXKeHUsT KBaTepunonos. Homy (U, W)
He UMeeT JTayKe eCTeCTBeHHOUW KOMILJIEKCHOM CTPYKTYPBI U SBJISETCS JIAIIb BeIeCTBEHHBIM
BEKTOPHBIM ITPOCTPAHCTBOM.

IMTpumep 11.7. Paccmorpum kacarenbroe paccioenue J HP" K KBATEPHHOHHOMY TPO-
eKTUBHOMY npocTpaHcTBy. [lo anamorum ¢ npejjioxkenneMm 8.6 J0Ka3bIBAeTCs, YTO UMeeT
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MecTo m30Mopbu3M sewecmeentvir paccioennit THP™ = Homy(y,v+), Tue v — TaBTo-
JIOTHYECKOe OJHOMEpHOe KBaTepHUOHHOe paccaoenne Had HP". Torma Mbl uMeeM

THP" & Homg (7, v) = Homg(y,y") ® Homp(v,v) =
n+1

= Homy (v, 7" @ 7) = Homg (v, H"") = @5 Homy (v, H).
=1

Paccroenne Hompy(y, H) m3omopdio, Kak BeMecTBEHHOE DPACCIOCHHE, PACCIOCHUIO YR.
Paccroenne Hompy(y, ) aBisiercss 9eThIpEXMEPHBIM BEIECTBEHHBIM PACCIOCHHEM, KOTO-
PO€ OKa3bIBACTCSI HETPUBHAJIBHBIM (B OTJIMYHE OT KOMILUIEKCHOIO CJIydast).

MoxkHo J10Ka3aTh, YTO KBATEPHUOHHOE MPOEKTUBHOE HpocTpancTBo HP™ He saBjsercs
KBATEePHUOHHLIM MHOTOOOpa3mneM Jlake B CJ1aDOM CMBICJE, T. €. KacaTeJbHOe PACCIOCHHE
THP" He siBIsIeTCS] KBATEPHUOHHBIM DPACCJIOSHUEM, U JIayKe He JIONYCKAeT KOMILIEKCHOMN

CTPYKTPYPHI.

11.4. Kmacce! IlorTparnHa BenieCTBEHHBIX paccijioeHuii. [lycrs & — Bemnecrsennoe
BEKTOPHOE paccjoeHue HaJT KaeTounoit 6azoit B. Ero k-m xapaxmepucmuyeckum xaaccom
Ionwmpaezura Ha3BIBAETCS

(€)= (=1)*ean(éc) € H*(B).

Takzke BBOAUTCA mostHbIi Kiace [lontparuna p(&) = 1+ py(€) +po(&) + ...
CBsI3b ¢ KBATEDHHOHHBIMHA KJIACCAMH [IOHTDATHHA ONUCBHIBACTCH Yepe3 KOMILIEKCHBIE
PACCIOCHHUS:

IIpennoxkenune 11.8. /s komnaexcrozo paccaoerua ¢ umeem pr(Cr) = pr(Cu), 20e cae-
sa cmoum xaace Llonmpazuna 6eu,ecmeeniozo paccioenus, @ cnpasa — K6amepHUuoHH020.

Jloxazameavemeo. Vveem

Pr(Ce) = (=) ear((Cr)e) = (=1 ear(C ® ¢) = (=1)*car((Ca)e) = pr(Car),
rJie TocJIe/IHee PaBeHCTBO BhITEKAeT U3 TeopeMbl 11.6. 0

Ilpenmoxkenune 11.9. Ilycms & — seujecmeentoe 6ekmopHoe paccioeHue.

a) o = Ec (U30MOPPHUIM KOMNACKCHOLT PACCAOCHUL);
6) 2¢op+1(&c) = 0. Ecau e = ne 0as keamepHuontozo 1, mo car1(éc) = 0.

