trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231, S. 1–18

udk 515.164.63

kONE^NO OPREDELENNYE GRUPPY I

POLUGRUPPY W TEORII UZLOW^1

cfl2000 G. i. a. dYNNIKOW^2

pOSTUPILO W MAE 2000 G.

w RABOTE POSTROENY KONE^NO OPREDELENNYE POLUGRUPPY, CENTRALXNYE “LEMENTY W KAVDOJ IZ KOTORYH NAHODQTSQ WO WZAIMNO ODNOZNA^NOM SOOTWETSTWII S IZOTOPI^ESKIMI KLASSAMI NEORIEN- TIROWANNYH ZACEPLENIJ W R^3. rE[ENIE PROBLEMY RAWENSTWA SLOW W “TIH POLUGRUPPAH RAWNOSILXNO RE[ENI@ TOPOLOGI^ESKOJ ZADA^I RASPOZNAWANIQ ZACEPLENIJ I PLETENIJ. dANA TAKVE KONSTRUKCIQ KONE^NO PREDSTAWLENNYH GRUPP, W KOTORYE WKLADYWAETSQ GRUPPA KOS.

1. wwedenie

zACEPLENIEM W R^3 MY BUDEM NAZYWATX OB˙EDINENIE NEKOTOROGO ^ISLA POPARNO NE PERESEKA@- ]IHSQ PROSTYH ZAMKNUTYH LOMANYH LINIJ W R^3 . w NASTOQ]EJ RABOTE MY BUDEM RASSMATRIWATX TOLXKO NEORIENTIROWANNYE ZACEPLENIQ. dWA ZACEPLENIQ S^ITA@TSQ “KWIWALENTNYMI, ESLI ONI OB˙EMLEMO IZOTOPNY W R^3 . oBOZNA^IM ^EREZ Ln, n = 0, 1, 2, . . . , MNOVESTWO IZOTOPI^ESKIH KLASSOW n-KOMPONENTNYH ZACEPLENIJ. mNOVESTWO L0 SOSTOIT WSEGO IZ ODNOGO “LEMENTA — PUSTOGO ZACEPLENIQ, L1 — “TO MNOVESTWO IZOTOPI^ESKIH KLASSOW WSEH UZLOW W R^3 .

pUSTX

L = L_0 [ L_1 [ L_2 [ . . .

— MNOVESTWO IZOTOPI^ESKIH KLASSOW WSEH ZACEPLENIJ. nA L IMEETSQ ESTESTWENNAQ STRUKTURA ABELEWOJ POLUGRUPPY, UMNOVENIE W KOTOROJ ZADAETSQ WZQTIEM OB˙EDINENIQ ZACEPLENIJ, NAHO- DQ]IHSQ PO RAZNYE STORONY OT NEKOTOROJ POLUPLOSKOSTI, A EDINI^NYM “LEMENTOM QWLQETSQ PUSTOE ZACEPLENIE IZ L0. pOLUGRUPPA L NE QWLQETSQ KONE^NO POROVDENNOJ. kAK ABELEWA POLUGRUPPA ONA SWOBODNO POROVDENA IZOTOPI^ESKIMI KLASSAMI TAK NAZYWAEMYH NERAZWODIMYH ZACEPLENIJ.

w NASTOQ]EJ RABOTE MY POSTROIM SERI@ POLUGRUPP Yn, n = 3, 4, . . . , 1, OBLADA@]IH SLEDU@]IMI SWOJSTWAMI:

1) CENTR Z(Yn) POLUGRUPPY Yn IZOMORFEN POLUGRUPPE L;

2) GRUPPA Dn OBRATIMYH “LEMENTOW POLUGRUPPY Yn SODERVIT PODGRUPPU, IZOMORFNU@ GRUPPE KOS NA BESKONE^NOM ^ISLE NITEJ;

3) PRI n < 1 POLUGRUPPA Yn I GRUPPA Dn QWLQ@TSQ KONE^NO OPREDELENNYMI, T.E. MOGUT BYTX ZADANY KONE^NYM ^ISLOM OBRAZU@]IH I OPREDELQ@]IH SOOTNO[ENIJ.

1rABOTA WYPOLNENA PRI FINANSOWOJ PODDERVKE rOSSIJSKOGO FONDA FUNDAMENTALXNYH ISSLEDOWANIJ (PROEKT

99-01-00090).

2mOSKOWSKIJ GOSUDARSTWENNYJ UNIWERSITET IM. m.w. lOMONOSOWA, mOSKWA, rOSSIQ.

E-mail: dynnikov@mech.math.msu.su 1 1

2 dynnikow

pOSTROENIE POLUGRUPPY, OBLADA@]EJ LI[X SWOJSTWAMI 1) I 2), NE WYZYWAET TRUDA. mY SDELAEM “TO W RAZD. 2, SLEGKA MODIFICIROWAW STANDARTNU@ KONSTRUKCI@ KATEGORII NEORIENTI- ROWANNYH PLETENIJ (SWQZOK). rAZLOVENIE “LEMENTOW “TOJ POLUGRUPPY W PROIZWEDENIE OBRAZU- @]IH ZADAETSQ L@BOJ DIAGRAMMOJ OB]EGO POLOVENIQ SOOTWETSTWU@]EGO PLETENIQ, A OPREDE- LQ@]IE SOOTNO[ENIQ SOOTWETSTWU@T IZOTOPIQM DIAGRAMM I DWIVENIQM rAJDEMAJSTERA. —TI SOOTNO[ENIQ, TO^NEE IH ANALOGI DLQ KATEGORII ORIENTIROWANNYH PLETENIJ, ISPOLXZOWALISX W [1] DLQ POSTROENIQ INWARIANTOW ZACEPLENIJ.

oTLI^IE POSTROENNOJ TAKIM OBRAZOM POLUGRUPPY T OT POLUGRUPP Yn, n = 3, 4, . . . , W TOM, ^TO ONA NE MOVET BYTX ZADANA KONE^NYM ^ISLOM OPREDELQ@]IH SOOTNO[ENIJ. oDNAKO POLUGRUPPA T WKLADYWAETSQ W KAVDU@ IZ POLUGRUPP Yn, KOTORYE UVE QWLQ@TSQ KONE^NO OPREDELENNYMI.

tAKIM OBRAZOM, MY SWODIM TOPOLOGI^ESKU@ ZADA^U RASPOZNAWANIQ ZACEPLENIJ I PLETENIJ K ^ISTO ALGEBRAI^ESKOJ — PROBLEME RAWENSTWA SLOW W NEKOTOROJ KONE^NO OPREDELENNOJ POLU- GRUPPE. sOGLASNO RABOTE mATWEEWA [2] ALGORITM DLQ RASPOZNAWANIQ ZACEPLENIJ SU]ESTWUET. kROME TOGO, KAK s.w. mATWEEW SOOB]IL AWTORU, USOWER[ENSTWOWAW “TOT ALGORITM, MOVNO POLU^ITX ALGORITM DLQ RASPOZNAWANIQ PLETENIJ, A ZNA^IT, RE[ITX PROBLEMU RAWENSTWA SLOW W POLUGRUPPAH Yn. tEM NE MENEE BYLO BY INTERESNO POLU^ITX ^ISTO ALGEBRAI^ESKOE DOKAZATELXSTWO RAZRE[IMOSTI PROBLEMY RAWENSTWA SLOW W “TIH POLUGRUPPAH, POLU^IW TEM SAMYM ALXTERNATIWNYJ ALGORITM RASPOZNAWANIQ ZACEPLENIJ.

2. pleteniq

nAPOMNIM KONSTRUKCI@ KATEGORII (NEORIENTIRUEMYH) PLETENIJ [1]. pLETENIE TIPA (k, l) — “TO PROIZWOLXNOE ODNOMERNOE KOMPAKTNOE PL-PODMNOGOOBRAZIE t W R^3 , LEVA]EE W OBLASTI

S = f(x, y, z) 2 R^3 j 0 ˇ x ˇ 1g (1)

I IME@]EE SWOEJ GRANICEJ MNOVESTWO TO^EK f(0, i, 0)g_{1≤i≤k} [f(1, j, 0)g_{1≤j≤l} = t “ ∂S. pLETENIQ NAZYWA@TSQ “KWIWALENTNYMI, ESLI ONI OB˙EMLEMO IZOTOPNY W S, PRI^EM WSE TO^KI GRANICY OBLASTI S PREDPOLAGA@TSQ NEPODWIVNYMI PRI IZOTOPII. oB˙EKTAMI KATEGORII PLETENIJ T QWLQ@TSQ NEOTRICATELXNYE CELYE ^ISLA, A MORFIZMAMI IZ OB˙EKTA l W OB˙EKT k — IZOTOPI- ^ESKIE KLASSY PLETENIJ TIPA (k, l).

kOMPOZICIQ t1ffit2 PROIZWOLXNYH PLETENIJ t1 I t2 TIPA (k, l) I (l, m) SOOTWETSTWENNO ZADAETSQ KAK OB˙EDINENIE

ψ_1(t_1) [ ψ_2(t_2),

GDE ψ1,2 — OTOBRAVENIQ IZ S W SEBQ, OPREDELENNYE PO FORMULE ψ_1(x, y, z) = (x/2, y, z), ψ_2(x, y, z) = ((x + 1)/2, y, z). —TO PRAWILO KORREKTNO ZADAET KOMPOZICI@ MORFIZMOW W KATEGORII T . s TO^KI ZRENIQ “TOJ KATEGORII POLUGRUPPA L — “TO POLUGRUPPA MORFIZMOW IZ OB˙EKTA 0 W SEBQ.

nEMNOGO MODIFICIROWAW OPREDELENIQ, MY MOVEM POLU^ITX WMESTO KATEGORII PLETENIJ BOLEE PROSTOJ OB˙EKT — POLUGRUPPU. dLQ “TOGO IZMENIM OPREDELENIE PLETENIQ SLEDU@]IM OBRAZOM. bUDEM NAZYWATX PLETENIEM L@BOE PL-PODMNOGOOBRAZIE t W S, GRANICEJ ∂t KOTOROGO QWLQETSQ MNOVESTWO f(0, i, 0), (1, i, 0)gi>0 , trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 3

q q q q q q

q q q q q q

(0, 1, 0)

(0, 2, 0)

(0, 3, 0)

(0, 4, 0)

(0, 5, 0)

(0, 6, 0)

(1, 1, 0)

(1, 2, 0)

(1, 3, 0)

(1, 4, 0)

(1, 5, 0)

(1, 6, 0)

ȷȷ ȷȷ ȷȷ ȷ ȷȷ QQ QQ Q ȷȷ ȷȷ ȷ PPP PPPP PP ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ . .

rIS. 1. pLETENIE TIPA (1, 1)

PRI^EM t “ ∂S = ∂t, I TAKOE, ^TO WSE EGO KOMPONENTY, LEVA]IE DOSTATO^NO DALEKO OT NA^ALA KOORDINAT, PREDSTAWLQ@T SOBOJ PRQMOLINEJNYE OTREZKI WIDA [(0, i, 0), (0, j, 0)] (MY BUDEM OBOZNA^ATX OTREZOK, SOEDINQ@]IJ TO^KI A I B, ^EREZ [A, B]). pRI “TOM RAZNOSTX j k i POSTOQNNA PRI BOLX[IH i. tAKIE OB˙EKTY MOVNO BYLO BY NAZWATX PLETENIQMI TIPA (1, 1). pRIMER PLETENIQ W SMYSLE DANNOGO OPREDELENIQ POKAZAN NA RIS. 1.

