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BBenenue

SU-6opau3mbl - 06001eHHast Teopust Tomosioruit Ha SU-MHOroobpasusx (co crer-
AJTBHOM YHUTAPHOI CTPYKTYpPOH B CTaOMJIbHO KacaTeabHOM paccioernn). JlokazaHo,
470 KOJIBI0 KoGopam3Mos 2°U mmeer Bua 1. O6pasyiomume 9TOro KOJIBIA - KJIACCHI
SU-60pim3Ma HEKOTOPBIX MHOT00Opa3uii. X04ercss IMeTh TeOMeTPUIeCKIe TPeICTa-
BUTE/IU TUX KJIACCOB. B KOMILIEKCHBIX PAa3MEpPHOCTAX OOJIbINe H, 3TU 0Opa3yroIue
MOYKHO ITOJIYIUTh C IIOMOIIBI0 KBA3UTOPUIECKUX MHOI0OOpa3uii, 0JlHAaKO B MEHbIIEit
pPa3MepPHOCTH BCE KBa3UTOPUYIECKHE MHOI000Opasus OOpJaaHTHBI HyJ0. [losTomy srs
OTMCAHUS BCEX 00PA3YIONIUX OJHUM CEMEHCTBOM MHOI00OOpa3uii KBa3UTOPUUIECKUE He
HOJIXOAT.

B mpomioit kypcosoit pabore (I) 6p1o mosrydeHo npejiozkenue 1, w3 KOTOPOro
ciemyer, uTo MEHOTOOOpasus Kanabu-4y momyuennsie Kak runeprnoBepxaoctu B CPY He
MOTYT IIPEJICTABIATE HEPA3JIOKIMEIC 3IeMEeHTE 0bpasylomux B kKomble 2°V. B nanmoit
kypcosoii (II) Gyayr paccmarpuBarThest 3-MepHble runiepriosepxaoctu Kamabu-9y B
MIPOM3BOJILHBIX 4-MEpPHBIX TUIaJKUX MHOrooOpasuax Pano, He 00A3aTeTbHO ABIIONTUMUCS
[IPOM3BEICHUAME KOMILIEKCHBIX ITPOEKTUBHBIX IIPOCTPAHCTB. ByayT mocauTanbl s-duc/ia
Juts Beex 124 moamuoroobpasuit Kanadbu-fy B rmankux 4-mepHbIX MHOrooOpasusx Pano
U JIOKA3aHO Ipejioxkenne 2. B kavuecTBe MpuIoKeHns IPUBEJICHa TabJINIA, COJEPIKAIIas
MHOTHE HeOOXOJMMbIe CBejeHUsl O 4-MepHbIX MHOroropanumkax PaHo, 3 KOTOPBIX
1 TIoJIydaroTcs 4-MepHble Iyiajikue mMHoroobpasusi Pano. B gacTHOCTH TaM MOXKHO
HaWTH KOOP/IMHATHI BEPIIMH STUX MHOTOIPAHHUKOB B (popmate 6as3bl JaHHbIX [4], uncia
Munopa n Xo/Ka Jjisi COOTBETCTBYIONNX TUIeproBepxHocteit Kagaou-y.

I

Crpykrypa Q°V

[IepBBIM CTPYKTYPHBEIM pe3ynbraToM o Koublle Y 6pi1a Teopema C.I1. Hosnkosa 1962
I., nokasbiBaomnias, uto 2°U cTaHOBUTCS II0JIMHOMUAIBHBIM KOJIBIOM IOCTIE OOpAIeHns
npoiikn (xota camo QU e aBigeTca MOTMHOMEUAIBHBIM JaKe MO MO0 KPYHUeHNns ).
Knace 6opausmon [M?] € QY apngercsa nosmnomuasnbioit obpasytomeit 8 QU torma n
TOJILKO TOI'JIa, KOIJI&

Si [MZZ} = :l:ml

Bosee crnoxubie ycaoBust AeIMMOCTH Ha S;-9IUCJIO TTIO3BOJISIIOT ONPEIEIUTh U TOJTHHOMU-
aJIbHBIe 0bpazytorntye B Kosbie QY ® Z [%]

Teopema 1 (C.II. Hoeukos [1, Teopema 2.1] ). Q%Y @ Z [1] npedcmasasem cobori
NOAUHOMUAABHOE KOALUO ¢ 0010 00pasyrouLets 6 Kasrcdoli wemmnot pazmeprocmu > 4 :
1 1

V7 H ~ 7 H [y; 1 >2], degy; = 2i.

Kanace 60pousmos SU-mmozo06pasus M* mosicem 6wimo 63am 6 xavecmee 2i-mepnot
obpasyrouets y; mozda u moasko moezda, x020a

S; [qu = +m;m;_1 ¢ mowHocmasio do cmeneru J6OUK.




Jl1st KaxK10ro meJsoro 4ucia n > 3 0003HaAUNM

2Mm,_1My,_o, €CJU N > 3 HEYETHO;
g(n) =< m,_1my, o,  ecaun > 3 YETHO; (1)

—48, ecsm n = 3
Nmeer mecTo ciempyronias

Teopema 2. [1, Teopema 7.1] Cywecmsyrom HePa3AOHCUMBLE INEMEHNDL VY; € Q%U,
i <2 ¢ munumanvromu s-wucaamu S;(y;) = g(i + 1).

Koucrpyknusa BarbipeBa

MbI Ha3bIBaeM KOMIAKTHOE K3J1IepoBO MHOrooOpasue M ¢ ¢ (M) = 0 MmHOrooGpasuem
Kamabu-£y. o onpenenernto maorooopasue Kanadbu-4y sipistercsa SU-mHOr00Opasnem.

Jaspille B TeKCTe TOPUUECKe MHOT000pa3usl sIBJIAIOTCS IMOJHBIMUA U HEOCOOBIMU,
ecan He oroBopeHo mportupHoe. CTaHapTHas KOMILIEKCHAs CTPYKTypa Ha TOpHUUe-
CKOM MHOT00Opa3nu He MOKeT ObIThb SU-CTPpYKTYpOii, TTO3TOMY CpeIu TOPUIECKHX
MHOroobOpasuit Her Muoroobpasuii Kagabu-y. OaHako cieayromas KOHCTPYKIUS JaeT
runeproBepxaocTn Kamabu-2y B Topuyeckux [opeHmmTeiiHOBBIX MHOrooOpasusx PaHo

12].

Koucrpykmus 1 (B.B. Barsipes |1, Koncrpyxkiust 11.1]). Topuueckoe maOroobpasue
V' maswiBaercsa muoroobpasuem ®ano, ecin ero aHTUKaHOHWYecKuil Kiacc Dy + - - -+ D,
(nmpeacrasistonuit ¢1(V')) siBjisiercst 09eHb 0OUIBLHBIM. B reOMeTpruiecKux TepMUHAX,
npoekTusHoe Biiokenue V — CP? orBevalomee gusuzopy D + - - - + D,,, nIpuxoaut
U3 IEJIOYUC/IEHHOr0 MHOTOrpaHHuKa P, B KOTOpoM paccrosHue 1o perierke ot 0 10
KasK/I0# TUIEPILIOCKOCTH, COJ/IepKaliieii rureprpaib, pasuo 1. Takoit muororpanuuk P
Ha3bIBaeTCs PeQIEKCUBHBIM; €r0 JTBONCTBEHHBINT MHOTOTPAHHUK P* TakKe siBISeTCs
[IEJIOIUC/TIEHHBIM.

[Topmuoroobpasue N, mpoiictsennoe K nepsomy kiaccy Yzkens c¢i(V) (eM. KoHCTpYK-
muto 6.1), 3a7aercsa Kak IUIepIuiockoe cedenne Bioxkernust V — CP®, onpeessieMoro
juBuzopoMm Dy + - -+ D,,. [Tostomy N C V gaBisiercsa riajKoil ajaredpandeckoil rurep-
noBepxHocThio B V| Tak uto N - MmHOroobpasue Kajabu-fy KoMILIeKCHON pa3MepHOCTH
n— 1.

Taxum obpaszom, 110 Jirobomy ToprdecKoMy MHOTooOpasuio Pano V' pazmepHocTu n
(i, SKBUBAJIEHTHO, 110 JIDOOMY HE0COO0MY pedbJIEKCHBHOMY 1-MEPHOMY MHOTOIDAHHUKY
P) MOKHO mOCTpOUTH KaHoHu4deckoe (n — 1)-meproe muoroobpasue Kanabu-y Np.

JIleMMBbI 1Jisi BEIYUCJIEHUIA

XapakTepuctuieckue s-aucja MHorooopasuii Kamabu—dy N = Np 3aja0rca cieyio-
UM 00pa3oM.

Jlemma 1. [1, Jlemma 11.2] Umeem mecmo dopmyaa:

Snc1(N) = (v 44 vn) (V4 o) = (o 4+ )", [V])




Zloxazamenvcmeo. Bocrosbayemest m130MOPMU3MOM KOMILJIEKCHBIX BEKTOPHBIX PacC/Ioe-
auit 7N @v = i* 7V, rje v - HopMasbHOe pacciaoenne Biaoxkenus ¢ : N < V. [Tosromy
$n-1(TN)+ sp1(v) =i*s,—1(TV), n MBI HOITYyIaEM

<3n71(9N>7 [N]> = <_3n71(y> + i*snfl(yv% [N]>
= (cl(TV) (=77 TV) + 5,21(T V), [V])
= (a(TV)sna(TV) = H(TV), [V]).
O
O6o3znaunm vepes w = (iy,...,I;) HEYHOPIJIOUEHHOE pas3bUEHNe Yucya N B CyM-
My k HOJIOKMTEIbHBIX HEJIbIX 4uces, T.e. i + -+ + i = n. Ilycts A'— cramgapr-
HBII pedileKCuBHBII cUMILIeKC pasmepHoctu i. Torma P, = A% x -.- x A% ecrb

pedJIeKCUBHBINT MHOTOIPDAHHUK, COOTBETCTBYIOIIUI TOpUieckoMy MHOroobpasuto Pano
CP¥ = CP% x --- x CP%*. O6o3naunm uepes N, runeprosepxaocts Kamabu-sIy 8 CPY,
[OJTIy9aeMyto IIpUMeHeHneM KOHCTPYKIUU BaTtbipesa.

[IycTb p (n)— MHOXKeCTBO Bcex pa3OHeHuil w 9ucia n Ha cjaraeMble, He TPEBOCXO-
qsite 1 — 2. Takum obpasom,

~

Pn)={w=(i1,...,0) i1+ +ip=nw# (n),(1,n—1)}.

st kaxaoro w = (iy,...,4;) ONpeeIeH MyJIbTUHOMHAIbHBINH Koadhdurment C¥ =

!
—— . [Tonoxkum
dpleevig!

a(w) =C (i + 1) (i + 1) (2)
Jlemma 2. [1, Jemma 12.1] Jlan mo6ozo w € P(n) umeem mecmo pacencmeo

Sn—1 (Ny) = —a(w).