Zokazameavcmeo. Komitekcndpukanus ¢ mpeacTaBiaser coboit paccaoenue & @ & ¢ ome-
pPaToOpOM KOMILIEKCHOW CTPYKTYpHl i(z,y) = (—y, ), a KOMIUIEKCHAsI CTPYKTypa Ha ¢
sagaéres kak i(x,y) = (y, —z). Torga orobpaxenue (z,y) — (z, —y) 3anaér C-nuneiinbrii

uzomopdusM e — £, UTO JTOKA3BIBAET a).

Tak Kak Copr1(¢) = —copr1(C) Aast MH0GOr0 KOMILUIEKCHOTO DPACCIOeHus (, MOJIydaeM
cor+1(&c) = copr1(€e) = —carr1(&c), Te. 2ca41(§c) = 0. Bropoe yrBepxienue us 0)
caenyer u3 TeopeMbl 11.6. U

Teopema 11.10 (dbopmysra Yurau ajis kiacco [lontpsaruna). Jas a00br seusecmeen-
noux paccaoernut € u n umeem 2(p(E dn) — p(§)p(n)) = 0.

Jokxazameavemeo. DT1o caeayer n3 HopMyabl YUTHH I KJIACCOB UKeHs W IIpeIIozke-
nug 11.9 6). O
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Ecan C — TN-M€pHOE KOMIIJIEKCHO€ DaccjioeHne, TO, IMOJb3yACh IIPHUHIHUIIOM pacHiellie-
5 n

st (33), Mbi Mowkem sammcars () = [, (1 + #). Toraa mveem c(¢) = [[iL,(1 - t;),
c((Cr)e) =c(C®C) =[[L (1 - ) u

p(G) = JJ+).

i=1
e pi(Cr) = oi(t, ..., 17).

ITpumep 11.11. Boraucaum kiaccer [lorrpsiruna (OBEIIECTBICHHST KAacATEIBHOIO Dac-
cioerns) CP™. Mpr uvmeem TCP" @ C = 520D orkyma ¢(CP™) = (1 + t)"!, e
t =c1(y) € H*(CP") — obpasywomas. CiegoBaTerbHo,

p(CP") = (1+ &)™, py(CP") = Ol # mpn k < 3.

Tax xak J11000€e BellecTBEHHOE n-MepHoe paccaoenue & HaJI KJIeTOUHo# 6a3oit B KJiaccu-
dbunupyercsa orobpazxkenuem f: B — BO(n), MOKHO PACCMOTPETD YHUBEPCANDHBIE KAACCHL
Ilonwmpsazuna py = pr(y"), rae v — TaBrosorudeckoe pacciaoenune vag BO(n) = G, (R™).
Torma mbr mveem pg(§) = f*py.

[lenounciernHoe KoJabio Koromosoruit H*(BO(n)) He MOPOXKIAETCs KJIACCAMHU Dy U
YCTPOEHO JIOCTATOYHO CJI0XKHO. KKaK Mbl yBHAMM, KOJIbIO KoroMmosoruii BO(n) mopoxaa-
eTCs YHUBEPCAIbHBIM Kiiaccamu I[oHTpAruHa, ecii B KoJble Ko3(MOUIueHToB 00paTuTh 2.
Jlajiee B 9TOM pasjeie Bce KOrOMOJIOIUU OYIyT paccMaTpUBATHCA ¢ KOIPDUITEHTAMH B
KOMMYTATHBHOM KOJIbIle R S % Hanpuwmep, R = Z[%] wm R = Q.

L. Koawvuyo H*(BO(n); R) codepoicum nodkoawyo

Ilpennoxenne 11.12. [lycmo R > 5

MmH020%Ae106 R[py, ..., pzil.