zAMETIM, ^TO TEPERX KOMPOZICIQ DWUH PLETENIJ, FORMALXNO GOWORQ, MOVET NE QWLQTXSQ PLETENIEM, NO QWLQETSQ PL-PODMNOGOOBRAZIEM, OB˙EMLEMO IZOTOPNYM W S NEKOTOROMU PLETE- NI@. pO“TOMU NA MNOVESTWE T IZOTOPI^ESKIH KLASSOW TAKIH PLETENIJ KORREKTNO OPREDELENA OPERACIQ KOMPOZICII. pO OTNO[ENI@ K “TOJ OPERACII MNOVESTWO T QWLQETSQ POLUGRUPPOJ.

iMEETSQ O^EWIDNYJ FUNKTOR F IZ KATEGORII T W POLUGRUPPU T . oN OPREDELQETSQ SLEDU- @]IM OBRAZOM. pUSTX f — NEKOTORYJ MORFIZM IZ OB˙EKTA l W OB˙EKT k. mORFIZM f MOVNO PREDSTAWITX PLETENIEM (W STANDARTNOM SMYSLE), CELIKOM LEVA]IM W OBLASTI y ˇ k + x(l k k). dOBAWIM K “TOMU PLETENI@ OTREZKI [(0, k + i, 0), (1, l + i, 0)], i > 0. iZOTOPI^ESKIJ KLASS POLU^ENNOGO PLETENIQ (W NOWOM SMYSLE) I BUDEM S^ITATX OBRAZOM F (f) MORFIZMA f.

dOKAZATELXSTWO SLEDU@]EGO UTWERVDENIQ NE SOSTAWLQET TRUDA.

lEMMA 1. pLETENIQ t_1 I t_2 TIPA (k, l) “KWIWALENTNY TOGDA I TOLXKO TOGDA, KOGDA IH

OBRAZY F (t_1) I F (t_2) SOWPADA@T. —LEMENT POLUGRUPPY T IMEET WID F (t), GDE t — NEKOTOROE ZACEPLENIE (T.E. PLETENIE TIPA (0, 0)), TOGDA I TOLXKO TOGDA, KOGDA ON CENTRALXNYJ.

w POLUGRUPPE T LEGKO UKAZATX TAKVE NABOR OBRAZU@]IH I OPREDELQ@]IH SOOTNO[ENIJ. lEMMA 2. pOLUGRUPPA T POROVDAETSQ “LEMENTAMI α_i, β_i, σ_i, σ^{∋1}_i , i > 0, POKAZANNYMI

NA RIS. 2. w NEJ IME@T MESTO RAWENSTWA

α_iβ_{i+1} = 1, (2)

α_{i+1}β_i = 1, (3)

α_iα_{i+j+1} = α_{i+j∋1}α_i, (4)

α_iβ_{i+j+1} = β_{i+j∋1}α_i, (5)

β_iβ_{i+j∋1} = β_{i+j+1}β_i, (6)

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 1*

4 dynnikow

α_i : β_i :

. .

. .

q q q q

(0, i 2 1, 0)

(0, i, 0)

(0, i + 1, 0)

(0, i + 2, 0)

q q q q

(1, i 2 1, 0)

(1, i, 0)

(1, i + 1, 0)

(1, i + 2, 0) @@ TT ´´ ´´ ´´ ´ ´´ ´´ ´´

. .

. .

q q q q

(0, i 2 1, 0)

(0, i, 0)

(0, i + 1, 0)

(0, i + 2, 0)

q q q q

(1, i 2 1, 0)

(1, i, 0)

(1, i + 1, 0)

(1, i + 2, 0) TT @@ SS SS SS S SS SS S S

σ_i : σ�^1_i :

. .

. .

q q q q

(0, i 2 1, 0)

(0, i, 0)

(0, i + 1, 0)

(0, i + 2, 0)

q q q q

(1, i 2 1, 0)

(1, i, 0)

(1, i + 1, 0)

(1, i + 2, 0) @@ @@ TT TT . .

. .

q q q q

(0, i 2 1, 0)

(0, i, 0)

(0, i + 1, 0)

(0, i + 2, 0)

q q q q

(1, i 2 1, 0)

(1, i, 0)

(1, i + 1, 0)

(1, i + 2, 0) TT TT@@ @@

rIS. 2. oBRAZU@]IE POLUGRUPPY T

β_iα_{i+j∋1} = α_{i+j+1}β_i, (7)

α_iσ_{i+j+1} = σ_{i+j∋1}α_i, (8)

α_{i+j+1}σ_i = σ_iα_{i+j+1}, (9)

β_iσ_{i+j∋1} = σ_{i+j+1}β_i, (10)

β_{i+j+1}σ_i = σ_iβ_{i+j+1}, (11)

σ_iσ_{i+j+1} = σ_{i+j+1}σ_i, (12)

α_iσ^{±1}_{i+1}β_{i+2} = σ^{∓1}_i , (13)

α_{i+2}σ^{±1}_{i+1}β_i = σ^{∓1}_i , (14)

α_iσ^{±1}_{i+1}β_i = 1, (15)

α_{i+1}σ^{±1}_i β_{i+1} = 1, (16)

σ_iσ^{∋1}_i = σ^{∋1}_i σ_i = 1, (17)

σ_iσ_{i+1}σ_i = σ_{i+1}σ_iσ_{i+1}, (18)

GDE i, j > 0. oNI MOGUT BYTX WZQTY ZA NABOR OPREDELQ@]IH SOOTNO[ENIJ POLUGRUPPY T .

—TO UTWERVDENIE NE SODERVIT NI^EGO NOWOGO PO SRAWNENI@ S ANALOGI^NYM UTWERVDENIEM O POROVDA@]IH SOOTNO[ENIQH DLQ KATEGORII PLETENIJ (SM. [1]). sOOTNO[ENIQ (2)–(14) OT-

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 5

q q q q q

q q q q q

(0, 22, 0)

(0, 21, 0)

(0, 0, 0)

(0, 1, 0)

(0, 2, 0)

(1, 22, 0)

(1, 21, 0)

(1, 0, 0)

(1, 1, 0)

(1, 2, 0)

PPPP PP PPPP PPPP PP PPPP PPPP PP PPPP PPPP PP PPPP PPPP PP PPPP PP

rIS. 3. pLETENIE τ

WE^A@T IZOTOPIQM DIAGRAMM PLETENIJ, SOOTNO[ENIQ (15), (16) — DWIVENI@ rAJDEMAJSTERA TIPA I, SOOTNO[ENIQ (17) I (18) — DWIVENIQM rAJDEMAJSTERA TIPOW II I III SOOTWETSTWENNO.

zAME^ANIE. pONQTIE PLETENIQ MOVNO BYLO BY OBOB]ITX NEMNOGO PO-DRUGOMU, DOBAWIW K KONCEWYM TO^KAM TAKVE TO^KI (0, i, 0), (1, i, 0), DLQ KOTORYH i ˇ 0. pOLU^ENNAQ W “TOM SLU^AE POLUGRUPPA PLETENIJ UVE QWLQETSQ KONE^NO POROVDENNOJ WWIDU SOOTNO[ENIJ

τ^iα_1τ^{∋i} = α_{i+1},

τ^iβ_1τ^{∋i} = β_{i+1},

τ^iσ^{±1}_1 τ^{∋i} = σ^{±1}_{i+1},

GDE τ — PLETENIE, POKAZANNOE NA RIS. 3. oDNAKO DLQ NEE NE SU]ESTWUET KONE^NOGO NABORA OPREDELQ@]IH SOOTNO[ENIJ.

3. pleteniq, wlovennye w knigu

zDESX MY OPREDELIM POLUGRUPPU Y∞, W KOTORU@ POLUGRUPPA T MOVET BYTX WLOVENA. sAMA POLUGRUPPA Y∞ TAKVE NE QWLQETSQ KONE^NO POROVDENNOJ, NO ONA NUVNA NAM DLQ DALXNEJ[IH POSTROENIJ KONE^NO OPREDELENNYH POLUGRUPP, KOTORYE BUDUT PODPOLUGRUPPAMI W Y∞.

oBOZNA^IM ^EREZ P_k, k 2 Z, POLUPLOSKOSTX

f(x, y, z) 2 R^3 j y ˘ 0, z = kyg (19)

I RASSMOTRIM ^ASTX OB˙EDINENIQ “TIH PLOSKOSTEJ, LEVA]U@ W OBLASTI (1):

B = S “ ` [ k∈Z^{Pk} ´_{. (20)}

mNOVESTWO B ESTESTWENNO NAZWATX KNIGOJ, A PRQMU@ y = z = 0 — LINIEJ PEREPLETA. oBOZNA^IM ^EREZ E^0_{k,l} I E^1_{k,l}, GDE k, l 2 Z, l > 0, SLEDU@]IE TO^KI, LEVA]IE NA GRANICE KNIGI B : E^0_{k,l} = (0, l, kl), E^1_{k,l} = (1, l, kl). (21) pLETENIEM W KNIGE B NAZOWEM L@BOE PL-PODMNOGOOBRAZIE t W S, UDOWLETWORQ@]EE SLEDU@- ]IM USLOWIQM:

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

6 dynnikow

1) ∂t = t “ ∂S = fE^0_{k,l}, E^1_{k,l}g_{k,l∈}Z_{,l>0};

2) t CELIKOM SODERVITSQ W B ;

3) t TRANSWERSALXNO LINII PEREPLETA, T.E. IMEET S NEJ LI[X KONE^NOE ^ISLO TO^EK PERESE-

^ENIQ, KOTORYE NE MOGUT BYTX USTRANENY MALYM [EWELENIEM PLETENIQ t BEZ NARU[ENIQ USLOWIQ 2);

4) OGRANI^ENIE KOORDINATY x NA KAVDU@ SWQZNU@ KOMPONENTU PERESE^ENIQ t “ Pi QWLQETSQ MONOTONNOJ FUNKCIEJ DLQ WSEH i 2 Z.

tAKIE PLETENIQ MY NAZYWAEM “KWIWALENTNYMI, ESLI ONI OB˙EMLEMO IZOTOPNY W S (NO NE OBQZATELXNO W B !).

kOMPOZICIQ PLETENIJ W KNIGE B OPREDELQETSQ TO^NO TAK VE, KAK I W SLU^AE OBY^NYH PLE- TENIJ. pO OTNO[ENI@ K KOMPOZICII IZOTOPI^ESKIE KLASSY PLETENIJ W B OBRAZU@T POLUGRUPPU S EDINICEJ I = [ k,l∈Z, l>0 [E^0_{k,l}, E^1_{k,l}]. —TU POLUGRUPPU MY I OBOZNA^IM ^EREZ Y∞. pLETENIQ W KNIGE B MY W DALXNEJ[EM NAZYWAEM PROSTO PLETENIQMI.

dLQ KAVDOGO n ˘ 3 PODPOLUGRUPPU W Y∞, SOSTOQ]U@ IZ IZOTOPI^ESKIH KLASSOW PLETENIJ t TAKIH, ^TO t “^∘P_k = I “^∘P_k PRI k < 0 I PRI k > n k 1, OBOZNA^IM ^EREZ Yn. zDESX ^EREZ^∘P_k MY OBOZNA^AEM POLUPLOSKOSTX P_k BEZ GRANICY:^∘P_k = f(x, y, z) 2 R^3 j y > 0, z = kyg.