Jloxasamenvcmeo. Konbio Koromostoruii muoroobpasuss CPY = CP4 x --. x CP%
3a/1aeTCA N30MOPPU3MOM

H* (CP“;Z) = Zluy, ..., u)/ (u’f“, . ,u?j“) ,

rae
Up 1=V = - = Ui 41, U2 1= V42 = "0 = Ui 4int2, "7,
Uk = Vigpeotip_1+k = * " = Vigotipg+k — Um-

1

[TockobKy w € ﬁ(n), Mbl uMmeeM v+ = 0 B xosbiie H* (CPY;Z) nus soboro i.

Qopmysia u3 jjemMbl 11.2 maer
Sn—1 (Nw) = = ((v1 + - +v)" , [CPY]) =
= —(((ih+ 1) ug + -+ (i + 1) ug)" , [CP]) .

Buauenne Ha dyngamenTaabHoM Kiacce [CPY] paBHO K03 duUIeHTy Ipu MOHOME
uy' - - upF, OTKYZA CJIEJyeT YTBEPIKICHHE JIEMMBL. O




O6pazyiommne Kanadu-Ay masiomepHbie

Ins i > 5 xaxgag obpasyiomas y; € (257 MoxKeT OBITH 337aHa KBa3HTOPHIECKIM
MHOroobpaszueMm. C JIpyroit CTOPOHBI, KaxKjaoe KBasuTopudeckoe SU-mHoroobpasue
BeIeCTBEHHON pazmepHocTH < 8 GOPIAHTHO HYJIIO.

OmHako KOHCTPYKIMs baTbipeBa 1103BOJISEeT HANTH reOMeTPUIeCKIe IIPeIcTaBuTe el
Kanabu-4y misa obpasyromux ¥; Koabia SU-60pau3MoB B KOMILIEKCHONR Pa3sMepHOCTH
1< 4.

HmeroT MecTo COOTHOIIEHUS

1
0 =Zn), =), W =2(jhw)

i€ SBHaQ4YEHUA S-IHCeJI O6pa3nyHlI/IX 3a/1aX0TCA CbOpMyJIaMI/I
So (y2) = —48,  s3(y3) = mame =6, S4(ys) = 2mams = 20

[Torrpobyem HaiiTu KaKyro-TO JIMHEHHYI0 KOMOMHAINIO o/ iMHOrooOpasnit Kanabu-4y,
KOTOpBIE OY/IyT TPeJICTaBIATE Y2, Y3, Y4-
[Tonb3ysich Jiemmoit 2 HaligeMm:

41
53(Niag)) = —a(2,2) = ~C* (2 + 122+ 1) = —5—; - 81 = —486

ss(Naaan) = —a(1,1,1,1) = =C A+ D'+ D) 1+ D) (1 + 1) =

4l
=~ 2' = 384

A 3HaunT
53(15 - Nioo)y =19+ Naa1,1)) = 15 (—486) — 19 - (—384) = —7290 + 7296 = 6
Iomyunm, aro 15N 2y — 19N(1,1,1,1) Ipeacranger ys3, T.K.

33(93) =6= 33(15N(2,2) - 19]\7(1,1,1,1))

ABCOJTIOTHO TaKzKe MOCTYIIUM JIJIS Uy

5!
Nais = —a(1,1,3) = =CS (1 + 1)1 4+ 1) (3 +1)% = —g 4 64=-5120
Nuog = —a(1,2,2) = —CM*P 1+ D)2 + 122 +1)% =
5!

54(56N(1,1,3) — 59N(1,2,2)) = —56 - 5120 + 59 - 4860 = —286 720 + 286 740 = 20
A sraauT 56N(11,3) — S9IN(12,2) HpeJCTAIACT KIACC Iy

84(’3/4) =20= S4(56N(1’173) - 59N(172,2))




JLtst 2 K€ MOXKHO B KadeCTBe IIPeJICTaB/IIONIX BIopars N(gy mmm Ny 11), Ul HEX
BBINOJIHEHO S3(N(3)) = 52(N1.1,1)) = S2(y2) = —48

Crapinme pa3MepHOCTH

B MasbIx pasmMepHOCTSIX MbI HAILIN KaKHe-TO JUHEHHbIe KOMOMHAIIIN [T0IMHOT000pa3uii
Kasrabu-£y, koTopble IpecTaBIsSioOT HEPa3I0:KIMbIe 9JIEMEHTHI KJIacca 00pa3yomx
KOJIBITA ¥Y; € Q%U s ¢ < 4. Ha camom jiesie, TO »Ke BEPHO U JUIA ¢ > D, JIJI 9TOTO HaJ
oTpedyeTcs CJieyromast

Jlemma 3. [1, Jlemma 12.2], lpu n > 3 umeem mecmo coomuowenue
H.0.0. a(w) =g(n), we ﬁ(n)

Teopema 3. [1, Teopema 12.3] Knaccow SU-60pdusmos eunepnosepxrocmeti Kanabu- Sy
N, 6 mopuueckuz mnozoobpasuaxr CP" x --- x CP* cw € P(n),n > 3, myavmunau-

Kamueno noposcdarom xoavuo SU- 6opdusmos QY [%]

Joxazamesvcmeo. Lng joboro n > 3 jleMMbI 2 1 3 JIAIOT HAM JIMHEHHYIO KOMOWHAITAIO
K1accos 6opmmamos [N,] € Q5Y, xapakrepucTiudaeckoe s-4uco KOTopoit pasro g(n + 1).
Takas JuHeiiHAsA KOMOHHAIMS JaeT MOJMHOMHAIBHYIO 00pPa3yIoNLyIo ¥, B KoJbIe 25U [%] ,
OIMCAHHYIO B Teopeme 2. O

Ha camoM jiesie MBI JIOKA3a/IH IEJIOUHCICHHDBIN Pe3yIbTar: sjgeMenTs y; € 29U
OIMCAHHBIE B TeOpeMe 2, MOT'YT ObITh MPEJICTABICHBI EI0UNCIEHHBIMU JTHHEHHBIMU KOM-
buHanUsIMU KJaaccoB Oopan3moB Mmuoroobpasuit Kanadu-Ay N,,. Daement y; saBisiercs
JacThio Gazuca abenesoit rpymbt Q57 . Bosuukaer ciejtytonuiit Borrpoc:

Kaxue xaacco. 6opousmos uz Q°U mozym 6uims npedcmasaenv, m1o02006pasuimu
Kanabu-y?

DToT BONpOC siBjgercs SU-aHAIOTOM CJIEJIYIOIIEH XOPOIIO U3BECTHON MPOOIEeMbI
Xupnebpyxa: Kakue Kiaacchl 6opauamon B 2V cojepzKar cssnble (T. €. HelIPUBOJAUMbIE )
HeocoOble asiredpanmdeckue MHOroobpasus? Eciim omnycTuTh ycJIOBHE CBA3HOCTU, TO
BegKmit Kiace U-60piu3Ma MoJI0KUTEILHOM Pa3MEPHOCTH MIPEJICTABUM ajredpaniecKiM

MHOI‘OO6paSI/I€M. ,H.TIH SU—60p,ZLI/13MOB CUuTyalud 3Ha9UTEJIbHO CJIO2KHEC.

IIpeacrtaBuMocTh 0O6pa3yoninx ¢ moMomibio N, B CTapIInX pas-
MEPHOCTSX

B komiuiekcHoii pasmeprocTn 2 Mbl numeeM So(N(11,1)) = s2(i2) = g(3) = —48, T0 ecTh
HEPA3JIOXKUMBIH MpeicTaBuTeb Kiaacca SU 6opan3mMa o0pasyroleil KoIbIla MpeIcTaB-
JsieTcst runeprnoBepxHocThio Kamabu-gy ykazanuoro suga (V). Hemocpeacreenubrit
MOJICYET YKAa3bIBAET, UTO B PA3MEPHOCTAX 3 U 4 Hepas3J/IOKUMbIE TPEJICTABUTENN HE
MOTYT OBITH TOJIyIE€HHBI U3 JJAHHOW KOHCTPYKIMHU. [IpeacTaBuMbl /1 Hepas3I0KUMbIe
IIpeJICTABATE/N KJIACCOB 0bpasylonmx Kosbia 250 ¢ nomompio N,? OTBeT Ha 3TOT
BOIIPOC JIAET




IIpengoxkenne 1. llodmnozoobpasue Kanabu-4y 6uda N,y ne moscem npedcmasasmo
nepas.nosrcumvie aaemernmos y; € 19U uz meopemvl 2 6 KOMNACKCHUL PA3MEPHOCTIAL,
boavuUT 08YX.

Joxazamensvemeo. st Toro, 9Tobbl MHOroOOpasue mpeJICTalsIo 4;, HeOOXOIUMO ITOOBI
BBITIOJTHSITIOCH

$n-1(Ny) = £g(n)

Ouennm g(n), Kotopstii onpeessercs 1o dopmyse 1 (Ilpu n > 3):
0<g(n) <2myu_1myu_o < 2n(n—1), TK. m; <i+4+1

s Becex w € P(n BepHa JjiemMa 2. PaccmorpuM i1 Havasa JBa OCTABIIUXCA CJIydast
w=(n)uw=(1,n—1), Haiigem ux s-aucia:

sn-1(Nw) = ((n + Du - (n+ 1" = ((n+ Du)" [V]) = (n+1)* = (n+1)"

Sp—1(N1n— 1)) = <(2u1 + nusg) (2u1 + nuy~ 1) (2ug + nug)", > =
{(2nuguy™" — CY" " 2uy (nuy)" '+ (.MonoMBL He wyus ') = 2n — 20"
To ectp
‘Sn_l(N(n))‘ = (TL + 1)" — (n + 1)2 |5n—1(N(1,n—1)>‘ =2n" — 2n

5 (N — lgm)] = (- 1)" — (0 + 1) — 2n(n — 1) =
=m+1)"—n*-2n—1-2n>+2n=(n+1)"—3n>—-1>0, upun >3

To ectb [g(n)| < [sn-1(Nw)|-

‘sn_l(N(Ln,l))} —|g(n)] =2n" —2n — 2n(n — 1) = 2n" — 2n*® > 0, upu n > 3

To ectb [g(n)| < [sn—1(Nn-1))|-

V1 juisi HEX yTBepsKJieHne BepHo. Pacemorpiu w € P(n):
B cuy ntemmbr 2 u hopmyiibr 2:

sn-1(No) = —a(w) = =Cf™ (i + 1) 4 - (i + 1)
Tax kak (i + j)! > ilj! (crenyer us nenouncrennocrn Cy, ), 10

O(/le "77’P7 "7ZQ7 Tk > O i1, 71/P+ZQ7 "7ZQ7 t k)
n




o ! n(n —1)
C(zl,...,zk) > C(a,b) > C(?,n—Z) _ n _
n = = 21 (n —2)! 2

)

(a,b - Kakue-TO CyMMBbI YuCes U3 pa3bueHus, B 9aCTHOCTH @ + b = n)

k> 2, asuaunr (ip + 1) + -+ + (i + 1)% >2-2

|50-1(N,)| = a(w) =CU-) (G 4 1) 4 4 (if + 1)%* >

n(n —1)
2

A 3HagwWT 1715 Beex pasbueHnit w mpu n > 3

l9(n)] < |sn-1(New)|

S 0@ 9.9 = -2-2=2n(n—1) > g(n)

11 ronbko pu n = 3 umeeM s32(N(3)) = s2(Ni1,1)) = —48 = g(3). O

IT

IIpeacraBumocTh 0Opa3yoniux ¢ MOoMOIIbio N B KOMIIJIEKCHOM
pa3MepHoCcTU 3

Tak kaxk cpemau nogmuoroodpasuit Kamadbu-fy ns kimacca N, Her mupejcraButeseit
00pa3yIoNMX B KOMILIEKCHBIX PA3MEPHOCTAX OOJIBIINX JIBYX, TO MOIpodyeM Haiitu obpa-
3YIOIIe B MaJIbIX Pa3MEPHOCTAX, HO cpeju HoJiee MUPOKOTO KJIACCa TOJIMHOr000pa3mii
Kanabu-4y.

