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§1 Symplectic toric manifolds

(X4, ω): a 4-dimensional symplectic manifold

T k y (X4, ω) :a Hamiltonian action with

a moment map µ : X → Rk

Example 1.1. T 2 y (C2, ωC2): θ · z := (e2π
√−1θizi)

⇒
µC2 : C2 → R2

∈ ∈

z 7→ (|z1|2, |z2|2
)

Assume X is compact, connected.

Fact 1.2. If the action is effective, then

k ≤ 2.

In the case of k = 2, (X4, ω) with an effec-

tive Ham. T2-action is called a 4-dimensional

symplectic toric manifold.



General Hamiltonian case

T k y (X4, ω) :a Hamiltonian action with

a moment map µ : X → Rk

Theorem 1.3 (Atiyah, Guillemin-Sternberg).

µ(X) is a convex hull of the image of the fixed

points.

Symplectic toric case

T k y (X4, ω) :a symplectic toric manifold with

a moment map µ : X → Rk

Theorem 1.4 (Delzant). µ(X) is a Delzant

polytope.

Theorem 1.5 (Delzant).
{
T2 y (X4, ω)

: sympl. toric mfd

}

equiv.sympl.diffeo

1:1←→

{
∆ ⊂ R2

: Delzant polytope

}

parallel transports in R2



Example 1.6. T 2 y (CP 2, ωFS):

θ · [z0 :z1 : z2] = [z0 : e2π
√−1θ1z1 : e2π

√−1θ2z2]

⇒
µ : CP 2 → R2

∈ ∈

[zi] 7→
(
|z1|2
‖z‖2 ,

|z2|2
‖z‖2

)

µ(CP 2) =
{
ξ ∈ R2 : 〈ui, ξ〉 ≥ λi, i = 1,2,3

}

 u1 =

(
1
0

)
, u2 =

(
0
1

)
, u3 =

(
−1
−1

)
,

λ1 = λ2 = 0, λ3 = −1
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u1

u2

u3

ξ1 + ξ2 = 1

ξ2 = 0

ξ1 = 0

(1,0)

(0,1)

0

[1 : 0 : 0]

[0 : 0 : 1]

[0 : 1 : 0]



Remark 1.7. (1) A symplectic manifold is obtained
from the trivial torus bundle on a Delzant polytope
∆ by corrapsing each fiber on an edge by some circle
subgroup determined by the data of ∆.

(2) For ∀ ξ ∈∆, there exist

(i) U :a neighborhood of ξ ∈∆

(ii) ρ ∈ SL2(Z)

such that

µ−1(U)

µ

²²

ρ−equiv.sympl.∼= (µC2)−1(tρ−1(U))

µC2

²²

U
tρ−1

∼=

©

tρ−1(U).

A symplectic toric manifold can be thought of as a
trivial torus bundle with singular fibers which look like
those of µC2.

generalize to a possibly
non-trivial bundle case

=⇒
“twisted toric manifolds”



§2 Twisted toric manifold

πP : P → B :a principal SL2(Z)-bundle

on a surface B with corners

(
=⇒ πT : T 2

P := P ×SL2(Z) T
2 → B,

πZ : Z2
P := P ×SL2(Z) Z

2 → B

)

X :a closed connected 4-manifold

T2
P

ν // //

πT ÃÃ ÃÃ@
@@

@@
@@

@
X

µÄÄÄÄ¡¡
¡¡

¡¡
¡¡

¡

B

©
: a commutative diagram
of surjective maps

Definition 2.1. {X, ν, µ} is a twisted toric
manifold associated with πP : P → B, if for
∀ b ∈ B, there exist

(i) (U,ϕB) :a coordinate neighborhood of b in B
(
ϕB : U ∼= R2

≥0 ∩D2
ε (ξ0)

)

(ii) ϕP : π−1
P (U) ∼= U × SL2(Z) :a local trivialization of

P(
=⇒ ϕT : π−1

T (U) ∼= U × T 2,

ϕZ : π−1
Z (U) ∼= U × Z2

)

(iii) ϕX : µ−1(U) ∼= µ−1
C2 (D2

ε (ξ0)) :a diffeomorphism

such that the following diagram commutes
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Example 2.2. symplectic toric manifolds

Example 2.3. If B is closed, T2
P is a twisted

toric mfd associated with πP : P → B.