zAMETIM, ^TO KAVDOE PLETENIE t IZOTOPNO NEKOTOROMU PLETENI@ t^′, DLQ KOTOROGO NAJDUTSQ

N_1, N_2 2 Z TAKIE, ^TO t^′ “^∘P_k = I “^∘P_k PRI k < N_1 ILI k > N_2. kROME TOGO, PLETENIE t^′

MOVNO WYBRATX TAKIM, ^TOBY DLQ DOSTATO^NO BOLX[OGO N3 I NEKOTORYH CELYH n_k, k 2 Z, OTREZKI [E^0_{k,n}, E^1_{k,n+nk} ] CELIKOM SODERVALISX W t^′ PRI n > N3 I WSEH k 2 Z. lEGKO WIDETX, ^TO OPREDELENNOE TAKIM OBRAZOM OTOBRAVENIE φ: Y∞ ! ZZ,

φ(t) = (. . . , n_{∋2}, n_{∋1}, n_0, n_1, n_2, . . .), (22)

QWLQETSQ GOMOMORFIZMOM POLUGRUPP.

zA MERU SLOVNOSTI m(t) PROIZWOLXNOGO PLETENIQ t W KNIGE B ESTESTWENNO WZQTX ^ISLO TO^EK PERESE^ENIQ PLETENIQ t S LINIEJ PEREPLETA. rASSMOTRIM PROSTEJ[IE NETOVDESTWENNYE PLETENIQ, T.E. PLETENIQ, IME@]IE SLOVNOSTX 1. eSLI m(t) = 1, TO, KAK LEGKO WIDETX, ROWNO DLQ DWUH ZNA^ENIJ i 2 Z PERESE^ENIE t “^∘P i NEIZOTOPNO PERESE^ENI@ I “^∘P i. dLQ “TIH DWUH ISKL@^ITELXNYH ZNA^ENIJ i MY IMEEM φ(t)i = �1. pRI “TOM ESLI φ(t)i = 1, TO W POLUPLOSKOSTI Pi PLETENIE t IMEET SLEDU@]IE KOMPONENTY (S TO^NOSTX@ DO IZOTOPII): t “ Pi = ` [ l>0 [E^0_{i,l}, E^1_{i,l+1}] ´ [ [A, E^1_{i,1}],

GDE A — EDINSTWENNAQ TO^KA PERESE^ENIQ PLETENIQ t S LINIEJ PEREPLETA. w SLU^AE φ(t)i = k1,

m(t) = 1 MY IMEEM (S TO^NOSTX@ DO IZOTOPII W P_i) t “ Pi = ` [ l>0 [E^0_{i,l+1}, E^1_{i,l}] ´ [ [E^0_{i,1}, A].

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 7 oBOZNA^IM ^EREZ ai, bi, ci, di “LEMENTY GRUPPY Y∞, PREDSTAWLENNYE PLETENIQMI SLOVNO- STI 1 I TAKIE, ^TO_{φ(a} i)_j = δ_{i∋1,j} + δ_{i,j}, φ(b_i)_j = δ_{i∋1,j} k δ_{i,j}, φ(c_i)_j = kδ_{i∋1,j} k δ_{i,j}, φ(d_i)_j = kδ_{i∋1,j} + δ_{i,j}. (23)

zDESX δi,j — SIMWOL kRONEKERA.

nARISOWAW SOOTWETSTWU@]IE KARTINKI, NETRUDNO UBEDITXSQ, ^TO W POLUGRUPPE Y∞ WYPOL- NENY SLEDU@]IE SOOTNO[ENIQ:

a_id_{i+1} = a_{i+1}b_i, (24) d_ic_{i+1} = b_{i+1}c_i, (25) a_id_i = a_{i+1}b_{i+1}, (26) b_ic_i = d_{i+1}c_{i+1}, (27) a_ib_ic_id_i = 1, (28) b_id_i = d_ib_i = 1, (29) x_iy_j = y_jx_i, (30) x_id_{i∋1}d_id_{i+1} = d_{i∋1}d_id_{i+1}x_i (31) DLQ WSEH i, j 2 Z TAKIH, ^TO ji k jj > 1, I xi 2 fai, bi, ci, dig, yj 2 faj, bj, cj, djg. tEOREMA 1. —LEMENTY fa_i, b_i, c_i, d_ig_{i∈}Z POROVDA@T POLUGRUPPU Y_∞. sOOTNO[ENIQ (24)–

(31) MOGUT BYTX WZQTY ZA NABOR OPREDELQ@]IH SOOTNO[ENIJ POLUGRUPPY Y_∞.

dOKAZATELXSTWO. dOKAVEM SNA^ALA PROSTU@ ^ASTX TEOREMY, A IMENNO ^TO POLUGRUP- PA Y∞ POROVDAETSQ UKAZANNYMI “LEMENTAMI. dEJSTWITELXNO, PROIZWOLXNOE PLETENIE MOVNO RAZREZATX PLOSKOSTQMI WIDA x = const NA PLETENIQ SLOVNOSTI 1. pO“TOMU DOSTATO^NO POKAZATX, ^TO L@BOE PLETENIE SLOVNOSTI 1 PREDSTAWLQETSQ S TO^NOSTX@ DO IZOTOPII KAK KOMPOZICIQ NA[IH OBRAZU@]IH. pUSTX PLETENIE t SLOVNOSTI m(t) = 1 TAKOWO, ^TO

φ(t)_i = φ(t)_j = 1,

GDE j > i. tOGDA ONO IZOTOPNO PLETENI@

a_{i+1}d_{i+2}d_{i+3} . . . d_j.

eSLI m(t) = 1 I

φ(t)_i = kφ(t)_j = 1,

j > i, TO t “KWIWALENTNO PLETENI@ b_jb_{j∋1} . . . b_{i+1}. oSTALXNYE DWA SLU^AQ RASSMATRIWA@TSQ ANALOGI^NO.

oSTAW[AQSQ ^ASTX “TOGO RAZDELA POSWQ]ENA DOKAZATELXSTWU DOSTATO^NOSTI SOOTNO[ENIJ

(24)–(31) DLQ REALIZACII L@BOJ IZOTOPII MEVDU PLETENIQMI W KNIGE B . sHEMA DOKAZATELXSTWA

WYGLQDIT SLEDU@]IM OBRAZOM. sOGLASNO SOOTNO[ENI@ (29) “LEMENTY bi I di QWLQ@TSQ WZAIMNO OBRATNYMI. pO“TOMU “KWIWALENTNOSTX DWUH SLOW w1 I w2 W ALFAWITE A = fai, bi, ci, digi∈Z PO MODUL@ SOOTNO[ENIJ (24)–(31) RAWNOSILXNA “KWIWALENTNOSTI SLOW biw1 I biw2, A TAKVE diw1 I diw2, w1bi I w2bi, w1di I w2di. mY POKAVEM, ^TO DLQ L@BOGO SLOWA w MOVNO NAJTI TAKIE

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

8 dynnikow

SLOWA u I v, SODERVA]IE LI[X BUKWY WIDA bi I di, i 2 Z, ^TO SLOWO uwv “KWIWALENTNO PO MODUL@ SOOTNO[ENIJ (24)–(31) NEKOTOROMU SLOWU, ZADA@]EMU “LEMENT IZ SPECIALXNOJ PODPO- LUGRUPPY W Y∞, KOTORAQ IZOMORFNA T . mY DOKAVEM, ^TO OPREDELQ@]IE SOOTNO[ENIQ (2)–(18) POLUGRUPPY T WYTEKA@T IZ (24)–(31).

dLQ i 2 Z SLOWO w = x1x2 . . . xn, GDE x1, . . . , xn 2 A, NAZOWEM i-SBALANSIROWANNYM, ESLI

φ(w)_i = 0

I DLQ WSEH k = 1, . . . , n WYPOLNENO NERAWENSTWO

φ(x_1 . . . x_k)_i ˘ 0.

nA GEOMETRI^ESKOM QZYKE i-SBALANSIROWANNOSTX SLOWA w, SOOTWETSTWU@]EGO PLETENI@ t æ B , OZNA^AET, ^TO KAVDAQ KOMPONENTA PERESE^ENIQ t “^∘P i LIBO SOEDINQET TO^KI WIDA E^0_{i,m} I E^1_{i,m}, LIBO SOEDINQET DWE WER[INY PLETENIQ t, LEVA]IE NA LINII PEREPLETA. dLQ L@BOGO

ε > 0 L@BOE i-SBALANSIROWANNOE PLETENIE OB˙EMLEMO IZOTOPNO W B TAKOMU PLETENI@ t^′, ^TO W

POLUPLOSKOSTI Pi “ fy ˘ εg PLETENIE t^′ NE OTLI^AETSQ OT TOVDESTWENNOGO.

uDOBNA TAKVE SLEDU@]AQ INTERPRETACIQ i-SBALANSIROWANNOSTI. dLQ DANNYH SLOWA w W ALFAWITE A I CELOGO i ZAMENIM KAVDU@ BUKWU x NA OTKRYWA@]U@ SKOBKU, ESLI φ(x)i = 1, NA ZAKRYWA@]U@ SKOBKU, ESLI φ(x)i = k1, I NA PROBEL, ESLI φ(x)i = 0. sLOWO w QWLQETSQ i-SBALANSIROWANNYM TOGDA I TOLXKO TOGDA, KOGDA POLU^ENNAQ POSLEDOWATELXNOSTX SKOBOK SBALANSIROWANA.

pUSTX eT — PODPOLUGRUPPA POLUGRUPPY Y∞, SOSTOQ]AQ IZ WSEH IZOTOPI^ESKIH KLASSOW PLETENIJ, QWLQ@]IHSQ i-SBALANSIROWANNYMI DLQ WSEH i 6= 0.

lEMMA 3. pOLUGRUPPA eT IZOMORFNA POLUGRUPPE T, WWEDENNOJ W RAZD. 2. dOKAZATELXSTWO. lEGKO WIDETX, ^TO ESLI PLETENIE t QWLQETSQ i-SBALANSIROWANNYM DLQ WSEH i 6= 0, TO OB˙EMLEMOJ IZOTOPIEJ W B EGO MOVNO PRIWESTI K WIDU TAKOMU, ^TO

t “ fjzj ˘ 1/2g = I “ fjzj ˘ 1/2g.

oTBRASYWAQ “TRIWIALXNU@” ^ASTX PLETENIQ t, LEVA]U@ W OBLASTI jzj ˘ 1/2, MY POLU^AEM PLETENIE S GRANICEJ fE^0_{,k}, E^1_{0,k}g_{k>0}, KOTOROE ZADAET NEKOTORYJ “LEMENT IZ T . tAKIM OBRAZOM, MY POLU^AEM OTOBRAVENIE ξ : eT ! T . o^EWIDNO, ^TO “TO OTOBRAVENIE IN˙EKTIWNO. pOSTROIM OBRATNOE OTOBRAVENIE, DLQ ^EGO UKAVEM OBRAZY “LEMENTOW αi, βi, σ^{±1}_i , i > 0, POROVDA@]IH POLUGRUPPU T , PRI OTOBRAVENII ξ^{∋1}:

α_i 7! d^{i∋1}_1 a_1b^i_1, (32)

β_i 7! d^i_1c_1b^{i∋1}_1 , (33)

σ_i 7! d^{i∋1}_1 b_0d_1d_0b^i_1, (34)

σ^{∋1}_i 7! d^i_1b_0b_1d_0b^{i∋1}_1 . (35)

tOT FAKT, ^TO PLETENIQ, STOQ]IE W PRAWYH ^ASTQH “TIH FORMUL, PEREHODQT PRI OTOBRAVENII ξ W OBRAZU@]IE αi, βi, σ^{±1}_i , POKAZANNYE NA RIS. 2, PROWERQETSQ NEPOSREDSTWENNO. dALEE MY OTOVDESTWLQEM POLUGRUPPY eT I T , S^ITAQ T PODPOLUGRUPPOJ W Y∞.

lEMMA 4. eSLI SLOWO w W ALFAWITE A QWLQETSQ i-SBALANSIROWANNYM DLQ WSEH i 6= 0, TO

PO MODUL@ SOOTNO[ENIJ (24)–(31) ONO “KWIWALENTNO NEKOTOROMU SLOWU WIDA

x_1 . . . x_m, (36)

GDE x_1, . . . , x_m 2 fd^{i∋1}_1 a_1b^i_1, d^i_1c_1b^{i∋1}_1 , d^{i∋1}_1 b_0d_1d_0b^i_1, d^i_1b_0b_1d_0b^{i∋1}_1 g_{i>0}.