3-mepuble IoqMHOrooOpasusa Kanadbu-Ay B riiaakmx 4-MepHbIX MHOroobpasu-
ax Pawno

I'mankue muaoroobpasusa Pano Xge Bo3HMKaOT 3 MHOrorpanaunkos Pano (), T.e. pe-
dIeKCUBHBINT MHOTOIDAHHUK PpeIIeTKu, cojepxkanuit () Kak BHYTPEHHIOIO TOYKY, W
00JIaJTAIONIHIT T€M CBOWCTBOM, UTO BEPIIUHBI JIIOOO0I ero rureprpanu obpasyioT ba3uc pe-
merku. |3, Exercise 8.3.6]. Hopmasbubiit Beep X o HoJIydaeTcss 13 KOHYCOB HaJ{ TDAHIMHE
Q.

Basa mannbix [4| comep:kur nHGOpMAIMIO 0 KOOPIMHATAX BepIIHH Beex 124 pediiek-
CUBHBIX MHOTOIDaHHMKaX B pasmepHocTn 4. OHU 3a/IaHHBI B BHJIE CTOJIOIOB MATPUIIHL.
JLnst mpuMepa OyjieM TOKa3bIBATh KaK BCE paccueThbl Ha 1150M MHOTOrpaHHUKE:

1000 1 -1 0 0 0 -1
o100 1 -1 0 0 -1 0
6oo10-1 1 0 -1 0 0
cooo01 -1 1 -1 0 0 0




To ectb Beprunbl 5TOr0 Muororpannuka (1,0,0,0),(0,1,0,0),(0,0,1,0) u t. s
TOro 4ToOLl HafiTn Yncgo MuiHopa 1o jemMe 1, HaM Hy?KHO HaHTH KOJILIIO KOTOMOJIOT Tl
cooTBeTcTByIomero Muoroobpasus ®ano. Bocroabsyemcs

Teopema 4 (reopema Janmmosa-tOpkesuua). [Tycmv V - neocoboe mopuueckoe mHo-
2000pasue KOMNAEKCHOT PASMEPHOCTU N € NOAHBIM HEoCobbiM eeepom . Tozda koavyo
koeomonoeuts H*(V';7Z) nopostcderno 08YMepHuMU KAGCCAMU V;, 080TUCMBEHHUMU K UH-
BAPUAHMHBIM NOOMHO2000pasusm D;, u umeem mecmo uzomopghudm

H (V,Z) = Zvo, ..., ;1] /F, degu;, =2

2de I - udean, NOPoOAHCOEHHBIT INEMEHMAMU CACOYIOUUT 08YT MUNOE:

(a) vi, -+ v, Marue, WMo a;,, ..., a; ME NOPOAHCIAIOM KOHYCA U3 X;
m—1

(b) E (a;, x)v;, dasa a0bozo sexmopa x € 7.
i=0

Tak Kak BepIIUHBI MHOIOIpAHHUKA, () SIBJISIOTCS KOHIIAMI HOPMAJILHBIX BEKTOPOB
K runeprpaisM ()°, TO COOTHOIIEHUS THUIIA (b) TeopeMbI 4 IMOPOXKJIEHBI 1 JIMHEHHBIMUI
dopmamn @1V + *++ + AjmUp—1, COOTBETCTBYIONMMHI CTPOKaM MaTpPUIlbl. B Hamem
caydae 9T0 OYIyT COOTHOIIEHUA Uy + Uy — Vs — Vg, V1 + Uy — U5 — Vg, Vg — Uy + U5 — U7, U
v3 — U4 + V5 — vg. COOTHOIIEHUST THIIA (a) MOXKHO YK€ HeJIb3d II0JIy4aTh ABHO, OHAKO
CYIIIECTBYET HECKOJIBKO CIIOCODOOB 3TO CJejaTh, UCIOJIb3Ys CIIeIUaJM3MPOBAHHbBIE TTAKETHI.

CoorHomenns tuna (a) yepes sage

st sroit peasmzanuu norpedyercs dyukius primitive collections, koropas 110 3a/1aH-
HOMY Beepy BO3BpaIaeT BEPIINHBI, KOTOPbIe HE 00pa3yiT KOHYC.

points = [[1,0,0,0],[0,1,0,0],[0,0,1,0],[0,0,0,1],[1,1,-1,-1],
(-1,-1,1,11,[0,0,0,-1],[0,0,-1,0],[0,-1,0,0],[-1,0,0,0]]

p = LatticePolytope(points)

fp = FaceFan(p)

fp.primitive_collections()

[l maHHOTO 3ampoca MOIYYNM Pe3yIbTaT

[frozenset ({1, 8}),
frozenset ({2, 7}),
frozenset ({4, 5}),
frozenset ({0, 9}),
frozenset ({3, 63}),
frozenset ({0, 1, 53}),
frozenset ({1, 5, 6}),
frozenset ({1, 5, 7}),
frozenset ({2, 3, 9}),
frozenset ({2, 4, 9}),
frozenset ({2, 8, 93}),
frozenset ({2, 3, 8}),
frozenset ({2, 4, 8}),
frozenset ({0, 5, 61}),




frozenset ({5, 6, 7}),
frozenset ({3, 8, 9}),
frozenset ({4, 8, 9}),
frozenset ({0, 6, 73}),
frozenset ({1, 6, 7}),
frozenset ({0, 5, 7}),
frozenset ({3, 4, 8}),
frozenset ({3, 4, 9}),
frozenset ({0, 1, 73}),
frozenset ({2, 3, 4}),
frozenset ({0, 1, 6})]

T.e. obpasyrormmue Tuia () UMEIOT BUJ U1Us, UaU7 U TI.

CoorHoitenus: Tumna (a) uyepe3 polymake

Amnajiornvnple paccueTbl MOKHO IIPOBECTH U C IIOMOIIbIO BapuaHTa Teopembl 4 [1,
Teopema 8.6] B KOTOPOii cOOTHOIIEHUS THIIA (&) 3a/aI0TCA TaK:

(a) vy, ---v;, Taxwme, aro F;, N---NF, =@ B P,
riae F; rpann (°, HOpMaJIbHBIC K BEKTOPaM @

Torma nam 10CTaTOYHO HAMTH MUHUMAaJbHBIE HAOODHI [}, , - - - , I}, KOTOpBIE He mepe-
cekatorcss B P. Takoit Bcrpoennoit pyrkiun HeT. OHAKO MOYKHO pacCMOTPETH KaKHe
IPaHM MIPUCYTCTBYIOT B (), M eC/u I'paHb a;,- - ,a; €CTb B (), To Torma Fj ,--- , F

k i
nepecekaroTcs. UToObl HANTH KaKue a;,,- - - ,a;

i ABJIAIOTCA I'PaHAMU B Q MOZKHO HC-
II0JIB30BaThb CJIG,[LyIOHJ‘I/Iﬁ KOZ:

$p115= new Polytope(POINTS=>[[1, 1,0,0,0],[1, 0,1,0,01,[1, 0,0,1,0],[1,
0,0,0,11,[1, 1,1,-1,-11,11, -1,-1,1,1],[1, 0,0,0,-11,[1, 0,0,-1,0],[1,
0,-1,0,0],[1, -1,0,0,0]11);

$HD115 = $p115->HASSE_DIAGRAM;

print $HD115->FACES;

(3aMeTHM, UTO KOODJMHATHI TOUKHU 3a/IAF0TCs B OJJHOPOJIHBIX KOODJMHATAX, OITOMY
K uCxoHbIM Jobasmim 1 B Hadase). [Tomyamm:

O
0}
(1)
(9}

{0 1}
{0 2}
7 8
7 9
8 9}
{0 1 2}
{é.7 8}
{6 7 9}

{6 8 9}
{7 8 9}




{125 9%}
{2 56 8}
{6 7 8 9}
{146 9}
{0134}
{01234567 89}

TOF,ZLa, OCTaeTCd B34ATb JOIIOJIHEHHA JO IIOJIYYE€HHBIX MHOXKECTB, U HalTH cpeau
HX MHWHHUMAaJIbHDBIC. ,ZLJIH 9TOI'0 ,Z[eIU/ICTBI/IH JIy4dIlle BCero HalluCaTb IIPpOorpaMmy, TaK
KaK C POCTOM 4YHCJIa BEPIINH MHOI'OI'PaHHUKA KOJIMYIECTBO BO3MO2KHBIX ITOJIMHO2KECTB
YABauBaCTCHA.

Haiitu coornommenns tuna (a) MOXKHO OBLIO HANTH U U3 [5], OHAKO Ha JAHHBII
MOMEHT JlaHHas 6a3a JAHHBIX HEJIOCTYIHA.

Koab1io koromoJsioruit

Tenepb KOorJa MBI pacCIiojiaraeM BCEMU COOTHOIIECHUAMM MOXKEM BBLIIINCATL MIeaJl:

I = (vg+ vy — V5 — Vg, U1 +Vg—Vs— Vs, Ug—Us+Us— U7, U3—Ug+Vs— Vs, U10s,
VU7, U4Us, Ugly, UV3Vs, UpU1Vs, V1UsVg, U1U5V7,
VaU3Vg, VU4V, VaUgV9, V2U3Vsg, V2U4Usg, VoUsVg, UsVUgU7, U3UgVlyg,

VqUgV9, UpUgU7, U1UgU7, UpUsVU7, U3U4qlg, U3zUqlg, UgUiU7, U2U3V4, U0U1U6)
Yrobb! HaliTu s-uncao N HeOOXOANMO HANTHU B, 3JIEMEHTA,
n—1 n—1 n
(i o) (T o) = (et )

B KouibIle. [Ij1st sToro Bocrosb3yemces makerom Macaulay2. Bor neobxoqumblit Kot

R115=QQ[v0,v1,v2,v3,v4,v5,v6,v7,v8,v9]

P115 = (vO + vl + v2 + v3 + v4 + vb + v6 + v7 + v8 + vO)*(v0~3 + v1~3 + v2~3 +
v3°3 + v4~3 + v56"3 + v6~3 + v7"3 + v8°3 + v9~3) - (vO + vl + v2 + v3 + v4 + v5
+ v6 + v7 + v8 + v9)~4

I115=ideal( vO + v4 - v5 - v9, vl + v4 - vb6 - v8, v2 - v4 + vb - v7, v3 - v4 + v5
- v6, vO*v9, v8*vl, v2xv7, v3*xv6, v4*vb, vO*vixv5, vO*xvli*v6, vOxv1*v7,
vOxvbxv6, vO*vb*xv7, vO*v6*v7, v1ixvb*xv6, v1xvbxv7, v1kv6*xv7, v2*v3*v4d, v8*xv2*v3,
vOxv2xv3, vB*v2*xv4d, vO*v2*vd, v8xvO*xv2, vB*xv3*xv4d, vIkv3*xv4d, v8*vO*v3, v8*xvO*v4,
vE*v6*vT )

P115%I115

[ostyuaem —80vg.