Example 2.4. S3 × S1

D
2 × T2

pr1 %%KKKKKKKKKKK

ν //S3 × S1

µyysssssssssss

D
2

©

Example 2.5. S4

S4 = D
4
/∂D

4
, B = σ2/{ξ1 + ξ2 = 1}
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B
σ2 (1,0)

(0,1)

ξ2

ξ1
0

σ2 × T2

pr1 %%KKKKKKKKKKK

νC2
//
D

4

µC2}}{{
{{

{{
{{

σ2

©
⇒ B × T2

pr1 %%JJJJJJJJJJ

ν //S4

µ~~||
||

||
||

B

©



Example 2.6. B :a surface with one corner

point

B2

αβ

γ

B1

ρ : π1(B)→ SL2(Z)

ρ(α) =

(
1 0
−1 1

)
, ρ(β) =

(
1 −1
0 1

)
, ρ(γ) =

(
3 1
−1 0

)

⇒ P := B̃ ×ρ SL2(Z), T2
P := B̃ ×ρ T2

On B1

X1

µ1 ÂÂ@
@@

@@
@@

@@
@

ν1
:= T2

P

∣∣∣
B1

πT||yy
yy

yy
yy

B1

©
.



On B2

B′2 := [0,4)× [0,1) ∪ [0,1)× [0,4)(⊂ R2),

B2 := B′2/ ∼B, T2
P

∣∣∣
B2

:= B′2 × T2/ ∼T ,
X2 := µ−1

C2 (B′2)/ ∼X



ξ ∼B ξ′
def⇔ 3 < ξ1 < 4, 3 < ξ′2 < 4, ξ′ = φB(ξ)

(ξ, θ) ∼T (ξ′, θ′)
def⇔ 3 < ξ1 < 4, 3 < ξ′2 < 4, ξ′ = φB(ξ), θ

′ = ρ(γ)θ

z ∼X z′

def⇔
√

3 < |z1| < 2,
√

3 < |z2| < 2, z′ = φX(z)




B′2 × T2
νC2

//

pr1 $$IIIIIIIIIII
µ−1
C2 (B′2)

µC2zzttttttttttt

B′2
©

⇒ T2
P

ν2 //

πT ÃÃB
BB

BB
BB

B
X2

µ2}}||
||

||
||

|

B2

©
.
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On B

T2
P

∣∣∣
B1∩B2

ν1
=xxpppppppppp ν2∼= &&NNNNNNNNNN

©
X1

∣∣∣
B1∩B2

µ1 ''PPPPPPPPPPPP

ψ
∼=

//X2

∣∣∣
B1∩B2

µ2wwnnnnnnnnnnnn

B1 ∩B2

©

⇒ T2
P

ν //

πT ÃÃ@
@@

@@
@@

@
X1 ∪ψ X2

µ
xxrrrrrrrrrrrr

B

©
=: X.



§3 Classification

πP : P → B :a principal SL2(Z)-bundle

on a surface B with corners

(
=⇒ πT : T 2

P := P ×SL2(Z) T
2 → B,

πZ : Z2
P := P ×SL2(Z) Z

2 → B

)

S(k)B(⊂ B) :a k-dimensional strata

πL : L → S(1)B :a rank one sublattice bundle

of πZ
∣∣∣S(1)B

: Z2
P

∣∣∣S(1)B
→ S(1)B

Definition 3.1. πL : L → S(1)B is primitive,
if for ∀b ∈ S(k)B, there exist

(i) U(⊂ B) : a neighborhood of b with 2− k = # of

comp.of U ∩ S(1)B,

(ii) ϕP : P
∣∣
U
∼= U × SL2(Z) : a local trivialization of P,

(iii) {L1, · · · , L2−k} : a primitive tuple of rank one sub-

lattices of Z2,

such that for j = 1, · · · ,2− k, the following

commutes



Z2
P

∣∣
U

©

ϕZ∼= U × Z2

∪ ∪

Z2
P

∣∣
(U∩S(1)B)j

©

∼=
(
U ∩ S(1)B

)
j
× Z2

∪ ∪

L
∣∣
(U∩S(1)B)j

∼=
(
U ∩ S(1)B

)
j
× Lj

.

Remark 3.2. (1) Definition 3.1 does not

depend on the choice of U .

(2) Aut(P )y





L
πL ↓
S(1)B

:
primitive rank one
sublattice bundle







{Xi, νi, µi} :twisted toric manifolds associated

with πP : P → B

Definition 3.3. {X1, ν1, µ1} and {X2, ν2, µ2}
are topologically isomorphic, if there exist

(i) ψP ∈ Aut(P )



⇒ ψT : T 2

P

πT ÃÃA
AA

AA
AA

∼= //T 2
P

πT~~}}
}}

}}
}

B

©




(ii) ψX : X1
∼= X2 : a homeo

such that the following commutes

T2
P

ψT
//

ν1
''OOOOOOOOOOOOOOOO

πT

»»0
00

00
00

00
00

00
00

00
T2
P ν2

''OOOOOOOOOOOOOOOO

00
00

00
0

πT

»»0
00

00
00

00X1
ψX

//

µ1}}{{
{{

{{
{{

X2

µ2}}{{
{{

{{
{{

B
idB B

.