Jlokasamenvcmso. Tlycrs Brawame n = 2k. Pacemorpum orobpakenne f: BU(k) —
BO(2k), knaccudunupytoriee OBEIeCTBICHHE TABTOJOTHYECKOTO k-MEPHOTO KOMILIEKC-
Horo pacccnoenus uaj BU (k), KOTopoe B TedeHHe 3TOr0 T0KA3aTeJbCTBA MBI OyaeM 000-
sHagarh 7. Yepes v OymeM 0003HAYATH TABTOJIOIHYECKOE 2k-MepHOEe BEIeCTBEHHOE pac-
ciaoenne Haa BO(2k). Mbt umeem f*y =g, pi = pi(7y), i = 1,..., k. Mbl numeem

L—pi(7) +p2(7) =+ (=1)Fpe(7) = 1+ ca(vc) + ealre) + - - + exlre),
S A=pr4pr—. 4 (=D)fp) = 1+ c2(fr¢) + ea(f*7e) + - 4 el f ) =
=1+ a(tr)e) +. . +exl((br)e) =1+ ey ) +alye7) +.. +a(y e7) =
=(l+ct+et...ta)(l—cte—...+ (=g,
e ¢; = ¢;(7y') € H*(BU(k); R) — ynusepcasibhbie kjaaccbl Yxkens. CiieoBare/ibHO,
f*pi = 2¢i — 2¢9i_1¢1 + 2¢9i-9Cy — ... + (—1)"12¢i 1101 + (—1)%?.

Orciofa BBITEKAET, 4YTO KJACChl f*py,..., f'pr aarebpamdecku HE3aBHCHMBI B KOJIbIIE
H*(BU(k); R) = Rlcy,...,ck) (T.e. HUKaKOi MHOTOUIEH OT HUX He paBeH Hys0). Ciesno-

BATEJHHO, TO YK€ BEPHO U [Tt KJAACCOB Py, ..., pr B H*(BO(2k); R), .e. H*(BO(2k); R)
COZIEPZKUT MOAKOIBIO R[py, ..., pil.

[Tycts remepp n = 2k + 1. Pacemorpum oroGpaxenune g: BO(2k) — BO(2k + 1),
kiaccudpurmpytomee (2k + 1)-mepuoe pacciaoenue v2F @ R. Torma g*p; = g*pi(y?Fh) =
pi(v*) = p; mpum i = 1,... k. Tak Kak KIacchl Py, ..., Py aAreOpamIecKn HE3aBUCHMBI B

H*(BO(2k); R), oun takzxe aarebpandecku nesasucumol B H*(BO(2k + 1); R). O
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11.5. Kaaccel llouTpgaruHa OpUMEeHTUPOBAHHBIX PACCJIOEHUI.

Ilpennoxxenme 11.13. Jlaa opuenmuposarnozo 2k-mepro2o euULLCMBeHH020 PACCAOEHUS

& umeem pip(€) = e(§)%

Jlokasameavcmso. Nveem m3omopdusm (c)g = € @ € (HEOPHEHTUPOBAHHBIX) Belle-
CTBEHHBIX pacciaoeHuil. B J1eBoil 4acTw 3TOro paBeHCTBA OpPHEHTAINS 3aJa6Tcs Gasy-

com (e1,0),(0,e1),...,(e2,0),(0,ex), a B mpaBoit yactu — 6azucom (e1,0), ..., (e, 0),
(0,€1),...,(0,ex). Ilosromy mis opueHTHPYEMBIX DACCIOEHUI TMOSydaeM H30MOphI3M
2k(2k—1)
Eor = (=1)" 2 (@ = (-1 @ Orcoma
pr(€) = (=1 en(e) = (1) "e((Ec)r) = e(€ ® ) = e(€)*. O

Hamomuum, 4uro uepe3 S§& obo3HavaeTcss MPOCTPAHCTBO CPEPUICCKOTO PACCIOCHUS
S¢ — B co caoem S"L.