Yucno Mutaopa OyeT paBHO KOI(PUIMEHTY IIPU MOHOME, COOTBETCBYIOINEM (byH1a-
MEHTaJIBHOMY KJIACCY, T.€. KO3(MDMOUINEHTY IIPA UV, , * * * , V;, , €CII ;. . . , G;, TOPOKIAIOT
KOHYC, Wi 910 TO ke F; N --- N F; (n - pasMepHOCTh MHOIOIpaHHUKA). B Harem
[IpUMepe TOIXOIUT V1UaV5Vg, 1 2 5 9 mpucyTCTByeT B auarpamMmMe Xacce, Wi IIOTOMY
YTO 3TO MHOYKECTBO U3 YETHIPEX BEPIINH, KOTOPOE HE COJEPXKUT HU OJHOIO U3 MHOYKECTB
U3 TOIO YTO MOJIYYMJIA C TOMOIILI0 sage. I[locMOTpUM Kak BBILJISIMT MOHOM UqUUsUg B
KOJIbIIE:
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FC115 = v1*xv2xv5*v9
FC115%I115

[Tomy4gaem %vé.

CooTBeTCBeHHO S1eMeHT (V1 + «++ 4 vy,) (V)7 4 -+ + o) = (v + -+ - + vy,)" Ive-
€T BUII —801}3 = —80 - 3v109v5v9 = —240V1V205v9. 3HAUMT UKcI0 MuIHOpPa MOIMHO-
rooopaszusa Kamabu-fy B rimagkom muoroodopasmm Pano coorBercTByONEM 1150My
MHOTOTrpaHHUKY paBHO -24(0. Takum 06pa3oM MOXKHO MOCUYUTATH BCE S-UUCJIA U BbISIC-
HUTH, UMEEeT JIU KaKoe-TO 1ojiMHOrooopasue Kanabu-Ay B riajikom MHOrooOppasuu

®ano s-uncio 6, YTo 03HAUAIO ObI, UTO OHO HpejacTasiger ys B V.

Bce s-unciaa

Taxum obpazom MOXKHO IIOCUUTATh BCe s-uncya. Bece oHn 110 Mojiysaio He MeHbIe 216, a
3HAYUT HU OJIHO MojMHOroodopasue Kamabu-Ay ne moxker 3agaBarh y3. Takum obpazom
JIOKa3aHa:

IIpennoxkenne 2. [loomnozo06pasue Kanrabu-5y 6 2nadkux 4-meproix MH02000Da3UAL
Dano ne mosicem npedcmasaamo repazaoscumviti saemenm ys € QY us meopemvr 2.

[To amasiorum ¢ JIOKA3aTEIBCTBOM MPEJIOKEHNT | MOXKHO ITPEIIOJIOKUTh, 9TO S-
9HCJIO0 pacTeT KpaitHe ObICTpo, 1 Beerja Oyjer npesocxoautb g(n + 1).

I'mnoresza 1. ITodmnoz006pasus Kanrabu-4y 6 2aadxuxr mro2006pasusaxr Paro
He MOo2ym npedcmasaams Hepasaodicumwie asemenmot y; € °U uz meopemovi
2 8 KOMNAEKCHBIL PA3MEPHOCTNAL, OOADWUL 08YT.

Yucaa Xomgxka

Tax Kak s3 = ¢ — 3c¢¢y + 3¢z, T0 1 Muoroobpasuit Kanabu-sly s3(N) = 3c3(N), upu-
geM c3(N) = x(N). BHaUUT MOJEUB S3 HA TPU MbI OJIYIUM DiiJIEPOBY XapaKTEePUCTUKY
cOOTBeTCTBYIONUX MHOTOOOpasuit Kamadou-y. C nmomornbio 3Toit mHpOpMaIum MOXKHO
aHaIM3MpPOBaTh 6a3y janubiX [6]. B npuioxkenun Boiucanbl Bee 124 MHOrOrpaHHUKA
damHo, BMeCTE C S-UUCJIOM COOTBETCTBYIOIIUX MOJIMHOT000pa3Nii U APYTUMU XapaKTEPH-
cTukamu n3 6a3 JIaHHBIX. B 9acTHOCTH MOYKHO y3HATH YHC/Ia XOJ7Ka TOJIMHOT000pa3nit
Kanabu-4y.

B gacTHOCTH MHTEpPECHO COIOCTABUTH IOJIYIEHHBIN pe3ysibTaT ¢ paboToit Barwipesa
[7]. Tam mpuBomnTest Kiaccudukanus riajJkux MHOrooOpasuii PaHo, BMecTe ¢ UX
YUCIOBBIMU XapaKTePUCTHKAME: POU3BEICHUAME XapaKTePeCTHIeCKUX KIacCoB Ci, CCy,
anciaamu Bertu by, by, pasmepuoctsvu hY = h° (V, —Ky) u a(V) := dim Aut(V). Dtn
YUCJIa CBA3AHBI ¢ YUCIaMu XojKa rmojaMuorooopasnii Kamabu-fy N B stux rimajgkunx
muoroobpazusx Pano V cieyrommmu hopMyIaMu:

2
CiC2
Y N) =R (V,—Ky) —a(V) — 1 = 17 + by — 3by — 22,
rae h? (V,—=Kvy) =1+ & (e, + 26}).
COHOCTaBJIHH C IIOJTYy9€HHbIMA HaM#M 9YUCJIaMU XO,Z[)Ka MOZKHO HATKHYTCAd Ha OIINOKU
B Ta6JII/ILLe. TaK, JICT'KO O6Hapy}KI/ITb HecoorBeTcTrBre: B 24011 He COBIIada€T YHCJIO
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Xomzka uz-3a ommubku B by = 4 (10K 6bITL 5), a B cTpouke 44 uz h° (V, —Ky) =
1+ % (ceg + 2¢}) nomyuaercst 86, a ne 96. TakzKke MOXKHO OGHADYZKHTH, UTO KaKas-
TO CTPOYKA MOJIHOCTHIO HENIPABUJILHO, XOTS HE IIPOTHBOPEYUT (DOPMYJIbI BHYTPH HEE:
noamuoroodpasuit Kanabu-Ay ¢ unciaom Xospka 75 1o paccyeraMm J0JKHO ObITH 7, a B
Tab/IUIEe TAKUX 8.

[Io BBIYMCIEHUSAM MOy IUIOCH 17 YHUKAJIBHBIX dnces Xo/zKa, KOTOPhIe He TIOBTO-
PAOTCA, UX Cpa3dy MOXKHO COIIOCTAaBUTH COOTBETCTBYIOMNM MHOroobpasmsaMm Pano, B
KOTODBIX OHU JIEZKAT.
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A TIlpunoxenwne

1st polytope:

s (N)=-600

dim=4, vert=5

type (a) ideal generators:
M:6 5 N:126 5 H:101,1 [200]

1 0 0 o -1
0 1 0 o -1
0 0 1 o -1
0 0 0 1 -1

2nd polytope:

s (N)=-504

dim=4, vert=6

type (a) ideal generators:
o, 1l

[2, 3, 4, 5]

M:7 6 N:105 8 H:86,2 [168]
1 -1 0 0 0 0
0 0 1 0 o -1
0 0 0 1 o -1
0 0 0 0 1 -1

3rd polytope:

s(N)=-528

dim=4, vert=6

type (a) ideal generators:
(o, 1]

[2, 3, 4, 5]

M:7 6 N:111 8 H:90,2 [176]
1 -1 0 0 0 1
0 0 1 0 o -1
0 0 0 1 o -1
0 0 0 0 1 -1

4th polytope:

s(N)=-504

dim=4, vert=6

type (a) ideal generators:

[3, 4, 5]

[0, 1, 2]

M:7 6 N:105 9 H:86,2 [168]
1 0 -1 0 0 1

1 -1 0 0 0

0 0 1 o -1

0 0 0 1 -1

O O O

5th polytope:

s(N)=-504

dim=4, vert=6

type (a) ideal generators:
[3, 4, 5]

[0, 1, 2]




M:7 6 N:105 9 H:86,2 [168]
1 o -1 0 0 1
0 1 -1 0 0 1
0 0 0 1 o -1
0 0 0 0 1 -1

6th polytope:

s (N)=-504

dim=4, vert=6

type (a) ideal generators:
[4, 5]

[0, 1, 2, 3]

M:7 6 N:105 8 H:86,2 [168]
1 0 o -1 0 1
0 1 o -1 0 0
0 0 1 -1 0 0
0 0 0 0 1 -1

7th polytope:

s(N)=-486

dim=4, vert=6

type (a) ideal generators:

[1, 2, 3]

[0, 4, 5]

M:7 6 N:100 9 H:83,2 [162]
1 0 0 0 0o -1
0 1 0o -1 0 0
0 0 1 -1 0 0
0 0 0 0 1 -1

8th polytope:

s (N)=-600

dim=4, vert=6

type (a) ideal generators:

(o, 1]

[2, 3, 4, 5]

M:7 6 N:129 8 H:102,2 [200]
1 -1 0 0 0 2
0 0 1 0 0o -1
0 0 0 1 o -1
0 0 0 0 1 -1

9th polytope:

s (N)=-558

dim=4, vert=6

type (a) ideal generators:

(3, 4, 5]

[0, 1, 2]

M:7 6 N:120 9 H:95,2 [186]
1 o -1 0 0 2

1 -1 0 0 0

0 0 1 o -1

0 0 0 1 -1

O O O




10th polytope:

s (N)=-720

dim=4, vert=6

type (a) ideal generators:
[0, 1]

[2, 3, 4, 5]

M:7 6 N:159 8 H:122,2 [240]
1 -1 0 0 0 3
0 0 1 0 0o -1
0 0 0 1 o -1
0 0 0 0 1 -1

11th polytope:

s (N)=-408

dim=4, vert=7

type (a) ideal generators:

[4, 5, 6]

[0, 1]

[2, 3]

M:8 7 N:84 12 H:71,3 [136]
1 -1 o -1 0 0
0 0 1 -1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

12th polytope:

s(N)=-432

dim=4, vert=7

type (a) ideal generators:

(5, 6]

o, 1l

[2, 3, 4]

M:8 7 N:90 12 H:75,3 [144]
1 -1 0 0 0 0
0 0 1 0o -1 0
0 0 0 1 -1 0
0 0 0 0 0 1

13th polytope:

s(N)=-432

dim=4, vert=7

type (a) ideal generators:

[4, 5, 6]

[1, 5, 6]

[0, 1]

[0, 2, 3]

[2, 3, 4]

M:8 7 N:90 13 H:75,3 [144]
1 -1 0 0 0 0
0 0 1 o -1 0
0 0 0 1 -1 0
0 0 0 0 0 1

14th polytope:

-1
-1

_ O = O

e e




s(N)=-432

dim=4, vert=7

type (a) ideal generators:
[0, 2]

[1, 6]

[3, 4, 5, 6]

[2, 3, 4, 5]

[0, 11

M:8 7 N:90 11 H:75,3 [144]
1 -1 0 0 0 ©
0 o 1 o0 0 -1
o o o0 1 0 -1
0o 0o 0 o0 1 -1

15th polytope:

s (N)=-480

dim=4, vert=7

type (a) ideal generators:
[0, 2]

[1, 6]

[3, 4, 5, 6]

[2, 3, 4, 5]

[0, 1]

M:8 7 N:101 11 H:83,3 [160]
1 -1 0 0 0 1
0 0 1 0 o -1
0 0 0 1 o -1
0 0 0 0 1 -1

16th polytope:

s(N)=-456

dim=4, vert=7

type (a) ideal generators:

[5, 6]

(o, 1]

[2, 3, 4]

M:8 7 N:96 12 H:79,3 [152]
1 -1 0 0 1 0
0 0 1 o -1 0
0 0 0 1 -1 0
0 0 0 0 0 1

17th polytope:

s(N)=-432

dim=4, vert=7

type (a) ideal generators:

[3, 4]

[2, 5, 6]

[0, 1]

M:8 7 N:90 12 H:75,3 [144]
1 -1 0 0 1 0
0 0 1 0 0 0
0 0 0 1 -1 0
0 0 0 0 0 1

O O - =

O O - =

_ O = O

-1

-1




18th polytope:
s (N)=-504
dim=4, vert=7

type (a) ideal generators:

(4, 5, 6]

[1,
(o, 1]
(o,
[2,
M:8

1
0
0
0

5, 6]

2, 3]
3, 4]
7 N:108 13 H:87,3 [168]

-1
0
0
0

0

1
0
0

19th polytope:
s(N)=-432
dim=4, vert=7

type (a) ideal generators:

M:8 7 N:90 12 H:75,3 [144]

[4, 5, 6]

[0, 1]

[2, 3]
1 -1
0 0
0 0
0 0

0
1
0
0

20th polytope:
s(N)=-468
dim=4, vert=7

type (a) ideal generators:

M:8 7 N:99 12 H:81,3 [156]

(4, 5, 6]
[0, 11
[2, 3]
1 -1
0 o0
0 0
0 0

0
1
0
0

21th polytope:
s (N)=-480
dim=4, vert=7

type (a) ideal generators:

(4, 5,
[0, 1]
(2, 3]

6]

0

0
1
0

1

0
0

1

0
0

1
-1
-1

0

0

0
1
0

0

0
1
0

0

0
0
1

= O O O

= O O O

M:8 7 N:102 12 H:83,3 [160]

1

O O O

-1
0
0
0

0

1
0
0

1
-1
0
0

0
0
1
0

0

0
0
1

e e

-1

-1
-1

-1
-1

-1
-1




22th polytope:

s(N)=-414

dim=4, vert=7

type (a) ideal generators:

[4, 6]

[0, 1, 2]

[3, 5]

M:8 7 N:85 12 H:72,3 [138]
1 o -1 0 0 0

0 1 -1 0 0
0 0 0 1 o -1
0 0 0 0 1 0

23th polytope:

s(N)=-420

dim=4, vert=7

type (a) ideal generators:

4, 5, 6]

[1, 6]

[0, 1, 2]

[0, 2, 3]

[3, 4, 5]

M:8 7 N:87 13 H:73,3 [140]
1 0o -1 0 0 1
0
0
0

1 -1 0 0 1
0 0 1 o -1
0 0 0 1 -1

24th polytope:

s(N)=-450

dim=4, vert=7

type (a) ideal generators:
[3, 4]

(5, 6]

(0, 1, 2]

M:8 7 N:95 12 H:78,3 [150]

1 o -1 0 1 0
0 1 -1 0 0 0
0 0 0 1 -1 0
0 0 0 0 0 1

25th polytope:

s(N)=-468

dim=4, vert=7

type (a) ideal generators:

[3, 4]

[5, 6]

[0, 1, 2]

M:8 7 N:100 12 H:81,3 [156]
1 0o -1 0 1 0

0 1 -1 0 0 0
0 0 0 1 -1 0
0 0 0 0 0 1

_ O O K

= = O O

= O O -




26th polytope:

s(N)=-432

dim=4, vert=7

type (a) ideal generators:
[4, 5, 6]

[1, 2]

[0, 3]

M:8 7 N:90 12 H:75,3 [144]
1 0 o -1 0 0
0 1 -1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

27th polytope:

s(N)=-444

dim=4, vert=7

type (a) ideal generators:

(4, 5, 6]

(1, 2]

[0, 3]

M:8 7 N:93 12 H:77,3 [148]
1 0 o -1 0 0
0 1 -1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

28th polytope:

s(N)=-456

dim=4, vert=7

type (a) ideal generators:

[4, 5, 6]

[1, 2]

[0, 3]

M:8 7 N:96 12 H:79,3 [152]
1 0 0o -1 0 0
0 1 -1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

29th polytope:

s(N)=-408

dim=4, vert=7

type (a) ideal generators:

[4, 5, 6]

[2, 3, 6]

o, 1l

[1, 2, 3]

[0, 4, 5]

M:8 7 N:84 13 H:71,3 [136]
1 0 0 0 0o -1
0 1 0o -1 0 0
0 0 1 -1 0 0
0 0 0 0 1 -1

-1
-1

-1
-1

-1
-1

O O - =




30th polytope:

s(N)=-414

dim=4, vert=7

type (a) ideal generators:
[4, 5, 6]

[3, 6]

[0, 1, 2]

[1, 2, 3]

[0, 4, 5]

M:8 7 N:85 13 H:72,3 [138]
i 0 0 0 0 -1
0 1 0 -1 0 ©
0 0 1 -1 0 0
0o 0 0 o0 1 -1

31th polytope:

s (N)=-408

dim=4, vert=7

type (a) ideal generators:
[4, 5, 6]

[0, 1]

[2, 3]

M:8 7 N:84 12 H:71,3 [136]
i -1 0 -1 0 0
0 0 1 -1 0 0
0o 0 0 o0 1 0
o 0 0 0 o0 1

32th polytope:

s(N)=-576

dim=4, vert=7

type (a) ideal generators:
[0, 2]

[1, 6]

(3, 4, 5, 6]

[2, 3, 4, 5]

[0, 1]

M:8 7 N:123 11 H:99,3 [192]

1 -1 0 0 0 2
0 0 1 0 o -1
0 0 0 1 o -1
0 0 0 0 1 -1

33th polytope:

s(N)=-528

dim=4, vert=7

type (a) ideal generators:

[5, 6]

[0, 1]

[2, 3, 4]

M:8 7 N:114 12 H:91,3 [176]
1 -1 0 0 2 0
0 0 1 o -1 0

O - = =

-1
-1

O O - =




34th polytope:
s (N)=-540
dim=4, vert=7

type (a) ideal

(4, 5, 6]

[0, 1]

[2, 3]

M:8 7 N:117 12
1 -1 0
0 0 1
0 0 0
0 0 0

35th polytope:
s(N)=-528
dim=4, vert=7

type (a) ideal

[4, 5, 6]

(o, 11

[2, 3]

M:8 7 N:114 12
1 -1 0
0 0 1
0 0 0
0 0 0

36th polytope:
s (N)=-552
dim=4, vert=7

type (a) ideal

[4, 5, 6]

o, 1]

[2, 3]

M:8 7 N:120 12
1 -1 0
0 0 1
0 0 0
0 0 0

37th polytope:
s(N)=-438
dim=4, vert=7
type (a) ideal
[0, 5]

[0, 1, 2]

[3, 4, 6]

[1, 2, 6]

(3, 4, 5]

1 -1
0 0 1
generators:

H:93,3 [180]

1 0 0
-1 0 0
0 1 0
0 0 1
generators:

H:91,3 [176]
1 0 o0
-1 0 o0
0 1 0
0 o0 1

generat ors:

M:8 7 N:93 13 H:76,3 [146]

1 o -1
0 1 -1

H:95,3 [184]
1 0 0
-1 0 0
0 1 0
0 0 1

generators:
0 0 1
0 0 0

-1
-1

-1
-1
-1

-1
-1




0 0 0 1 o -1
0 0 0 0 1 -1

38th polytope:

s(N)=-480

dim=4, vert=7

type (a) ideal generators:
4, 5, 6]

(1, 2]

[0, 3]

M:8 7 N:102 12 H:83,3 [160]
1 0 o -1 0 0
0 1 -1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

39th polytope:

s(N)=-336

dim=4, vert=8

type (a) ideal generators:

(4, 6, 7]

[0, 3, 5]

[3, 5, 6]

(5, 6, 7]

(1, 4, 7]

[0, 5, 71

[2, 3]

[2, 4, 6]

[1, 2, 4]

o, 1l

M:9 8 N:69 18 H:60,4 [112]
1 0 0 0 o -1
0 1 0 o -1 0
0 0 1 o -1 0
0 0 0 1 0o -1

40th polytope:

s(N)=-384

dim=4, vert=8

type (a) ideal generators:

[0, 7]

[3, 4]

[1, 6]

[2, 5]

M:9 8 N:81 16 H:68,4 [128]
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 o -1
0 0 0 1 -1 0

41th polytope:

s(N)=-354

dim=4, vert=8

type (a) ideal generators:

-1
-1

-1
-1

O O - =

= = O O




4, 5, 6]

[5, 6, 7]

(1, 71

o, 4]

[2, 3]

[0, 1]

M:9 8 N:74 16 H:63,4 [118]
1 -1 0o -1 0 0
0 0 1 -1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

42th polytope:

s(N)=-342

dim=4, vert=8

type (a) ideal generators:

[4, 5, 6]

[5, 6, 7]

(1, 71

[o, 4]

[2, 3]

[0, 1]

M:9 8 N:72 16 H:61,4 [114]
1 -1 0o -1 0 0
0 0 1 -1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

43th polytope:

s (N)=-360

dim=4, vert=8

type (a) ideal generators:

[2, 3]

[4, 5]

(o, 1]

(6, 7]

M:9 8 N:75 16 H:64,4 [120]
1 -1 o -1 0 1
0 0 1 -1 0 0
0 0 0 0 1 -1
0 0 0 0 0 0

44th polytope:

s (N)=-342

dim=4, vert=8

type (a) ideal generators:
[2, 4, 5]

[2, 6, 7]

[3, 4, 5]
[1, 4, 5]
[3, 6, 7]
[0, 6, 7]
[1, 2]
[0, 1]

-1
-1

-1
-1

= O O O

O = O =

O = O =

= = O O




[0, 3]
M:9 8 N:70 17 H:61,4 [114]

1 -1 o -1 0
0 0 1 1 0 -
0 0 0 0 1 -1
0 0 0 0 0 0

45th polytope:

s (N)=-360

dim=4, vert=8

type (a) ideal generators:

[5, 6]

[3, 4]

o, 1l

(2, 7]