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 9 dOKAZATELXSTWO. dLQ NA^ALA MY POKAVEM, ^TO PRIMENENIEM SOOTNO[ENIJ (24)–(31) K SLOWU w MOVNO IZBAWITXSQ W NEM OT WSEH WHOVDENIJ BUKW ai, bi, ci, di PRI i 6= 0, 1. oBOZNA^IM ^EREZ Ai MNOVESTWO fai, bi, ci, dig. pUSTX N — MAKSIMALXNOE i TAKOE, ^TO SLOWO w SODERVIT BUKWY IZ Ai, I PUSTX N > 1. sOOTNO[ENIQ (26), (27) I (29) WLEKUT

a_N = a_N b_N d_N = a_{N∋1}d_{N∋1}d_N , c_N = b_N d_N c_N = b_N b_{N∋1}c_{N∋1}.

tAKIM OBRAZOM, PRIMENENIE “TIH SOOTNO[ENIJ POZWOLQET IZBAWITXSQ W SLOWE w OT BUKW aN , cN . pRI “TOM SLOWO w BUDET OSTAWATXSQ i-SBALANSIROWANNYM PRI i 6= 0. dEJSTWITELXNO, NA “SKOBO^NOM” QZYKE UPOMQNUTYE ZAMENY WYGLQDQT SLEDU@]IM OBRAZOM:

i = N k 2 : ? ! ? ! ( ) , i = N k 1 : ( ! ( ( ) ! ( ( ) , i = N : ( ! ( ) ( ! ( ; i = N k 2 : ? ! ? ! ( ) , i = N k 1 : ) ! ( ) ) ! ( ) ) , i = N : ) ! ) ( ) ! ) .

tEPERX IZBAWIMSQ OT WHOVDENIJ BUKW bN , dN . w SILU N-SBALANSIROWANNOSTI SLOWA w POSLEDNQQ BUKWA W NEM NE MOVET BYTX dN I KOLI^ESTWO WHOVDENIJ bN I dN SOWPADAET. nAJDEM POSLEDNEE WHOVDENIE BUKWY dN W w. pUSTX x — SLEDU@]AQ ZA dN BUKWA. wOZMOVNY SLEDU@]IE TRI SLU^AQ:

1) x = b_N . w “TOM SLU^AE MY UDALQEM PODSLOWO d_N b_N ; 2) x 2 A_{N∋1}. pROIZWEDEM SLEDU@]IE ZAMENY: d_N x 7! b_{N∋1}b_{N∋2}d_{N∋2}d_{N∋1}d_N x 7! b_{N∋1}b_{N∋2}xd_{N∋2}d_{N∋1}d_N ; 3) x 2 A_i, GDE i ˇ N k 2. pOMENQEM MESTAMI d_N I x.

wO WSEH TREH SLU^AQH i-SBALANSIROWANNOSTX SLOWA w PRI i 6= 0 SOHRANQETSQ. w SLU^AE 1) KOLI^ESTWO WHOVDENIJ BUKWY dN (A TAKVE BUKWY bN ) UMENX[AETSQ NA 1. w SLU^AQH 2) I 3) KOLI^ESTWO WHOVDENIJ BUKWY dN W w SOHRANQETSQ, NO UMENX[AETSQ ^ISLO BUKW, SLEDU@]IH ZA POSLEDNEJ BUKWOJ dN . pO“TOMU ZA KONE^NOE ^ISLO TAKIH PREOBRAZOWANIJ MY POLU^IM SLOWO, KOTOROE NE SODERVIT BUKW bN , dN .

iTAK, PRIMENQQ UKAZANNU@ WY[E PROCEDURU, MY MOVEM DOBITXSQ TOGO, ^TOBY SLOWO w SODERVALO LI[X BUKWY IZ Ai, GDE i ˇ 1. aNALOGI^NYM OBRAZOM S POMO]X@ PREOBRAZOWANIJ

a_N 7! a_N d_N b_N 7! a_{N+1}b_{N+1}b_N , c_N 7! c_N b_N d_N 7! c_{N+1}d_{N+1}d_N , b_N d_N 7! ?, xd_N 7! xd_N d_{N+1}d_{N+2}b_{N+2}b_{N+1} 7! d_N d_{N+1}d_{N+2}xb_{N+2}b_{N+1}, x 2 A_{N+1}, xd_N 7! d_N x, x 2 A_i, i ˘ N + 2, GDE N < 0, MOVNO DOBITXSQ TOGO, ^TOBY SLOWO w NE SODERVALO BUKW IZ Ai PRI i < 0. pRI “TIH PREOBRAZOWANIQH W SLOWE w BUDUT DOBAWLENY LI[X BUKWY b0, d0, b1, d1. s POMO]X@ ZAMEN

a_0 7! a_0d_0b_0 7! a_1b_1b_0, c_0 7! c_0b_0d_0 7! c_1d_1d_0 trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

10 dynnikow

MY POLU^IM SLOWO, KOTOROE SODERVIT LI[X BUKWY b0, d0, a1, b1, c1, d1 I PO-PREVNEMU QWLQETSQ i-SBALANSIROWANNYM DLQ WSEH i 6= 0.

tAKIM OBRAZOM, OSTALOSX DOKAZATX LEMMU W SLU^AE, KOGDA SLOWO w SODERVIT TOLXKO BUKWY

b_0, d_0, a_1, b_1, c_1, d_1 I QWLQETSQ (k1)-SBALANSIROWANNYM I 1-SBALANSIROWANNYM. pO OPREDELENI@

(k1)-SBALANSIROWANNOSTX OZNA^AET, ^TO ESLI ZAMENITX W SLOWE w WSE b0 NA OTKRYWA@]U@ SKOBKU, A WSE d0 NA ZAKRYWA@]U@, TO POLU^ITSQ WYRAVENIE SO SBALANSIROWANNYMI SKOBKAMI. nAZOWEM GLUBINOJ SLOWA w MAKSIMALXNOE ZNA^ENIE φ(u)∋1, WZQTOE PO WSEWOZMOVNYM RAZLOVENI- QM w W PROIZWEDENIE w = uv DWUH PODSLOW. iNA^E GOWORQ, GLUBINA — “TO MAKSIMALXNYJ UROWENX WLOVENNOSTI SKOBOK W WYRAVENII, KOTOROE POLU^AETSQ ZAMENOJ WSEH b0 NA LEWU@ SKOBKU, A WSEH

d_0 NA PRAWU@.

o^EREDNAQ NA[A CELX — PRIMENENIEM SOOTNO[ENIJ (24)–(31) DOBITXSQ TOGO, ^TOBY NA[E SLOWO IMELO GLUBINU 1 ILI 0. pREDPOLOVIM, ^TO GLUBINA SLOWA w PREWOSHODIT 1. tOGDA DLQ WSEH x, y 2 A1 BUDEM DELATX W w SLEDU@]IE ZAMENY, POKA “TO WOZMOVNO:

b_0xy 7! b_0xd_0b_0y, b^2_0xd_0b_0 7! b^2_0xd^2_0b^2_0, b^2_0xd_0y 7! b^2_0xd^2_0b_0y.

pRI “TIH ZAMENAH SOHRANQETSQ I (k1)-SBALANSIROWANNOSTX, I ZNA^ENIE GLUBINY SLOWA w. lEGKO WIDETX, ^TO, TAK KAK PO PREDPOLOVENI@ GLUBINA SLOWA w BOLX[E 1, POSLE TAKIH ZAMEN OBQZATELXNO POQWQTSQ PODSLOWA WIDA

b^2_0xd^2_0, GDE x 2 A_1. (37)

s KAVDYM TAKIM PODSLOWOM PROIZWEDEM SLEDU@]U@ CEPO^KU PREOBRAZOWANIJ, KAVDOE IZ KOTORYH POLU^ENO PRIMENENIEM ODNOGO ILI NESKOLXKIH SOOTNO[ENIJ (24)–(31):

b^2_0a_1d^2_0 7! b_0fb_0a_1(d_0d_1d_2)b_2b_1�d_0 7! b_0fb_0(d_0d_1d_2)a_1b_2b_1)d_0 7! 7! b0fd1d2a1b2b1�d0 7! b0b∋1d∋1fd1d2a1b2b1�d0 7! 7! b0b∋1fd1d2a1b2b1�d∋1d0 7! b0b∋1fb0a1d0�d∋1d0 7! 7! b0b∋1b∋2d∋2fb0a1d0�d∋1d0 7! b0b∋1b∋2b0a1d0d∋2d∋1d0 7! 7! b0b∋1b∋2b0a0d0d1d0d∋2d∋1d0 7! b0b∋1b∋2b0a0b∋1(d∋1d0d1)d0d∋2d∋1d0 7! 7! b0b∋1b∋2b0a0b∋1d0(d∋1d0d1)(d∋2d∋1)d0 7! b0b∋1b∋2b0a0b∋1d0d∋1d0(d∋2d∋1)d1d0 7! 7! b0b∋1b∋2b0a0b∋1d0d∋1d0(d∋2d∋1d0d1)b1b0d1d0 7! 7! b0b∋1b∋2(d∋2d∋1d0d1)b0a0b∋1d0d∋1d0b1b0d1d0 7! 7! d1b0a0b∋1d0d∋1d0b1b0d1d0 7! d1b0a0b∋1d0(d∋1d0d1)b1b1b0d1d0 7! 7! d1b0a0b∋1(d∋1d0d1)d0b1b1b0d1d0 7! d1b0(a0d0d1)d0b1b1b0d1d0 7! 7! d1b0a1d0b^2_1b0d1d0;

ZAMENQQ W “TIH FORMULAH a1 NA d1 I a0 NA b0, POLU^IM CEPO^KU PREOBRAZOWANIJ

b^2_0d_1d^2_0 7! d_1b_0d_1d_0b^2_1b_0d_1d_0;

MENQQ WO WSEH SLOWAH PORQDOK BUKW NA OBRATNYJ I ZAMENQQ ai, bi, ci, di NA ci, di, ai, bi SOOTWET- STWENNO, POLU^IM PREOBRAZOWANIQ

b^2_0c_1d^2_0 7! b_0b_1d_0d^2_1b_0c_1d_0b_1, b^2_0b_1d^2_0 7! b_0b_1d_0d^2_1b_0b_1d_0b_1,