Teopema 11.14 (rounas mocsaenoBateabHocTh ['msuna). I[Tyemv & = (p: E — B) —
OPUEHMUPOBAHHOE N-MEPHOE BEKMOPHOE paccaoenue u p: SE — B — coomeemcmeyrousee
paccaoenue cep. Umeem mecmo mounas nocaedosamesvHocms

... = H{(B) =& gitn(B) &y Hitv(5¢) - BY(B) 2
Aoxasamenvcmeo. PacemarpuBast To4HyI0 HOC/IeR0BaTesibHOCTD Hapsl (E, £\ B), noiy-
YaeM KOMMYTATHBHYIO JUATPAMMY

—— H/(E,E\B) — H/(F) —— H/(F\B) —— H'*Y(E,E\ B) ——

=] =] ]l =] a0

s wB) =Y giB) —— HI(S¢) ———— HI (B ———

rje JeBas crpejka — uzoMopdusm Toma, a jBa JApyrue BepTHKAJIbHBIE H30MOpdHU3Ma
HHIYIHPOBAHBI FOMOTOIIMYECKUMH SKBUBaJIEHTHOCTIMHU. Hukusst cTpoka — Tpebyemas
TOYHA TOCTeI0BATETHHOCTD. 0

MHuOKecTBO BeeX OPHEHTHPOBAHHBIX k-MEPHBIX JIMHEHHBIX MOJIPOCTPAHCTB B RY na-
3BIBACTCS OPUEHMUPOSAHHLM MHo2000pasuem ['paccmana u obosnauvaerca Gy (RY). Mve-
ercst asymucrnoe nakperue Gi(RY) — Gy (RY), 3amaBaemoe 3a0bIBAHIEM OPHEHTAIIH
nonpoctpancts. Takzke onpenesén 6ecKOHETHOMEPHBIN OPUEHTHPOBAHHBIN IDaccMaHy-
an G, = G (R>) u TaprojornuecKoe OpueHTHpoOBaHHOe k-MepHoe pacciaoenue 7* nag Gy.
JL1ist OpUEHTUPOBAHHBIX PACCJOCHHUH UMEeT MECTO AaHAJIOT TeopeMsl 8.15: OpueHTUPOBAHHOE
paccioenue § kaaccudunnpyercsa orodpazkennem 6aspl f: B — Gy, T.e. § = f*~*, u ro-
MOTONHBIE 0TOOpazKeHust [ MHAYIHUPYIOT H30MOP(HbIE ODHEHTHPOBaHHbIE pacciaoenns. B
CBSI3U ¢ 9TUM IIPOCTPAHCTBO (Ff, HA3BIBACTCS KAACCUPUUUDYIOULUM NPOCMPAHCMEOM ODH-
eHTUPOBAHHBIX k-MepHBIX paccioenuii u obosuagaercs BSO (k).

Umeem nsynmcraoe HaKpbitue BSO(n) — BO(n). Takum o6pa3om, opreHTaIs Belie-
CTBEHHOTO N-MEPHOTo paccioenus & Haji B — 9T0 B TOUHOCTH KJIAacC TOMOTOIUH TIO/HATHS
kiaccubuupyomero orobpaxkenns f: B — BO(n) no orobpaxenus f: B — BSO(n):

BSO(n)
f/ﬂ l
By BOwm)
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Teopema 11.15. [lycmv R — kommymamusHoe K0avbyo, codepatcauiee % Tozda

R gee ey ) :2]{;_1_1’
H*(BSO(n); R) ] [pl pk’] ecau n
Rlpy,...,pe-1,¢€], ecaun =2k,

ede p; = pi(F") u e = e(F") — yHuGeEPCaALHBIE TAPAKMEPUCTIUNECKUE KAACCH U D = €

npu n = 2k.

Joxasameavcmeo. B 1oka3aTenbecTBe BCe KOTOMOJIOIHH PACCMATPHBAIOTCH ¢ KO3 dun-
entamu B R. Ananoruuno npejoxkennio 11.12 nokassiBaercs, 1o Koubsio H*(BSO(n))
COJIEPZKUT MOJAKOJIBIO R[p1, ..., pg] win R[py, ..., Pr_1,€] B 3aBUCUMOCTH OT YETHOCTH N.
Hasmee ucnonp3yem uumykiuio o n. [Ipu n = 1 umeem aBysuctHoe HakpbiTHe BSO(1) =
S — RP* = BO(1). Hosromy H*(BSO(1)) = R. Ilpu n = 2 umeem BSO(2) = BU(1),
TaK KaK OpHeHTallud ABYMEPHOI'O IIOAIPOCTPAaHCTBa 3KBHUBaJIEHTHA 3aJaHHUIO B HEM KOM-
miekcHoit crpykTypsl. [Tosromy H*(BSO(2)) = H*(BU(1)) = R[c1] = Rle].