M:9 8 N:75 16 H:64,4 [120]
1 -1 0 o -1 0
0 0 1 0 0 0
0 0 0 1 -1 0
0 0 0 0 0 1

46th polytope:

s(N)=-384

dim=4, vert=8

type (a) ideal generators:

[5, 71

[0, 2]

[3, 4, 6]

(1, 6]

o, 1]

[2, 3, 4]

M:9 8 N:82 16 H:68,4 [128]
1 -1 0 0 0 0
0 0 1 o -1 0
0 0 0 1 -1 0
0 0 0 0 0 1

47th polytope:

s (N)=-372

dim=4, vert=8

type (a) ideal generators:

[5, 71

[0, 2, 3]

[1, 6, 71

[4, 6]

[2, 3, 5]

o, 1l

[2, 3, 4]

M:9 8 N:78 17 H:66,4 [124]
1 -1 0 0 0 0
0 0 1 0 0 -1
0 0 0 1 0 -1
0 0 0 0 1 0

= O O O

= O O K

O O - =

_ O O K

-1

-1

_ O = O

N )




48th polytope:

s (N)=-366

dim=4, vert=8

type (a) ideal generators:
[3, 4, 5]

[0, 2]

[1, 5]

(o, 1]

(6, 7]

[2, 3, 4]

M:9 8 N:76 16 H:65,4 [122]
1 -1 0 0 0 1
0 0 1 o -1 1
0 0 0 1 -1 0
0 0 0 0 0 0

49th polytope:

s(N)=-378

dim=4, vert=8

type (a) ideal generators:

[2, 6, 7]

[3, 4, 5]

[0, 2]

(5, 6, 7]

[1, 5]

[1, 6, 7]

[0, 3, 4]

[0, 1]

[2, 3, 4]

M:9 8 N:78 17 H:67,4 [126]
1 -1 0 0 0 1
0 0 1 o -1 1
0 0 0 1 -1 0
0 0 0 0 0 0

50th polytope:

s(N)=-402

dim=4, vert=8

type (a) ideal generators:

[3, 4, 5]

o, 2]

[1, 5]

[0, 1]

[6, 71

[2, 3, 4]

M:9 8 N:86 16 H:71,4 [134]
1 -1 0 0 0 1
0 0 1 o -1 1
0 0 0 1 -1 0
0 0 0 0 0 0

51th polytope:
s(N)=-414
dim=4, vert=8

= O O O

= O O O

= O O O

= = O O

-1

-1

O R -




type (a) ideal generators:
(5, 7]

o, 2]

(3, 4, 6]

[1, 6]

[0, 1]

[2, 3, 4]

M:9 8 N:90 16 H:73,4 [138]
1 -1 0 0 1 0
0 0 1 o -1 0
0 0 0 1 -1 0
0 0 0 0 0 1

52th polytope:

s(N)=-456

dim=4, vert=8

type (a) ideal generators:

[2, 4]

[3, 71

5, 6]

[0, 1]

M:9 8 N:99 16 H:80,4 [152]
1 -1 0 0 1 0
0 0 1 o -1 0
0 0 0 1 0 0
0 0 0 0 0 1

53th polytope:

s(N)=-408

dim=4, vert=8

type (a) ideal generators:

(4, 6, 7]

[2, 4]

(5, 6, 7]

[3, 5]

(1, 2, 3]

[0, 6, 7]

[0, 1]

M:9 8 N:87 17 H:72,4 [136]
1 -1 0 0 1 1
0 0 1 o -1 0
0 0 0 1 o -1
0 0 0 0 0 0

54th polytope:

s(N)=-414

dim=4, vert=8

type (a) ideal generators:
[3, 4, 5]

[0, 2]

[1, 5]

o, 1l

[6, 71

[2, 3, 4]

O O - =

h O O .

= O O O

= O = O




M:9 8 N:87 16 H:73,4 [138]
1 -1 0 0 1 1
0 0 1 o -1 1
0 0 0 1 -1 0
0 0 0 0 0 0

55th polytope:

s (N)=-468

dim=4, vert=8

type (a) ideal generators:

[3, 4, 5]

[0, 2]

(1, 5]

o, 1l

(6, 7]

[2, 3, 4]

M:9 8 N:102 16 H:82,4 [156]
1 -1 0 0 1 1

0 0 1 0o -1 1
0 0 0 1 -1 0
0 0 0 0 0 0

56th polytope:

s(N)=-384

dim=4, vert=8

type (a) ideal generators:

[4, 5, 6]

[5, 6, 7]

(1, 7]

o, 4]

(2, 3]

[0, 1]

M:9 8 N:81 16 H:68,4 [128]
1 -1 0 1 0 0
0 0 1 -1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

57th polytope:

s(N)=-420

dim=4, vert=8

type (a) ideal generators:

[2, 3]

[4, 5]

[0, 1]

(6, 7]

M:9 8 N:90 16 H:74,4 [140]

1 0
-1

1 -1

0

58th polytope:
s(N)=-444

0
0 1 0
0 0 0 0 1 -1
0 0 0

= O O O

= O O O

-1

-1
-1

= O O O

= = O O

_ O R =

O = O =

= = O O




dim=4, vert=8
type (a) ideal generators:
[2, 3]

[4, 5]

[0, 1]

6, 71

M:9 8 N:96 16 H:78,4 [148]
1 -1 0 1 0 0
0 0 1 -1 0 1 0
0 0 0 0 1 -1 0
0 0 0 0 0 0 1

59th polytope:

s (N)=-390

dim=4, vert=8

type (a) ideal generators:

[4, 5, 6]

[5, 6, 7]

(1, 71

[o, 4]

[2, 3]

[0, 1]

M:9 8 N:82 16 H:69,4 [130]
1 -1 0 1 0 0 0
0 0 1 -1 0 0 0
0 0 0 0 1 o -1
0 0 0 0 0 1 -1

60th polytope:

s(N)=-432

dim=4, vert=8

type (a) ideal generators:

[4, 5, 6]

[5, 6, 7]

(1, 71

o, 4]

[2, 3]

[0, 1]

M:9 8 N:92 16 H:76,4 [144]
1 -1 0 1 0 0 0
0 0 1 -1 0 0 1
0 0 0 0 1 o -1
0 0 0 0 0 1 -1

61th polytope:
s(N)=-384
dim=4, vert=8
type (a) ideal generators:
[5, 71
[4, 6]
[2, 3]
o, 1l
M:9 8 N:81 16 H:68,4 [128]
1 -1 0 1 0 0 1

= O = O

O = O =

O = O =




62th polytope:

s (N)=-450

dim=4, vert=8

type (a) ideal generators:
(4, 5, 6]

[5, 6, 7]

[1, 71

[0, 4]

[2, 3]

o, 1l

M:9 8 N:96 16 H:79,4 [150]
1 -1 0 1 0 0
0 0 1 -1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

63th polytope:

s(N)=-432

dim=4, vert=8

type (a) ideal generators:

[2, 3]

[4, 5]

[0, 1]

[6, 71

M:9 8 N:93 16 H:76,4 [144]
1 -1 0 1 0 1
0 0 1 -1 0 0
0 0 0 0 1 -1
0 0 0 0 0 0

64th polytope:

s (N)=-360

dim=4, vert=8

type (a) ideal generators:
(5, 6, 7]

(1, 2]

[o, 4]

[1, 4]

[2, 3]

[0, 3]

M:9 8 N:75 15 H:64,4 [120]

1 0 o -1 -1 0
0 1 -1 o -1 0
0 0 0 0 0 1
0 0 0 0 0 0

65th polytope:

s(N)=-372

dim=4, vert=8

type (a) ideal generators:

-1
-1

= O O O

= O O O

O = O =

= = O O

-1
-1




[2, 4]

[1, 3]

(5, 6, 7]

1, 2]

[0, 4]

[0, 3]

M:9 8 N:78 15 H:66,4 [124]

1 0 o -1 -1 0
0 1 -1 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

66th polytope:

s (N)=-408

dim=4, vert=8

type (a) ideal generators:
[2, 4]

(1, 3]

(5, 6, 7]

[1, 2]

[0, 4]

[0, 31

M:9 8 N:86 15 H:72,4 [136]
1t o o0 -1 -1 0
o 1 -1 0 1 0
o o o o o0 1
0o 0 o0 0 0 0

67th polytope:

s (N)=-360

dim=4, vert=8

type (a) ideal generators:
[5, 71

[4, 6]

(1, 2]

[0, 3]

M:9 8 N:75 16 H:64,4 [120]

1 0 o -1 0 0
0 1 -1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

68th polytope:

s (N)=-372

dim=4, vert=8

type (a) ideal generators:

(4, 5, 6]

[5, 6, 7]

[3, 71

[1, 2]

[0, 4]

[0, 3]

M:9 8 N:78 16 H:66,4 [124]
1 0 o -1 0 0

= O O O

= O O O

-1

-1

-1
-1

-1
-1

= O O =




0 1 -1
0 0 0
0 0 0

69th polytope:
s(N)=-384
dim=4, vert=8

type (a) ideal generators:

M:9 8 N:81 16 H:68,4 [128]
-1

(5, 6]

[1, 2]

4, 71

[0, 31
1 0 0
o 1 -1
0 0 0
0 0 0

70th polytope:
s (N)=-372
dim=4, vert=8

type (a) ideal generators:

M:9 8 N:78 17 H:66,4 [124]

(4, 6, 71

[1, 6, 71

[0, 2, 5]

[3, 6, 7]

[1, 2]

[4, 5]

[0, 3]
i 0 0
0 1 -1
0o 0 o0
0O 0 0

71th polytope:
s(N)=-384
dim=4, vert=8

type (a) ideal generators:

M:9 8 N:81 16 H:68,4 [128]

(4, 5, 6]

(5, 6, 7]

[1, 2]

[1, 4]

[2, 71

[0, 3]
1 0 0
0o 1 -1
0 o0 0
0 0 0

72th polytope:
s(N)=-396
dim=4, vert=8

0
0
0

-1

-1

0

0
1
0

0

0
1
0

0

0
1
0

= O O O

[ =)

= O O O

-1
-1

= O = O

= O O O

-1
-1

[E

-1
-1

O = = O




type (a) ideal generators:
(4, 5, 6]

(5, 6, 7]

[3, 71

[1, 2]

[0, 4]

[0, 3]

M:9 8 N:84 16 H:70,4 [132]
1 0 0o -1 0 0 1
0 1 -1 0 0 0 0
0 0 0 0 1 o -1
0 0 0 0 0 1 -1

73th polytope:

s (N)=-408

dim=4, vert=8

type (a) ideal generators:

[5, 6]

(1, 2]

(4, 71

[0, 3]

M:9 8 N:87 16 H:72,4 [136]
1 0 0o -1 0 0 1
0 1 -1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 -1

74th polytope:

s(N)=-396

dim=4, vert=8

type (a) ideal generators:

[1, 2]

[4, 5]

6, 7]

[0, 3]

M:9 8 N:84 16 H:70,4 [132]
1 0 0o -1 0 1 0
0 1 -1 0 0 0
0 0 0 0 1 -1 0
0 0 0 0 0 0 1

75th polytope:

s(N)=-378

dim=4, vert=8

type (a) ideal generators:

(4, 6, 7]

[3, 5]

[1, 2]

[2, 5]

[0, 1]

[0, 3]

M:9 8 N:80 15 H:67,4 [126]
1 0 o -1 0 1 0
0 1 -1 0 0 1 0

O = O =

= = O O




76th polytope:

s(N)=-408

dim=4, vert=8

type (a) ideal generators:
(2, 4]

[5, 6, 7]

[1, 2]

[3, 4]

[0, 1]

[0, 3]

M:9 8 N:87 15 H:72,4 [136]
1 0 0o -1 1 0 0
0 1 -1 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

77th polytope:

s(N)=-432

dim=4, vert=8

type (a) ideal generators:

(2, 4]

(5, 6, 7]

[1, 2]

[3, 4]

[0, 1]

[0, 3]

M:9 8 N:93 15 H:76,4 [144]
1 0 0o -1 1 0 0
0 1 -1 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

78th polytope:

s(N)=-384

dim=4, vert=8

type (a) ideal generators:

[0, 5]

(1, 4]

[2, 3]

[6, 71

M:9 8 N:81 16 H:68,4 [128]
1 0 0 0 o -1 0
0 1 0 0o -1 0 0
0 0 1 -1 0 0 0
0 0 0 0 0 0 1

79th polytope:

s(N)=-384

dim=4, vert=8

type (a) ideal generators:
[0, B]

-1
-1

-1
-1

-1
-1

O O =




4, 6, 7]

(5, 6, 7]

[3, 6, 7]

[1, 4]

[2, 3]

[0, 1, 2]

M:9 8 N:81 17 H:68,4 [128]
1 0 0 0 0o -1
0 1 0 o -1 0
0 0 1 -1 0 0
0 0 0 0 0 0

80th polytope:

s(N)=-342

dim=4, vert=8

type (a) ideal generators:
[3, 6]

[1, 3, 4]

(4, 5, 6]

[5, 6, 7]

[1, 2, 3]

[0, 5, 7]

[0, 4, 5]

[o, 2]

(2,
(o,
M:9

= TN OO,

]

~

4]

N:70 18 H:61,4 [114]

0 o -1

-1 0 0

-1 0 0
1

1,
8
1
0
0
0 0 -1

27
0
1
0
0

o = O O

81th polytope:

s (N)=-366

dim=4, vert=8

type (a) ideal generators:
[3, 6]

[4, 5, 6]

[1, 2, 3]

(4, 5, 7]

[0, 4, 5]

[0, 1]

[2, 71

M:9 8 N:77 17 H:65,4 [122]
i 0 0 0 0 -1
0 1 0O -1 0 ©
0 0 i -1 0 0
0o 0 0 o0 1 -1

82th polytope:

s (N)=-390

dim=4, vert=8

type (a) ideal generators:
[2, 4]

= O O O

O - = =

OB B =

e =

O O - =




(1, 3]

(5, 6, 7]

1, 2]

[0, 4]

[0, 31

M:9 8 N:81 15 H:69,4 [130]
1t o o0 -1 -1 0
o 1 -1 0 1 0
o o o o0 o 1
0o 0 o0 0 0 O

83th polytope:

s(N)=-462

dim=4, vert=8

type (a) ideal generators:
[2, 4]

[5, 6, 7]

[1, 2]

[3, 4]

o, 1l

[0, 3]

M:9 8 N:99 15 H:81,4 [154]

1 0 o -1 1 0
0 1 -1 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

84th polytope:

s(N)=-480

dim=4, vert=8

type (a) ideal generators:
[2, 4]

(5, 6, 7]

(1, 21

(3, 4]

(o, 1]

[0, 31

M:9 8 N:104 15 H:84,4 [160]
1 o o0 -1 1 0
o 1 -1 0 1 0
o o o o0 o 1
0o 0 o 0 0 O

85th polytope:

s(N)=-522

dim=4, vert=8

type (a) ideal generators:
[2, 4]

[5, 6, 7]

[1, 2]

[3, 4]

o, 1l

[0, 3]

M:9 8 N:114 15 H:91,4 [174]

= O O O

= O O O

= O O O

-1
-1

-1
-1

-1
-1




1 0 0
0 1 -1
0 0 0
0 0 0

86th polytope:
s(N)=-336
dim=4, vert=9
type (a) ideal
[3, 4]

[0, 71

[6, 8]

[2, 5]

[1, 6]

o, 1]

[7, 8]

M:10 9 N:72 20
0

O O O
O O+~ O

0
1
0

87th polytope:
s(N)=-312
dim=4, vert=9
type (a) ideal
6, 7, 8]

(4, 7, 8]

[3, 4]

[5, 6, 8]

[0, 1, 3]

[4, 5, 8]

[4, 6, 8]

(o, 71

[0, 2, 3]

[1, 2, 3]

[5, 7, 8]

[2, 5]

[0, 1, 2]

(1, 6]

M:10 9 N:66 23
0

O O O
O O = O

0
1
0
88th polytope:

s(N)=-324
dim=4, vert=9

-1 1 0
0 1 0
0 0 1
0 0 0
generators:
H:61,5 [112]
0 0 0
0 0 0
0 0o -1
1 -1 0
generators:
H:57,5 [104]
0 0 0
0 0 0
0 o -1
1 -1 0

type (a) ideal generators:

6, 7, 8]
(4, 7, 8]
(1, 7, 8]
[0, 2, 5]

= O O O

-1
-1

O O O

O O = =

I N




(5, 6]

[0, 4]

[0, 3]

[3, 7, 8]

[2, 4]

[1, 3]

[1, 2]

M:10 9 N:69 21 H:59,5 [108]
1 0 o -1 -1 0 0
0 1 -1 0 1 0 1
0 0 0 0 0 1 -1
0 0 0 0 0 0 0

89th polytope:

s(N)=-336

dim=4, vert=9

type (a) ideal generators:

[5, 8]

[0, 4]

[0, 3]

[6, 71

[2, 4]

[1, 3]

(1, 2]

M:10 9 N:71 20 H:61,5 [112]
1 0 o -1 -1 0 0
0 1 -1 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

90th polytope:

s(N)=-330

dim=4, vert=9

type (a) ideal generators:

(5, 6]

[o, 4]

[0, 3]

[2, 4]

[1, 3]

(1, 2]

[7, 8]

M:10 9 N:70 20 H:60,5 [110]
1 0 o -1 -1 0 1
0 1 -1 0 1 0 0
0 0 0 0 0 1 -1
0 0 0 0 0 0 0

91th polytope:

s(N)=-306

dim=4, vert=9

type (a) ideal generators:
[2, 7]

[4, 5]

[0, 3]

= O O O

h O O K

= O O O

-1

-1

= = O O




(3, 71

(6, 8]

(1, 2]

o, 1l

M:10 9 N:65 20 H:56,5 [102]
1 0 o -1 o -1
0 1 -1 0 0 0
0 0 0 0 1 -1
0 0 0 0 0 0

92th polytope:

s(N)=-312

dim=4, vert=9

type (a) ideal generators:

(2, 7]

[4, 5]

[0, 3]

[3, 71

(6, 8]

(1, 2]

[0, 1]

M:10 9 N:67 20 H:57,5 [104]
1 0 o -1 o -1
0 1 -1 0 0 0
0 0 0 0 1 -1
0 0 0 0 0 0

93th polytope:

s(N)=-318

dim=4, vert=9

type (a) ideal generators:

[0, 5]

6, 7, 8]

[2, 8]

[5, 6, 8]

(1, 4]

[0, 3]

[3, 71

[4, 6, 7]

(4, 5, 6]

(1, 2]

M:10 9 N:67 21 H:58,5 [106]
1 0 o -1 0 0
0 1 -1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

94th polytope:

s(N)=-342

dim=4, vert=9

type (a) ideal generators:
[2, 7]

[4, 5]

[0, 3]

= O O O

= O O O

0

-1

O O - =

O O - =

m O O K

-1

-1

=, O O

O O




(3, 71

[6, 8]

(1, 2]

o, 1l

M:10 9 N:73 20 H:62,5 [114]
1 0 o -1 0 0 0
0 1 -1 0 o -1 0
0 0 0 0 1 -1 0
0 0 0 0 0 0 1

95th polytope:

s (N)=-330

dim=4, vert=9

type (a) ideal generators:

(3, 6]

[4, 5]

[0, 3]

[2, 6]

(1, 2]

o, 1l

[7, 8]

M:10 9 N:71 20 H:60,5 [110]
1 0 o -1 0 0 1
0 1 -1 0 o -1 1
0 0 0 0 1 -1 0
0 0 0 0 0 0 0

96th polytope:

s(N)=-366

dim=4, vert=9

type (a) ideal generators:

[3, 5]

[4, 6]

[0, 3]

[2, 5]

(1, 2]

[0, 1]

[7, 8]

M:10 9 N:79 20 H:66,5 [122]
1 0 o -1 0 1 1
0 1 -1 0 0 1 0
0 0 0 0 1 o -1
0 0 0 0 0 0 0

97th polytope:

s(N)=-384

dim=4, vert=9

type (a) ideal generators:
[3, 5]

[4, 6]

[0, 3]

[2, 5]

[1, 2]

[0, 1]

O O - =

= O O O

= O O O

=, O O -

= O = =

= = O O




(7, 8]

M:10 9 N:83 20 H:69,5 [128]

1 0 0
0 1 -1
0 0 0
0 0 0

98th polytope:
s(N)=-330
dim=4, vert=9

type (a) ideal generators:

[2, 3, 8]

[3, 4]

[0, 5, 6]

[5, 6, 7]

[0, 3]

[2, 4]

[4, 5, 6]

[1, 5, 6]

[1, 2]

[0, 1]

[7, 8]

M:10 9 N:71 21
0
-1
0
0

O O O
O O = O

99th polytope:
s (N)=-354
dim=4, vert=9
type (a) ideal
[3, 4]

[6, 6]

[0, 3]

[2, 4]

[1, 2]

[0, 1]

[7, 8]

M:10 9 N:77 20
1 0 0
0 1 -1
0 0 0
0 0 0

100th polytope:

s(N)=-390
dim=4, vert=9

type (a) ideal generators:

[3, 4]
(5, 6]
[0, 3]
[2, 4]
[1, 2]

-1 0 1 1
0 0 1 0
0 1 0o -1
0 0 0 0
H:60,5 [110]
-1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
generators:

H:64,5 [118]

-1
0
0
0

O O - =

0 0
0 1
1 -1
0 0

= O O O

-1
-1

= O O O

» O O

T

» O O




(o, 1]

M:10 9 N:85 20 H:70,5 [130]

7, 8l
1 0 0
o 1 -1
0 0 0
0 0 0

101th polytope:

s(N)=-390
dim=4, vert=9
type (a) ideal
[3, 4]

(5, 6]

(o, 3]

[2, 4]

[1, 2]

o, 1]

(7, 8]

M:10 9 N:85 20
1 0 0
o 1 -1
0 0 0
0 0 0

102th polytope:

s(N)=-420
dim=4, vert=9
type (a) ideal
[3, 4]

(5, 6]

[0, 3]

[2, 4]

[1, 21

[0, 11

[7, 8]