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 11

KOTORYE TAKVE POLU^A@TSQ POSLEDOWATELXNYM PRIMENENIEM SOOTNO[ENIJ (24)–(31). wSE UKA- ZANNYE PREOBRAZOWANIQ SOHRANQ@T i-SBALANSIROWANNOSTX PRI i 6= 0. pRIMENIW UKAZANNYE PREOBRAZOWANIQ KO WSEM PODSLOWAM WIDA (37), POLU^IM SLOWO MENX[EJ GLUBINY. pOWTORIW PRO- CEDURU DOSTATO^NOE ^ISLO RAZ, MY POLU^IM SLOWO GLUBINY 1, T.E. RAZLAGAEMOE W PROIZWEDENIE PODSLOW IZ SLEDU@]EGO SPISKA:

a_1, b_1, c_1, d_1, b_0a_1d_0, b_0b_1d_0, b_0c_1d_0, b_0d_1d_0.

s POMO]X@ PREOBRAZOWANIJ

b_0a_1d_0 7! b_0(a_1d_2)b_2d_0 7! b_0(a_2b_1)b_2d_0 7! 7! a2b0b1b2d0 7! (a2b1)d1b0b1b2d0 7! 7! (a1d2)d1b0b1b2d0 7! (a1b1)b0(d0d1d2)d1b0b1b2d0 7! 7! (a0d0)b0d1(d0d1d2)b0b1b2d0 7! (a0d1)d0d1b0d2b1b2d0 7! 7! (a1b0)d0d1b0b1b0(d0d1d2)b1b2d0 7! a1d1b0b1b0b1(d0d1d2)b2d0 7! 7! a1d1b0b1b0b1d0d1d0 7! a1d1b0b1d0(b^2_0b1d^2_0)b0d1d0 7! 7! a1d1b0b1d0(b0b1d0d^2_1b0b1d0b1)b0d1d0 = = a_1d_1(b_0b_1d_0)(b_0b_1d_0)d^2_1(b_0b_1d_0)b_1(b_0d_1d_0)

I ANALOGI^NOJ CEPO^KI, DA@]EJ PREOBRAZOWANIE

b^2_0c_1d^2_0 7! (b_0b_1d_0)d_1(b_0d_1b_0)b^2_1(b_0d_1d_0)(b_0d_1d_0)b_1c_1,

PRIMENENNYH KO WSEH PODSLOWAM WIDA b0a1d0 I b0c1d0, POLU^AEM SLOWO, KOTOROE RASKLADYWAETSQ W PROIZWEDENIE PODSLOW IZ MENX[EGO SPISKA:

a_1, b_1, c_1, d_1, b_0b_1d_0, b_0d_1d_0.

—TO SLOWO MY PO-PREVNEMU OBOZNA^AEM ^EREZ w. pUSTX w = y_1 . . . y_m, GDE y1, . . . , ym 2 fa1, b1, c1, d1, b0b1d0, b0d1d0g — SOOTWETSTWU@]EE RAZLOVENIE.

pRI WSEH UKAZANNYH WY[E PREOBRAZOWANIQH SLOWO w OSTAWALOSX 1-SBALANSIROWANNYM. —TO ZNA^IT, ^TO ESLI ZAMENITX WSE PODSLOWA WIDA a1, d1, b0d1d0 NA OTKRYWA@]U@ SKOBKU, A PODSLOWA

b_1, c_1, b_0c_1d_0 NA ZAKRYWA@]U@, TO POLU^ITSQ STROKA SBALANSIROWANNYH SKOBOK. —TO ZNA^IT,

^TO NAJDUTSQ TAKIE i1, . . . , im∋1 ˘ 0, ^TO WSE SLOWA

x_1 = y_1b^{i1}_1 ,

x_2 = d^{i1}_1 y_2b^{i2}_1 , . . x_{m∋1} = d^{im}�^2_1 y_{m∋1}b^{im}�^1_1 ,

x_m = d^{im}�^1_1 y_m

QWLQ@TSQ 1-SBALANSIROWANNYMI. pRI “TOM SLOWO x1 . . . xm “KWIWALENTNO SLOWU w PO MODUL@ SOOTNO[ENIJ (29). uDALQQ W KAVDOM IZ xj PODSLOWA WIDA d^k_1b^k_1, POLU^IM SLOWA IZ TREBUEMOGO MNOVESTWA fd^{i∋1}_1 a1b^i_1, d^i_1c1b^{i∋1}_1 , d^{i∋1}_1 b0d1d0b^i_1, d^i_1b0b1d0b^{i∋1}_1 gi>0, A TAKVE NEKOTOROE KOLI^ESTWO SLOW ?. lEMMA 4 DOKAZANA. �

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

12 dynnikow

wERNEMSQ K DOKAZATELXSTWU TEOREMY 1. pUSTX DWA SLOWA w1, w2 W ALFAWITE A SOOTWETSTWU@T IZOTOPNYM PLETENIQM. mY HOTIM DOKAZATX, ^TO ONI POLU^A@TSQ DRUG IZ DRUGA PRIMENENIEM SOOTNO[ENIJ (24)–(31). o^EWIDNO, MY IMEEM φ(w1) = φ(w2). o^EWIDNO TAKVE, ^TO IZ BUKW fbi, dig MOVNO SOSTAWITX TAKOE SLOWO u, ^TO φ(u)i = kφ(w1)i DLQ WSEH i 6= 0. mY IMEEM

φ(w_1u)_i = φ(w_2u)_i = 0 DLQ WSEH i 6= 0.

oTS@DA LEGKO WIDETX, ^TO DLQ DOSTATO^NO BOLX[OGO N SLOWA

w^′_j = d^{N2}_1 . . . d^{2N}_{N∋1}d^N b^{N2}_0 . . . b^{2N}_{2∋N} b^N_{1∋N} w_jud^N_{1∋N} d^{2N}_{2∋N} . . . d^{N2}_0 b^N b^{2N}_{N∋1} . . . b^{N2}_1 ,

GDE j = 1, 2, QWLQ@TSQ i-SBALANSIROWANNYMI DLQ WSEH i 6= 0.

w SILU SOOTNO[ENIJ (29) SLOWA w1 I w2 “KWIWALENTNY PO MODUL@ SOOTNO[ENIJ (24)–(31) TOGDA I TOLXKO TOGDA, KOGDA TO VE SAMOE MOVNO SKAZATX PRO SLOWA w^′_1 I w^′_2.

tAKIM OBRAZOM, DOSTATO^NO DOKAZATX NA[E UTWERVDENIE W SLU^AE, KOGDA SLOWA w1 I w2 QWLQ@TSQ i-SBALANSIROWANNYMI PRI WSEH i 6= 0. w “TOM SLU^AE SOGLASNO LEMME 4 S POMO]X@ SOOTNO[ENIJ (24)–(31) OBA “TI SLOWA MOVNO RAZLOVITX W PROIZWEDENIE OBRAZU@]IH (32)–(35) PODPOLUGRUPPY T 2 Y∞. pO“TOMU OSTALOSX LI[X DOKAZATX, ^TO SOOTNO[ENIQ (2)–(18), OPREDE- LQ@]IE POLUGRUPPU T , WYTEKA@T IZ SOOTNO[ENIJ (24)–(31) PRI OTOVDESTWLENIQH (32)–(35). mY POSWQTIM “TOJ PROWERKE SLEDU@]IJ RAZDEL.

4. prowerka sootno–enij

iTAK, ZDESX MY PROWERIM, ^TO SOOTNO[ENIQ (2)–(18) DLQ “LEMENTOW (32)–(35) WYPOLNENY W SILU (24)–(31).

sOOTNO[ENIE (2):

α_iβ_{i+1} = d^{i∋1}_1 a_1b^i_1d^{i+1}_1 c_1b^i_1 = d^{i∋1}_1 (a_1d_1c_1b_1)b^{i∋1}_1 =

= d^{i∋1}_1 (a_1(b_0c_0)b_1)b^{i∋1}_1 = d^{i∋1}_1 (a_1d_2b_2(b_0c_0)b_1)b^{i∋1}_1 =

= d^{i∋1}_1 (a_1d_2(b_0c_0)b_2b_1)b^{i∋1}_1 = d^{i∋1}_1 (a_1d_2(d_1c_1)b_2b_1)b^{i∋1}_1 =

= d^{i∋1}_1 (a_1b_1b_0(d_0d_1d_2)d_1c_1b_2b_1)b^{i∋1}_1 = d^{i∋1}_1 (a_1b_1b_0d_1c_1(d_0d_1d_2)b_2b_1)b^{i∋1}_1 =

= d^{i∋1}_1 ((a_1b_1)b_0(d_1c_1)d_0)b^{i∋1}_1 = d^{i∋1}_1 ((a_0d_0)b_0(b_0c_0)d_0)b^{i∋1}_1 =

= d^{i∋1}_1 (a_0b_0c_0d_0)b^{i∋1}_1 = d^{i∋1}_1 b^{i∋1}_1 =

= 1.

zAMETIM, ^TO POPUTNO MY DOKAZALI SOOTNO[ENIE

b_ia_id_ic_i = 1,

SIMMETRI^NOE SOOTNO[ENI@ (28).

sOOTNO[ENIE (3):_α

i+1β_i = d^i_1a_1b^{i+1}_1 d^i_1c_1b^{i∋1}_1 = d^i_1a_1b_1c_1b^{i∋1}_1 =

= d^i_1(a_1b_1c_1d_1)b^i_1 = d^i_1b^i_1 =

= 1.

dOKAVEM TEPERX SLEDU@]IE WSPOMOGATELXNYE SOOTNO[ENIQ:

d^{i∋1}_1 a_1b^i_1 = b^{i∋1}_0 a_0d^i_0, (38)

d^i_1c_1b^{i∋1}_1 = b^i_0c_0d^{i∋1}_0 , (39)

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 13

i > 0. dLQ “TOGO WOSPOLXZUEMSQ INDUKCIEJ. pRI i = 1 “TI SOOTNO[ENIQ SOWPADA@T S (26), (27).

dLQ i > 1 IMEEM

d^{i∋1}_1 a_1b^i_1 = d_1(d^{i∋2}_1 a_1b^{i∋1}_1 )b_1 = d_1(d^{i∋2}_1 a_1b^{i∋1}_1 )b_1 = = d_1(b^{i∋2}_0 a_0d^{i∋1}_0 )b_1 = b_0b_{∋1}(d_{∋1}d_0d_1)(b^{i∋2}_0 a_0d^{i∋1}_0 )b_1 = = b_0b_{∋1}(b^{i∋2}_0 a_0d^{i∋1}_0 )(d_{∋1}d_0d_1)b_1 = b_0b_{∋1}(b^{i∋2}_0 a_0d^{i∋1}_0 )d_{∋1}d_0 = = b_0b_{∋1}(d^{i∋2}_1 a_1b^{i∋1}_1 )d_{∋1}d_0 = b_0(d^{i∋2}_1 a_1b^{i∋1}_1 )b_{∋1}d_{∋1}d_0 = = b_0(b^{i∋2}_0 a_0d^{i∋1}_0 )d_0 = b^{i∋1}_0 a_0d^i_0.

aNALOGI^NO DOKAZYWAETSQ SOOTNO[ENIE (39).

dOKAVEM SOOTNO[ENIE (4):