T
h
e
o
re

m
3
.4

.(
Y
)

(1
)

F
o
r

a
n
y

tw
is
te

d
to

ri
c

m
a
n
if
o
ld
{X

,ν
,µ
},

th
e
re

is
a

p
ri
m

it
iv

e
ra

n
k

o
n
e

su
b
la

tt
ic

e
b
u
n
d
le

π
L

:
L
→
S(

1
) B

o
f

π
Z

:
Z2 P

∣ ∣ ∣ S
(1

) B
→
S(

1
) B

w
h
ic

h
is

d
e
te

rm
in

e
d

u
n
iq

u
e
ly

b
y
{X

,ν
,µ
}.

(2
)

F
ix

π
P

:
P
→

B
.

T
h
e
n

th
e
re

is
a

o
n
e
-t

o
-o

n
e

c
o
rr

e
sp

o
n
d
e
n
c
e

{ {X
,ν

,µ
}:

tw
is
te

d
to

ri
c

m
fd

a
ss

.w
it
h

π
P

:
P
→

B

}

to
p

is
o

1
:1 ←
→

  
L

π
L
↓
S(

1
) B
⊂
Z2 P

∣ ∣ S(
1
)
B

π
Z
↓

S(
1
)B

:
p
ri
m

it
iv

e
ra

n
k

o
n
e

su
b
la

tt
ic

e
b
u
n
d
le

  
A
u
t(

P
)

.



§4 Topology
4.1 Fundamental groups

Theorem 4.1.(Y) If B has at least one cor-

ner point, then π1(X) ∼= π1(B).

4.2 Cohomology groups

Cell decomposition of B:

e(2)
α

β

γ

B

B′

e(0) e(1)
1

e(1)
2

e(1)
3



X
(q

)
=

µ
−1

(B
(q

) )

{(
E

X
)p

,q
r

,d
r
}:

sp
e
c
tr

a
l
se

q
u
e
n
c
e

w
.r
.t
.

S
∗ (

X
;Z

)
⊃

S
∗ (

X
,X

(0
) ;
Z)
⊃

S
∗ (

X
,X

(1
) ;
Z)
⊃

S
∗ (

X
,X

(2
) ;
Z)

=
0
.

C
p
(B

;H
q X
)
=

{ u
∈

C
p
(B

;H
q T
)
:

u
(e

(p
)

λ
)
∈

Im
{ν

∗
:
H

q
(µ

−1
(c

(p
)

λ
);
Z)

↪→
H

q
(π

−1 T
(c

(p
)

λ
);
Z)
}}
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,
δ

:
C

p
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→

C
p
+

1
(B

;H
q T
)

se
n
d
s

C
p
(B

;H
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to
C

p
+

1
(B

;H
q X
),

a
n
d

(E
X
)p

,q
1

∼ =
C

p
(B

;H
q X
),

d
1

=
δ
∣ ∣ ∣ C

p
(B

;H
q X
).

If
∂
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Case of Ex.2.6.

X ′ = B′ × T2/ ∼

(ξ, θ) ∼ (ξ′, θ′) def⇔ ξ′ = ξ and



θ′ = θ if ξ ∈ e(2) ∪ e(1)
1 ∪ e(1)

2

θ′ − θ ∈ 0× S1 if ξ ∈ e(1)
3

ξ ∈ e(0)

.

X = X ′/ ∼π1

(ξ, θ) ∼π1 (ξ′, θ′)
def⇔ ∃ω ∈ π1(B) s.t. ξ′ = ξ · ω, θ′ = ρ(ω)−1θ.



q = 0.

Cp(B;H0
X) = Cp(B;Z) ⇒ (EX)p,02 = Hp(B;Z)

q = 1.

Cp(B;H1
X) =





0 p = 0

Z⊕5 p = 1

Z⊕2 p = 2

δ : C1 → C2 δ =

(
−1 1 −2 2 3
−1 1 −1 1 1

)

⇒ (EX)p,12 =




Z⊕3 p = 1

0 others

q = 2.

Cp(B;H2
X) =





0 p = 0

Z⊕2 p = 1

Z p = 2

δ : C1 → C2 δ = 0

⇒ (EX)p,22 =





Z⊕2 p = 1

Z p = 2

0 others



2
p

q

Z Z2 0

0 Z3 0

0 Z2 Z2

1

0

0 1

∴ Hk(X;Z) =





Z k = 0,4

Z⊕2 k = 1,3

Z⊕3 k = 2

0 others