M:10 9 N:92 20
1 0 0
0o 1 -1
0 0 0
0 0 0

103th polytope:

s(N)=-312
dim=4, vert=9

type (a) ideal generators:

[0, 5]
6, 7, 8]
(4, 7, 8]
[2, 3]
[3, 4]
1, 4]
[3, 7, 8]
[2, 6]

-1 1

0 1

0 0

0 0
generators:

0

O = O

H:70,5 [130]

-1 1

0 1

0 0

0 0
generators:

0

o = O

H:75,5 [140]

-1
0
0
0

O O - =

0

o = O

= O O O

= O O O

= O O O

= = O O

= O - =

= O = =




(5, 7, 8]

M:10 9 N:66 21 H:57,5 [104]

[0, 1, 2]

[1, 6]
1 0 0
o 1 o0
0o 0 1
0 0 0

104th polytope:

s(N)=-336
dim=4, vert=9
type (a) ideal
[0, 5]

(2, 3]

[1, 4]

[3, 71

6, 8]

(1, 2]

4, 71

M:10 9 N:72 20
1 0 0
o 1 0
0o 0 1
0 0 0

105th polytope:

s(N)=-348
dim=4, vert=9
type (a) ideal
[0, 5]

[2, 3]

(5, 71

(1, 4]

(6, 8]

(o, 1]

4, 71

M:10 9 N:75 20
1 0 0
o 1 0
0 0 1
0o 0 0

106th polytope:

s(N)=-324
dim=4, vert=9

-1

0 0

o -1

-1 0

0 0
generators:

H:61,5 [112]

-1

0 0

o -1

-1 0

0 0
generators:

H:63,5 [116]

0
0
-1
0

0
-1
0
0

-1
0
0
0

type (a) ideal generators:

[0, 5]
[2, 3]
[4, 6]
(5, 6]
1, 4]
[0, 1]
[7, 8]

= O O O

= O O O

= O O O

O = = O

O O - =

e = T

=, O O -

=, O O




M:10 9 N:69 20 H:59,5 [108]

1 0 0
0 1 0
0 0 1
0 0 0

107th polytope:

s (N)=-360
dim=4, vert=9
type (a) ideal
[0, B]

[2, 3]

(4, 6]

(5, 6]

(1, 4]

[0, 1]

[7, 8]

M:10 9 N:78 20
0

O O O
O O = O

0
1
0

108th polytope:

s(N)=-324
dim=4, vert=9
type (a) ideal
[0, 5]

6, 7, 8]

2, 3]

(3, 4]

[1, 5]

[0, 4]

(1, 4]

[0, 31

[2, 5]

[1, 2]

M:10 9 N:70 18
1 o0 1
o 1 -1
0 0 0
0o 0 o0

109th polytope:

s(N)=-336
dim=4, vert=9

0 0 -1
0o -1 0
-1 0 0
0 0 0
generators:
H:65,5 [120]
0 0o -1
0o -1 0
-1 0 0
0 0 0
generators:

H:59,5 [108]

-1
1
0
0

0
-1
0
0

-1
0
0
0

type (a) ideal generators:

[0, 5]
6, 7, 8]
[2, 3]
[3, 4]
[1, 5]
[0, 4]
[1, 4]

O O - =

O O - =

O = O O

= O O O

= O O O

= O O O

-1

-1

= O = =

-1
-1




(o, 3]
[2, 5]
(1, 2]

M:10 9 N:72 18 H:61,5 [112]

O O O -

0 1 -1
1 -1 1
0 0 0
0 0 0

110th polytope:
s (N)=-360

dim=4,

vert=9

0
-1
0
0

-1
0
0
0

type (a) ideal generators:

[0, 5]
6, 7,
[2, 3]
[3, 4]
[1, 5]
[0, 4]
(1, 4]
[0, 3]
[2, 5]
[1, 2]

8]

M:10 9 N:76 18 H:65,5 [120]

1 0 1 -1 o -1
0 1 -1 1 -1 0
0 0 0 0 0 0
0 0 0 0 0 0

111th polytope:

s(N)=-270

dim=4, vert=9

type (a) ideal generators:

[1, 6, 8]

[3, 6]

[1, 7, 8]

[0, 6, 8]

[2, 3, 8]

[0, 5, 7]

[0, 5, 6]

[0, 7, 8]

[0, 4, 7]

[4, 5]

[2, 4, 7]

[2, 7, 8]

[2, 3, 4]

[1, 5, 7]

[1, 5, 6]

[1, 2]

[0, 3, 4]

[0, 3, 8]

M:10 9 N:55 24 H:50,5 [90]
1 0 1 0o -1 0
0 1 -1 0 1 0

O = O O

O = O O

= O O O

= O O O

-1
-1

-1
-1




112th polytope:
s(N)=-372
dim=4, vert=9

type (a) ideal generators:

[0, 5]
6, 7, 8]
[2, 3]
[3, 4]
[1, 5]
[0, 4]
(1, 4]
(o, 3]
[2, 5]
[1, 2]

M:10 9 N:78 18 H:67,5 [124]

1
-1
0
0

O O O
O O~ O

113th polytope:
s(N)=-294
dim=4, vert=10

-1
1
0
0

0
-1
0
0

-1
0
0
0

type (a) ideal generators:

[0, 71
(5, 9]
[1, 6]
o, 1l
[2, 3]
[3, 4]
[4, 9]
(6, 8]
[2, 5]
[7, 8]

M:11 10 N:64 25 H:55,6 [98]

0 0

O O O =
O O =

0
1
0
114th polytope:

s(N)=-288
dim=4, vert=10

= O O O

0
0
0
-1

0
0
-1
0

type (a) ideal generators:

[2, 7]
[4, 5]
[2, 6]
[3, 71
[1, 8]
[4, 7]
[3, 6]

O = OO

= O O O

O O O+

-1
-1

O O - =

=, = O O




[0, 9]
[3, 4]
(5, 6]
[2, 5]

M:11 10 N:63 24 H:54,6 [96]

O O O -

115th polytope:

0

O O -

s (N)=-240
dim=4, vert=10
type (a) ideal generators:

(4, s,
(0, 5,
(o, 6,
(2, 71
(3, 4,
(4, 5]
(2, 3,
2, 3,
(1, 5,
(o, 1,
[1, 8]
(3,
(o,
(2,
(2,
(1,
(o,
(5,
(3,
(2,
(2,
(o,
[1,
(o,
(3, 8

O O
—

v e v .

-

“ v e

-

B Ol 00 D OO Wb

)
>

9]
7]
7]

8]

9]
4]
7]
6]

9]
8]
7]
6]
7]
9]
8]
9]
7]
6]
5]
9]

M:11 10 N

O O O

116th polytope:

0

O O -

s(N)=-288
dim=4, vert=10
type (a) ideal generators:

[8, 9]
(1, 4]
[4, 5]
[0, 7]
[2, 6]

0

0
1
0

= O O O

0
0
1
-1

0
0
-1
1

:51 30 H:46,6 [80]

0

0
1
0

= O O O

1
1
-1
-1

-1
-1
1
1

» O O O




[1, 6]
[3, 6]
[2, 3]
[3, 4]
[1, 5]
[2, 5]

M:11 10 N:63 24 H:54,6 [96]

O O O

117th polytope:

0

O O =

s(N)=-288
dim=4, vert=10
type (a) ideal generators:

[8, 9]
[0, 5]
[2, 71
[0, 4]
[4, 5]
[0, 71
[3, 7]
[1, 6]
[2, 3]
[3, 4]
[2, 5]

0

0
1
0

0

[N

M:11 10 N:63 24 H:54,6 [96]

O O O

118th polytope:

0

O O =

s(N)=-264
dim=4, vert=10
type (a) ideal generators:

[0, 5]
[0, 4]
(1, 4]
[2, 3]
[3, 4]
[1, 5]
[0, 3]
[7, 9]
(6, 8]
[2, 5]
[1, 2]

0

0
1
0

1
0
-1
0

-1
0
1
0

0
0
-1
0

M:11 10 N:59 24 H:50,6 [88]

O O O

0

O O =

1
-1
0
0

-1
1
0
0

-1

O = O O

= O O O

= O O O

= O O O

-1

-1

= O O

= O O+~

= O O+~




119th polytope:

s(N)=-276

dim=4, vert=10

type (a) ideal generators:
[0, 5]

[0, 4]

[1, 4]

[2, 3]

(3, 4]

[1, 5]

(o, 31

(7, 91

(6, 8]

[2, 5]

(1, 2]

M:11 10 N:61 24 H:52,6 [92]
1t o 1 -1 o0 -1
o 1 -1 1 -1 0
0o 0 o0 0 0 O
0o 0 o0 0 0 O

120th polytope:

s (N)=-300

dim=4, vert=10

type (a) ideal generators:
[0, 5]

[0, 4]

[1, 4]

[2, 3]

[3, 4]

[6, 9]

[1, 5]

[0, 3]

[2, 5]

[1, 2]

[7, 8]

M:11 10 N:65 24 H:56,6 [100]
1 0 1 -1 0 -1
0 1 -1 1 -1 o0
o 0 0 0 0 o0
o 0 o0 0 0 o0

121th polytope:
s(N)=-312
dim=4, vert=10
type (a) ideal generators:
[0, 5]

[0, 4]

[1, 4]

[2, 3]

[3, 4]

[6, 9]

[1, 5]

[0, 31

o = O O

O = O O

= O O O

= O O O

-1

1

= O O+~




(2, 5]

M:11 10 N:67 24 H:58,6 [104]

1, 21

(7, 8]
1 o 1
o 1 -1
0 0 0
0 0 0

122th polytope:

s (N)=-300
dim=4, vert=10

-1
1
0
0

-1

type (a) ideal generators:

[8, 9]
[0, 5]
[0, 4]
[1, 4]
(6, 71
[2, 3]
[3, 4]
[1, 5]
[0, 3]
[2, 5]
(1, 2]

M:11 10 N:65 24 H:56,6 [100]

0 1
-1
0
0

O O O =
O O =

123th polytope:

s(N)=-252
dim=4, vert=11

-1
1
0
0

-1

type (a) ideal generators:

[2, 71
[2, 6]
[3, 71
[8, 10]
[3, 6]
[0, 91
(4, 5]
[1, 8]
[o, 1]
[4, 71
[3, 4]
[9, 10]
(5, 6]
[2, 5]

M:12 11 N:56 30 H:49,7 [84]

0 0

O O O =
O O =

0
1
0

= O O O

0
0
1
-1

0
0
-1
1

O = O O

O = O O

= O O O

= O O O

= = O O

O O = =




124th polytope:
s(N)=-216
dim=4, vert=12
type (a) ideal generators:

[0, 8]
[2, 10]
[3, 11]
[1, 9]
[4, 71
[3, 4]
[5, 6]
[2, 5]
[7, 8]
(o, 71
[2, 9]
[1, 6]
[6, 9]
(4, 11]
[3, 8]
[5, 10]
(o, 11]
[1, 10]
M:13 12

O O O

N
0
1
0
0

:49

3
0
0
1
0

6 H:44,8 [72]

= O O O

1
0
0
-1

0
1
-1
0
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