α_iα_{i+j+1} = d^{i∋1}_1 a_1b^i_1d^{i+j}_1 a_1b^{i+j+1}_1 = d^{i∋1}_1 (a_1d_1)(d^{j∋1}_1 a_1b^j_1)b^{i+1}_1 = = d^{i∋1}_1 (a_2b_2)(b^{j∋1}_0 a_0d^j_0)b^{i+1}_1 = d^{i∋1}_1 (b^{j∋1}_0 a_0d^j_0)(a_2b_2)b^{i+1}_1 = = d^{i∋1}_1 (d^{j∋1}_1 a_1b^j_1)(a_1d_1)b^{i+1}_1 = d^{i+j∋2}_1 a_1b^j_1a_1b^i_1 = = (d^{i+j∋2} 1 a_1b^{i+j∋1}_1 )(d^{i∋1}_1 a_1b^i_1) = α_{i+j∋1}α_i.

aNALOGI^NO NA “TOT RAZ S POMO]X@ (39) DOKAZYWAETSQ SOOTNO[ENIE (5). dLQ (6) IMEEM

β_iβ_{i+j∋1} = d^i_1c_1b^{i∋1}_1 d^{i+j∋1}_1 c_1b^{i+j∋2}_1 = d^{i+1}_1 (b_1c_1)(d^j_1c_1b^{j∋1}_1 )b^{i∋1}_1 = = d^{i+1}_1 (d_2c_2)(b^j_0c_0d^{j∋1}_0 )b^{i∋1}_1 = d^{i+1}_1 (b^j_0c_0d^{j∋1}_0 )(d_2c_2)b^{i∋1}_1 = = d^{i+1}_1 (d^j_1c_1b^{j∋1}_1 )(b_1c_1)b^{i∋1}_1 = (d^{i+j+1}_1 c_1b_{i+j})(d^i_1c_1b^{i∋1}_1 ) = = β_{i+j+1}β_i.

aNALOGI^NO DOKAZYWAETSQ SOOTNO[ENIE (7).

dLQ DOKAZATELXSTWA RAWENSTW (8)–(12) MY BUDEM POLXZOWATXSQ SLEDU@]IMI SOOTNO[ENIQMI (PRI i > 0):

b_0d_1d_0b_1 = b^2_0b_{∋1}d_0d_{∋1}d_0 = d_1d_2d_1b_2b^2_1, (40) d^{i∋1}_1 (b_0d_1d_0b_1)b^{i∋1}_1 = b^{i∋1}_0 (b_0d_1d_0b_1)d^{i∋1}_0 . (41)

dOKAVEM (40):

b^2_0b_{∋1}d_0d_{∋1}d_0 = b^2_0b_{∋1}d_0(d_{∋1}d_0d_1)b_1 = b^2_0b_{∋1}(d_{∋1}d_0d_1)d_0b_1 = = b_0d_1d_0b_1 = b_0d_1(d_0d_1d_2)b_2b^2_1 = = b_0(d_0d_1d_2)d_1b_2b^2_1 = d_1d_2d_1b_2b^2_1.

sOOTNO[ENIE (41) DOKAVEM PO INDUKCII. pRI i = 1 ONO TRIWIALXNO. dALEE, IMEEM

d^{i∋1}_1 (b_0d_1d_0b_1)b^{i∋1}_1 = d_1(d^{i∋2}_1 (b_0d_1d_0b_1)b^{i∋2}_1 )b_1 = d_1(b^{i∋2}_0 (b_0d_1d_0b_1)d^{i∋2}_0 )b_1 = = d_1(b^{i∋2}_0 (b^2_0b_{∋1}d_0d_{∋1}d_0)d^{i∋2}_0 )b_1 = = b_0b_{∋1}b_{∋2}(d_{∋2}d_{∋1}d_0d_1)(b^{i∋2}_0 (b^2_0b_{∋1}d_0d_{∋1}d_0)d^{i∋2}_0 )b_1 = = b_0b_{∋1}b_{∋2}(b^{i∋2}_0 (b^2_0b_{∋1}d_0d_{∋1}d_0)d^{i∋2}_0 )(d_{∋2}d_{∋1}d_0d_1)b_1 = = b_0b_{∋1}b_{∋2}(b^{i∋2}_0 (b^2_0b_{∋1}d_0d_{∋1}d_0)d^{i∋2}_0 )d_{∋2}d_{∋1}d_0 = = b_0b_{∋1}b_{∋2}(d^{i∋2}_1 (b_0d_1d_0b_1)b^{i∋2}_1 )d_{∋2}d_{∋1}d_0 = b_0b_{∋1}(d^{i∋2}_1 (b_0d_1d_0b_1)b^{i∋2}_1 )d_{∋1}d_0 = = b_0(d^{i∋2}_1 b_{∋1}(b_0d_1d_0b_1)d_{∋1}b^{i∋2}_1 )d_0 = b_0(d^{i∋2}_1 b_{∋1}(d_1d_2d_1b_2b^2_1)d_{∋1}b^{i∋2}_1 )d_0 = = b_0(d^{i∋2}_1 (d_1d_2d_1b_2b^2_1)b^{i∋2}_1 )d_0 = b_0(d^{i∋2}_1 (b_0d_1d_0b_1)b^{i∋2}_1 )d_0 = = b_0(b^{i∋2}_0 (b_0d_1d_0b_1)d^{i∋2}_0 )d_0 = b^{i∋1}_0 (b_0d_1d_0b_1)d^{i∋1}_0 .

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

14 dynnikow

sOOTNO[ENIE (8):

α_iσ_{i+j+1} = (d^{i∋1}_1 a_1b^i_1)(d^{i+j}_1 b_0d_1d_0b^{i+j+1}_1 ) = d^{i∋1}_1 (a_1d_1)(d^{j∋1}_1 (b_0d_1d_0b_1)b^{j∋1}_1 )b^{i+1}_1 = = d^{i∋1}_1 (a_2b_2)(b^{j∋1}_0 (b_0d_1d_0b_1)d^{j∋1}_0 )b^{i+1}_1 = d^{i∋1}_1 (a_2b_2)(b^{j∋1}_0 (b^2_0b_{∋1}d_0d_{∋1}d_0)d^{j∋1}_0 )b^{i+1}_1 = = d^{i∋1}_1 (b^{j∋1}_0 (b^2_0b_{∋1}d_0d_{∋1}d_0)d^{j∋1}_0 )(a_2b_2)b^{i+1}_1 = d^{i∋1}_1 (d^{j∋1}_1 (b_0d_1d_0b_1)b^{j∋1}_1 )(a_1d_1)b^{i+1}_1 = = σ_{i+j∋1}α_i. sOOTNO[ENIE (9):

α_{i+j+1}σ_i = (d^{i+j}_1 a_1b^{i+j+1}_1 )(d^{i∋1}_1 b_0d_1d_0b^i_1) = d^{i∋1}_1 (d^{j+2}_1 a_1b^{j+2}_1 )b_0d_1d_0b^i_1 = = d^{i∋1}_1 (b^{j+1}_0 a_0d^{j+2}_0 )b_0d_1d_0b^i_1 = d^{i∋1}_1 b_0(b^j_0a_0d^{j+1}_0 )d_1d_0b^i_1 = = d^{i∋1}_1 b_0d_1(d^{j∋1}_1 a_1b^j_1)d_0b^i_1 = d^{i∋1}_1 b_0d_1(b^{j∋1}_0 a_0d^j_0)d_0b^i_1 = = d^{i∋1}_1 b_0d_1d_0(b^j_0a_0d^{j+1}_0 )b^i_1 = d^{i∋1}_1 b_0d_1d_0(d^j_1a_1b^{j+1}_1 )b^i_1 = = σ_iα_{i+j+1}.

sOOTNO[ENIQ (10) I (11) DOKAZYWA@TSQ PODOBNYM OBRAZOM. dOKAVEM (12):

σ_iσ_{i+j+1} = (d^{i∋1}_1 b_0d_1d_0b^i_1)(d^{i+j}_1 b_0d_1d_0b^{i+j+1}_1 ) = d^{i∋1}_1 b_0d_1d_0(d^j_1(b_0d_1d_0b_1)b^j_1)b^i_1 = = d^{i∋1}_1 b_0d_1d_0(b^j_0(b_0d_1d_0b_1)d^j_0)b^i_1 = d^{i∋1}_1 b_0d_1(b^{j∋1}_0 (b_0d_1d_0b_1)d^{j∋1}_0 )d_0b^i_1 = = d^{i∋1}_1 b_0d_1(d^{j∋1}_1 (b_0d_1d_0b_1)b^{j∋1}_1 )d_0b^i_1 = d^{i∋1}_1 b_0(d^j_1(b_0d_1d_0b_1)b^j_1)d_1d_0b^i_1 = = d^{i∋1}_1 b_0(b^j_0(b_0d_1d_0b_1)d^j_0)d_1d_0b^i_1 = d^{i∋1}_1 (b^{j+1}_0 (b_0d_1d_0b_1)d^{j+1}_0 )b_0d_1d_0b^i_1 = = d^{i∋1}_1 (d^{j+1}_1 (b_0d_1d_0b_1)b^{j+1}_1 )b_0d_1d_0b^i_1 = σ_{i+j+1}σ_i.

sOOTNO[ENIQ (13):

α_iσ_{i+1}β_{i+2} = (d^{i∋1}_1 a_1b^i_1)(d^i_1b_0d_1d_0b^{i+1}_1 )(d^{i+2}_1 c_1b^{i+1}_1 ) = d^{i∋1}_1 (a_1b_0d_1d_0d_1c_1b_1)b^{i∋1}_1 = = d^{i∋1}_1 (a_1b_0d_1(d_0d_1d_2)b_2c_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (a_1b_0(d_0d_1d_2)d_1b_2c_1b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (a_1d_1d_2d_1b_2c_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (a_2b_2d_2d_1b_2c_1b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (a_2d_1b_2c_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (a_2(d_1d_2d_3)b_3b^2c_1b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 ((d_1d_2d_3)a_2b_3b^2c_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0d_0(d_2d_3a_2b_3b^2)c_1b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0(d_2d_3a_2b_3b^2)d_0c_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1(d_1d_2d_3)a_2b_3b^2d_0c_1b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1a_2(d_1d_2d_3)b_3b^2d_0c_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1a_2d_1b_2(d_0c_1)b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1(a_2b_2)b_1b_0(d_0d_1d_2)d_1b_2(d_0c_1)b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1(a_1d_1)b_1b_0d_1(d_0d_1d_2)b_2(b_1c_0)b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1a_1b_0d_1(d_0c_0)b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1a_1b_0d_1(b_{∋1}c_{∋1})b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1a_1b_0(b_{∋1}c_{∋1})d_1b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1a_1b_0(d_0c_0)b_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1a_1c_0b_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1(a_1b_1)b_0b_{∋1}(d_{∋1}d_0d_1)c_0b_1)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1(a_0d_0)b_0b_{∋1}c_0(d_{∋1}d_0d_1)b_1)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1(a_0b_{∋1})c_0d_{∋1}d_0)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1a_{∋1}(d_0c_0)d_{∋1}d_0)b^{i∋1}_1 = d^{i∋1}_1 (d_1b_0b_1(a_{∋1}b_{∋1}c_{∋1}d_{∋1})d_0)b^{i∋1}_1 = = d^{i∋1}_1 (d_1b_0b_1d_0)b^{i∋1}_1 = σ^{∋1}_i ,