YTo0bl TPUMEHHTDH ATl WHIYKIIUU, PACCMOTPUM YHUBEpPCAJIbHOE OPHEHTHPOBAHHOE
paccioenne EY" — BSO(n). IlpoctpancrBo paccioenusi cep S mpejacraBisier co-
6Oif MHOKECTBO BEKTOPOB v IJIMHBI 1 B OPHEHTHPOBAHHBLIX 7N-MEPHBLIX MOJIPOCTPAH-
crBax B R*. Pacemorpum orobpaxkenune S7" — BSO(n — 1), comocrapisiomniee Bek-
TOPY ¥ €ro OpPTOrOHAJIBHYIO OpHEeHTHpOBaHHYyI0 (n — 1)-MepHylo mmockocth v. Torma
SA™ — BSO(n — 1) — JIOKaJbHO TPUBUAJILHOE PACCJOEHUE CO CTAIMBAEMBIM CJ10eM S,
u nosromy S7" ~ BSO(n — 1). UnaynmpoBauneiit npoekmumeii S5 — BSO(n) romo-
mopdusm H*(BSO(n)) — H*(SA") upespamaerca B romomopdusm H*(BSO(n)) —
H*(BSO(n — 1)), wanynupoBanubiii orobpazkennem BSO(n — 1) — BSO(n), kiaccu-
dburupymM paccaoenne 71 @ R. Tlosromy 3TOT TOMOMOP(MH3M MEPEBOANT KJIACCHI
pi € H¥(BSO(n)) B coorsercrayromue kiaaccsl p; € H¥(BSO(n —1)) aua 1 <14 < 2.

[Tyctb n = 2k. Pacemorpum nocieqosareibHOCTh ['n3nna pacciaoenuss By — BSO(n):

o= HPPRELGamy s HY(BSO(2k)) S H*2*(BSO(2k)) — H* 2k (S3") —
— H*™(BSO(2k)) — ...

Bnecy, HYHR=1(GAn) = H2H2k=1(BSO(2k — 1)) = 0 1m0 NpenoaoKeHHIO HHYKIUH.
TComomopdusm H*2F(BSO(2k)) — H?2¢(S3™) = H**2*(BSO(2k — 1)) copbekrn-
BeH, tak Kak H*(BSO(2k — 1)) = Rp1,...,Pr—1] 10 NPEJHOJOKEHUAIO WHIYKIMU U
pi € H*(BSO(2k — 1)) makpsiBaercsa coorBercrBytonuM p; € H*(BSO(2k)). B mrore
NOJTy9aeM KOPOTKYI0 TOIHYIO TTOCIET0BATETBHOCTD B BEPXHEH CTPOKE [THArPAMMBI

0 — H*(BSO(2k)) —*— H***(BSO(2k)) —= H****(BSO(2k —1)) — 0

0 — Rp1,.. . pe-1,€% =% Rlpr, ..., o1, €)% — Rlpr, ..., pr_a)?2* — 0

YT00bl 3aBEpIIUTDL IMIAT HHAYKINH, JTOKAXKeM, UTO CpPeIHsAd BepPTHKAJIbHAA CTPEIKa —
snumopdusm. TIpUMEHUB BCIOMOraTeJbHYI0 HHAYKIUIO 110 PAa3MEPHOCTH TPYIIIBI KO-
TOMOJIOTHIi, MOYKHO CUMTATh, 9TO JeBas BePTUKAJbHAsS CTPEJIKA CIOPbeKTHBHA. ILycTh
a € H*2*(BSO(2k)). 3ammmem ¢(a) = Q(p1,...,pr_1), tae Q — muorowren. Torma
ola—Q(p1,-..,pr-1)) = 0, ciegorarenvro, a — Q(p1,...,pr—1) = R(p1,-..,pk_1,€) - €,
rie R — muorowren. Urtak, a = Q(p1, ..., pr—1) + R(p1,- .-, pk—1,€) € € Rlp1,...,pp_1,€]

U CPeJIHSS CTPeJiKa CIOPBheKTUBHA.