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 15

α_iσ^{∋1}_{i+1}β_{i+2} = (d^{i∋1}_1 a_1b^i_1)(d^{i+1}_1 b_0b_1d_0b^i_1)(d^{i+2}_1 c_1b^{i+1}_1 = d^{i∋1}_1 ((a_1d_1)b_0b_1d_0d_1(d_1c_1)b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 ((a_2b_2)b_0b_1d_0d_1(b_0c_0)b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (b_0(a_2b_2)b_1d_0d_1d_2b_2(b_0c_0)b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (b_0(a_1d_1)b_1d_0d_1d_2(b_0c_0)b_2b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (b_0a_1(d_0d_1d_2)(d_1c_1)b_2b^2_1)b^{i∋1}_1 = = d^{i∋1}_1 (b_0a_1(d_1c_1)(d_0d_1d_2)b_2b^2_1)b^{i∋1}_1 = d^{i∋1}_1 (b_0(a_1d_1c_1b_1)d_1d_0b_1)b^{i∋1}_1 = = d^{i∋1}_1 (b_0d_1d_0b_1)b^{i∋1}_1 = σ_i.

sOOTNO[ENIQ (14) SIMMETRI^NY SOOTNO[ENIQM (13), IH DOKAZATELXSTWO POLU^AETSQ IZ DOKA- ZATELXSTWA SOOTNO[ENIJ (13) OBRA]ENIEM PORQDKA BUKW WO WSEH SLOWAH I ZAMENAMI ai $ ci,

b_i $ d_i.

sOOTNO[ENIQ (15) SIMMETRI^NY DRUG DRUGU. dOKAVEM ODNO IZ NIH:

α_iσ_{i+1}β_i = (d^{i∋1}_1 a_1b^i_1)(d^i_1b_0d_1d_0b^{i+1}_1 )(d^i_1c_1b^{i∋1}_1 ) = d^{i∋1}_1 (a_1b_0d_1d_0(b_1c_1))b^{i∋1}_1 = = d^{i∋1}_1 (a_1b_0d_1d_0(d_2c_2)b^{i∋1}_1 = d^{i∋1}_1 (a_1b_0d_1(b_1c_1)d_0)b^{i∋1}_1 = d^{i∋1}_1 ((a_1b_0)c_1d_0)b^{i∋1}_1 = = d^{i∋1}_1 (a_0(d_1c_1)d_0)b^{i∋1}_1 = d^{i∋1}_1 (a_0(b_0c_0)d_0)b^{i∋1}_1 = 1.

sOOTNO[ENIQ (16) TAKVE SIMMETRI^NY DRUG DRUGU. dOKAVEM ODNO IZ NIH:

α_{i+1}σ_iβ_{i+1} = (d^i_1a_1b^{i+1}_1 )(d^{i∋1}_1 b_0d_1d_0b^i_1)(d^{i+1}_1 c_1b^i_1) = d^i_1((a_1b_1)b_1b_0d_1d_0d_1c_1)b^i_1 = = d^i_1((a_0d_0)b_1b_0d_1d_0d_1c_1)b^i_1 = d^i_1(d_2(a_0d_0)(b_2b_1b_0)d_1d_0d_1c_1)b^i_1 = = d^i_1(d_2(a_1b_1)(b_2b_1b_0)d_1d_0d_1c_1)b^i_1 = d^i_1(d_2(b_2b_1b_0)(a_1b_1)d_1d_0d_1c_1)b^i_1 = = d^i_1(b_1b_0a_1(d_0d_1d_2)b_2c_1)b^i_1 = d^i_1(b_1b_0(d_0d_1d_2)a_1b_2c_1)b^i_1 = d^i_1(d_2a_1(b_2c_1))b^i_1 = = d^i_1(d_2(a_1d_1)c_2)b^i_1 = d^i_1(d_2(a_2b_2)c_2)b^i_1 = 1.

sOOTNO[ENIE (17) TRIWIALXNO SLEDUET IZ (29). oSTALOSX PROWERITX SOOTNO[ENIE (18):

σ_iσ_{i+1}σ_i = (d^{i∋1}_1 b_0d_1d_0b^i_1)(d^i_1b_0d_1d_0b^{i+1}_1 )(d^{i∋1}_1 b_0d_1d_0b^i_1) = d^{i∋1}_1 b_0d^2_1d_0b^2_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b_0d_1b_0b_{∋1}(d_{∋1}d_0d_1)d_0b^2_1b_0d_1d_0b^i_1 = d^{i∋1}_1 b_0d_1b_0b_{∋1}d_0(d_{∋1}d_0d_1)b^2_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b_0d_1(d_2b_2)(b_0b_{∋1}d_0d_{∋1}d_0)b_1b_0d_1d_0b^i_1 = d^{i∋1}_1 b_0d_1d_2(b_0b_{∋1}d_0d_{∋1}d_0)b_2b_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b_0d_1d_2b_0b_{∋1}d_0(d_{∋1}d_0d_1)b_1b_2b_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b_0d_1d_2b_0b_{∋1}(d_{∋1}d_0d_1)d_0b_1b_2b_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b^2_0b_{∋1}(d_{∋1}d_0d_1d_2)(d_1d_0b_1)b_2b_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b^2_0b_{∋1}(d_1d_0b_1)(d_{∋1}d_0d_1d_2)b_2b_1b_0d_1d_0b^i_1 = = d^{i∋1}_1 b^2_0b_{∋1}d_1d_0b_1d_{∋1}d_1d_0b^i_1 = d^{i∋1}_1 b^2_0b_{∋1}d_1d_0b_1d_1d_{∋1}d_0b^i_1 = = d^{i∋1}_1 b^2_0b_{∋1}d_1d_0(d_{∋1}d_0d_1)b^{i+1}_1 = d^{i∋1}_1 b^2_0b_{∋1}d_1(d_{∋1}d_0d_1)d_0b^{i+1}_1 = = d^{i∋1}_1 b^2_0d_1d_0d_1d_0b^{i+1}_1 = d^{i∋1}_1 b^2_0d_1(d_0d_1d_2)b_2d_0b^{i+1}_1 = = d^{i∋1}_1 b^2_0(d_0d_1d_2)d_1b_2d_0b^{i+1}_1 = d^{i∋1}_1 b_0d_1d_2d_1b_2(b_{∋1}d_{∋1})d_0b^{i+1}_1 = = d^{i∋1}_1 b_0b_{∋1}d_1d_2d_1b_2d_{∋1}d_0b^{i+1}_1 = d^{i∋1}_1 b_0b_{∋1}b_0(d_0d_1d_2)d_1b_2d_{∋1}d_0b^{i+1}_1 = = d^{i∋1}_1 b_0b_{∋1}b_0d_1(d_0d_1d_2)b_2d_{∋1}d_0b^{i+1}_1 = d^{i∋1}_1 b_0b_{∋1}b_0d_1d_0d_1d_{∋1}d_0b^{i+1}_1 = = d^{i∋1}_1 b_0b_{∋1}b_0d_1d_0d_{∋1}d_1d_0b^{i+1}_1 = d^{i∋1}_1 b_0b_{∋1}(b_0d_1d_0)(d_{∋1}d_0d_1d_2)b_2b_1b_0d_1d_0b^{i+1}_1 = = d^{i∋1}_1 b_0b_{∋1}(d_{∋1}d_0d_1d_2)(b_0d_1d_0)b_2b_1b_0d_1d_0b^{i+1}_1 = d^i_1d_2b_0d_1d_0b_2b_1b_0d_1d_0b^{i+1}_1 = = d^i_1d_2b^2_0b_{∋1}(d_{∋1}d_0d_1)d_0b_2b_1b_0d_1d_0b^{i+1}_1 = d^i_1d_2b^2_0b_{∋1}d_0(d_{∋1}d_0d_1)(b_2b_1b_0)d_1d_0b^{i+1}_1 = = d^i_1d_2(b^2_0b_{∋1}d_0d_{∋1}d_0)(b_2b_1b_0)d^2_1d_0b^{i+1}_1 = d^i_1(b^2_0b_{∋1}d_0d_{∋1}d_0)b_1b_0d^2_1d_0b^{i+1}_1 = = d^i_1b^2_0b_{∋1}d_0(d_{∋1}d_0d_1)b^2_1b_0d^2_1d_0b^{i+1}_1 = d^i_1b^2_0b_{∋1}(d_{∋1}d_0d_1)d_0b^2_1b_0d^2_1d_0b^{i+1}_1 = = (d^i_1b_0d_1d_0b^{i+1}_1 )(d^{i∋1}_1 b_0d_1d_0b^i_1)(d^i_1b_0d_1d_0b^{i+1}_1 ) = σ_{i+1}σ_iσ_{i+1}.

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

16 dynnikow 5. polugruppy Yn i gruppy Dn pri n < 1

w RAZD. 3 MY OPREDELILI PODPOLUGRUPPY Yn æ Y∞, GDE n = 3, 4, . . . o^EWIDNO, DLQ L@BOGO n ˘ 3 POLUGRUPPA Yn SOWPADAET S PODPOLUGRUPPOJ W Y∞, POROVDENNOJ MNOVESTWOM

A_1 [ A_2 [ . . . [ A_{n∋1}, GDE A_i = fa_i, b_i, c_i, d_ig.

tEOREMA 2. pRI n ˘ 7 POLUGRUPPA Y_n IZOMORFNA POLUGRUPPE, POROVDENNOJ MNOVEST-

WOM OBRAZU@]IH A_1 [ A_2 [ . . . [ A_{n∋1} I TEMI IZ SOOTNO[ENIJ (24)–(31), KOTORYE WKL@^A@T LI[X OBRAZU@]IE IZ “TOGO MNOVESTWA.

dOKAZATELXSTWO. o^EWIDNO, PODPOLUGRUPPA Y_n IZOMORFNA PODPOLUGRUPPE Y^′_n W Y_∞, PO- ROVDENNOJ MNOVESTWOM A∋2 [ A∋1 [ . . . [ An∋5 [ An∋4. dOKAZATELXSTWO NA[EGO UTWERVDENIQ DLQ POLUGRUPPY Y^′_n PRI n ˘ 7 PRAKTI^ESKI BUKWALXNO POWTORQET DOKAZATELXSTWO TEOREMY 1. dEJSTWITELXNO, “LEMENTY (32)–(35) LEVAT W Y^′_n. wSE PREOBRAZOWANIQ, ISPOLXZOWANNYE W DOKA- ZATELXSTWE LEMMY 4, SOHRANQ@T MNOVESTWO SLOW W ALFAWITE A∋2 [ A∋1 [ . . . [ An∋5 [ An∋4 PRI n ˘ 7. w SLU^AE KONE^NOGO n PRI OPREDELENII SLOW w^′_{1,2} W KONCE RAZD. 3 MOVNO PROSTO WY^ERKNUTX WSE BUKWY bi, di, GDE i > n k 4 ILI i < k2. nAKONEC, PRI PROWERKE SOOTNO[ENIJ W RAZD. 4 WOZNIKALI TOLXKO OBRAZU@]IE IZ A∋2 [ . . . [ A3. �

pRI 5 ˇ n < 1 POLUGRUPPY Yn MOVNO TAKVE ZADATX PO-DRUGOMU. dOBAWIW K IME@]IMSQ OBRAZU@]IM PLETENIQ SLOVNOSTI 1, DEJSTWU@]IE NETRIWIALXNO W Pn∋1 I P0, POLU^IM SLEDU- @]IE KOPREDSTAWLENIQ.

tEOREMA 3. pRI n ˘ 5 POLUGRUPPA Y_n IZOMORFNA POLUGRUPPE, POROVDENNOJ MNOVEST-

WOM OBRAZU@]IH fa_i, b_i, c_i, d_ig_{i∈}Z_n I SOOTNO[ENIQMI

d_1d_2 . . . d_n = 1 (42)

I (24)–(30): a_id_{i+1} = a_{i+1}b_i, d_ic_{i+1} = b_{i+1}c_i,

a_id_i = a_{i+1}b_{i+1}, b_ic_i = d_{i+1}c_{i+1}, a_ib_ic_id_i = 1,

b_id_i = d_ib_i = 1, x_iy_j = y_jx_i

DLQ WSEH i, j 2 Z_n TAKIH, ^TO ikj /2 fk1, 0, 1g, I x_i 2 fa_i, b_i, c_i, d_ig, y_j 2 fa_j, b_j, c_j, d_jg. iNDEKSY WO WSEH SOOTNO[ENIQH S^ITA@TSQ WY^ETAMI PO MODUL@ n.

sNOWA DOKAZATELXSTWO PO^TI NI^EM NE OTLI^AETSQ OT DOKAZATELXSTWA TEOREMY 1. zDESX OBRAZU@]IE ai, bi, ci, di PRI 1 ˇ 1 ˇ n k 1 TE VE, ^TO I RANX[E. nOWYE OBRAZU@]IE

a_n, b_n, c_n, d_n, DEJSTWU@]IE W POLUPLOSKOSTQH P_{n∋1} I P_0, W SILU UKAZANNYH SOOTNO[ENIJ

WYRAVA@TSQ ^EREZ OSTALXNYE:_a

n = a_1d_2 . . . d_{n∋1}, b_n = d_1 . . . d_{n∋1}, c_n = d_1 . . . d_{n∋2}c_{n∋1}, d_n = b_{n∋1} . . . b_1.

sOOTNO[ENIQ (31), KOTORYE W “TOT RAZ MY OPUSTILI, LEGKO SLEDU@T IZ (30) I (42).

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231 kone~no opredelennye gruppy i polugruppy 17 pRI n = 3, 4 DOKAZATELXSTWO NE PROHODIT, POSKOLXKU ONO ISPOLXZUET PERESTANOWO^NOSTX “LEMENTOW IZ Ai S “LEMENTAMI IZ Ai+2 I IZ Ai+3, KOTORAQ NE WSEGDA IMEET MESTO PRI n = 3, 4. oDNAKO POLUGRUPPY Y3 I Y4 TAKVE QWLQ@TSQ KONE^NO OPREDELENNYMI. dLQ Y3 “TOT FAKT BYL USTANOWLEN W RABOTAH [3, 4]. dLQ Y4 DOKAZATELXSTWO ANALOGI^NO. mY PRIWEDEM ZDESX LI[X FORMULIROWKU SOOTWETSTWU@]EGO UTWERVDENIQ.

tEOREMA 4. pOLUGRUPPA Y_3 IZOMORFNA POLUGRUPPE, POROVDENNOJ OBRAZU@]IMI fa_i, b_i,

c_i, d_ig_{i∈}Z_3 I SOOTNO[ENIQMI

a_i = a_{i+1}d_{i∋1}, b_i = a_{i∋1}c_{i+1}, c_i = b_{i∋1}c_{i+1}, d_i = a_{i+1}c_{i∋1}, d_1d_2d_3 = 1, b_id_i = d_ib_i = 1, x_iy_i = y_ix_i,

GDE x_i 2 fa_{i∋1}b_{i∋1}, d_{i∋1}c_{i∋1}, b_{i+1}d_{i∋1}d_{i+1}b_{i∋1}g, y_i 2 fa_i, b_i, c_i, b_{i∋1}d_id_{i∋1}g, i 2 Z_3.

pOLUGRUPPA Y_4 IZOMORFNA POLUGRUPPE, POROVDENNOJ OBRAZU@]IMI fa_i, b_i, c_i, d_ig_{i∈}Z_4 I SO- OTNO[ENIQMI d_1d_2d_3d_4 = 1, a_id_{i+1} = a_{i+1}b_i, d_ic_{i+1} = b_{i+1}c_i, a_id_i = a_{i+1}b_{i+1}, b_ic_i = d_{i+1}c_{i+1}, a_ib_ic_id_i = 1,

b_id_i = d_ib_i = 1, x_iy_{i+2} = y_{i+2}x_i,

GDE x_i 2 fa_i, b_i, c_i, d_ig, y_i 2 fa_i, b_i, c_i, d_i, b_{i∋1}a_id_{i∋1}, b_{i∋1}b_id_{i∋1}, b_{i∋1}c_id_{i∋1}g, i 2 Z_4.

tEOREMA 5. pRI n ˘ 3 CENTR Z(Y_n) POLUGRUPPY Y_n IZOMORFEN POLUGRUPPE L IZOTOPI-

^ESKIH KLASSOW NEORIENTIROWANNYH ZACEPLENIJ W R^3 .

dOKAZATELXSTWO. bUDEM GOWORITX, ^TO SLOWO w SBALANSIROWANO, ESLI ONO i-SBALANSIRO- WANO DLQ WSEH i 2 Z. o^EWIDNO, ^TO POLUGRUPPA L WLOVENA W Y∞ KAK PODPOLUGRUPPA “LEMEN- TOW, PREDSTAWIMYH SBALANSIROWANNYMI SLOWAMI. o^EWIDNO TAKVE, ^TO “TA PODPOLUGRUPPA SODERVITSQ WO WSEH PODPOLUGRUPPAH T, Y3, Y4, . . . I ^TO EE “LEMENTY KOMMUTIRU@T SO WSEMI “LEMENTAMI IZ Y∞. dOKAVEM OBRATNOE, ^TO ESLI SLOWO w ZADAET CENTRALXNYJ “LEMENT x POLUGRUPPY Yn, TO x LEVIT W PODPOLUGRUPPE L æ Yn æ Y∞.

dEJSTWITELXNO, NETRUDNO POKAZATX, ^TO ESLI x 2 Z(Yn), TO φ(x) = 0. oTS@DA DLQ NEKOTO- RYH N I i1, i2, . . . , iN 2 f1, 2, . . . , nk1g SLOWO ai_1 . . . ai_N wci_N . . . ci_1 SBALANSIROWANO. nO TOGDA DLQ SOOTWETSTWU@]EGO PLETENIQ t SU]ESTWUET SFERA, WLOVENNAQ W R^3 , RAZDELQ@]AQ EGO NA NEKOTO- ROE ZACEPLENIE I PLETENIE, PREDSTAWLQ@]EE EDINI^NYJ “LEMENT POLUGRUPPY Yn. zNA^IT, TAKAQ SFERA SU]ESTWUET I DLQ “KWIWALENTNOGO PLETENIQ, ZADANNOGO SLOWOM ai_1 . . . ai_N ci_N . . . ci_1 w, A ZNA^IT, I DLQ PLETENIQ, ZADANNOGO SLOWOM w, POSKOLXKU SLOWO ai_1 . . . ai_N ci_N . . . ci_1 SBALANSIRO- WANO. �

rASSMOTRIM TEPERX GRUPPU Dn OBRATIMYH “LEMENTOW POLUGRUPPY Yn, n ˘ 3.

2 trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231

18 dynnikow

tEOREMA 6. pRI n ˘ 3 GRUPPA D_n KONE^NO OPREDELENA I MOVET BYTX ZADANA OBRAZU@-

]IMI fd_ig_{i∈}Z_n I SLEDU@]IM NABOROM SOOTNO[ENIJ:

PRI n ˘ 5 d_id_j = d_jd_i, ESLI i k j 6= �1,

d_1d_2 . . . d_n = 1,

GDE WSE INDEKSY RASSMATRIWA@TSQ PO MODUL@ n;

PRI n = 4 d_1d_2d_3d_4 = 1,

d_id_{i+2} = d_{i+2}d_i,

d_{i+2}(d^{∋1}_{i∋1}d_id_{i∋1}) = (d^{∋1}_{i∋1}d_id_{i∋1})d_{i+2},

i 2 Z4;_{PRI n = 3}

d_1d_2d_3 = 1,

d_iu_i = u_id_i,

u_iu_{i+1} = u_{i+1}u_i,

GDE u_i = d^{∋1}_{i+1}d_{i∋1}d_{i+1}d^{∋1}_{i∋1}, i 2 Z_3.

kOMMUTANT GRUPPY D_n IZOMORFEN GRUPPE KOS B_∞ NA BESKONE^NOM ^ISLE NITEJ.

dOKAZATELXSTWO. iZWESTNO, ^TO GRUPPOJ OBRATIMYH “LEMENTOW W POLUGRUPPE T QWLQETSQ GRUPPA KOS B∞, POROVDAEMAQ OBRAZU@]IMI σi (SM. RIS. 2) I SOOTNO[ENIQMI (12) I (18). dOKAZATELXSTWO PERWOGO UTWERVDENIQ NA[EJ TEOREMY MOVET BYTX POLU^ENO IZ DOKAZATELX- STWA ANALOGI^NYH UTWERVDENIJ DLQ POLUGRUPP Yn, n = 3, 4, . . . , 1, ZAMENOJ T NA B∞ I WY^ERKIWANIEM WSEH SOOTNO[ENIJ I WYKLADOK, ISPOLXZU@]IH OBRAZU@]IE ai, ci POLUGRUPP Yn I OBRAZU@]IE αi, βi POLUGRUPPY T . w ^ASTNOSTI, TAKIM OBRAZOM MY POLU^IM, ^TO GRUPPA OBRATIMYH “LEMENTOW POLUGRUPPY Y∞ POROVDAETSQ OBRAZU@]IMI di, i 2 Z, I SOOTNO[ENIQMI

d_id_j = d_jd_i, ESLI ji k jj > 1,

d_i(d_{i∋1}d_id_{i+1}) = (d_{i∋1}d_id_{i+1})d_i.

o^EWIDNO TAKVE, ^TO QDRO OGRANI^ENIQ GOMOMORFIZMA φ NA GRUPPU Dn SODERVIT KOMMU- TANT GRUPPY Dn I W TO VE WREMQ QWLQETSQ PODGRUPPOJ, IZOMORFNOJ GRUPPE KOS B∞. tAKIM OBRAZOM, OSTALOSX POKAZATX, ^TO KOMMUTANT ESTX WSQ “TA PODGRUPPA, A NE EE ^ASTX. —TO LEGKO SLEDUET IZ TOGO FAKTA, ^TO OBRAZU@]IE (34), PEREKRU^IWA@]IE PARU NITEJ, LEVAT W KOMMUTANTE GRUPPY D∞. �

spisok literatury

1. tURAEW w.g. oPERATORNYE INWARIANTY SWQZOK I R-MATRICY // iZW. an sssr. sER. MAT. 1989. t. 53, ß 5.

s. 1073–1107.

2. mATWEEW s.w. kLASSIFIKACIQ DOSTATO^NO BOLX[IH TREHMERNYH MNOGOOBRAZIJ // umn. 1997. t. 52, ß 5.

s. 147–174.

3. dYNNIKOW i.a. tREHSTRANI^NYJ PODHOD W TEORII UZLOW. kODIROWANIE I LOKALXNYE DWIVENIQ // fUNKC.

ANALIZ I EGO PRIL. 1999. t. 33, ß 4. s. 25–37.

4. dYNNIKOW i.a. tREHSTRANI^NYJ PODHOD W TEORII UZLOW. uNIWERSALXNAQ POLUGRUPPA // fUNKC. ANALIZ I EGO PRIL. 2000. t. 34, ß 1. s. 29–40.

trudy matemati~eskogo instituta im. w.a. steklowa, 2000, T. 231