ITycts renmeps n = 2k 4+ 1. Torga e(3") = 0, rak xax n neuétno n R > 3. TTosro-

MYy I‘OMOMOpCbI/IBM VYMHOXKEHHA Ha € B TOYHON Imocje10BaTe/JIbHOCTH ['m3una paccJIoeHu g
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Eq™ — BSO(n) nyneBoii, n oHa pacmaJaeTcst B KOPOTKHE TOYHDIE MOCIEI0BATEILHOCTH:

0 — H¥(BSO(2k + 1)) — H*(BSO(2k)) = H*~2*(BSO(2k + 1)) — 0
4 [ T

i ¥ i i
0 —— R[pla"'ypk]Q — R[pla"'7pk—l7€]2 E— R[p1>'-'apk]2 2k —0

PasencTBo mocepenune — 10 IpenoIoKennio uuayKiua. Vmeem ¢(p;) = p; upu i@ < k
u Y(py) = €2, 3pech e = e(3?%). Torna Rpi,...,pr_1,€] — cBoGomubiii R[pi, ..., pk)-
MOJIYJIb ¢ 0Opa3ylomuMu 1 U e, U U3 cpaBHeHHs paHros noaydaem H*(BSO(2k + 1)) =
R[pla'”apk’]%‘ O

CaencrBue 11.16. Jobol Tapaxmepucmuieckutd KAGCC OPUEHMUPOSAHHBLL N-MEPHBLT
paccaoerud ¢ koaguyuenmamu 6 R S % ecmsv mMHo2ousen om kaaccos [lonmpazuna u,
ecau n wémuo, om Kaacca diaepa.

3azaun U yrupakHeHus.

11.17. I[Iycte V' — KOMILTEKCHOE BEKTOPHOE NMPOCTPaHCTBO. [lokaxkute, 4ro dopmyra
j(z,y) = (—y,x) 3amaér na V @V ecrecTBEHHYIO CTPYKTYPY KBATEPHHOHHOTO MPOCTPAH-
cTBa (HA3BIBAEMOrO KBaTepHHOHH3amuei V).

11.18. Beraucauntre kjacchl [loHTpsirnHa KacaTeibHOT'O PACCI0EHUS KBATEPHUOHHOT'O IIPO-
extuBHOrO npocrpancTsa HP". [Vkasanue: npumep 11.7.]

11.19. JTokazxure, uto p;(§) = w3;(£) mod 2 171st BEMECTBEHHOTO PACCaOeHHS &.

11.20. /loxkazkure n3oMophusm
H*(BSO(n); Zs) = Zolwa, ws, . .., wy),
rae w; = w;(Y"). JJokazkure, 910 IpH roMoMopdu3Me
H*(BO(n); Zs) = Za|wy, wa, . .. ,wy| = Zo|ws, ... ,w,] = H(BSO(n); Zs),

uHIyIpoBanHoM HakpbiTHemM BSO(n) — BO(n), Kaacc wy NepexoiuT B HY/Ib, U w; Ie-
pexonuT B w; upu i = 2. |Vkasanue: ucnonp3yiiTe aHAIOT TOYHON MOC/IEI0BATETBHOCTH
['m3una ¢ koappunuentamMu B Zy JIJid JBYJTUCTHOIO HAKPBITUS — PACCIOeHUs cep OJIHO-
MEPHOIO BEIECTBEHHOTO PACCIOEHHS. |

11.21. Jloxazxkute, 4To ecau R D %, TO UMeeT MEeCTO U30MOPQU3IM
]{*(BO(TL)7 R) = R[pl, ce ,p[%]].

Omnumure romomopdbusm H*(BO(n); R) — H*(BSO(n); R), uuaynupoBanHblii HAKPBHITH-
eM BSO(n) — BO(n).



